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Abstract. Let m > 2 be a fixed integer. Suppose that n is a positive integer such that
m? < n < m?*! for some integer j > 0. Denote b,,(n) the number of m-ary partitions of
n, where each part of the partition is a power of m. In this paper, we show that b,,(n)
can be represented as a j-fold summation by constructing a one-to-one correspondence
between the m-ary partitions and a special class of integer sequences relying only on
the base m representation of n. It directly reduces to Andrews, Fraenkel and Sellers’
characterization of the values b,,(mn) modulo m. Moreover, denote ¢,,(n) the number of
m-ary partitions of n without gaps, wherein if m’ is the largest part, then m* for each
0 < k < i also appears as a part. We also obtain an enumeration formula for ¢,,(n) which
leads to an alternative representation for the congruences of ¢,,(mn) modulo m due to
Andrews, Fraenkel and Sellers.
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1 Introduction

The arithmetic properties for partition functions have been extensively studied since the
discoveries of Ramanujan [12]. In this paper, we are mainly concerned with the enumer-

ation of m-ary partitions which leads to the congruence properties given by Andrews,
Fraenkel and Sellers [3,4].

Let m > 2 be a fixed integer. An m-ary partition of a positive integer n is a partition
of n such that each part is a power of m. The number of m-ary partitions of n is denoted
by b,,(n). For example, there are five 3-ary partitions for n = 10:

9+1, 3+343+1, 3+3+14+1+1+1, 3+14+1+14+14+1+141, I+14+1+141+14+14+1+141.
Thus, b3(10) = 5. Denote an m-ary partition of n by a sequence A\ = (ap, ar_1, ..., ao)

such that
n = agme + ag_lmg_1 + -+ ap,



where a, > 0 and a; > 0 for 0 < ¢ < ¢ — 1. Denote the set of all the m-ary partitions of n
by B,,(n). It is known that the generating function of b,,(n) is given by

Bua) = bl = [ == (L)

For the case m = 2, Churchhouse [6] conjectured the following congruences for the
binary partition function by(n):

by (2220 = b,(2%%n)  (mod 232,
by (2%%1n) = by(2%7 ') (mod 2%), (1.2)

where n, k > 1. The conjecture was first proved by Redseth [13] and further studied by
Hirschhorn and Loxton [9]. Later, it was extended to m-ary partitions by Andrews [1],

Gupta [8], and Rgdseth and Sellers [14].

Throughout this paper, without specification, we set n to be a positive integer such
that m? < n < m/T! for some integer j > 0. Recall that the base m representation of n
is the unique expression of n which can be written as follows

n=a;m + o, ym’ "+ +aym+ ap, (1.3)

where o; > 0 and 0 < a; <m —1for 0 <7 < j—1. Denote the base m representation of
n by

rm(n) = (0, aj_1,..., 09, Qp). (1.4)
Based on the base m representation of n, Andrews, Fraenkel and Sellers [3, Theorem 1]
provided the following modulo m characterization of b,,(mn):

by, (mn) = H(ai +1) (mod m). (1.5)

1=0

In this paper, by establishing a bijection between the set B,,(n) of m-ary partitions
of n and the set of integer sequences given in the following theorem, we derive a j-fold
summation formula for b,,(n). It will directly lead to Andrews, Fraenkel and Sellers’
congruence (1.5).

Theorem 1.1. There is a one-to-one correspondence between the set B,,(n) of m-ary
partitions of n and the following set of integer sequences

Sm(n) ={(8;,Bj—1,...,51)|0<B; < and 0 < By < oy + mPyyq for 1 <t <j—1}.

Based on the above bijection, we provide a combinatorial approach to derive the
following j-fold summation formula for b,,(n).
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Theorem 1.2. Let r,,(n)=(aj, o _1,...,a1,0) be the base m representation of n. We

have
o aj—i1+mk; a1+mks

= > . Z 1. (1.6)

kj=0 k;_1=0

Obviously, by, (n) =1 when j = 0.

