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ON THE INDEX R FREE SEQUENCES OVER FINITE CYCLIC GROUPS

CHAO LIU

ABSTRACT. Let C,, be a finite cyclic group of order n > 2. Every sequence S over C,, can be
written in the form S = (n1g),..., (ng) where g € Cy, and ny,...,n; € [1,0rd(g)], and the
index ind(S) of S is defined as the minimum of (n1 + ...+ n;)/ord(g) over all g € C),, with
ord(g) = n. Let d > 1 and r > 1 be any fixed integers. We prove that, for every sufficiently
large integer n divisible by d, there exists a sequence S over C,, of length |S| > n+n/d+O(y/n)
having no subsequence T of index ind(7") € [1, 7], which has substantially improved the previous
results in this direction.

1. INTRODUCTION AND MAIN RESULTS

Throughout this paper, let C,, be an additively written finite cyclic group of order |C),| = n,
where n € Z with n > 1. By a sequence S of length |S| = ¢ over C,, we mean an unordered
sequence with ¢ terms from C,, and the repetition of terms is allowed. We call S a zero-sum
sequence if the sum of S is zero. We let Z denote the integers, and R the real numbers. Given
real numbers a,b € R, we use [a,b] := {u:u € Z, a < u < b} to denote all integers between a
and b. Recall that the index of a sequence S is defined as follows.

Definition 1.1. For a sequence

S=(nig)-...-(ng) over Cy,
where ny,...,n; € [1,n] and g € C,, with ord(g) = |Cy,|, we set
ny+...+mn
Il = Mt

and the index of S is defined by
ind(S) = min{||S||y | g € Cy, with ord(g) = |Cy|}.

The index of a sequence is a crucial invariant in the investigation of zero-sum sequences
over cyclic groups. It was first addressed by Lemke and Kleitman ([9]), used as a key tool by
Geroldinger (7, page 736]), and then investigated by Gao [3] in a systematical way. And it has
found a lot of attention in recent years (see [1, 2 [ 6] &, 10, [IT] I3} 15, [16]). If S is a minimal
zero-sum sequence, then |S| < 3, as well as |S| > | §] + 2, implies that ind(S) = 1 (see [1], [12],
e}

An important open problem (at the end of [3]) is to determine the maximum length of
sequences over (), without index 1 subsequences. Clearly, S is a zero-sum sequence if and
only if ind(S) is an integer by definition Hence we introduce the definitions of t,(n) and
index-r-free sequences.
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Definition 1.2. Let r be a positive integer, denote by t.(n) the smallest integer £ such that
every sequence S over Cy, of length |S| > ¢ has a zero-sum subsequence T with ind(T') € [1,r].

Definition 1.3. For any integer r > 1, a sequence S over C, is called index-r-free, if S has
no zero-sum subsequence T with ind(T) € [1,7].

In 1989, Lemke and Kleitman ([9, page 344]) conjectured that if S is a sequence over C;, of
length |S| = n, then there exists a subsequence T' of S such that ind(7") = 1. That is to say,
ti(n) = n. In 2011, Gao, Li, Peng, Plyley and Wang ([5]) gave a counterexample and proved
that ty(n) >n+ | 2| —4 for n = 4k + 2 > 22. In 2015, Zeng, Yuan and Li ([I6]) promoted the
former counterexample to general counterexamples, and by their results we could derive that
ti(n) >n+ | %] — (d* —d®>+d—1) for n > d*(d* — d* + d + 1), where d € Z with d > 1.

In this paper we give longer general structures (theorem to the conjecture of Lemke and
Kleitman, and prove that t;(n) > n+%+0O(y/n) for every sufficiently large integer n divisible by
d, where d € Z with d > 1 (theorem . It is a greater lower bound of t;(n) than before, and
we conjecture that it is the best possible bound when n is big enough. Furthermore, we promote
the index 1 free sequences to index r free sequences, and show that ty(n) > n + 4 4+ O(y/n) for
every sufficiently large integer n divisible by d, where constant r € Z with r > 2. Here are our
main results.

Theorem 1.4. Let d,n be any integers with 1 < d|n and n > d?, and g € C,, with ord(g) = n.
For every integer r € [ ) %) and k € [0, log; — 2),

(1) s= 11 ((im+da‘)9)U?J—W—l)d’“‘j—l

(i,5)€A
is an index-r-free sequence, where m =% and A = [1,d — 1] x [0, k] {(0,0)}.

