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Abstract

A graph G is called integral or Laplacian integral if all the eigenvalues of the
adjacency matrix A(G) or the Laplacian matrix Lap(G) = D(G) — A(G) of G are
integers, where D(G) denote the diagonal matrix of the vertex degrees of G. Let
Kpni1 = Knqan and Ky p[(p—1) K] denote the (n+1)-regular graph with 4n+-2
vertices and the p-regular graph with p? 4 1 vertices, respectively. In this paper,
we shall give the spectra and characteristic polynomials of K, 41 = Ky 41, and
Ki,[(p — 1)Kp] from the theory on matrices. We derive the characteristic poly-
nomials for their complement graphs, their line graphs, the complement graphs
of their line graphs and the line graphs of their complement graphs. We also
obtain the numbers of spanning trees for such graphs. When p = n? +n + 1,
these graphs are not only integral but also Laplacian integral. The discovery of
these integral graphs is a new contribution to the search of integral graphs.
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I. Introduction

We use G to denote a simple graph with vertex set V(G) = {v1, v, -, v,} and
edge set E(G). The adjacency matrix A = A(G) = [a;4] of G is an n X n symmetric
matrix of 0’s and 1’s with a;; = 1 if and only if v; and v; are joined by an edge. The
characteristic polynomial of G is the polynomial P(G) = P(G,x) = det(xI, — A),
where and in the sequel [, always denotes the n x n identity matrix. The spec-
trum of A(G) is also called the spectrum of G. If the eigenvalues are ordered by
A1 > Ao > --- > \,, and their multiplicities are mq, mo, - - -, m,, respectively, then
we shall write

DV VRS

Let D(G) = diag(d(v1),d(vs), - - -, d(vy,)) be the diagonal matrix of the vertex degrees
of G. Then Lap(G) = D(G) — A(G) is called the Laplacian matriz of G. Clearly,
Lap(G) is a real symmetric matrix. If all the eigenvalues of the Laplacian matrix
Lap(G) of G are integers, we say that G is Laplacian integral.

The notion of integral graphs was first introduced by F. Harary and A.J. Schwenk
in 1974 (see [1]). A graph G is called integral if all the zeros of the characteristic
polynomial P(G,z) of G are integers. In general, the problem of characterizing
integral graphs seems to be very difficult. Thus, it makes sense to restrict our
investigations to some interesting families of graphs, for instance, cubic graphs [2,
3], complete r-partite graphs [4, 24], graphs with three eigenvalues [5], graphs with
maximum degree 4 [6], etc. Trees present another important family of graphs for
which the problem has been considered in [7-20]. Some graph operations, which
when applied on integral graphs produce again integral graphs, are described in [1]
or [22]. Other results on integral graphs can be found in [21-23, 28, 34]. For all
other facts or terminology on graph spectra, see [22, 23].

For a graph G, let G be the complement graph of G and L(G) denote the line
graph of G, in which V(L(G)) = E(G), and where two vertices are adjacent if
and only if they are adjacent as edges of (G. The m-iterated line graph of G is
defined recursively by L°(G) = G and L™(G) = L(L™ '(G)). A graph is said to
be reqular of degree k (or k-regular) if each of its vertices has degree k. Denote
£(G) the number of spanning trees in a graph G. We denote by G; U G5 the union
of two disjoint graphs G; and Gs, and by nG the disjoint union of n copies of
G. A complete bipartite graph K, ,, is a graph with vertex classes V; and V5 if
V =V UV, Vi NV, =), where V; are nonempty disjoint sets, |V;| = p; for i = 1, 2,
such that two vertices in V' are adjacent if and only if they belong to different
classes. The (n 4 1)-regular graph K, ,+1 = K41, on 4n + 2 vertices is obtained
by adding the edges {v;w;|i = 1,2,---,n + 1} from two disjoint copies of K, ,+1
with vertex classes Vi = {w;]i = 1,2,---,n}, Vo = {yli = 1,2,---,n+ 1} and
Uy ={zli=1,2,---,n}, Uy ={w|i =1,2,--- ,n+ 1}, respectively. Let K, be a
graph with vertex classes V; = {u;} and Vo = {v;|i = 1,2,---,p}. The i-th graph



K, of (p — 1)K, has the vertex set {w;,[j = 1,2,---,p}, where i = 1,2,--- ,p — 1.
Then the p-regular graph K ,[(p — 1)K,] on p* + 1 vertices is obtained by adding
the edges {v,w;,|j = 1,2,---,p— 1} for i = 1,2,---,p between the graph K, and
the graph (p — 1)K,. In this paper, we shall give the spectra and characteristic
polynomials of K, ,,+1 = K41, and K ,[(p — 1)K, from the theory on matrices.
We derive the characteristic polynomials for their complement graphs, their line
graphs, the complement graphs of their line graphs and the line graphs of their
complement graphs. We also obtain the numbers of spanning trees for such graphs.
When p = n? +n + 1, these graphs are not only integral but also Laplacian integral.
The discovery of these integral graphs is a new contribution to the search of integral
graphs.