Notice that if r,,,(n)=(a;, oj_1, - - , 1, ), then rp,, (mn)=(cy, aj_1,- - - , a1, ap,0). Thus
the above theorem leads to that

a; aj_l-'rmkj a1+mke ag+mky
UOEDDED DN DD D
kj=0 k;_1=0 k1=0 ko=0

By taking modulo m on both sides of the above equation, it directly reduces to Andrews,
Fraenkel and Sellers’ congruence (1.5).

We also consider the cases for the m-ary partitions without gaps, wherein if m! is
the largest part, then m* for each 0 < k < i also appears as a part. The related works
on such restricted m-ary partitions can be found in [2,4,11]. Moreover, in [5,7,10,15],
a general class of non-squashing partitions was introduced and studied, which contains
m-ary partitions as a special case.

Let ¢,,(n) denote the number of m-ary partitions without gaps of n. Based on the
bijection given in Theorem 1.1, we also obtain the following enumeration formula for

cm(n).

Theorem 1.3. Let rp,(n) = (o, aj_1,...,0q,a0) be the base m representation of n. We
have
J m’" a1 —1+mks
DTS S SIS 1)
r=1 kr.=xr ki1=x1
where for 1 <i <,
07 Zf Qi1 > 07
Xi = _ (1.8)
1, Zf Q1 = 0.

Applying formula (1.7), we obtain the following congruence property of ¢,,(mn), which
reveals the results given by Andrews, Fraenkel and Sellers [4, Theorem 2.1].

Theorem 1.4. Let x; be defined by (1.8) for 1 < i <r, then we have

cm(mn) = ag + (ap — 1) Z(al —x1)(ag —x2) - (a; —x;)  (mod m). (1.9)

i=1



2 The enumeration formula for b,,(n)

In this section, we provide a bijection between the set B,,(n) of m-ary partitions of n and
the set

Sm(n) ={(B;,Bj-1,.-, 1) |0<B; <a; and 0 < B; < oy + mPBryg for 1 <t < j—1},

which relies only on the base m representation of n. It will lead to the enumeration
formula (1.6) for the m-ary partitions.

To this end, we first define the following subtraction between the base m representation
of n and an ordinary m-ary partition of n.

Definition 2.1. Let r,,(n) = (o, aj_1,..., ) be the base m representation of n and
A= (Ae, Aoty .-, o) be an m-ary partition of n. Then subtracting X from r,,(n) is given
as follows

rm(n) — A= (Bj, Bj=1,-- ., b1), (2.1)

where for 1 <i < j,
J
Bi = kafi(ak — k)

k=i
provided that \, =0 for { <k <j.

We further show that the subtraction (2.1) defined above gives a bijection between
B.(n) and S,,(n).

Theorem 2.2. Let r,(n) = (aj,a;-1,...,a0) be the base m representation of n and
A= (A, Aez1, .-+, Xo) be an arbitrary m-ary partition of n. Define a map ¢ from B,,(n)
to Sm(n) by p(X) =rm(n) — A. Then ¢ is a bijection between B,,(n) and S,,(n).

Proof. Denote 8 = p(A) = (85, 8j-1,--.,01). First, we proceed to show that § € S,,(n)
and thereby ¢ is well defined. Following Definition 2.1, it is easy to see that

Bi = — A, (2.2)
Br = ar — A +mPBg, (2.3)

where 1 <t <j—1and \y =0 for £ <k < j. Since \y > 0 for 0 < k < j, we see that
ﬁjﬁozjandﬂtgat—l—mﬁtﬂforlgtgj—l.

It is obvious that \; < a;, so that 3; > 0. From the fact that
Nm? + N omI T e N = aymd o md T 4+ ay,
we are led to that for 1 <t < j—1,
Amd + N T e Am < aym? +apom? T+ -+ ag.
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Hence we obtain that
Jj—t
( (A —ay) + Z Atk — Q)M k) m! < aym™ + aom! ™+ - 4 ag.
k=1

Since (o, a1, ..., ) is the base m representation of n, it is obvious that
t—1 t—2 t
Q1M + ap_om +--Ftap<m,

which implies that

—t

<()\t — Olt) + ()\t+k — at+k)mk>mt < mt.
1

<.