Theorem 1.5. Given any fixed integers d > 1 and r > 1, for every sufficiently large integer n
with d|n, there exists an index-r-free sequence S over Cy, such that |S| > n + 5 + O(y/n).

In the following sections we provide the preliminaries and the proofs of Theorem and
Theorem We end the paper with a further conjecture and an open problem.

2. NOTATIONS AND PRELIMINARIES

We let n and d be any integers with 1 < d|n and n > d?, and let g € C,, with ord(g) = n.
For every integer r € [1, %) and k € [O, logj — 2), let a sequence

s= 11 ((z‘m+dﬂ‘)g)m_(dr_l)dkj_l,

(i,j)€A
where m =% and A = [1,d — 1] x [0,k] U {(0,0)}.

Let T be a subsequence of S and t;; € Z be the multiplicity of (im + d’)g in T, where
(i,7) € A. If (im +d?)g ¢ T, we set t;; = 0. That is,

T= H ((im—kdj)g)t” cS,
(1,5)€A
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where
m fo—7
2) ogmjglﬁj—aﬁ—1m i1
We set ind(T) =|| T' ||g,, where g1 € Cp, with (g1) = Cy,. And we set g = hg;, where h € [1,n—1]
with ged(h,n) = 1. Then

T= T[] ((m+d)hg)™,
(3,7)€A
and

(3) n | Tllg= Y ti|(im+d)n| ,
(i,7)€A

where }w‘n denotes the least positive residue of w € Z modulo n > 0. We fix the notation
concerning sequences over C,,. And let

B:{@ﬁeAb<Wm+ﬂMM<m}
and '

C:{@ﬂeAMn<Wm+WMM<n}
By next lemma we split A into two parts.

Lemma 2.1. BUC = A.

Proof. For every (i,j) € A, combining A = [1,d — 1] x [0,k]U{(0,0)}, r € [1, ) with k €
{0,logd7 — 2), we derive 0 < &/ < m. Then by ged(h,n) = 1 and dm = n, we have 0 <

‘(im—kdj)h’n < n and ‘(im—kdj)h‘n # m for every (i,5) € A. Then by the definitions of B
and C, we have BUC = A. O

Lemma 2.2. For any integer j € [0, k], we have
{Wm+ﬂh}PEOd—H}:&m+MﬂMM€mJ—H}

and there exists only one element iy € [0,d — 1] such that 0 < ‘(iom + dj)h|n <m.

Proof. By
“@nr+dﬁhh) — |nd/|,_, where i € [0,d — 1],
we have
{|Gm+dnl, |i e 0,a-1} < {im+[nal], |icz}.

For any j € [0, k], by the relevant definitions we have 0 < d/ < m, then 0 < |(im + dj)h‘n < n.
So we have

{IGm+dnl, |i € 0,a=1} < {im+[na] | ic0,d-1]}.

By ged(h,n) = 1, we derive that {‘(zm +d h|
these two sets both have d elements, we have

{IGm+dnl, |i€0,a=1} = {im+[nd],, |i € 0,d— 11},

ie€l]0,d— 1]} have d distinct elements. Since

and there exists only one element ig € [0,d — 1] such that

0 < |(iom + d’)h| < m.
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By lemma we rewrite Eq. as

(4) n | Tle={ Y. + > |ty [(im+d)n],

(i,7)eB  (i,5)eC

We consider the d elements of A, (i,0), where i € [0,d — 1]. By lemma we have
{\(z‘m+d0)h}n(z’ e [0,d— 1]} - {im+ \hdo\m’z' e [0,d— 1]}.

Then for some ig € [0,d — 1], one has |(igm + do)h‘n = |h|m, so (ip,0) € B. For some
i1 € [0,d— 1], one has }(z’lm—i—do)h‘n = m—+ |h|m, so (i1,0) € C. Then we derive that B, C # .
Here we set |B| = z and sort the elements in B as

B = {(Ml,ﬁ):(ﬂmﬁ)"“ s (M, T2) }’

where p,, 7. and z are integers with p, € [0,d —1],0=71 <1 <--- <7, <kand z > 1.

By lemma we derive that for any integer 7, there exists at most one element p, € [0,d—1]
such that 0 < |(u«m + dT*)h‘n < m. By the enumeration of the elements of B, we know that
actually O =1 < < - <1, < k.

Next we will prove another quality of the sorted elements in B when z > 2.

