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Abstract

An edge-coloured path is rainbow if its edges have distinct colours. For a connected graph
G, the rainbow connection number (resp. strong rainbow connection number) of G is the
minimum number of colours required to colour the edges of G so that any two vertices of G
are connected by a rainbow path (resp. rainbow geodesic). These two graph parameters
were introduced by Chartrand, Johns, McKeon, and Zhang in 2008. Krivelevich and
Yuster generalised this concept to the vertex-coloured setting. Similarly, Liu, Mestre,
and Sousa introduced the version which involves total-colourings.

Dorbec, Schiermeyer, Sidorowicz, and Sopena extended the concept of the rainbow
connection to digraphs. In this paper, we consider the (strong) total rainbow connection
number of digraphs. Results on the (strong) total rainbow connection number of biori-
entations of graphs, tournaments, and cactus digraphs are presented.

Keywords: Total rainbow connection; digraph; tournament; cactus digraph; biorien-
tation

1 Introduction

All graphs and digraphs considered in this paper are finite and simple. That is, we do not
allow the existence of loops, multiple edges (for graphs), and multiple directed arcs (for
digraphs). We follow the terminology and notation of Bollobds [3] for those not defined here.



The concept of rainbow connection in graphs was introduced by Chartrand, Johns, McK-
eon, and Zhang [4]. An edge-coloured path is rainbow if its edges have distinct colours. An
edge-colouring of a connected graph G is rainbow connected if any two vertices of G are con-
nected by a rainbow path. The rainbow connection number of G, denoted by rc(G), is the
minimum number of colours in a rainbow connected edge-colouring of G. An edge-colouring
of G is strongly rainbow connected if for every pair of vertices u and v, there exists a rainbow
u — v geodesic, i.e., a path of length equal to the distance between u and v. The minimum
number of colours in a strongly rainbow connected edge-colouring of G is the strong rainbow
connection number of G, denoted by src(G).

As a natural counterpart to the rainbow connection of edge-coloured graphs, Krivelevich
and Yuster [8]; and Li, Mao, and Shi [10], proposed the concept of (strong) rainbow vertex-
connection. A vertex-coloured path is vertex-rainbow if its internal vertices have distinct
colours. A vertex-colouring of a connected graph G is rainbow vertex-connected (resp. strongly
rainbow vertex-connected) if any two vertices of G are connected by a vertex-rainbow path
(resp. geodesic). The rainbow vertex-connection number of G, denoted by rve(G), is the
minimum number of colours in a rainbow vertex-connected vertex-colouring of G. The strong
rainbow vertex-connection number of G, denoted by srvc(G), is the minimum number of
colours in a strongly rainbow vertex-connected vertex-colouring of G. We refer the reader to
the survey [11] and the monograph [12] on the subject of rainbow connection in graphs.

Liu, Mestre, and Sousa [13]; and Chen, Li, Liu, and Liu [5], proposed the concept of
(strong) total rainbow connection. A total-coloured path is total-rainbow if its edges and
internal vertices have distinct colours. A total-colouring of a connected graph G is total
rainbow connected (resp. strongly total rainbow connected) if any two vertices are connected
by a total-rainbow path (resp. geodesic). The total rainbow connection number of G, denoted
by trc(G), is the minimum number of colours in a total rainbow connected total-colouring of
G. The strong total rainbow connection number of G, denoted by strc(G), is the minimum
number of colours in a strongly total rainbow connected total-colouring of G.

In [6], Dorbec, Schiermeyer, Sidorowicz, and Sopena introduced the concept of rainbow
connection of digraphs. A directed path, or simply a path P, is a digraph consisting of a
sequence of vertices vy, v1, ..., v, and arcs v;_1v; for 1 < i < £. We also say that P is a vg— vy
path, and its length is the number of arcs £. A digraph D is strongly connected if for any
ordered pair of vertices (u,v) in D, there exists a u— v path. An arc-coloured path is rainbow
if its arcs have distinct colours. Let D be a strongly connected digraph. An arc-colouring of
D is rainbow connected if for any ordered pair of vertices (u,v) in D, there is a rainbow u — v
path. The rainbow connection number of D, denoted by r_é(D), is the minimum number of
colours in a rainbow connected arc-colouring of D. Alva-Samos and Montellano-Ballesteros
[1] then introduced the notion of strong rainbow connection of digraphs. An arc-colouring of
D is strongly rainbow connected if for any ordered pair of vertices (u,v), there is a rainbow
u — v geodesic, i.e., a rainbow u — v path of minimum length. The strong rainbow connection
number of D, denoted by s?c(D), is the smallest possible number of colours in a strongly
rainbow connected arc-colouring of D. We have diam(D) < 7"—2(D) < s?c(D), where diam(D)
denotes the diameter of D. Subsequently, there have been some results on this topic, which
considered many different classes of digraphs [2, 7, 14]. Very recently, Lei, Li, Liu, and Shi [9]
introduced the (strong) rainbow vertex-connection of digraphs. A vertex-coloured directed



path is vertex-rainbow if its internal vertices have distinct colours. A vertex-colouring of D
is rainbow vertez-connected (resp. strongly rainbow vertex-connected) if for any ordered pair
of vertices (u,v) in D, there exists a vertex-rainbow u — v path (resp. geodesic). The rainbow
vertezx-connection number of D, denoted by T?C(D), is the minimum number of colours in
a rainbow vertex-connected vertex-colouring of D. The strong rainbow wvertex-connection
number of D, denoted by ST‘_’Z)C(D), is the minimum number of colours in a strongly rainbow
vertex-connected vertex-colouring of D. We have diam(D) — 1 < rve(D) < srve(D).

In this paper, we introduce the concept of total rainbow connection of digraphs. Let D
be a strongly connected digraph. A total-coloured directed path is total-rainbow if its arcs
and internal vertices have distinct colours. A total-colouring of D is total rainbow connected
if for any ordered pair of vertices (u,v) in D, there exists a total-rainbow u — v path. The
total rainbow connection number D, denoted by t?c(D), is the minimum number of colours
in a total rainbow connected total-colouring of D. Likewise, a total-colouring of D is strongly
total rainbow connected if for any ordered pair of vertices (u,v), there exists a total-rainbow
u — v geodesic. The strong total rainbow connection number of D, denoted by sﬁ’c(D), is the
minimum number of colours in a strongly total rainbow connected total-colouring of D.

This paper is organised as follows. In Section 2, we present several general results
about the parameters t?c(D) and st_f‘c(D), as well as their relationships to the parameters
%(D),s?c(D),rgc(D), and sr_{)c(D). In Section 3, we compute the parameters t?c(D) and
st?c(D) for some specific digraphs D. In Section 4, we study the parameters t?c(T) and
st_;c(T ) for tournaments 7. Finally in Section 5, we consider the parameters T?C(Q) and
t?c(Q) for cactus digraphs Q.

2 Definitions, remarks, and results for general digraphs

We begin with some definitions about digraphs. For a digraph D, its vertex and arc sets are
denoted by V(D) and A(D). For an arc uwv € A(D), we say that v is an out-neighbour of
u, and u is an in-neighbour of v. Moreover, we call uv an in-arc of v and an out-arc of u.
We denote the set of out-neighbours (resp. in-neighbours) of u in D by 'V (u) (resp. '™ (u)).
Let T'[u] = T'"(u) UT(u) U {u}. For a strongly connected digraph D, and u,v € V(D), the
distance from u to v (i.e., the length of a shortest uw — v path) in D is denoted by d(u,v), or
dp(u,v) if we wish to emphasize that the distance is taken in the digraph D. Let diam(D)
denote the diameter of D.

If wv,vu € A(D), then we say that uwv and vu are symmetric arcs. If uwv € A(D) and
vu ¢ A(D), then wv is an asymmetric arc. The digraph D is an oriented graph if every arc
of D is asymmetric. A tournament is an oriented graph where every two vertices have one
asymmetric arc joining them. A cactus is a strongly connected oriented graph where each
arc belongs to exactly one directed cycle. Given a graph G, its biorientation is the digraph G
obtained by replacing each edge uv of G by the pair of symmetric arcs uv and vu. Let ﬁn and
6n denote the directed path and directed cycle of order n, respectively (where n > 3 for 6n),
i.e., we may let V(ﬁn) = V(@n) = {vo,...,vn—1}, and A(]Bn) = {vov1,v1V2 ..., Vp—2Un_1}
and A(an) = A(ﬁn) Uvp_1vg. If C is a directed cycle and u,v € V(C), we write uCv for the
unique u — v directed path in C.



For a subset X C V(D), we denote by D[X] the subdigraph of D induced by X. Given
two digraphs D and H, and u € V (D), we define D,_, g to be the digraph obtained from D
and H by replacing the vertex u by a copy of H, and replacing each arc xu (resp. uz) in D by
all the arcs zv (resp. vzx) for v € V(H). We say that D,_, g is obtained from D by expanding
u into H. Note that the digraph obtained from D by expanding every vertex into H is also
known as the lexicographic product D o H.

Now, we shall present some remarks and basic results for the total rainbow connection and
strong total rainbow connection numbers, for general digraphs and biorientations of graphs.
We first note that in a total rainbow connected colouring of a strongly connected digraph D,
there must be a path between some two vertices with at least 2diam(D) — 1 colours. Thus,
we have the following proposition.

Proposition 1. Let D be a strongly connected digraph with n vertices and m arcs. Then
2diam(D) — 1 < tre(D) < stre(D) < n+m. (1)

It is easy to see that the bioriented paths ﬁn, for n > 2, form an infinite family of graphs
where we have equalities in the first two inequalities in (1). Also, it is not difficult to see that
for every directed cycle dm with n > 5, we have equalities in the last two inequalities in (1).
These two results will be included in Theorems 11 and 12.

In the next result, we give equivalences and implications between several conditions, when
the rainbow connection parameters are small.

Theorem 2. Let D be a non-trivial, strongly connected digraph.
(a) The following are equivalent.

(i) D is a bioriented complete graph.
(ii) diam(D) = 1.
(iii) re(D) = 1.
(iv) sre(D) = 1
(v) rve(D) = 0.
(vi) sroc(D) = 0.
(vii) tre(D) = 1.
(viii) stre(D) = 1.
(b) 525_7>‘c(D) > t?c(D) > 3 if and only if D is not a bioriented complete graph.
(¢c) (i) r¢(D) =2 if and only if sre(D) = 2.
(1) T‘?C(D) =1, if and only if sﬁuc(D) =1, if and only if diam(D) = 2.
(iii) roc(D) = 2 if and only if sroc(D) = 2.
(iv) tre(D) = 3 if and only if sﬁ"c(D) = 3.



(v) t?c(D) =4 if and only if st_;‘c(D) =4.