II. Preliminaries

In this section, we shall give some useful properties of circulant matrices.

First of all, we give the following notations.
(1) C and R denote the set of complex and real numbers, respectively.
(2) C™*™ and R™*™ denote the set of m x n matrices whose entries are in C' and R,
respectively.
(3) AT denotes the transpose of the matrix A.
(4) A* denotes the conjugate transpose of the matrix A.
(5) Jmxn and Oy, x, denotes the m x n all 1 and all 0 matrix, respectively.
All other notations and terminology on matrices can be found in [25,32].

Let A € BC(m,r) be a block circulant matrix given as follows

Ay A o A
A= Amfl .140 o j’4m72 ’
Al A2 e AO

where A, € R"™", k=0,1,---,m — 1.
Obviously, A can be expressed as
m—1
A=YTF ® A, (1)
k=0

where II,,, € R™*™ is the permutation matrix

010 --00
001 --00
I, = : (2)
000 01
(100 00 |




and ® denotes the Kronecker product.

ILn| =

-+ zsm— where 7 = \/ . Then the eigenvalues

We can easily obtain that the characteristic polynomial of I, is |1, —

— 1. Let wy, = exp(32) = cos>®

of I, are 1, wp,, w2, -, wm L, Note that the sequence w¥ (k =0,1,---) is periodic.
Let F; € C™! be a matrix as follow
11 1 e 1 1
X X 1 w12 wlz e wlel :
b= \/Z(wl(t_l)(s_l)) =i ‘."}l i"}l “Uz (3)
1 W (;dl2(l—1) (:ul(l—l)(l—l) ]

where w; = exp(#%). Obviously, F} is a unitary matrix.
The following Lemmas 1 and 2 can be found in [25, 26].

Lemma 1. Let A € BC(m,r) be symmetric, then A is unitarily similar to an
Hermitian block diagonal matrix, i.e., A is of the form

A= (F, ® I.)diag(My, My, -+, Mp_1)(Fp ® I,)",

where Mj eC™ 57=0,1,---.m
(1) For m > 2 even ,

— 1, are given as follows

N m/2-1 . .
Mj=Ag+ > (WA, + @A)+ (1) Ay
k=1

(2) For m > 3 odd ,

- (m—1)/2
Mj — A(] + Z

k=1

Lemma 2. Let A € BC(m,r) be symmetric, then we have that
(1) For m > 2 even , all the eigenvalues x of A are given by

{z | AX =zX,X e C"}
— {2 | [Ag+ X027 (A + AD) 4+ ApplY =2V, Y €C}
U{z | [Ao+ 5027 (wh A + ok AT) — ApplZ = a2, Z€C}U---
Uz | [Ao+ S0 (@M=D A + kD AT) 4 (= 1) LA, o)W = 2 W,
WecC}.

(2) For m> 3 odd, all the eigenvalues x of A are given by

{z| AX = 2X,X € O™}
= {2 | [Ao+ S V2 (A + ADY =aY, Y €7}

U{z | [Ag + S 2 (kA +kaT)] —xZ, Ze€C}U---

Ul | [Ag + 50D/ (B0 Ay 4 b D ATV = oW, W e 07}
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Lemma 3. Let A € BC(2,r) be symmetric, then the eigenvalues of A are those of
Ao + Ay together with those of Ag — Aj.

Proof. It is easy to check the correctness by Lemma 2. O

III. The Characteristic Polynomials of Two classes
of Regular Graphs

In this section, we shall determine the characteristic polynomials of K, , 11 =
K1, and Ky ,[(p — 1)K, from the theory on matrices.

Theorem 1. For the regular graph K, ,,+1 = K,4+1,, of degree (n + 1) with 4n + 2
vertices, its characteristic polynomial is

P(Kpni1 = Kpiippz) = (@ +n+1)(z+n)(z+1)"2* 2(z —1)"(x —n)(z —n—1).