B
Il

Note that A\ and «y are all integers for 0 < k < j, it follows that

j—t
)\t — oy + Z()\prk — at+k)mk < 0
k=1
and thereby
J—t
A <oy + Z(Oét+k — )\t+k)mk = oy +mPBg1.
k=1

By (2.3), it directly leads to that 8, > 0 for 1 <t¢ < j— 1. Thus 8 € §,,(n) and ¢ is well
defined.

To prove that ¢ is a bijection, it is sufficient to show that there exists the inverse map
of ¢. For a given 8 = (8}, Bj-1,...,01) € Sm(n), let ¢~ (B) be given by computing
N = (o= Bj, ajo1 — Bjm1 +mBy, ..., a1 — B +mPa, ap + mpr)

and then deleting the preceding zeros. From the definition of S,,(n), we see that each
element of )\ is nonnegative. Furthermore, it is easy to see that

(Oéj — Bj)mj + (aj—l — 5]'_1 + mﬂj)mj_l + -+ (&%) + mﬁl =n,

which implies that ¢~!(3) is an m-ary partition of n and thereby ¢~ 1(3) € B,,(n). It
completes the proof of the bijection. |

For example, let m = 4 and n = 36, then the base 4 representation of 36 is r4(36) =
(2,1,0). The correspondence between all the 4-ary partitions of 36 and the integer se-
quences belonging to S4(36) can be seen in Table 2.1.

The above theorem directly leads to that b,,(n) = |B,,(n)| = |Sn(n)|. By studying the
recursive properties of the sequences in S,,(n), we obtain the j-fold summation formula
(1.6) of b,,(n). Now we give the detailed proof of Theorem 1.2.
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Table 2.1: The correspondence between A € 134(36) and 5 € S4(36)

X (2,1,0) (2,0,4) (1,5,0) (1,4,4) (1,3,8) (1,2,12) (1,1,16) (1,0,20) (0,9,0)
B (0,00 (0,1) (1,0) (1,1) (1,2) (1,3) (1,4) (1,5) (2,0)
X (0,8,4) (0,7,8) (0,6,12) (0,5,16) (0,4,20) (0,3,24) (0,2,28) (0,1,32) (0,0,36)
B (2,1)  (22) (23) (2,4) (2,5) (2,6) (2,7) (2,8) (2,9)

Proof of Theorem 1.2. Denote the summation on the right hand side of (1.6) by

aj  aj_1+mk; az+mk3z a1 +mksa
f(Oéj,O{j_l,...,O./l,O./o E E E E 1
kj=0 kj_1=0 ka=0  k1=0

We prove the theorem by induction. When j =0, r,,(n) = (o) with 0 < ap <m —1. It

is obvious that b,,(n) = f(ag) = 1.

Suppose that (1.6) holds for j = i—1. When j = i, we have r,,,(n) = (o, a1, . . .

By Theorem 2.2, it implies that b,,(n) = |S,,(n)| where

Sn(n) ={(Bi, Bic1, -, f1) |0 < B < a;, 0 < By <oy +mfPyyr, 1 <t <i—1}

70417040)-

For a fixed f3; with 0 < f8; < a, let us consider the subset of S,,,(n) with ; being the first
entry. By deleting (; in these sequences, it is easy to see that this subset is bijective with

the following set

Sp, = {(5171,5172,---a51)’0 <B<ap+mbBy, 1<t <i— 1}7

and therefore N
= S
B;=0

By induction, we obtain that the cardinality of the set S, is

a;—1+mpB; as+mks a1+mkso
|Sﬁz = f(ai—l + mﬁi? Qi1,...,Q E g E 1.
1 1= 0 70 k}1 0

Then by summing the above equation for g; from 0 to «;, we obtain

o; i—1+mk; as+mks oy +mko
[S(n)] = flag cicr,oa0) =Y Y o> Y1,
ki=0 k;—1=0 ka=0 k1=0

which completes the proof.