Moreover, any of the conditions in (i) implies any of the conditions in (iv), and any of
the conditions in (i), (iv) and (v) implies any of the conditions in (ii).

Proof. (a) In [1], Theorem 2; and [9], Theorem 2, it was proved that (i) to (vi) are equivalent.
Now clearly, we have (i) = (viii), and by (1), it is easy to see that (viii) = (vii) = (ii).

(b) If D is not a bioriented complete graph, then diam(D) > 2, and st_v)“c(D) > t?c(D) >3
follows from (1). The converse clearly holds by (a).

(c) Part (i) was proved in [1], Theorem 2; and parts (ii) and (iii) were proved in [9],
Theorem 2. We prove parts (iv) and (v). Suppose first that t?c(D) = 3. Then (1) implies
st_;c(D) > 3. Also, there exists a total rainbow connected colouring for D, using t?c(D) =3
colours. In such a total-colouring, for any x,y € V(D), either xy € A(D), or xy ¢ A(D) and
there is a total-rainbow x — y path of length 2, which is also a total-rainbow x — y geodesic.
Thus stre(D) < 3, so that stre(D) = 3, and the first condition of (iv) implies the second.
The same argument, with the role of “3” being replaced by “4”, gives that the first condition
of (v) implies the second.

Next, suppose that sﬁ“c(D) = 3. Then by (a), we know that D is not a bioriented complete
graph. By (b), we have 3 < tre(D) < stre(D) = 3, and hence fre(D) = 3, and (iv) is proved.
Finally, suppose that sﬁc(D) = 4. By (a) and (b), we have 3 < t?c(D) < sﬁc(D) =4. By
(c)(iv), we have t?c(D) # 3, so that t?c(D) = 4. This completes the proof of (v).

Now, we consider the final part of (c). Firstly, suppose that either condition in (i) holds,
so that r_é(D) = 2. Then (a) implies diam(D) > 2, and (1) implies t?c(D) > 3. Moreover,
there exists a rainbow connected arc-colouring for D, using r_é(D) = 2 colours. Clearly by
colouring all vertices of D with a third colour, we have a total rainbow connected colouring
for D, using 3 colours. Thus, t?c(D) < 3. We have t?c(D) = 3, and thus both conditions
of (iv) hold. Secondly, suppose that either of the conditions in (i) holds. Then we have
diam(D) < r—;:(D) = 2, and (a) implies that diam(D) = 2. Similarly, if any of the conditions
in (iv) or (v) holds, then it is easy to use (1) and (a) to again obtain diam(D) = 2. Thus,
any of the conditions in (i), (iv) and (v) implies any of the conditions in (ii). O

We remark that in Theorem 2(c), no other implication exists between the conditions of
(i) to (v). Obviously, the conditions of (ii) and those of (iii) are mutually exclusive. Thus
by the last part of (c), the conditions of (iii) are mutually exclusive to those of (i), (iv) and
(v). Similarly, the conditions of (iv) and those of (v) are mutually exclusive, and thus the
conditions of (i) and those of (v) are also mutually exclusive, since the conditions of (i) imply
those of (iv). Clearly, the example of the bioriented stars K 1,n shows that there are infinitely
many digraphs where the conditions of (ii) hold, but those of (v) do not hold. Indeed, for
n > 2, we have r?c([?l’n) = 1, while t?c(f?lvn) = 3. Also, there are infinitely many digraphs
D such that the conditions of (ii) and (iv) hold, but those of (i) do not hold. For example, let
u be a vertex of the directed cycle 53, and let D be a digraph obtained by expanding u into
a bioriented clique K. That is, D = (Cs3)u_x. Then, we have rvc(D) = 1 and tre(D) = 3,
but r¢(D) = 3. In the following lemma, we will see that there are infinitely many examples
of digraphs D where the conditions of (ii) hold, but the conditions of (iv) do not hold.



Lemma 3. There exist infinitely many digraphs D with diam(D) = 2 and t?c(D) = sﬁ“c(D) =
4.

Proof. We will construct the digraphs D from the Petersen graph P1g. We first consider the
digraph <|310. See Figure 1(a), where we have V(Pyg) = V(<|310) = {u;,v; : 0 <i < 4}. Clearly,
we have diam(Blo) = 2. We will show that t?c(Blo) = sﬁ“c((ﬁlo) = 4. By (1), it suffices to
prove that t?c(is)m) >4 and Sﬁc(ﬁlo) < 4.

Uq A Uy
N

»

us us

(a)

Figure 1. (a) The Petersen graph Pqg; (b) A strongly total rainbow connected colouring for Pqg.

Suppose first that there is a total rainbow connected colouring ¢ of Blo, using at most
three colours, say 1,2,3. Then whenever we have z,y € V(Blo) and xy ¢ A(Blo), there must
be a total-rainbow x — y path of length 2 in 610. By considering the unique paths of length
2 between the vertices wug, u2,v1, we may assume that c(upu;) = c(uguy) = c(viug) = 1,
c(uiug) = c(ugug) = c(ujvr) = 2, and c(uy) = 3. Then by considering the unique paths of
length 2 between uy,us, we must have c(ugus) = 1, c(uguz) = 2, and c(uz) = 3. Similarly
by considering the pairs ug, ug, then us, ug, we must have c(uqus) = c(ugug) = 1, c(ugug) =
c(upus) = 2, and c(uz) = c(us) = 3. But then, we do not have total-rainbow paths between
u1,ug, which is a contradiction. Therefore, t?c(is)w) > 4.

Now we define a total-colouring of Py as follows. We assign strongly total rainbow con-
nected colourings for the two cycles ugujusugusug and vyvev4vivsvy With colours 1,2, 3, and
then colour 4 to the edges u;v;, for 0 < i < 4. For example, see Figure 1(b). We can then
extend this to a total-colouring ¢’ of 610 where two symmetric arcs of BlO both receive the
same colour as the corresponding edge in P1g. Then it is easy to check that ¢’ is a strongly
total rainbow connected colouring for Bw. Therefore, st_f"c(ﬁlo) < 4.

Finally for every n > 11, we can obtain the digraph D,, on n vertices from Blo by expanding
v into K = I?n_g. That is, D, = (<I310)UO_>K. Then note that diam(D,,) = 2. We may again
apply the first argument above to obtain t?c(Dn) > 4. Moreover, we can extend the total-
colouring ¢ on P1g to a total-colouring ¢’ on D, where ¢’(uv) = ¢ (uwv) if wv & A(K);
d"(uv) = d(vpv) if uw € V(K) and v ¢ V(K); '(uwv) = (uwg) if u ¢ V(K) and v € V(K);
d(wv) =1 if ww € A(K); "(w) = d(w) if w ¢ V(K); and ’(w) = 1 if w € V(K). Then
it is easy to see that ¢” is a strongly total rainbow connected colouring for D,,. Indeed, if
xz,y € V(D,,) and xy ¢ A(D,,), then at most one of x,y is in V(K), and z,y correspond



to distinct vertices /.y’ in Blo. Then a total-rainbow x — y geodesic of length 2 in D,
<>

corresponds to a total-rainbow z’ — 3’ geodesic of length 2 in P1g. Therefore, st_;’c(Dn) < 4,

and t?c(Dn) = sﬁ"c(Dn) =4. O

We propose the following problem.

—

Problem 4. Among all digraphs D with diameter 2, are the parameters 7‘_E(D), sre(D),
t?c(D), and sﬁ"c(D) unbounded?

Alva-Samos and Montellano-Ballesteros [1] showed that for a connected graph G,
— = -
re(G) <rc(G) and sre(G) < sre(G). (2)

Furthermore, for each inequality, there is an infinite family of graphs where equality holds,
and also with the difference between the two parameters unbounded. For example, from
[1, 4], we have rc¢(Cy) = r—é(@n) = sre(Cp) = s?c(@n) = [5] for n > 4. Also, we have
70([?1”) = S?C<I?1,n> = 2 and re(Ky,,) = sre(Ky,) = n for n > 2, where Ky, is the star
with n edges. On the other hand, for rainbow vertex-connection, Lei, Li, Liu, and Shi [9]
showed that

T?C(a) =rvc(G) and 37“—150(&) = srvc(G). (3)

For total rainbow connection, we have the analogous inequalities to (2).

Proposition 5. For a connected graph G, we have
tre(@) < tre(G) and  stre(G) < stre(G). (4)

Proof. Given a (strongly) total rainbow connected colouring of G, it is not hard to see that
the total-colouring of @, obtained by assigning the colour of the edge uv to both arcs uv, vu,
and the colour of the vertex u of G to the corresponding vertex u of (H}, is a (strongly) total
rainbow connected colouring of G. O

As in the case for rainbow connection, for each inequality of (4), there is an infinite family
of graphs where equality holds, and also with the difference between the two parameters
unbounded. We simply use the same examples. For n > 3, we have tre(C),) = t?c(@n) =
stre(Cp) = sﬁc(@n), which we will see in Theorem 11 later. Also, for n > 2, we have
t?c(l?l,n) = st_;‘c(f?lm) =3 and tre(Ky ) = stre(Ky,) =n+ 1.

For the relationship between the total rainbow connection numbers of a digraph and its
spanning subdigraphs, it is not hard to see that the following holds.

Proposition 6. Let D and H be strongly connected digraphs such that, H is a spanning
subdigraph of D. Then t?c(D) < t?c(H).

However, this is not true for the strong total rainbow connection number, as we will see
in the next lemma.

Lemma 7. There are strongly connected digraphs D and H such that, H is a spanning
subdigraph of D, and sﬁ“c(D) > sﬁ“c(H).



Figure 2. The digraphs D and H in Lemma 7.