Proof. By properly ordering the vertices of the graph K, ,,+1 = K41, the adja-
cency matrix A = A(K,, 11 = Kyt1,) of K1 = Kyp1,, can be written as the
(4n + 2) x (4n + 2) symmetric block circulant matrix such that A = A(K,, 11 =
Kpi1n) € BC(2,2n + 1) and

Ay A
A= A(Kn,n—l—l = Kn+1,n> = [ 0 ! ] 5

A1 Ao

Jins1)xn  Ona1)x (n+1) Otyxn  Lnta
From Lemma 3, we distinguish the following two cases.
Case 1. Let by = |zl2n41 — (Ao + A1)|. Then we have

bO _ xIn _Jnx(nJrl)
_J(n+1)><n (l’ - 1)In+l

By careful calculation, we can obtain that by = 2" *(z — 1)"(z +n)(x —n — 1).
Case 2. Let by = |zlop41 — (Ao — A1)|. Then we have

x]n _Jnx(n—i-l)
_J(n+1)><n (I + ]-)In+1

By careful calculation, we can obtain that b—z" (z + 1)"(z — n)(z +n + 1).

blz

Hence, the characteristic polynomial of K, ;41 = K41, 1S

P(Kpni1 = Kpiippz) = (@+n+1)(z+n)(z+1)"2* (2 - 1)"(x —n)(z —n—1).
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The proof is complete. O

We note that the graph K, o = Ky is the cycle Cs and the graph K3 = K35 is
the graph 3.20 of [22, P.293] or G, of [3].

Theorem 2. For the regular graph K ,[(p — 1)K,] of degree p with p* 4+ 1 vertices,
its characteristic polynomial is

P(Ki,[(p = DI} ) = (x+ )P0 (@ —p+ 1772 (2 = p)(2® + 2z —p + 1)".

Proof. By properly ordering the vertices of the graph K ,[(p—1)K,], the adjacency
matrix A = A(Ky,[(p — 1)K,]) of K1,[(p — 1)K,] can be written as the (p* + 1) X
(p? + 1) matrix such that

A= A(Kpl(p— 1)Ky))

Ay As Az Apo Ay 1, 0px1
Ap,1 Al AQ : Ap,3 Ap,Q Ip Op><1
Ap—2 Ap—l Al ' Ap—4 Ap—3 Ip Op><1
A A A o A A L, Opa |
AQ AS A4 : Ap—l Al Ip Op><1
[p [p [p Ip Ip Opxp Jpxl
L 01><]o 01><]o 01><]o T O1><p O1><p J1><p 0
where Ay = Jyxp —[pand Ay = A3 =--- = A, 1 = 0pxp.
Then we have
P(Kyy[(p — DKy, 2) = |wlyeq — A(Kp[(p — 1) K5))]
(. + 1)L, = Jpxp Opxp T Opxp —1, Opx1
Opxp (z + 1)]p — Jpxp Opxp —1p Opx1
N Opxp Opxp (T 1)Ip — Jpxp I, Opx1
—1I, I, e -1, xl, —Jpxi
0l><p 0l><p o Ol><p _J1><p x

By careful calculation, we can obtain that the characteristic polynomial of K,
[(p— DK, is

P(Ki,[(p = DI} ) = (x+ )P0 (@ —p+ 172 (2 = p)(a® + 2z —p + 1)".

The proof is complete. O
We note that the graph K 3[2K3] is the graph 3.16 of [22, P.293] or G1; of [3].



IV. Other Results

In this section,we shall give the characteristic polynomials for K, ,,+1 = Ky41 1,
L(Kn,n—i-l = Kn+1,n)7 L(Kn,n—i-l = Kn+1,n)7 L<Kn,n+1 = Kn+1,n)7 Kl,p[(p - 1)Kp]7
LKy, [(p — D)K,)), L(Kipl(p—1)K,]) and L(K;,[(p—1)K,]). We also obtain
the numbers of spanning trees for these graphs, the graph K, ,+1 = K,4+1, and
the graph K ,[(p — 1)K,]. For integers n > 0 and m > 0, if a regular graph G
is integral, then the graphs L™(G) and L"(L™(G)) are not only integral but also
Laplacian integral. We note some interesting characteristic polynomials of integral
graphs, see [1-24, 28] and [34].

The following Lemmas 4, 5, 6, 7 and 8 can be found in [27, 28].

Lemma 4. If G is a regular graph of degree k, then its line graph L(G) is regular
of degree 2k — 2.

Lemma 5. If GG is a regular graph of degree k with n vertices and m = %nk: edges,

then
— Zr—n+k+1

P(@a) = (-1)" "= P(G,—r — 1),

Lemma 6. If GG is a regular graph of degree k with n vertices and m = %nk edges,
then )
P(L(G),z) = (z +2)2"*DP(G, 2+ 2 — k).

Lemma 7. If G is a regular graph of degree k with n vertices and m = %nkz edges,
then the number of spanning trees x(G) of G is given by

K(G) = P (Gyt)lar, = - TTOw = N0

where \; (1 <1i < n) are the roots of P(G,x) and A\ = k.