Note that the j-fold summation formula (1.6) also can be derived from the generating
function (1.1) of b,,(n). Moreover, by setting M = {m,m, ...} in the summation given by
Folsom, Homma, Ryu and Tong [7, Theorem 1.5], it reduces to another j-fold summation

expression for by, (n).



3 The m-ary partitions without gaps

In this section, based on the bijection given in Theorem 2.2, we derive an enumeration
formula for the m-ary partitions without gaps. Denote ¢,,(n) the number of this restrict-
ed m-ary partitions of n. We also obtain an alternative expression for the congruence
properties of ¢,,(mn) given by Andrews, Fraenkel and Sellers [4, Theorem 2.1].

Recall that by using the base m representation of n in the following form

where 1 < ay, < m and 0 < a; < m for ¢ > £, Andrews, Fraenkel and Sellers obtained the
following result.

Theorem 3.1 (Andrews, Fraenkel and Sellers [4, Theorem 2.1]). (1) If £ is even, then

Cm(mn) = ap+ (o — 1) Z apr1---a;  (mod m). (3.1)
=041

(2) If ¢ is odd, then

Cmimn)=1—ap— (g — 1) Z apr1---a;  (mod m). (3.2)
=041

Denote the floor function of a real number a by |a], which is the largest integer less
than or equal to a. To derive our expression of the congruences (3.1) and (3.2), first let
us show how to derive the enumeration formula (1.7) for ¢,,(n) as given in Theorem 1.3.

Proof of Theorem 1.3. Denote the set of all the m-ary partitions without gaps of n by
Gm(n). We claim that for any A € G,,,(n), it can be written as

n
A= ( {WJ _Brv Q1 _67‘—1 _’_mﬂr, e (1/0—}-m61>7
where 0 <7 < j and 3; are integers such that
\;ﬁJ — ﬂr > O, Qpr_1 — B’r—l + mﬁr > O, .o, Qo+ mﬁl > 0. (33)
mr

Specially, when r = 0, there is a unique m-ary partition without gaps, say, A = (n) which
consists of n ones. For r > 1, as an example, we consider m = 4 and n = 73, then
r4(73) = (1,0,2,1). When r = 2, we can obtain that (3,6,1) is a 4-ary partition without
gaps which can be represented as ( V?’J —1,2—-0+4x1,1+4x 0).

42
Recall that ' '
n=a;m’ +a;_m’ "+ + ag.
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For 1 <r < j, it follows that

( \‘TZTJ - BT) m" + (O[Tfl - ﬁrfl + mﬂr)mril +--+ (061 - 61 —+ mﬁg)m + (&%) + mﬁl

n
= \\%J mr + Ozr,lmrfl + -t arm —+ (o)

= (m’ ™"+t a)m" +a_m T 4+ am+ o

=a;m’ +-+am + o m T 4 am 4 g

:7’L7

which certifies that A € G,,(n). For a fixed integer r such that 0 < r < j, by the bijection
given in Theorem 2.2, we get

J
SO(/\) = <ij, Q-1 +majv SR Z mk_r_laka ﬁra Br—la ceey 61)

k=r+1

Note that for any A € G,,(n) with the given r, the first j — r elements in ¢(\) are the
same, which only depend on ay41,...,;. Then by deleting these terms, we find that
the set of m-ary partitions without gaps G,,(n) is in one-to-one correspondence with the
following set of integer sequences

J
Ron(n) = U{(ﬂr,...,ﬁlﬂ L J B >0, vy — Bt +mBy >0, ..., ap+mbs >o}.

r=0

It indicates that ¢,,(n) = |R,,(n)|.