Proof. Let H be the digraph consisting of the solid arcs as in Figure 2, and D be the digraph
obtained from H by adding the dotted arc zy. It is not hard to see that the colouring for H as
shown in Figure 2, is strongly total rainbow connected, where for the eight pairs of symmetric
arcs in the middle, the two arcs in each pair have the same colour. Thus, SE)"C(H ) < 16.
Now, we will show that sﬁ"c(D) > 17. Suppose that we have a strongly total rainbow
connected colouring c¢ for D, using at most 16 colours. Notice that any two cut-vertices of
D must receive distinct colours, and thus without loss of generality, we may assume that
wy, Wy, W3, Wy, T,y have colours 1,2,3,4,5,6. Next, for 1 < i < 4, we see that the arcs w,;v;
must have distinct colours, and different from colours 1, 2, 3,4, 5,6. Otherwise we can find two
vertices such that any geodesic in D connecting them is not total-rainbow. Hence, we may
assume that c(u;v;) = i46, for 1 <1i < 4. For the same reason, the arcs w;u;, v;w; and vertices
u;, v; for 1 <4 < 4, and the arcs w;x, xw; for ¢ = 1,2, and w;y, yw; for i = 3,4, cannot use the
colours 1,2,...,10. Since the unique u; — vy geodesic in D is u1v1wiTwousve, We may assume
that c(vi) = 12, ¢(niw1) = 13, c(wiz) = 15, c(zws) = 16, c(wauz) = 14, and c(uz) = 11.
Finally, the unique u; — w3 geodesic in D is ujviwizywsusvs, and the arcs zy, yws, wsus
and internal vertex us in this geodesic are not yet coloured. These elements cannot use the
colours 1,2,...,10,12,13,15. Thus the remaining possible colours are 11, 14,16, and this is
insufficient to make the geodesic total-rainbow. We have a contradiction. Hence st_f"c(D) > 17
and the result follows. O

Our final aim in this section is to compare the rainbow connection parameters. In [8],
Krivelevich and Yuster observed that for rc¢(G) and rve(G), we cannot generally find an
upper bound for one of the parameters in terms of the other. Indeed, by taking G = K g,
we have r¢(G) = s and rve(G) = 1. On the other hand, let the graph G be constructed as
follows. Take s vertex-disjoint triangles and, by designating a vertex from each triangle, add
a complete graph K on the designated vertices. Then re(Gs) < 4 and rve(Gs) = s. In [9],
similar results were obtained for %(D) and TUC(D), and for S?C(D) and sr_{)c(D).

When considering the total connection number in addition, we have the following trivial
inequalities.

tre(D) > max(re(D), roe(D)), (5)
stre(D) > max(sre(D), srve(D)). (6)



In the following result, we see that there are infinitely many digraphs where the inequalities
(5) and (6) are best possible.

Theorem 8.

(a) There exist infinitely many strongly connected digraphs D with t?c(D) = sﬁ“c(D) =
— —
re(D) = sre(D) = 3.

(b) Given s > 13, there exists a strongly connected digraph D with t?c(D) = T‘?C(D) =s.
(c) Given s > 13, there exists a strongly connected digraph D with stre(D) = sr_{Jc(D) =s.

Proof. (a) We may simply consider the digraphs D,, as described after the proof of Theorem
2. That is, D,, is the digraph on n > 3 vertices, obtained by expanding a vertex of 63 into
I?n_g. We have t?c(Dn) = st_;“c(Dn) = 'r_é(Dn) = s?c(Dn) = 3.

(b) For s > 13, let G5 be the simple graph with s disjoint triangles attached to Kj, as
described above. Let Dy = (f5. Then by (4), (5), and (3), we have tre(Gs) > t?c(Ds) >
TZC(DS) = rvc(Gs) = s. In [13], Theorem 11, it was proved that trc(Gs) = s. Thus we have
tre(Dy) = roe(Ds) = s.

(c) For s > 13, we construct the simple graph Hy as follows. First, we take the graph
Gy, and let uq, ..., us be the vertices of the K, and the remaining vertices are v;, w;, where
u;v;w; is a triangle, for 1 < ¢ < s. We then add new vertices z1, ..., 25, and add the edges
Ui Zi, Wit1Zi, ViZi, WiZira, Tor 1 < ¢ < s. Throughout, all indices are taken modulo s. See
Figure 3 for the case s = 13.

Figure 3. The graph H; when s = 13. The polygon with dotted lines represents the copy of K.



Now let Dy = H,. Then by (4), (6), and (3), we have strc(Hs) > s
srvc(Hg). Thus it suffices to prove that srve(Hg) > s and stre(Hs) <
st_;“c(Ds) = sr_{zc(Ds) =s.

We first prove that srvc(Hg) > s. Suppose that we have a vertex-colouring of Hy, using
fewer than s colours. Then some two vertices of ug,...,us have the same colour. We may
assume that u; and u; have the same colour, for some 2 < i <s. If i ¢ {5,6,s —4,s — 3},
then the unique w; — w; geodesic is wyuju;w;. If i € {5,6}, then the unique v; — w; geodesic
is vyuuw;. If i € {s — 4, s — 3}, then the unique w; — v; geodesic is wiuiu;v;. In each case,
we have two vertices in Hy such that there is no vertex-rainbow geodesic connecting them.
Thus srvc(Hs) > s.

Now we prove that strc(Hs) < s. We define a total-colouring ¢ of H,, using the colours
1,...,s, as follows. For 1 <i <s, let c(u;) = c(w;iziys) = 4, c(uv;) =i+ 1, c(vy) = i + 2,
c(vjw;) = c(uip12) = 1+ 3, c(w;) = c(zi) = 1 + 4, c(wju;) = c(uz;) = c(viz;) = i+ 5, all
modulo s. For i # j, let c(u;u;) be a colour not in {i,...,i+5}U{j,...,j+5}. Such a colour
exists since s > 13. We will show that c is a strongly total rainbow connected colouring
for Hg, which implies that strc(Hs) < s. Let z,y € V(Hs). We show that there always
exists a total-rainbow x — y geodesic P. If at least one of x,y belongs to {ui,...,us}, or if
x,y € {v;, w;, z;} for some i, then clearly such an x — y geodesic exists, with length at most
2. Thus, it suffices to consider z € {v1, w1, 21} and the six cases as shown in the following
table, where 2 < i < s in each case.

tre(Dy) > sroe(Dy) =
s, which would imply

x|y P Internal colours of P
VIULU;V; if i & {2,s} 2,1,t,4,1+ 1

(%] (¥ V121U2V2 ifi =2 6, 5,4, 2, 3
V1U1 Z5Vs ifi=s 2,1,3,4,5
VUL U;W; ifig{2,s—4,s—3} 2,1,t,4,1+5

v w; V121UW9 ifi=2 6, 5,4, 2, 7
VUL ZsWs—g f1=s8—4 2,1,3,4,s — 4
V121 Ws—3 ifi=s5—-3 6,5,s—3
VUL U; 2 ifi {2,5,s—4,s—3,s} | 2,1,t,i,i+5

o1 | = viuui41z;  if i€ {2,s—4,s—3} 2,1,t,i+1,i+3

! V1W125 ifi=5 4,5,1

V1U1 Zs ifi=s 2,1,3
W1ULU;W; if 4 € {6, S — 4} 6, 1, t, i, t+5

w1 | w; | wyzsugws ifi==6 1,9,8,6,11
WU ZsWs—yg fi=s5—4 6,1,3,4,s — 4
WU U 25 if i & {5,6,s —4,s} 6,1,t,4,1+5
w125 ifi=5 1

YL A gz ifi € 6,5 — 4} 6,1,t,i+1,i+3
WU Zs ifi=s 6,1,3
21U Ui 2 ifi ¢{2,6,s—4,s} 6,1,t,4,i+5

2 . Z1U229 ifi=2 4, 2, 7

’ 21U U175 if i € {6,8*4} 6,1,t,:+ 1,72+ 3

Z1U1 % ifi=s 6,1,3
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In each case, we have a desired = — y geodesic P, where t is some colour different from the
remaining four colours. For example, in the very first case, we have ¢t ¢ {1,2,4,i+ 1}. The
proof is thus complete. O

We may also consider how far from equality we can be in (5) and (6). In the following
result, we see that there is an infinite family of digraphs D such that t?c(D) is unbounded on
D, while r¢(D) is bounded. Similar results also hold for tre(D) in comparison with roc(D),
and for stre(D) in comparison with each of sre(D) and sroc(D).

Theorem 9.

(a) Given s > 2, there exists a strongly connected digraph D such that SﬁC(D) > t?c(D) >s
— —
and rc(D) = sre(D) = 3.

(b) Given s > 4, there ezists a strongly connected digraph D such that t?c(D) = st—;c(D) >s
and ’I“TJ)C(D) = sr_{)c(D) =3.

Proof. (a) Let Fg be the simple graph consisting of K, with a pendent edge attached to
each of the s vertices of K, and Dy = ﬁs Let uq,...,us be the vertices of the K, and
v1,...,0s be the pendent vertices, where u;v; € E(Fs) for 1 < ¢ < s. Then in any total
rainbow connected colouring of Dy, the vertices u; must receive distinct colours, and thus
by (1), sﬁ"c(D) > t?c(D) > s. Also, the arc-colouring ¢ of D; where c(u;u;) = 1 for all
1 <i# 7 <s;e(uv;) =2 and c(vyu;) = 3, for 1 < i < s, is strongly rainbow connected, and
thus sre(D) < 3. Since diam(D;) = 3, we have %(D) > 3, and thus r¢(D) = sre(D) = 3.
(b) Let D be the digraph consisting of t = (sgl) +1 copies of the triangle 63, all having one
vertex in common. Let V(D) = {v,z1,y1,..., %, yt}, and let the arcs of A(D) be va;, x;y;, y;v,
for 1 <14 <t. It was proved in Lemma 6 of [9] that T_E(D) > s, and T?C(D) = sr—{)c(D) = 3.
Now, note that for any two vertices x,y € V(D), there is a unique x — y path, and thus
t?c(D) = sﬁc(D). The assertion then follows from t?c(D) > %(D) > s. O

Finally, we consider how far apart the quantities t?c(D) and max(re(D), r?c(D)) in (5) can
be, and similarly for st?c(D) and max(s?c(D), sﬁ)c(D)) in (6). For example, by considering
the bioriented path P,, we have t?c(ﬁn) = st_f“c(ﬁn) = 2n — 3 and max(%(ﬁn),r?c(ﬁn)) =
max(s?c(ﬁn), sﬁ)c(ﬁn)) =n — 1, so that

tre(P,) — max(re(B,), roe(P,)) = stre(By) — max(sre(B,), sroe(Py)) =n — 2,

and each difference can be arbitrarily large. However, in this example, all four quantities in
consideration are unbounded in n. Thus, we propose the following problem.

Problem 10. Does there exist an infinite family of digraphs D such that t?c(D) 18 unbounded
on D, while maX(TT&(D), T?C(D)) is bounded? Similarly, does there exist an infinite family of
digraphs D such that st_;‘c(D) is unbounded on D, while max(s?c(D), S%C(D)) is bounded?
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3 Total rainbow connection of some specific digraphs

In this section, we determine the (strong) total rainbow connection number of some specific
digraphs. For n > 3, the wheel W, is the graph obtained by taking the cycle C,, and
joining a new vertex v to every vertex of C,. The vertex v is the centre of W,,. For t > 2,
let K, . n, denote the complete t-partite graph with class-sizes n1,...,n;. The following
theorem determines the two parameters for the biorientations of paths, cycles, wheels, and
complete multipartite graphs.

Theorem 11.
(a) Forn > 2, t?c(]gn) = st_;‘c(]gn) =2n — 3.