Lemma 8. If GG is a regular graph of degree k with n vertices and m = %nk edges,
then the number of spanning trees of L(G) is given by

K(L(G)) = 2m " Em=m 1 (@Q).

Theorem 3. For the complement of the regular graph K, ,,+1 = K11, the char-
acteristic polynomial of K, 41 = K41, is

P(Kpp+1 = Ky, ) = (+n+1)(x+2)" (2 + D222 (z —n+1)(z —n)(z — 3n).

Proof. It is easy to check the correctness by Theorem 1 and Lemmas 4 and 5. O

Theorem 4. For the line graph, the complement of the line graph and the line graph
of the complement of the regular graph K, ,+1 = K,11,, we have the following
results.



(1) The characteristic polynomial of L(K,, 41 = Kpi10) 18

PIL(Kppi1 = Knyin),7) = (2 +2)"@ V(@ + 1) (z —n+2)"(x —n + 1)22
(x—n)"(x —2n+1)(x — 2n).

(2) The characteristic polynomial of L(K,, 41 = Kpi1) 18

PIL(Kpni1 = Kniin), 2] = (z+2n)(x +n+ 1)"(x +n)**(z +n—1)"
x(z — )" (x — 2n2 —n).

(3) The characteristic polynomial of L(K, 41 = Kpi1) 18

PIL(Kppi1 = Kni1n), ) = (. +2)@ D62 (3 — 9 4 3) (2 — 3n + 4)"
(r=3n+3)"2(x —3n+2)"(x —4n + 3)(x — 4n + 2)(z — 6n + 2).

Proof. It is easy to check the correctness by Theorems 1, 3 and Lemmas 4, 5, 6. O

Corollary 1. The graphs K, 11 = Kpq1.0, Knnt1 = Kog10, L(EKpni1 = Kygin),
L(K,p+1 = Kyg1n) and L(K,, 41 = Ky41,,) are integral.

Proof. It is easy to check the correctness by Theorems 1, 3 and 4. O

Theorem 5. For the numbers of spanning trees in the graphs K, ,+1 = Kyt1m,
Kn,n—i—l = Kn—l—l,ny L(Kn,n+1 = Kn—l—l,n)a L<Kn,n+1 = Kn+1,n> and L(Kn,n—l-l = Kn—i—l,n)a
we have the the following results.

(1) K(Kpni1 = Knjin) = n™(n + 1)2n_1<n +2)".

(2)  K(Kpnt1 = Knyin) = 3" (3n+1)2"2(3n + 2)"(4n + 1).

(3)  K(L(Kpns1 = Koyin)) = 2n(2n71)nn(n + 1)(2n+3)(n71)(n +2)"

(4)  K(L(Kpni1 = Kni1n)) = 22772020 (n + 1)@ 3= (2 — 1)nCn=1) (2, + 3)

(2n% +2n — 1)"(2n2 + 2n + 1)".
(5) K(L(Kpnp1 = Kntin)) = 2(2n—1)(3n+1)36n2—3n6n2—2<3n + 1)2n—2(3n +2)"
(dn +1).

Proof. It is easy to check the correctness by Theorems 1, 3, 4 and Lemmas 4, 5, 6,
7 and 8. O

Theorem 6. For the complement of the regular graph K ,[(p — 1)K,], the charac-
teristic polynomial of K ,[(p — 1)K, is

P(K1,[(p = DE,] ) = 2P VD (@ 4 p)2(z — p? + p)(a + 2 —p+ )P,
Proof. It is easy to check the correctness by Theorem 2 and Lemmas 4 and 5. O

Theorem 7. For the line graph, the complement of the line graph and the line
graph of the complement of the regular graph K ,[(p — 1)K,|, we have the the
following results.



(1) The characteristic polynomial of L(K ,[(p — 1)K,)) is

PIL(K1,[(p — 1)Kp)), 2] = (z +2)z ¢~ 20 4D (5 — p 4 3)¢-De-2) (5 — 2p 4 3)p-2
(x=2p+2)[(x—p+2)+(xr—p+2) —(p— 1)

(2) The characteristic polynomial of L(K;,[(p — 1)K,)) is

PIL(Ky,[(p — DE,]), 2] = (x = 1)30-204 0 (g 4 p — 2)0=De=2) (3 4 2p — 2)p-2

o —30-1Dp+2)(x+p-1° = (x+p-1) = (p- 1"

(3) The characteristic polynomial of L(K;,[(p — 1)K,]) is

PIL(K1pl(p = DE,]) ] = [z = p* +p+2)* + (0 —p* +p+2) = (p — 1)
(x—pP+ 20+ 2P 2z — 2% +2p+ 2)(x + 2)2 3 (0+1)(p—2)(P*+1)
(x_p2+p+2>(p D(p— 2)