Lemma 2.3. When |B| =z > 2, for every integer a € [1, x — 1], we have

m < ’(,uam + dT“)h}n dTetiTTe <,

Proof. Case 1. 1441 — 74 = 1.

By the definition of B we have 0 < |(uqm + d“)h‘n < m, thus 0 < |(gam + dT“)h‘nd < n.
It is clear that ‘(uam + dT“)h’nd # m. Assuming that 0 < ‘(uam + dT“)h‘nd < m, by the
definition of B we also have 0 < ‘(uaﬂm + dTaH)h‘n < m. Thus

(5) | (ttam + dT“)h‘n d — |(pas1m + dT““)h‘n € (—m,m).

But we have
’ |(tam 4 d™)h| d—|(par1m+d+1)h| ‘n =| = payrihm| = | — paprh|; m.
Since fia1 € [1,d — 1] and ged(h,n) = 1, we have | — pa41h ’d # d. Hence
|(ttam + d™)h| d — | (piar1m 4 d™+')h| = ym with integer y # 0,
a contradiction to Eq. . So that m < ‘(uam + dT“)h|n d<n.

Case 2. 7,41 — 74 > 2.

First, for any integers v € [1, + 1, 7,41 — 1] and ¢ € [1, d — 1], we have (i,v) € A by the
definition of A. By definition of B, (i,v) ¢ B. By lemma we have (i,v) € C. Then by the
definition of C', we have

(6) m < |(im + d”)h‘n < n,

where v € [1, + 1, 7441 — 1] and i € [1, d — 1].
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Second, for every z € [0, Ta41 — Ta — 2|, we will prove that, if 0 < ’(uam + dT“)h‘n d? < m,
then 0 < |(ugm + d™)h| d**' < m.
For every z € [0, 7441 — 7o — 2], we let v =7, + 2z + 1, and suppose that
0 < |(tam +d™)h| d* < m.

Then we have
0 < |[(pam +d™)h| & <n.

Therefore,
(7) |(am + d"™)h| d**' = |(pam + d™)hd*tY| = |d™T#F | = |hd"| .

By lemma [2.2] we have

®) {[Gm + )],

icl0,d— 1]} - {im+ |hd?|

ie[O,d—l]}.
Note that v =7, +z+ 1€ [, + 1, Ta41 — 1]. By Eq. @, we have
{\(im+dv)h\n ie[1,d—1]}c{im+\hdv}m ie[l,d—l]}.

Since these two sets both have d — 1 elements, we have

9) {\(im+dv)h\n icl,d- 1]} - {im+ na’| |ie[,d- 1]}.
Then combining Eq. with Eq. @, we have
{IGm+anl, i =0} = {im+ [na| i = 0}.

That is,

hd®| = |hd®| . Then by 0 < |hd’| < m and Eq. (7)), we have
0 < [(tam +d™)h|, d*T" < m.
Last, thus we proceed by induction on z € [0, 7441 — T4 — 2]. Since 0 < ‘(,uam%-d“)h‘n d? <
m is true for z = 0 by the definition of B, we let z = 7,41 — 74 — 2 and derive that
0 < |(tam + dT“)h|n dest =Tl <y

is true. Thus 0 < ‘(,uam +d™)h|, d7t "7 < n. It is clear that }(,uam + dTa)h‘n dTet1 = Ta £,
Assuming that 0 < ‘(uam + dTa)h|ndTa+1 ~7Ta < m, by the definition of B we also have 0 <
| (ttar1m + dT““)h‘n < m. Thus

(10) [(amn + A7) ], 477 | oy + AR, € (=m,m).
But we have

[ (ram + )] a7 =% [ Guagam + )] | = | = prarah | .

It is a contradiction to Eq. (10). So that m < |(,uam + dT“)h‘n dTet1 = Te <, g
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3. PrROOF OF THEOREM [L.4] AND THEOREM [L.5]

Proof of Theorem[1.4. Suppose to the contrary that there exists a subsequence T' C S with
T # () and ind(T) € [1,7]. We use the same relevant notions defined in last section. Without
loss of generality, we assume that |B| = z > 2, because the following proof also holds true by
some minor modifications (for example, we view all the Z;’:ll (1) as 0 when x = 1). We could
rewrite Eq. as

rz—1
D T llgy =" tm | (mem + d™| + by, r, | (e m + d™)0| |
=1
(11) + )ty |(im+d)h|,
(i,7)eC
For [ € [1,z — 1], we set
(12) byn = 81 drr T 4 tuz T

where s; > 0 and t/, _ € [0, d+1~ 7 —1]. Then we use three steps to complete the proof.