(b) Forn >3, t?c(@n) sﬁc(@n) = g(n), where

n—2 if n=3,5,
gn)=< n—-1 if n=4,6,7,8,9,10,12,
n if n=11 or n > 13.

(c) Forn >4, t?c(ﬁ/n) = st_;’c(ﬁ/n) = 3.

(d) Let t > 2, and let I?nl,n27,_.7nt be a complete t-partite digraph with n; > 2 for some 1.

— - o
Then, trC(Km,mw-,nt) = StTC(Km’nQ,,._,nt) = 3.

Proof. (a) In [5], Proposition 6, it was shown that strc¢(P,) = 2n — 3 for n > 2. Since
diam(B,) = n — 1, it follows from (1) and (4) that

2n —3 < t?c(ﬁn) < sﬁ“c(ﬁn) < stre(P,) = 2n — 3,

and thus part (a) holds.

(b) For n > 3, it was shown in [13], Theorem 2, that trc(C,) = g(n); and in [5], Theorem
8, that stre(Cy) = tre(Cy). Therefore, t?c(@n) < sﬁc(@n) < stre(Cyp) = g(n). It suffices to
prove that t?c(é’)n) > g(n). We have t?c(é)n) > 2diam(8n) —1=2[%] — 1, and this gives
t?c(@n) > g(n) for n = 3,4,5,6,8,10,12. To see that t?c(@ﬁ > 6 (resp. t?c(ég) > 8), one
can check that in any total-colouring of Cy (resp. @9) with at most 5 (resp. 7) colours, there
exist vertices u and v with d(u,v) = 3 (resp. d(u,v) = 4) such that the u —v path with length
3 (resp. 4) is not total-rainbow. Since the other u — v path has length 4 (resp. 5), it is also
not total-rainbow. Hence, there does not exist a total-rainbow u — v path, and the results for
n =17,9 follow. Finally, let n = 11 or n > 13. Let C}, = vgv1 - - - v_1vg. Suppose that we have
a total-colouring of 8n with fewer than n colours. Let A = {v;v;41 : 0 <i <n—1}. Then for
some m € {0,1,2,3}, we have m arcs of A and 3 —m vertices with the same colour. Without

loss of generality, for some 1 < ¢ < L”gmj + 1, either v; and v;, or v; and v;v;41, or vgv; and

v;Vi+1, have the same colour. Consider the two vy — v;+1 paths in ﬁn The path vguy - - - vi41
is not total-rainbow. The path vgv,—1vn—2 - - - v;41 has at least 2n — 2L%J —5>n-—1 arcs

and internal vertices, and hence is also not total-rainbow. Therefore t?c(@n) > n.
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(c) Let v be the centre of W,. Note that any total-colouring of W, where every in-arc
(resp. out-arc) of v has colour 1 (resp. 2), and v has colour 3, is strongly total rainbow

connected. Since n > 4, we have diam(f/f/n) =2,and 3 < t?c(ﬁ/n) < sﬁ“c(ﬁ/n) < 3 by (1).
Thus the result holds.

(d) Let V1, Va,...,V; be the partition classes of I?nl,n%_,nt. For each arc uv with u € V;
and v € V}, assign colour 1 to uv if ¢ < j and colour 2 if ¢ > j, and assign colour 3 to each
vertex of ]?nanTLk Then it is easy to check that this is a strongly total rainbow connected
colouring. Also, since n; > 2 for some i, we have diam([?mm,“_,nt) = 2. Hence by (1), we
have 3 < t?c(l?nl,n%_,_,nk) < sﬁ“c(f?nhn%,,nk) < 3, and the result follows. O

In the next result, we determine the (strong) total rainbow connection numbers for directed
cycles.

Theorem 12. Let n > 3. Then,

. . 3 ifn=3,

tre(Cp) = stre(Cn) =4 6 if n=A4,

2n if n > 5.
Proof. Let Hn = voU1 -+ - Vp_1v9. Ome can easily verify that t?c(ég) = sﬁ“c(@g) = 3, and
t?c(é’:;) = .9757'0((_7)4) = 6. Now let n > 5. By (1), we have t?c(én) < sﬁ‘c(én) < 2n,

and hence it suffices to prove that t?c(én) > 2n. Suppose that we have a total rainbow
connected colouring for dl, using fewer than 2n colours. Then, there exist two elements of
V(én) U A(én) with the same colour. We recall that for n > 5, we have ?c(én) = n from
[1], Theorem 4; and r?c(én) = n from [9], Proposition 8. It follows that we must have a
vertex and an arc with the same colour. We may assume that v; and v;v;+1 have the same
colour, for some 0 < i <n—1. If i € {0,n — 1}, then the unique vy — v;4+1 path is not total-
rainbow. Otherwise, the unique v; — vo path is not total-rainbow. We have a contradiction,
and therefore, t?c(an) > 2n. O

4 Tournaments

We now study the (strong) total rainbow connection number of tournaments. Our first aim is
to consider the range of values that the (strong) total rainbow connection number can take,
over all strongly connected tournaments of a given order n > 3. Clearly, 53 is the only such
tournament of order 3. For n = 4, there is also a unique tournament, namely Ty, which is
the union of 54 = vgv1v2v3v and the arcs vyvy, v1v3.

For the rainbow connection analogue, we have 7‘7:(5’3) = 370(63) = ?c(T4) = 37C(T4) =3.
Dorbec, Schiermeyer, Sidorowicz, and Sopena [6]; and Sidorowicz and Sopena [14], proved
the following results.

Theorem 13. [6, 14] If T is a strongly connected tournament with n > 4 wvertices, then
2 < re(T) < sre(T) <n — 1.

13



Theorem 14. [6, 14] For every n and k such that 3 < k < n — 1, there exists a tournament
Ty 1 on n vertices such that %(Tn,k) = S?C(Tn,k) =k.

It was also remarked in [6] that there does not exist a tournament on 4 or 5 vertices with
rainbow connection number 2, and that such a tournament exists if the order is 8 (mod 12).
In response, Alva-Samos and Montellano-Ballesteros [2] proved the following result.

Theorem 15. [2] For every n > 6, there exists a tournament T,, on n vertices such that
—

re(Ty) = s?c(Tn) =2.
Lei, Li, Liu, and Shi [9] considered both the rainbow vertex-connection and strong rainbow

vertex-connection analogues. We have T?C(é:;) = 87710(63) =1, and r?c(T;;) = S’I"_’L>)C(T4) =2.
For general values of n, they proved the following results.

Theorem 16. [9] If T is a strongly connected tournament on n > 3 wvertices, then 1 <
r?c(T) < sﬁjc(T) <n-2.

Theorem 17. [9] Forn >5 and 1 < k < n—2, there exists a tournament T, . on n vertices
such that T?C(ka) = sﬁ;c(ka) = k.

Here, we consider the same situation for the (strong) total rainbow connection number.
Clearly, we have t?c(ég) = st?c(ég) = 3, and tre(Ty) = stre(Ty) = 5. Now, Theorem 18
below is the analogous result to Theorems 13 and 16.

Theorem 18. IfT is a strongly connected tournament on n > 3 vertices, then
3 < t?c(T) < st_;‘c(T) <2n —3.

Proof. The theorem holds for n = 3,4. Now, let n > 5. Clearly by (1), we have sﬁc(T) >
t?c(T) > 3, so it remains to prove that st_;‘c(T) <2n —3.

Let d = diam(7T) > 2. If d = 2, then by Theorem 13, there exists a strongly rainbow
connected arc-colouring of T', using at most n — 1 colours. By assigning a new colour to all
vertices of T', we obtain a strongly total rainbow connected total-colouring of T', using at
most n < 2n — 3 colours. Indeed, if z,y € V(T'), then either xy € A(T); or zy ¢ A(T') and
there exists a total-rainbow x — y path of length 2, which is also an z — y geodesic.

Therefore, we may assume that d > 3. We shall define a total-colouring ¢ of T" with 2n —3
colours, and show that c is a strongly total rainbow connected colouring. Our approach will
use ideas in the proofs of Theorems 13 and 16 (see [14], Theorem 16; and [9], Theorem 20).
Define an arc-colouring ¢ : A(T) — {1,2,...,n — 1} and a vertex-colouring ¢’ : V(T') —
{a1,9,...,an_2} as follows. Let a,b € V(T) be two vertices with d(a,b) = d, and let
aaias - -ag—1b be an a — b geodesic. Note that we have ba € A(T). Let f : V(T) —
{1,2,...,n} be a bijective mapping such that f(b) =n. We let

d(uv) = f(u), for every arc uv € A(T) with u # b,

f(ar),
f(a), forevery u € V(T — {a,b}) with bu € A(T).

—
S
Q

~—

Il

c/
' (bu)
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Also, note that a,aj,aq_1,b are distinct vertices. For ¢, we let ¢’(a) = ’'(aq-1) = o,
d"(a1) = " (b) = a9, and the remaining vertices are given the distinct colours as, ..., ap—a.
Now let ¢ be the total-colouring of T obtained by combining ¢’ and ¢”. That is,

c(uw) = d(wv), for every uv € A(T),
c(w) = '(w), for every w e V(T).

Let x,y € V(T). From the proofs of Theorems 13 and 16, the following facts can be seen.

i) In the arc-colouring ¢, every x — y geodesic is rainbow.
g y e
(ii) In the vertex-colouring ¢, every x — y geodesic is vertex-rainbow, if d > 4.

(iii) In the vertex-colouring ¢”, there exists a vertex-rainbow = — y geodesic, if d = 3.

By (ii) and (iii), we can choose a vertex-rainbow x — y geodesic P, with respect to ¢’’. Then
by (i), P is also a rainbow x — y geodesic, with respect to ¢’. Therefore, P is a total-rainbow
x — y geodesic, with respect to c. It follows that ¢ is a strongly total rainbow connected
colouring for T'. This completes the proof. O

Next, Theorem 19 below is an analogue to Theorems 14, 15, and 17.

Theorem 19. Forn > 5 and 3 < k < 2n — 3 with k odd, there exists a tournament T), . on
n vertices such that

— —

tre(Th ) = stre(Th ) = k. (7)

Proof. We first consider the case k¥ = 3. By Theorem 15, we know that for every n > 6,
there exists a tournament 7}, 3 with r_é(Tn,g) = 2. Thus by Theorem 2(c), we have t?C(Tnyg) =
St?‘C(ng) = 3. For n = 5, we let T5 3 be the tournament which is the union of two copies of
65: VU1 V2U3V4Vy and vousv1v42vy. Then it is easy to check that t?C(T5,3) = st_7)‘c(T573) = 3.