Proof. It is easy to check the correctness by Theorems 2, 6 and Lemmas 4, 5, 6. O

Corollary 2. For the regular graphs K ,[(p — 1)K,], K1,[(p — 1)K,], L(K,[(p —
1)K,]), L(Kipl(p—1)K,]) and L(K,,[(p —1)K,]), let n be any positive integer,
then any one of these graphs is integral if and only if p = n? +n + 1.
Proof. It is easy to check the correctness by Theorems 2, 6 and 7. O

Corollary 3. For the regular graphs K ,[(p—1) K], the line graph, the complement
of the line graph and the line graph of the complement of the regular graph K ,[(p—
1)K,], let p = n*> + n+ 1 and n be any positive integer, then we have the following
results.

(1) P(Eypeynii[n(n+ 1)Ky ], @) = (o + 1)l —pnn 4 1]t
(@ == (a1 (g e,

() P(Romeain + DEamat], ) = 70000 (g 42 oy e 1y
[z —n(n+1)(n? +n+1)](x +n+ 1)+ (g — p)t et

(3) PIL(K 2 inpa[n(n + 1) Kyz 1)), 2] = (2 4+ 2) 205 Dlent il
o= (n+2)(n— 1)]P0HDE=) (g 9p2 — 9p 4 1) el
Jo = 2n(n + D)](z — n2 4+ 2)" T+ (2 —n? — 2n + 1)niHnt,

(4) PL(Eymeina|n(n + D E2inn]), 2) = (@ - 1)z 2 n =Dl n 1))
(x +n2 +n— 1)o@ n=1) (5 4 9p2 4 op )il
Jz = In(n+1)*(n* + n+3)](z + n® + o)t (g 2 — 1)L

(5) P(L(K e ynia [2(n + DKz nia]), @) = (w4 2)2 0 Fnm D0 en2) [ en )]
(z—2n*—4n® —4dn? —2n+2)[x — (N> +n—1)(n* +n+ 2)]”(”“)(”2*”*1)
(z—n* =203 —n?+ 3)"2“1*1(1‘ —n*—2n% —2m? + 3)”2+"+1

(& —n* — 203 — 202 — 2 + 2)P L

Proof. It is easy to check the correctness by Theorems 2, 6 and 7. O



Theorem 8. For the numbers of spanning trees in the graphs K ,[(p — 1)K,
Kip[(p = DG, LK p[(p = DEG]), L(Kp[(p — 1K) and L(Ky[(p — 1) K]), we
have the the following results.

(1) K(Kipl(p = DE]) = (p+ )P DVE=2(p? + 1)1,
(2) w(K1[(p — DK,]) = prtDe=2(p — 17" 42(p2 4 1)p=1,
(3) S(L(Kpl(p — D)) = 2207053020701y 4 1)
(p*+ P
(4) K(L(Kpp — DK,]) = (3)2@ = Dpse’-250=0) (2 _ 3)30-26"+1)
(p? —p = 2)P VI (p — 2 (p? 4 p 4 22 (p? + 1) 1(p +p? —2p —4)P.
(5) K(L(K1,[(p — 1)K,)])) = 22p0" 2" 1) s (0" —p* 42" =3p-8) (), _ 1) 5p(p*—»*+p=3)
(p*+ 1)
Proof. It is easy to check the correctness by Theorems 2, 6, 7 and Lemmas 4, 5, 6,
7 and 8. O

The following Lemmas 9 and 10 can be found in [1] or [27, 28].

Lemma 9. If a regular graph G is integral, then so is G.
Lemma 10. If a regular graph G is integral, then so is its line graph L(G).

Theorem 9. For integers n > 0 and m > 0, if a regular graph G is integral, then
the graphs L™(G) and L™(L™(G)) are integral.

Proof. It is easy to check the correctness by Lemmas 4, 9 and 10. O

Corollary 4. For integers p > 0, n > 1 and m > 0, the regular graphs L™ (K, ;.41 =
Kn+1,n)a Lp(Lm<Kn,n+1 = Kn+1,n))> Lp(Lm<Kl,n2+n+l[n(n + 1)Kn2+n+1])) and
L™ (K p24ne1 [n(n+1)Ky24,41]) are integral.

Proof. It is easy to check the correctness by Lemma 4 and Corollaries 1, 2, 3 and
Theorems 1, 2, 3, 4, 6, 7 and 9.0

In the remainder of the paper, we shall consider the Laplacian integral graphs on the
regular graphs. Mohar [29] argues that, because of its importance in various physi-
cal and chemical theories, the spectrum of Lap(G) = D(G) — A(G) is more natural
and important than the more widely studied adjacency spectrum. For background
knowledge, see [29, 30, 31]. The characteristic polynomial of Lap(G) is the polyno-
mial 0(G) = (G, p) = det(pl, — Lap(G)). Let u1(G) > pe(G) > -+ > un(G) (or
simple g1 > pg > -+ > p,) be all the eigenvalues of the Lapalacian matrix Lap(G)
of G, the multiplicity of p as an eigenvalue of Lap(G) will be denoted by mg(pu).
The following Lemmas 11, 12 and 13 can be found in [27, 30].