e

First, we will prove that Zfz_ll s;+ Z(i’j)ec tij < dr —1. By Egs. and , we have

x—1
N T = (s0d™ 7 + t5,) [(um +d™)h]|,
=1
ity r, |(em+d™)| + Y i |(im+ d)h|,
(3,5)€C

x—1

:Ztitm ’(MlmdeTl)h}n +tﬂz7'z }(,uxqu de)h‘n
=1

<Zsl d+ - ,ulm—i—d”)h‘

(13) + Z tij \(im+dﬂ’)h|n>.

(i.4)eC
Hence we have
rz—1 '
n | T llgy =Y sid™ ™ |(um+d™Mh|, + Y ti|(im + d)h|,
I=1 (i,5)eC
>Zslm—i— Z ti;m= ZSH- Z tiy | m.
(i,5)eC (i.9)eC

We suppose that Zf;ll s+ Z(i,j)e(] ti; > dr, and derive

n| T g > Zsl—i- > tij | m>rn.

(4,7)eC
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Thus ind(T) =|| T ||4, > 7, a contradiction to ind(T) € [1,7]. So we have

(14) Zsl+ > oty <dr—1.

(i,5)eC

Next, we will prove that |n | T g |m # m. By Eq. (13), we have

Ty |

z—1 z—1
= Z o dnh—i—t“zm deh‘i‘Zsl AT+ T T, Z ti; dh
=1 =1 (’])GC m
r—1 r—1 '
=1 =1 (i,)eC m
(15) =|n(x)]|
where
z—1 z—1
() 72 wn 4 F by, A7 + Zsl dmt + Z ti; &
=1 =1 (1,5)eC
z—1 z—1
< (de+1—Tz _ l)dn +tuz‘rz d™= + Z‘Sl dk + Z tij dk
=1 =1 (i.j)eC
= dn 4™ _|_tusz d™ + (Zsl + Z z]) dk‘
=1 (¢,5)€C
(16) < dmd (L%J — (dr — 1)dF — 1) d™ + (dr — 1)d*
—d™ 4+ d™ +m — (dr —1)d* —d™ + (dr — 1)d*
(17) <m-—1.

It is clear that (x) >0 by T # (). So we have |n || T ||, |
-

Last, since |n T lg, |m # m and m|n, we have ‘n | T g, ‘n # n. Hence ind(T") =|| T ||4, is
not an integer and T is not a zero-sum subsequence of S. It is a contradiction to ind(T") € [1,7].
Thus S is an index-r-free sequence.

m = ‘h(**)‘m # m by Eqgs. and

O

Proof of Theorem[1.5. Given any fixed integers d > 1 and r > 1, we take the same S defined
in theorem and let n > rd?® with dln. Then S is an index-r-free sequence for any k €
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[0, log; — 2) by theorem Since LdﬂJ > 77 — 1, we calculate the length of S and have

¥

sl= Y ([%J — (dr —1)d" — 1)
(i,7)€EA
> Y (%—(dr—nd’f*j—z)+m—(dr—1)d’f—1
(4,7)€[1,d—1] x[0,k]
—d-1) Y (% — (dr = 1)d"T = 2) £ m — (dr — 1)d* 1
J€[0,k]

:(1+61Z—dklﬂ>n—(dr—1)(dk+1+dk—1)—2(k+1)(d—1)—1.

We let k = | £1In(n) | > 0 and have

1
|S| > <1+d>n+01\/ﬁ+02 In(n) + Cs,

where C7, Cy and C3 are some constants determined by d and r. Thus we have proved the
theorem. 0

Therefore, tr(n) > n + 4 4 O(y/n) for every sufficiently large integer n divisible by d, where
d > 1 and r > 1 are constant integers.

4. CONCLUDING REMARKS

Given any fixed integers d > 1 and r > 1. Since L;”—]J < 77, we can also get upper bounds of

|S] in theorem Let d be the least prime factor of n. Generally, |S| < n+ 4. So we have
the following conjecture.

Conjecture 4.1. Let n be a composite number, C, a cyclic group of order n, and d the least
prime factor of n. Then every sequence S of length |S| = n + 5 over C, has a zero-sum
subsequence T with ind(T) = 1.

Open Problem. Determine t.(n) for all integers n > 2 and r > 0.
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