Now, let £ > 5 be odd. We first consider the case N = N; = % > 4, and construct
a tournament T on N vertices such that (7) holds. Let V(Twx) = {vo,...,uvn-1}, and
ATnyg) = {vicivy 1 < i < N—-1}U{vw; : 0 < j<i < N-—-1andi—j > 2}
Note that we have Ty5 = Tj. Since vg---vn_1 is the only vg — vy—1 path in Ty, we
have diam(Ty ) > N — 1, and thus t?c(TN,k) > 2N — 3 =k by (1). Now, consider the total-
colouring ¢ of Ty, where c(v;—1v;) =ifor 1 <i < N—1; c(vv;)) = N-1if0<j<i<N-1
andi—j > 2; c¢(v;) = o for 1 <i < N—2; and ¢(vg) = c(vy—1) = a1. Then cuses 2N -3 =k
colours. Let v;,v; € V(Tny). If j > 4, then v;v;11 ---v; is the unique v; — v; path, and if
Jj <i—2, then vijv; € A(Tyy). If j =i —1, then viv; € A(Tn ), and a v; — v; geodesic is
v;U;—ov;—1 if 2 <4 < N —1, and viv9vg if ¢ = 1. In each case, we always have a total-rainbow
v; — v; geodesic, so that st_f"c(TN,k) < k. Therefore, (7) holds for T, by (1).

Finally, let n > N. We construct a tournament 7T}, ;, on n vertices such that (7) holds. Let
T be a tournament on |V(T")| =n— N +1 > 2 vertices, where T is a single arc if |V(T)| = 2;
T = 63 if ’V(T)‘ = 3; T = T4 = T475 if ‘V(T)’ = 4; and T = Tn—N+1,3 if ’V(T)‘ Z 5. All
of these tournaments exist from our previous arguments. Let T, = (T k)v,—7, Which is
obtained from T j by expanding vy into 7. Then, note that we have diam(7}, ;) > N — 1,
which again gives t?c(ka) > k. Now, we extend the colouring ¢ on Ty to a colouring ¢
on ), by letting ¢/(uv) = c(uv) if uv ¢ A(T); ¢ (uwv) = c(vpv) if uw € V(T) and v & V(T);
d(uv) = c(uvg) if w € V(T) and v € V(T); /' (w) = ¢(w) if w ¢ V(T); and
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o if |[V(T)|=2,let (uv) =1 and ¢(u) = ¢(v) = a1, where uv is the only arc of T}

o if |[V(T)| & {2,4} (resp. |V(T)| = 4), let ¢ be a strongly total rainbow connected
colouring when restricted to 7', using three (resp. five) colours that are already used.

From previous arguments and remarks, the strongly total rainbow connected colourings on T’
exist for |V (T)| > 3. We claim that ¢’ is a strongly total rainbow connected colouring for T}, .
Let z,y € V(Ty, k). A similar argument as for Ty ;, shows that, there exists a total-rainbow
x — y geodesic in Ty, i, if we do not have z,y € V(T'). Now, let ,y € V(T). Then, we have
exactly one of the following three situations.

o zyc A(T) C A(Ty ).

o vy & A(T), and there exists z € V(T') such that zzy is a path in T' C T,, ;. Then there
exists a total-rainbow x — y path of length 2 in 7', which is also a total-rainbow z — y
geodesic in T, .

o 2y ¢ A(T), and there does not exist z € V(T') such that zzy is a path in 7" C T}, .
Then, zvivay is a total-rainbow x — y geodesic in T}, , since N > 4.

In each case, we have a total-rainbow = — y geodesic in T}, j, and the claim holds. Therefore,
stre(Ty) < k. Again (7) holds, by (1). O

In Theorem 19, we have not been able to consider the case when k is even. Thus we pose
the following problem.

Problem 20. Do there exist n,k with 4 < k < 2n — 4 and k even such that, there exists a
— —
tournament Ty, on n vertices with trc(T), ) = k? Similarly, what happens for strc(T, i) ?

In [6], Dorbec, Schiermeyer, Sidorowicz, and Sopena also proved the following result, which
shows that the rainbow connection number of a tournament is in fact closely related to its
diameter.

Theorem 21. [6] Let T' be a tournament of diameter d. We have d < %(T) <d+2.

Lei, Li, Liu, and Shi [9] then proved an analogous result for the rainbow vertex-connection
number, as follows.

Theorem 22. [9] Let T be a tournament of diameter d. We have d — 1 < rve(T) < d + 3.
Here, we shall prove the following analogue for the total rainbow connection number.
Theorem 23. Let T be a tournament of diameter d.
(a) If d =2, then 3 < t?c(T) <5.

(b) If d >3, then 2d — 1 < tre(T) < 2d + 7.
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Proof. Clearly for both parts, the lower bound follows from (1). We prove the upper bounds.

(a) Let d = 2. Let a € V(T), and V; = I'"(a), Vo = I'"(a). Note that Vi, V2 # 0; that
V, are the vertices at distance 2 from a; and that ua € A(T) for all u € V5. Also, note that
for every vertex u € V7, there must be an out-neighbour of u in Vb, since there must exist a
u — a path in T with length 2.

We define a total-colouring ¢ of T" as follows. Let c(uv) = 1 if either u = a, or uv is an
arc in V3 or Va; c(uv) = 2 if one of u,v is in V; and the other is in V5; c(ua) = 3 for all
u € Va5 ¢(a) = 4; and c¢(u) = 5 for all u € V(T) \ {a}. We claim that ¢ is a total rainbow
connected colouring for T'. Let x,y € V(T), and suppose that xy ¢ A(T). We show that a
total-rainbow z — y path P always exists. Clearly this is true if x = a. Next, let x € V1, and
let z € V5 be an out-neighbour of z. If y = a then we take P = xza, and if y € V1, then we
take P = xzay. If y € V5, then since d = 2, there must exist a suitable path P = zwy for
some w € V3 U Va. Finally, let x € V. If y € V} then we take P = zay, and if y € V5, then
we can take P = xawy for some w € V. Thus the claim holds, and we have t?c(T) <5.

(b) Let d > 3. We prove the upper bound by constructing a total-colouring ¢ of T', using
colours 1,2,...,d+4 for the arcs, and 1,2,...,d + 3 for the vertices. As in the proofs of
Theorems 21 and 22 (see [6], Theorem 24; and [9], Theorem 23), we consider the following
decomposition of T'. Let a € V(T') be a vertex with eccentricity d, i.e., there exists a vertex
of T at distance d from a. For 1 <i < d, let V; denote the set of vertices at distance i from
a. Then, every V; is non-empty. Note that ua € A(T) for every u € V; with 2 < i < d, and
uwv € A(T) whenever v € V;, v € V;, and i — j > 2. Let p € V} have maximum in-degree in
T[Vi], and ¢ € V; have maximum out-degree in T[Vy]. Now, we define the total-colouring ¢
as follows.

® C
® C

)
)

vp) =1if v € V1, and c(uv) = d+ 2 for every other arc uv in Vi, Va, ..., Vy_1.
)

® C

p) =d, and c(v) =1 for v € V1 \ {p}.
°c

a)=c(q) =d+1, and c(v) =d — 2 for v € Vg \ {¢}.

Next, we update ¢ by considering a p — ¢ geodesic P. Note that we have |A(P)| =d —1 or
|A(P)| = d. Thus, we consider these two cases.

(i) If JA(P)| = d—1, then P must contain one arc from V; to Vj;1, for every 1 <i <d—1.
Let r be the vertex of P in V;_5. We recolour r by letting ¢(r) = d+ 2, and the out-arc
of r in P with colour d+ 3.

(ii) If |[A(P)| = d, then P must contain one arc from V; to Vj41, for every 1 <i < d—1,
and one arc from Vi to Vi, for some 1 < k < d. If k # d — 2, then let r be the vertex
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of P in V;_o, and st be the arc of P in V. If k = d — 2, then let sr be the arc of P in
Vi—o. In either case, we recolour r and s by letting ¢(r) = d + 2 and ¢(s) = d + 3, the
out-arc of r in P with colour d + 3, and the arc in Vj, (either st or sr) with colour d 4 4.

The situation in (ii) is shown in Figure 4.

d+1
Vi Va
1 2 2
. A2 T pdio
N d+l 2
1
@ a+1 1 2
| Ad+2 d+1
1
d 2
@ ..... g .............. D S S A ed+3

Figure 4. The decomposition and colouring of 7. The dotted line
represents the p — ¢ geodesic P. Letters that label vertices are circled.

Now, we prove that ¢ is a total rainbow connected colouring for 7', which implies the
required upper bound t?c(T ) < 2d+ 7. The proof from here onwards is the same as in [9],
but we shall provide it for the sake of completeness. Let z,y € V(T'). We show that there
always exists a total-rainbow z — y path. This is true if x = a. Let x € V1 U {a}. If y = qa,
then xy € A(T). Otherwise, y € V; for some 1 < j < d. Let Q be an a — y geodesic, which
contains one vertex in each of V1,...,V;. If x € V(Q), then @ contains a total-rainbow = —y
path. Otherwise, z € V(Q), and za U @ is a desired path.

Hence, suppose that 2z € V;. Note that by the choice of p, if z # p, then either zp € A(T),
or there exists w € Vj such that xwp is a path. Indeed, if xp ¢ A(T') and no such w exists in
V1, then in T[V4], the set of in-neighbours of x contains p, and all in-neighbours of p. Thus,
x contradicts the choice of p. Hence in T[V}], there is an 2 —p path P’ of length at most two,
which is total-rainbow. Now, consider y & Vy_1 U V. If y € V(P'U P), then P’ U P contains
a total-rainbow x — y path. Otherwise, P’ U P U qy is a desired path. Next, if y € Vj, then
by a similar argument as for T[V;], we have a ¢ — y total-rainbow path P” of length at most
two in T'[Vy], by the choice of g. We have P’U P U P” is a desired path. Finally, let y € V;_;.
If ry € A(T) in case (i) or case (ii), or sy € A(T) in case (ii), then P"UPUry or P"UP U sy
contains a total-rainbow x — y path. Otherwise, we can find an in-neighbour of y in V;_o,
say z. Note that z exists by considering an a — y geodesic, and that z # r in case (i), or
z € {s,r} in case (ii). Then, P'U P U qzy is a desired path. O
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5 Cactus digraphs

In [2], Alva-Samos and Montellano-Ballesteros studied the rainbow connection number of
cactus digraphs. In this section, we will consider both the rainbow vertex-connection and the
total rainbow connection numbers of cactus digraphs.

Recall that a cactus is a strongly connected oriented graph where every arc belongs to
exactly one directed cycle. We begin by describing the structure of a cactus. Recall that for
a digraph D, a block is a maximal subdigraph without a cut-vertex. An end-block is a block
which is incident with at most one cut-vertex, and there must exist at least one end-block in
D. Moreover, if D itself is not a block, then there must exist at least two end-blocks in D.
The block graph of D, denoted B(D), is the graph with V(B(D)) = {B; : B; is block of D}
and B;B; € E(B(D)) if B; and B; share a vertex in D. From the definition of cactus, it is
not hard to obtain the following characterisation, as remarked in [2].