Lemma 11. If G is a regular graph of degree k£ with n vertices, then

o(G,p) = (=1)"P(G,k — p).

or ;(G) =pi =k —x; (1=1,2,---,n), where the x;’s are the eigenvalues of A(G),
ordered in weakly decreasing manner.

10



Lemma 12. Let G be a graph on n vertices, then the eigenvalues of the Laplacian
matrix Lap(G) are

wi(G)=n—p, ;(G) (1<i<n)and 0.

Lemma 13. G is Laplacian integral if and only if G is Laplacian integral.

Theorem 10. For the o-polynomials of the regular graphs K, ,+1 = Kyi10,
Kn,n—l—l = Kn+1,n7 L(Kn,n—H = Kn—l—l,n)a L(Kn,n—i-l = Kn+1,n) and L(Kn,n—l—l = Kn—l—l,n)a
we have the the following results.

(1) The characteristic polynomial of Lap(K, n11 = Kpi1) 1S

oK1 = Kpsiszl =z(z —1)(z—n)"(x —n—1)*"2(z —n—2)"(z —2n —1)
(x —2n —2).

(2) The characteristic polynomial of Lap(K, ni1 = Kpi1n) 18

U[Kn,n+1 = Kn—i—l,na "L‘] = :L‘([B - 2’)1)(1’ —2n — 1)(‘/E - 3n)n(x —3n — 1)2n72
(x—3n—2)"(x —4n —1).

(3) The characteristic polynomial of Lap(L(K, i1 = Kpi1n)) is

olL(Kppi1 = Knsin),zl =z(x —1)(z—n)"(x —n—1)>""2(z —n —2)"
(z —2n — 1)(z — 2n — 2)"Cn—1),

(4) The characteristic polynomial of Lap(L(K, i1 = Kpt1n)) is

o(L(Kppi1 = Kniin), @) = o(z — 2n? — n + 1)1 (x — 202 — n)
(z—2n* = 2n — D)"(xz — 2n% — 2n)*"%(z — 2n* — 2n + 1)"(z — 2n* — 3n).

(5) The characteristic polynomial of Lap(L(K, i1 = Kpi1n)) is

o(L(Kppi1 = Knsin),x) = z(z —2n)(z — 2n — 1)(z — 3n)"(x — 3n — 1)?2
(z —3n —2)"(z — 4n — 1)(x — 6n)n+HBn=2),

Proof. It is easy to check the correctness by Theorems 1, 3, 4 and Lemmas 11, 12.
O

Corollary 5. The graphs K, 11 = Knt1.0, Knnt1 = Kng1n, L(Kpni1 = Kngin),
L(Kpni1 = Kyy1) and L(K,, 01 = K1) are Laplacian integral.

Proof. It is easy to check the correctness by Theorem 10 and Lemmas 11, 12, 13.
O

Theorem 11. For the o-polynomials of the graphs K ,[(p—1)K,], K1,[(p — 1)K,
L(Ki,l(p—1)K,)), L(K1,[(p — 1)K,]) and L(K,,[(p — 1)K,]), we have the the fol-

lowing results.
(1) The characteristic polynomial of Lap(K,[(p — 1)K,]) is

o[Kipl(p— DK 2] = 2(z — )P 2z —p— )PV [(z — p)? — (2 — p) — (p — 1]

11



(2) The characteristic polynomial of Lap(K; ,[(p — 1)K,)) is

U[Klp[( — 1)K, z] = z(z — p* + p) P VP (g — p?)p2
fz=p*+p)?—(x—-p*+p) —(-1P

(3) The characteristic polynomial of Lap(L(K; ,[(p — 1)K,])) is

J[L(Klm[(p - 1)Kp]), x] = x(x —p— 1)(7’—1)(17—2) (3; _ 1)p—2($ . 2p)%(p,2)(p2+1)
L&-p ~ @ =)~ (p— P

(4) The characteristic polynomial of Lap(L(K; ,[(p — 1)K})) is

o(L(K1pl(p— 1)K,)), x) = z[z — p(p _ 3)]l(p—2)(p2+1)[x _ %<p3 - 2)](p—1)(p—2)
Al =g - D+ P — [z = gp(p - Dp+1)] = (p— 1)}*
e =50 -D)@*+p+2)°