From the conditions (3.3), we see that if ag = 0, then $; > 0, which means [, starts
from 1. If ag > 0, then #; > 0, which means ; starts from 0. For both cases, we denote [3;
starting from y1, which is defined by (1.8). By ay — 81 +m/f32 > 0 we have f; < a3 +mfs.
Thereby we see that (§; ranges from x; to a; + mpfs — 1. By similar arguments applying
to f; for 2 <1 < r, we have

j a1 — 1+mk2
em(n) = [Ron |—1+ZZ DD
r=1 kr=xr k1=x1
where for 1 < < 7,
O, if Qi > O,
Xi= 1, if (a7 0.
This completes the proof. 1

Noting that r,,,(mn) = (a;, o1, . . ., a, O), then by applying the above result we have

mn

]—1—1 m” a1 —14+mks ag—1+mko
(mn) =1+ Z S DD D
r=1 kr=xr-1 ka=x1 k1=1
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By taking modulo m on both sides of the above identity, we directly obtain the congruence
property (1.9), namely,

cm(mn) =1+ Z(Oéo — (a1 —x1)(@2 — x2) -+ (p—1 — Xr—1)  (mod m)

r=1

=1+ (w—1)+ (ap—1) Z(Oél —x1)(@2 —x2) -+ (-1 — Xr—1) (mod m)
= o+ (g — 1) Z(al —x1)(a2 — x2) -+ (s — xi)  (mod m). (3.4)

=1

As an example, let m =5 and n = 485 = 3 -5 +4-52+2-5. Then j = 3 and the
base 5 representation of 485 is 15(485) = (ag, an, ay, ap) = (3,4,2,0). Therefore
x3=x2=0, x1 =1,

and

cs5(5-485) = —((oq — 1) + (o1 — 1)ag + (o1 — 1)asa)  (mod 5)
— —(1+1-441-4.3)
=—-17=3 (mod 5).

In fact, we have ¢5(5 - 485) = 230358 = 3 (mod 5), which coincides with the above result.

To conclude this paper, we remark that the congruence (3.4) for ¢,,(mn) is equivalent
to Theorem 3.1 due to Andrews, Fraenkel and Sellers [4].

Proof of Theorem 8.1. Let 1y, (n)=(cy, aj_1,...,01,ap) be the base m representation of
n.

Following Lemma 2.9 of [4], we see that c,,(m?n) = ¢,,(mn) (mod m) for all n > 0.

Thereby to prove Theorem 3.1, it is sufficient to show the cases that / = 0 and ¢ = 1,
which correspond to oy > 0 and o = 0 (ay > 0), respectively.

If ap > 0, then y; = 0. It leads to that
J

Cm(mn) = ag + (o — 1) Zal(ag —x2) (s —xi) (mod m). (3.5)

=1

We further consider the values of aq,aq,---,a . If oy > 0 for i > 1, then x; = 0 for
2 <4 < j. Thus (3.5) turns to be

J oo
Cm (M) Eozo—i—(ag—l)Zozl-waiEa0+(a0—1)2a1~--ai (mod m),

i=1 =1



where «; = 0 for i > j. Otherwise, suppose that a; (1 < k < j) is the first zero in the
sequence a, a, - -+, then y; = 0 for 1 <7 < k. Noting that oy, = 0, we obtain

J k—1 0o
Zm(az —x2) (= xi) = Za1a2"'ai = Zamzz---ozi,
i=1 i=1 i=1
where «; = 0 for i > j. Therefore, (3.5) leads to that

cm(mn) = ag+ (ap — 1) Z ap---a; (mod m),
i=1

and both cases coincide with (3.1) with ¢ = 0.

If ap = 0 and «; > 0, following the same procedure, we obtain that

() = (1) Y (e~ Dl = xs) -+ 05 = x0) (mod m)
=1—-o — (g — 1)20@(0@, —x3) - (; —xi) (mod m)

=2
=1l—a;—(m —1)20@---% (mod m),
=2
which coincides with (3.2) with ¢ = 1. This completes the proof. |
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