Lemma 24. [2] Let Q be a digraph with n vertices and m arcs. Then the following statements
are equivalent.

(i) Q is a cactus.
(ii) Q is a strongly connected digraph in which every block is a directed cycle.

(iii) Let q be the number of blocks in Q. Then @ has a decomposition into directed cycles
Hy,...,H, such that, for each k = 2,...,q we have

v (Urom) -

and g=m —n-+ 1.
(iv) There is exactly one directed path between each pair of vertices of Q.

Thus, (iv) shows that a cactus may be considered as a sort of analogue in a digraphs
setting to trees in a simple graphs setting (although, the block graph of a cactus is not
always a tree). Lemma 24 allows us to define some terms about a cactus Q). For u,v € V(Q),
we denote by uQu the unique u — v directed path in Q. Let Ky denote the set formed by
all the cut-vertices of Q. If u € V(Q) and u belongs to the cycle H, then we write up
and ug_ for the out-neighbour and in-neighbour of v in H. In particular, if u ¢ Kg, then
u belongs to exactly one cycle, and we may simply write vy and u_. We say that a cactus
on n vertices is an (n, q)-cactus when it has a decomposition into ¢ cycles. Also, we always
consider a cactus along with its cycle decomposition as given in (iii) of Lemma 24. It is clear
that such a decomposition is unique (up to the ordering of the cycles).

From the equation ¢ = m —n + 1 in (iii), we see that if |V (H;)| = n; for 1 < i < g, then

ni+---+ng=n+q—1

Since n; > 3 for all 1 < i < g, we have n > 2¢ + 1. It is also easy to obtain the following
lemma.
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Lemma 25. Let Q be a cactus with ¢ > 2 blocks. Letw € V(H) and v € V(H'), where H, H'
are two distinct cycles of Q. Then the unique u —v and v — u paths in QQ must be of the form
uQu = uHzQz' H'v and vQu = vH'Z'QzHu, where z € V(H) N Kg and 2’ € V(H') N Kg.
Furthermore, no arc or internal vertex of 2Qz' belongs to H or H', and likewise for 2’ Qz.

Proof (sketch). By Lemma 24(iii), in order to connect u to v in @, we connect H and H' by
a chain of intermediate cycles. We may think of H, H’, and these intermediate cycles as a
chain of “kissing cycles”, with H and H' at the two ends, and every two consecutive cycles
meeting at a cut-vertex of (). The vertices where two consecutive cycles meet are distinct.
Now to connect u to v, we start at u, traverse along H until we reach the cut-vertex in H,
say z. Then we traverse along the chain of intermediate cycles until we reach the cut-vertex
in H', say 2. Finally, we traverse along H' until we reach v. Now, note that to connect v to
u, we traverse in the opposite direction, first from v, through H’ to 2/, then the intermediate
cycles in reverse order, and then through z, H, and finally to u. By Lemma 24(iv), these are
the unique ©—v and v —wu paths in @), and they have the forms as described in the lemma. [

By Lemma 24(iv), since the directed path between any pair of vertices in a cactus @ is
unique, we have

— —

re(Q) = sre(Q), T?C(Q) = sﬁ)c(Q), and t?c(Q) = st?c(Q).

Thus, it suffices to consider the parameters 7?0(@), TZC(Q), and t?c(Q). Moreover, note that
again by Lemma 24(iv), we have

tre(Q) < re(Q) + 1oe(Q), (8)

since a total rainbow connected colouring of () can be obtained by combining a rainbow con-
nected colouring with 7?0(@) colours, and a rainbow vertex-connected colouring with TBC(Q)
additional colours.

If @ is an (n, 1)-cactus, then @ = C,,. We have ?c(én) =n for n > 3. In [9], it was proved

that
n—2 ifn=3,4,

TZC(CTL) - { n if n>5.

Finally, t?c(é’n) is given by Theorem 12. From now on, we consider (n,q)-cactus digraphs
where ¢ > 2. In [2], Alva-Samos and Montellano-Ballesteros proved the following result.
Theorem 26. [2] Let Q be an (n,q)-cactus with ¢ > 2. We have the following.

(a) n—q+1 ST—E(Q) <n-1.

(b) 7¢(Q) =n— q+ 1 if and only if Kq is independent.

(c) 7“_5(@) =n—1if and only if B(Q) = P; and Q[Kq) = Py—1.

They also showed that for every value k in the range in (a), there exists an (n, ¢)-cactus
whose rainbow connection number is equal to k.
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Here, our aim is to prove similar results for the parameters TZC(Q) and t?c(Q) To proceed,
we first prove the following lemma. Given a digraph D with a vertex-colouring ¢, we say that
a vertex u € V(D) is singularly coloured if no other vertex of D has colour ¢(u). Likewise, if
¢ is a total-colouring of D, we say that an element x € V(D) U A(D) is singularly coloured if
no other element of V(D) U A(D) has colour ¢(x).

Lemma 27. Let Q) be a cactus with ¢ > 2 blocks. Let H be an end-block of Q, let u be the
unique cut-vertez of Q in H, and Q' = Q —V(H —u). Let v and w be the out-neighbour and
in-neighbour of u in H.

(a) If ¢ is a rainbow vertez-connected colouring on Q, then all vertices of V(H — {u,v,w})
must be singularly coloured.

(b) If ¢ is a total rainbow connected colouring on @, then all elements of V(H —{u,v,w})U
A(H — {wu,uv}) must be singularly coloured.

(c¢) We have
roe(Q) > rue(Q) + |[V(H)| =3, and tre(Q) > tre(Q') + 2|V (H)| — 5.

Proof. We first prove (b), from which we can easily deduce (a). We then prove (c).

(b) Let ¢ be a total rainbow connected colouring on (). We will proceed by assuming that
there are a € V(H — {u,v,w}) UA(H —{wu,uv}) and b € V(Q)UA(Q) with c(a) = ¢(b). We
then obtain a contradiction by finding a path P whose set of arcs and internal vertices contains
both a and b, since the end-vertices of P would then not be connected by a total-rainbow
path in Q.

Firstly, let x € V(H — {u,v,w}), and suppose that we have r € V(Q) with ¢(r) = ¢(x).
Suppose that » € V(H — u). Then note that either H has length at least 5, or H has length
4 and r € {v,w}. In either case, we may let P = x_Hr, or r_Hx,. Now, suppose that
r € V(Q'). Then r belongs to some cycle H' in ). By Lemma 25, the unique x —r and r — x
paths in @ are zQr = vHuQ W H'r and rQx = rH'W'QuHz, for some v’ € V(H') N K.
Thus, we may let P = x_HuQ v H'rg/y or P =rp_ H'uWQuHzx, .

Next, suppose that we have st € A(Q) with ¢(st) = ¢(x). If st € A(H), then since H
has length at least 4, we let P = z_Ht or P = sHx. If st € A(Q'), then let H' be the
unique cycle in Q' containing st. By Lemma 25, the unique x — s and s — x paths in Q are
zQs = xHuQ' W H's and sQx = sH'vw/Q'uHx, for some v’ € V(H')NK¢g. The same condition
holds for ¢ in place of s. Thus, we may let P = z_ HuQ'v'H't or P = sH'v'QuHz .

Secondly, let zy € A(H —{wu,uv}), and suppose that we have r € V(Q) with ¢(r) = c(zy).
If r € V(H — u), then we may let P = xzHr, or P =r_Hy. Now, suppose that r € V(Q’).
Then r belongs to some cycle H' in Q. By Lemma 25, the unique x—r and r—x paths in ) are
zQr = zHuQ v H'r and rQx = rH'v/ Q' uH z, for some v’ € V(H')NKg. The same condition
holds for y in place of x. Thus, we may let P = x HuQ'v'H'rgry or P =rp_ H'W/'Q'uHy.

Finally, suppose that we have st € A(Q) with c(st) = c(zy). If st € A(H), then we let
P = zHt or P = sHy. If st € A(Q'), then let H' be the unique cycle in @’ containing
st. By Lemma 25, the unique x — s and s — x paths in Q are 2Qs = rHuQ'v'H's and
sQx = sH'W/'QuHzx, for some v € V(H') N Kg. The same conditions hold for when z
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is replaced by 3, or s is replaced by ¢, or both. Thus, we may let P = xHuQ'v'H't or
P =sH'WQuHy.
In every case, we have found a desired path P, and thus we always have a contradiction.
(a) Let ¢ be a rainbow vertex-connected colouring on @, and suppose that there exist
vertices © € V(H — {u,v,w}) and r € V(Q) with ¢(r) = ¢(z). We can use exactly the same
argument as in the first part of (b) to obtain a path P which contains x and r as internal
vertices. Thus P is not vertex-rainbow, which is a contradiction.

(¢) Suppose that ¢ is a rainbow vertex-connected colouring of ). Then in @', we require
at least T?C(Q’ ) colours for ¢, otherwise there would exist two vertices in @’ which are not
connected by a vertex-rainbow path in @', and thus also in Q. Also by (a), the vertices
of V(H — u) must provide |V(H)| — 3 additional colours for ¢. Therefore, ¢ uses at least
r0e(Q') 4 |V(H)| — 3 colours, and rve(Q) > rve(Q') + |V(H)| — 3. Likewise, if ¢ is a total
rainbow connected colouring of ), then in @', we require at least t?c(Q’) colours for ¢. By
(b), the elements of V(H — u) U A(H) must provide 2|V (H)| — 5 additional colours for c.
Therefore, tre(Q) > tre(Q') + 2|V (H)| — 5. O

We are now ready to present the main results of this section. Firstly, we have the following
result, which contains the rainbow vertex-connection and total rainbow connection analogues
of Theorem 26.

Theorem 28. Let QQ be an (n,q)-cactus, with ¢ > 2. We have the following.
(a) n—2¢+2<rve(Q) <n—2.
(b) 2n —3q+3 < tre(Q) < 2n — 3.

Proof. (a) We first prove the lower bound by induction on ¢q. For ¢ = 2, @ consists of two
cycles H, H' meeting at a cut-vertex u. Then ugyy HuH ug:_ is a path in @ with length
n — 1, and therefore TZC(Q) > n — 2. Now let ¢ > 3, and suppose the lower bound holds for
any cactus with ¢ — 1 blocks. Let H be an end-block of @, let u be the unique cut-vertex of
Q in H, and let Q' = Q — V(H — u). By Lemma 27(c) and induction, we have

roe(Q) > roe(Q') + |V (H)| - 3
> [V(Q)| —2(g — 1) + 2+ [V(H)| -3
=n—2q+2,

since |V(Q')| + |V (H)| = n+ 1. This proves the lower bound of (a).