(5) The characteristic polynomial of Lap(L(K;,[(p — 1)K,])) is

o(L(K1pl(p = D)), 2) = a(x — p* 4+ p)rDE2 (@ — p?)r?
(z = 2p* + 2p)2 PN [(p — p2 4 p)2 — (z — p? +p) — (p— D]

Proof. It is easy to check the correctness by Theorems 2, 6, 7 and Lemmas 11, 12.
O

Corollary 6. Any one of the graphs K ,[(p — 1)K,|, K1,[(p — 1)K,|, L(K;,[(p —
1)K,)]), L(K;,[(p — 1)K,)) and L(K,,[(p — 1)K,]) is Laplacian integral if and only
if p=n2+4+n+1.

Proof. It is easy to check the correctness by Theorems 2, 6, 7, 11 and Lemmas 11,
12,13. O

Corollary 7. For the o-polynomials of the graphs K ,[(p —1)K}], K1,[(p — 1)K,
LK1l(0 = VK, DR 1pl(p — DB and L(Kyp(p — D)), i p = 02 + 1+ 1.
then we have the the following results.

(1) The characteristic polynomial of Lap(Ky p24pni1[n(n + 1) Kp2qpni1]) s

o’[KanJrnJrl[n(n —+ 1)Kn2+n+1]; gj] = l’(:l} _ 1)n2+n—1<x —n2_n— 2)n(n+1)(n2+n—1)
(& —n? = 1)V (g — p? — 2p — Q)WL

(2) The characteristic polynomial of Lap(Ki p24pni1[n(n + 1) Kp2ipni1]) is

oK1 n2gnian(n + 1) K2, 2] = zfz —n(n+ 1)(n? + n + 1)]n(n+1)(n2+n—1)
Jr— %+ 0+ 1) — (n 4 1)2(n? 4 1)) 4t
Jo — n2(n? + 2n + 2)]n2+n+1.

(3) The characteristic polynomial of Lap(L(K1 p24ni1[n(n+ 1) K2 iny1])) is

ALK i [n(n + D E g, o] = o(a —n? —n — 2)roe D0 n=y
(m _ 1)n +n— 1[x _ 2(n2 +n4+ 1)]%(n2+n—1)[(n2+n+1)2+1] (l, —n2— 9o — 2)n2+n+1
(@ —n? — 1)Vt

12



(4) The characteristic polynomial of Lap(L(K p2yni1[n(n + 1)Kp2yp4q]) is

o (T [0+ Dol #) = 2 — 3[(n2 + 0+ 1)°

—(n*+n+ 3)]}"("“)("2“”1) Nz — %n(n +1)(n* +2n + 4n® + 3n + 3)]”2”“1
{z—i(n+ > +n+1)(n*+n+2) - 9} tntl

Lz — In[(n + 1)(n? +n+ 1)(n? +n +2) + 2]} +n+!

{z = 1(n? + n+ 1)[(n? +n+ 1)% - 3]} 57+ Dl>ent 141,

(5) The characteristic polynomial of Lap(L (K p2qni1[n(n + 1) Kp2in41])) is

U<L(K1,n2+n+1[n(n + 1)Kn2+n+1])7 ZE) = ZL’[:L' - 7’L(7’L + 1)(”2 +n+ 1)]n(n+1)(n2+n71)
Jr—m2+n+ 1)2]n2+n—1[$ —2n(n+1)(n*+n+ 1)]%(n2+n—1)(n2+n+2)[(n2+n+1)2+1]
Jz = (n+1)2(n2 4 1)) [z — n2(n? 4 2n 4 2)] L

Proof. It is easy to check the correctness by Theorems 2, 6, 7, 11 and Lemmas 11,
12. O

Theorem 12. For integers n > 0 and m > 0, if a regular graph G is integral, then

the graphs L™(G) and L™(L™(G)) are Laplacian integral.

Proof. It is easy to check the correctness by Lemmas 4, 11, 12, 13 and Theorem 9.
O

Corollary 8. For integers p > 0, n > 1 and m > 0, the regular graphs L™ (K, ;.41 =
Kn+1,n)a Lp(Lm<Kn,n+1 = Kn+l,n))> Lp(Lm<Kl,n2+n+l[n(n + 1)Kn2+n+1])) and
L"™(K1p24ns1[n(n+ 1)K,24,,11]) are Laplacian integral.