Now we prove the upper bound. Let H, H' be two end-blocks of @, and u,u’ be the
cut-vertices of @Q in H, H'. Let v,w be the out-neighbour and in-neighbour of v in H, and
similarly for v/, w’ in H'. We define the vertex-colouring ¢ on @ by setting c(v) = ¢(v') = 1,
c(w) = e(w') = 2, and all remaining vertices are given the distinct colours 3,4,...,n — 2.
It is easy to check that c is a rainbow vertex-connected colouring for ). Indeed, if z,y €
V(Q)\V(H —u) or z,y € V(Q)\ V(H — ), then clearly xQy is a vertex-rainbow path.
Otherwise, we may assume that z € V(H —u) and y € V(H' — /). Then xQy does not have
v and w’ as internal vertices, and thus is also vertex-rainbow. Therefore, T‘?C(Q) <n-2.
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(b) The lower bound can be proved similarly by induction ¢q. For ¢ = 2, since we have a
path of length n — 1 in @, this implies t?c(Q) > 2n — 3 by (1). Now let ¢ > 3, let H be an
end-block of @, and Q" be as defined in (a). By Lemma 27(c) and induction, we have

tre(Q) > tre(Q') + 2|V(H)| -5
>2[V(Q) —3(g—1)+3+2|V(H)| -5
=2n—3q+ 3,

and the lower bound of (b) holds.
The upper bound t?c(Q) < 2n —3 easily follows from (8), Theorem 26(a) and part (a). O

We have the following corollary.
Corollary 29. For every (n,2)-cactus @, we have TZC(Q) =n—2and t?c(Q) =2n—3.

In the next result, we characterise the cactus digraphs that attain equality in each of the
two lower bounds in Theorem 28. It turns out that we have the same characterisation in
both cases.

Theorem 30. Let Q be an (n,q)-cactus, with ¢ > 2. Then the following are equivalent.
(i) re(Q) =n—2q + 2.
(i) tre(Q) = 2n — 3q + 3.

(iit) For all u,v € Kq, we have d(u,v) > 3.

Proof. We first prove that (iii) = (i). We use induction on ¢ to show that if @ is an (n, q)-
cactus and d(u,v) > 3 for all u,v € Kq, then we have r?c(Q) =n — 2q + 2. For any such
cactus @), we may define a vertex-colouring c¢ as follows. Let Ko = {ui,...,u,} for some
1 <p < g—1. Note that for every i # j, we have I'[u;] N T'[u;] = 0. Now, for 1 <1i < p, set
c(w) = q; for all w € T~ (u;), and c¢(w) = B; for all w € ' (u;), where the o; and f3; are some
colours. Assign further distinct colours to all remaining vertices. Observe that every cycle of
@ is rainbow coloured.

We use induction on ¢ to show that c¢ is a rainbow vertex-connected colouring for () with
n — 2q + 2 colours. The assertion holds for ¢ = 2, since this is included in the proof of the
upper bound in Theorem 28(a). Now suppose that ¢ > 3 and the assertion holds for ¢—1. Let
¢ be the vertex-colouring of () as described. Let H be an end-block of ), let u be the unique
cut-vertex of @ in H, and let Q' = Q — V(H — u). Let ¢ be the vertex-colouring of ' when
c is restricted to @'. Then obviously we have dg/(u,v) > 3 for all u,v € V(Q'), and it is easy
to see that ¢’ is the vertex-colouring for @’ of the type as described. Thus by induction, ¢’ is
a rainbow vertex-connected colouring of @', using |V (Q')| —2(¢ — 1) + 2 colours. This means
that the number of colours used by ¢ is |[V(Q')|—2(¢—1)+2+|V(H)|—3 =n—2q+2, since
[V(Q)|+|V(H)| =n+ 1. It remains to show that ¢ is a rainbow vertex-connected colouring
for Q. Let c(w) = a for all w € T~ (u), and c(w) = B for all w € T (u). Let z,y € V(Q).
Then the unique = — y path is vertex-rainbow if z,y € V(Q’) (by induction), or z,y € V(H)
(since H is rainbow coloured by ¢). Now let z € V(Q' — u) and y € V(H — u). Then the
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unique x — y path has the form zQ'uHy. By induction, the path zQ’u is vertex-rainbow,
and furthermore, by the definition of ¢, the vertices of xQ’'u — x have distinct colours and
do not use the colour . Since the path uHy does not have an internal vertex with colour
a, it follows, again from the definition of ¢, that zQ'uHy is a vertex-rainbow path. A very
similar argument can be used for the case x € V(H — u) and y € V(Q' — u). Therefore by
induction, c¢ is a rainbow vertex-connected colouring of @) with n — 2¢ + 2 colours. Hence,
rﬁc(@) <n-—2¢q+2,and T?C(Q) =n — 2q + 2 by Theorem 28(a). This completes the proof
that (iii) = (i).

Next, we prove that (i) = (iii), and (ii) = (iii), by using similar arguments for both
implications. We use induction on g to show that if T?C(Q) =n—2q+ 2 (resp. t?c(Q) =
2n — 3¢ + 3), then d(u,v) > 3 for all u,v € Kg. The assertions trivially hold for ¢ = 2,
since we have T‘?C(Q) =n — 2 (resp. t?c(Q) = 2n — 3) by Corollary 29, and @ has only one
cut-vertex. Next, we prove the assertion for ¢ = 3. Suppose that ) has two cut-vertices u, v
with d(u,v) € {1,2}. Then Q consists of three cycles H, H', H” where V(H)NV (H') = {u},
VH)NV(H") ={v}, V(H')NV(H") =0, and dy(u,v) € {1,2}. The unique vgry — ups_
path in Q is vgry H'vHuH up:_ and has length at least n — 2, so that r?c(Q) >n-—3
(resp. t?c(Q) > 2n — 5, by (1)). Thus the assertions hold for ¢ = 3.

Now let ¢ > 4, and suppose that the assertions hold for ¢ — 1. Suppose that there exist
u,v € Kg with d(u,v) € {1,2}. Note first that there is a unique cycle H containing both u
and v. Indeed, if d(u,v) = 1, then H is the unique cycle containing the arc uv. If d(u,v) = 2,
then we may assume that the unique v — v path in @ is vwv, where w ¢ Kg (if w € K¢, then
we could consider u,w instead of u,v). Then H is the unique cycle containing the arc uw,
and H also contains v. Next, note that the set of the remaining cycles of () can be partitioned
so that each part forms a “branch of cycles attached to H”. More formally, for z € V(H),
let H(z) be the component of Q — A(H) that contains z. Thus the subdigraphs H(z) are
the “branches”, and every cycle other than H belongs to exactly one of the H(z). Now, we
choose an end-block H' of @ as follows. If H(u) has at least two cycles, then we let H' be an
end-block of @) in H(u), and likewise if H(v) has at least two cycles. Otherwise, both H(u)
and H (v) must have exactly one cycle, and since ¢ > 4, there exists a vertex w € Kg \ {u, v}
in H. We let H' be an end-block of @ in H(w). Now, let  be the only cut-vertex of @ in H’,
and Q' = Q — V(H' — ). By the choice of H’', we see that u,v € K¢ and dg(u,v) € {1,2}.

For the rainbow vertex-connection, we have T?C(Q’) > |V(Q")| —2(¢— 1) + 3 by induction.
Therefore by Lemma 27(c), we have

roe(Q) > roc(Q') + [V (H')| - 3
> V(Q) =2(¢—1)+3+|V(H')| -3
=n—2q+3,

since |[V(Q')| + |V(H')| = n+ 1. By induction, we have proved that (i) = (iii).
Similarly, for the total rainbow connection, we have tre(Q') > 2|V(Q')| — 3(g — 1) + 4 by
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induction. Therefore by Lemma 27(c), we have

tre(Q) > tre(Q') + 2|V(H')| — 5
>21V(Q) —3(g—1)+4+2|V(H)| -5
=2n — 3q + 4,

By induction, we have proved that (ii) = (iii).

Finally, we can now easily show that (i) = (ii), and this would mean that the three
conditions are equivalent. Suppose that TB\C(Q) =n—2qg+ 2. Since we know that (i) = (iii),
we have d(u,v) > 3 for all u,v € Kg. In particular, K¢ is independent. By Theorem 26(b),
we have 70(@) =n —q+ 1. Thus by (8), we have t?c(Q) < 70(@) + r?c(Q) =2n—3q+ 3.
Therefore, t?c(Q) = 2n — 3q + 3 by Theorem 28(b), and (ii) holds. O

Similarly in the next result, we characterise the cactus digraphs that attain equality in
each of the two upper bounds in Theorem 28.

Theorem 31. Let Q be an (n,q)-cactus, with ¢ > 2. Then the following are equivalent.
(i) roe(Q) =n — 2.
(ii) tre(Q) = 2n — 3.

(iii) B(Q) =Py and Q[Kq) = Py 1.

It is easy to see (as shown in [2]) that an equivalent way of saying B(Q) = P, and
QKqg) = ﬁq_l is that @ has the following structure. @ consists of ¢ cycles L1,..., L, and
q — 1 cut-vertices uy,...,uq—1 such that, Ko NV (L) = {w}, KgNV(Ly) = {ug—1}, and
Ko NV (L;) = {uj—1,u;} for 2 <1 < g — 1. Moreover, ujug - - - uq—1 is a directed path in Q.
We shall identify @ with this notation and say that such a cactus is a special path cactus.

Proof of Theorem 31. (iii) = (ii). Suppose that B(Q) = P, and Q[Kg] = ]Bq_l. In other
words, () is a special path cactus, with the notation as described above. Let v be the out-
neighbour of u4—1 in Ly, and w be the in-neighbour of u; in L;. Then vQuw is a path of
length n — 1, and thus tre(Q) > 2n — 3 by (1). We have tre(Q) = 2n — 3 by Theorem 28(b).

(ii) = (i). Let tre(Q) = 2n — 3. By Theorem 26(a), we have r¢(Q) < n — 1. By (8), we
have TZC(Q) >n — 2. We have r?c(Q) =n — 2 by Theorem 28(a).

(i) = (iii). We use induction on ¢ to show that if T?C(Q) = n — 2, then Q is a special
path cactus. The case ¢ = 2 holds, since T?C(Q) = n — 2 by Corollary 29 and Q is always
a special path cactus. Next, we consider the case ¢ = 3. Then @ consists of three cycles
H,H',H"”. Suppose that @ is not a special path cactus. Then either () has one cut-vertex,
or two cut-vertices u, v with d(u,v) # 1 and d(v,u) # 1. If we have the former, or the latter
with d(u,v) > 3 and d(v,u) > 3, then by Theorem 30, we have r?c(Q) = n — 4. Otherwise,
we may assume that V(H)NV(H') = {u}, V(H)NV(H") = {v}, V(H)NV(H") = 0,
d(u,v) = 2 and d(v,u) > 2. Define the vertex-colouring ¢ on @ where c(w) =1 if w € T'" (u),
c(w) =2 if w e T (v), ¢(w) = 3 if w € {ug/_,vy»_}, and all remaining vertices are given
further distinct colours. It is easy to check that c is a rainbow vertex-connected colouring for
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Q@ with n — 3 colours, and thus T’?C(Q) <n—3. In fact, we have T?C(Q) = n — 3 by Theorems
28(a) and 30.

Now, let ¢ > 4, and suppose that the assertion holds for ¢ — 1. Let H be an end-block of
@, let u be the only cut-vertex of @ in H, and Q' = Q — V(H — u). If Q' is not a special
path cactus, then by induction and Theorem 28(a), we have T‘?C(Q/ ) < |V(Q')] — 3. We have
a rainbow vertex-connected colouring for Q, using rve(Q') + [V(H)| — 1 < [V(Q))| — 3 +
|[V(H)| —1=n—3 colours, since |V (Q')| + |V(H)| = n+ 1. Therefore, Q' must be a special
path cactus with at least three cycles. Using the prescribed notation, the end-blocks of @’
are Ly and Lq_1. Suppose that V(H)NV(L;) = (. Then we can apply the same argument
with L; instead of H, and conclude that @ — V' (L; —uy) is a special path cactus, and we have
u is the out-neighbour of u,—2 in L;—1. Thus @ is a special path cactus. A similar argument
holds if V(H) NV (Ly—1) = 0, where we would apply the same argument with L, ; instead
of H. O

Finally in the following result, we see that, as in the case for 1"_5(@), every value in the
range in Theorem 28(a) can be attained by T?C(Q). However, the same is not quite true for
tre(Q) with respect to the range in Theorem 28(b). We will see that {re(Q) can attain every
value in the range, except for the value of 2n — 4.

Theorem 32. Let q > 2.

(a) Let 2 < k < 2q—2. For every n where

n >

2q+1 if k is even,
29+ 2 if k is odd,

there is an (n, q)-cactus Q with TZC(Q) =n—2q+k.
(b) Let 3 <k < 3q— 3 with k # 3q — 4. For every n where

2¢+1 if k=0 (mod 3),
n>< 2¢g+2 if k=1 (mod 3),
2¢+3 if k=2 (mod 3),

there is an (n, q)-cactus Q with t?c(Q) =2n—3q+k.
(c) For every (n,q)-cactus Q, we have t?c(Q) #2n — 4.

Proof. For (a) and (b), we construct an (n, g)-cactus @, 4 as follows. For some 1 < ¢ < ¢—1,
we take £ copies of 63, say Hi,...,Hy, and amalgamate them linearly. That is, we may let
Hy = uwvjwiu and H; = v;_1v;w;v;—1 for 2 < i < ¢. Then, we attach one copy of 6n_2q+2, say
Hy,q1, and ¢ — ¢ — 1 further copies of 63, say Hyyo,...,Hy, at the same vertex u. That is, we
identify one vertex from each of Hyy1, ..., Hy with u. Let @, 4 ¢ be the resulting (n, ¢)-cactus,
and note that @, 4, can be constructed for n > 2¢ + 1. We define the path

P = vpwpvg_qwy_1 - - vywruHp 1 u— (9)
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(a) Suppose first that & = 2/ is even, and note that 1 </ < ¢ — 1. Let Q = Qp q¢. The
path P as defined in (9) has length n —2¢+ k + 1. Thus r?c(Q) > n —2q+ k. Now, consider
the vertex-colouring ¢ of @ where ¢(z) = 1if 2 =vpor z € T (u) \ {v1}; c(z) =2 if 2 = wy
or z € I'"(u) \ {w1}; and the remaining vertices are given further distinct colours. It is easy
to check that c is a rainbow vertex-connected colouring for @ using n — 2q + k colours, since
no path can have two internal vertices with both having colour «, or both having colour .
Thus, TZC(Q) <n-—2q+k, and TE)C(Q) =n — 2g + k as required.

Now, let £ = 2¢ — 1 be odd, and note that 2 < ¢ < g — 1. We take @, ¢ and replace the
arc uv; with the path uxvy, and Hyyq with a copy of 6n_2q+1. Let @ be the resulting cactus,
and note that @ can be constructed for n > 2¢ + 2. Now the path P as in (9) has length
n—2q+ k+ 1, so that TZC(Q) >n — 2q + k. We consider the vertex-colouring ¢ of ) where
c(z)=1if zeTT(u); c(z) =2if z=wp or z € I (u) \ {w1}; c(vy) = c(wp_1) = 3; and the
remaining vertices are given further distinct colours. Again, it is easy to check that c¢ is a
rainbow vertex-connected colouring for ) using n—2qg+k colours. Thus, r?c(Q) <n-—-2q+k,
and T?C(Q) =n — 2q + k as required.

(b) For the case k = 0 (mod 3), let k =3¢ and Q = Qpre. We have 1 < < g —1. Let
Q' = U] H;. Then
tre(Q) > tre(Q') +q — £ — 1. (10)
Indeed, (10) can be seen with a similar argument as in the proof of Lemma 27(c). If we
have a total rainbow connected colouring ¢ for @, then ' must use at least t?c(Q’ ) colours.
Furthermore, by Lemma 27(b), the ¢ — ¢ — 1 arcs in Hyyo,..., H,; not incident with v must
be singularly coloured by ¢, and thus they provide an additional ¢ — ¢ — 1 colours for c.
Now, the path P in (9) has length n — 2¢ + 2/ + 1 in @', so that by (1), we have t?c(Q’) >
2(n —2¢+2¢+1)—1, and thus

tre(Q) > [2(n —2¢+20+1) — 1]+ q— € — 1 = 2n — 3¢ + k.

Now we define a total-colouring ¢ of @ as follows. Let c(vyw;) = ¢(vjvi41) = @ for 1 <
i < l—1; cluz) = Lif 2 € TT(u); c(zu) =L+ 1if 2z € T (u); c(2) = c(vg) = €+ 2 if
z € It (u)\{v1}; and ¢(z) = c(wy) = €+3if z € T (u)\{w; }. All remaining arcs and vertices
are given further distinct colours. Then, since the colours 1,...,¢—1 are each used twice, and
the colours ¢, ¢+ 1,0+ 2,0+ 3 are each used ¢ — £+ 1 times, and |V(Q)UA(Q)| =2n+q—1,
we have that c uses 2n+qg—1—({ —1) —4(q—¥¢) = 2n — 3q + k colours. Moreover, it is easy
to check that c is a total rainbow connected colouring for Q) using n — 2q + k colours, since no
path can have two arcs or internal vertices with the same colour. Thus, t?c(Q) <2n—3q+k,
and t?c(Q) = 2n — 3q + k as required.

Next, for the case k = 1 (mod 3), let k = 3¢ — 2, so that 2 < ¢ < ¢ — 1. With such an /,
we let @ be the (n, q)-cactus as in the second part of (a). Let Q' = Ufill H;. The path P in
(9) has length n — 2¢ 4 2¢ in @', so that by (1), we have t?c(Q’) >2(n—2q+2¢)—1. Again
(10) holds, and thus

tre(Q) > [2(n—2¢+20) — 1]+ q—€—1=2n— 3¢ + k.
Now we define a total-colouring ¢ of @ as follows. Let c(v;w;) = ¢(vjvit1) =i for 1 <i <

0 —1; c(avy) = c(wovy) = 4; c(wy) = c(vg) =L+ 1; c(uz) =L+ 2 if 2 € T (u); c(zu) =€+ 3
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if 2 € T (u); c(z) =L+4if 2z € TT(u); and c(2) = c(wy) = £+ 5 if 2 € T (u) \ {wr}.
All remaining arcs and vertices are given further distinct colours. Then, since the colours
1,...,¢+1 are each used twice, the colours 42,0+ 3,/ +4,{+5 are each used ¢ — ¢+ 1 times,
and |V(Q)UA(Q)| = 2n+q—1, we have that cuses 2n+qg—1—({+1)—4(¢—¥) = 2n—3q+k
colours. Again, it is easy to check that ¢ is a total rainbow connected colouring for (). Thus,
t?c(Q) <2n—3q+k, and t?c(Q) = 2n — 3q + k as required.

Finally, we consider the case k = 2 (mod 3) with k& # 3¢ — 4. Let k = 3¢ — 4, and note
that 3 </ < ¢g—1. With such an ¢, we take @, ;¢ and replace the arcs uv; and vivp with the
paths uxjv; and vixave, and Hyqq with a copy of 6n,2q. Let @ be the resulting (n, ¢)-cactus,
and note that @) can be constructed for n > 2¢ + 3. Now the path P in (9) has length
n—2q+ 20— 1, so that tre(Q') > 2(n — 2¢ + 20 — 1) — 1 by (1). Again (10) holds, and thus

tre(Q) > [2(n—2¢+20—1) =1+ q— € —1=2n—3q+k.

Now we define a total-colouring ¢ of @ as follows. Let c(xove) = c(wsva) = 1; c(viw;) =
c(vivip1) = 1 for 2 < i < 0 —1; c(z1v1) = c(wavy) = ¢; c(viwy) = c(vg) = L+ 1; c(x1) =
c(wy) =+ 2; c(x3) = c(wp) =€+ 3; c(uz) =L+ 4if 2 € T (u); c(zu) =0+5if z € T (u);
c(z) = c(viza) =L+ 6if z € TT(u) \ {z1}; and ¢(2) = £+ 7 if 2 € T~ (u). All remaining
arcs and vertices are given further distinct colours. Then, since the colours 1,...,¢ + 3 are
each used twice, the colours ¢ + 4,¢ + 5,/ + 6,/ + 7 are each used ¢ — ¢ + 1 times, and
[V(Q)UA(Q)| =2n+q—1, we have that cuses 2n+q¢—1—({+3) —4(¢—¥¢) =2n—3q+k
colours. Again, it is easy to check that ¢ is a total rainbow connected colouring for ). Thus,
t?c(Q) <2n—3q+k, and t?c(Q) = 2n — 3q + k as required.

(c) If Q is a special path cactus, then by Theorem 31, we have t?c(Q) = 2n—3. Otherwise,
by Theorems 26, 28, and 31, we have r¢(Q) < n — 2 and rve(Q) < n — 3. Thus by (8), we

have re(Q) < (n —2) + (n — 3) = 2n — 5. O
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