Proof. It is easy to check the correctness by Lemmas 4, 11, 12, 13 and Corollary 7
as well as Theorems 1, 2 and 12. O

Theorem 13. If GG is a regular graph of degree k with n vertices and m = %nk edges,
let ¢ > 2 be an integer, then the characteristic polynomial of the (2k — 2!1 + 2)-
regular graph L*(G) with n [[23 (27 k — 2¢ 4+ 1) vertices and n [[_ (277 k — 20 + 1)
edges is

P(LY(G),z) = P[G,a + (2 — k)(2! — 1)](x + 2)2 “n=2 ILL @ k=21
- o9j— _ J=2(9i-11_o9i
hlr 2+ (2 — k) Xig) 22 L O p 9 4 (2 )
(2t o 2)]%n(k72)

Proof. By induction on t > 2, we are easy to check the correctness from Lemmas
4 and 6. O
References

[1] F. Harary and A.J. Schwenk, Which graphs have integral spectra? Graphs
and Combinatorics, Lectuer Notes in Mathematics 406, Springer-Verlag, Berlin
(1974) 45-51.

13



2]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

F.C. Bussemaker and D. Cvetkovi¢, There are exactly 13 connected cubic
integral graphs, Publ. Elektrotech. Fak. Ser. Mat. Fiz. 544(1976) 43-48.

A.J. Schwenk, Exactly thirteen connected cubic graphs have integral spectra,
Lecture Notes in Math. Ser.A 642, Springer-Verlag, Berlin (1978) 516-533.

M. Roitman, An infinite family of integral graphs, Discrete Math. 52(2-
3)(1984) 313-315.

Mikhail Muzychuk and Mikhail Klin, On graphs with three eigenvalues, Dis-
crete Math. 189(1998) 191-207.

K.T. Balinska and S.K. Simi¢, The nonregular, bipartite, integral graphs with
maximum degree 4—- Part I: basic properties, Discrete Math. 236(2001) 13-24.

M. Watanabe and A.J. Schwenk, Integral starlike trees, J. Austral. Math. Soc.
Ser.A 28(1979) 120-128.

M. Capobianco, S. Maurer, D. McCarthy and J. Molluzzo, A collection of open
problems, Annals New York Academy of Sciences (1980) 582-583.

Xueliang Li and Guoning Lin, On the problem of integral trees, Kexue Tongbao
32:11(1987) 813-816.

Zhenfu Cao, On the integral trees of diameter R when 3 < R < 6, J. Hei-
longjiang University 2(1988) 1-3.

Ruying Liu, Integral trees of diameter 5, J. Systems Sci. & Math. Sci. 8:4(1988)
357-360.

Zhenfu Cao, Some new classes of integral trees with diameter 5 or 6, J. Systems
Sci. & Math. Sci. 11:1(1991) 20-26.

Pavol Hic, On balanced integral trees of diameter 6, CO-MAT-TECH 97, 5.
vedeckd konferencia smedzinarodnou téastou, Trnava 14-15 (1997) 125-129.

Pavol Hic and Roman Nedela, Balanced integral trees, Math. Slovaca
48:5(1998) 429-445.

Pingzhi Yuan, Integral trees of diameter 4, J. Systems Sci. & Math. Sci.
18:2(1998) 177-181.

Ligong Wang and Xueliang Li, Some new classes of integral trees with diame-
ters 4 and 6, Australasian J. Combinatorics 21(2000) 237-243.

Maosheng Li, Wensheng Yang and Jiabao Wang, Notes on the spectra of trees
with small diameters, J. Changsha Railway University 18:2 (2000) 84-87.

Xueliang Li and Ligong Wang, Integral trees —A survey, Chinese Journal of
Engineering Math. 17:5(2000) 91-93.

14



[19]

[20]

[30]

[31]

[32]
[33]
[34]

Ligong Wang, Xueliang Li and Xiangjuan Yao, Integral trees with diameters
4, 6 and 8, Australasian J. Combinatorics 25 (2002) 29-44.

Ligong Wang, Xueliang Li and Shenggui Zhang, Some new families of integral
trees with diameters 4 and 6, Electronic Notes in Discrete Mathematics Vol.8
(2001)(or Ligong Wang, Xueliang Li and Shenggui Zhang, Families of integral
trees with diameters 4, 6 and 8, Discrete Appl. Math. 136:(2-3)(2004) 349-362.

Ligong Wang, Xueliang Li and Shenggui Zhang, Construction of integral
graphs, Appl. Math. J. Chinese Univ. Ser.B 15:3(2000) 239-246.

D. Cvetkovi¢, M. Doob and H. Sachs, Spectra of Graphs—Theory and Appli-
cation, Academic Press, New York, Francisco, London (1980) 59-60, 72-77,
266-267, 312-317.

D. Cvetkovi¢, M. Doob, I. Gutman and A. Torgasev, Recent Results in the
Theory of Graph Spectra, North-Holland, Amsterdam (1988) 96-101.

Ligong Wang, Xueliang Li and C. Hoede, Integral complete r-partite Graphs,
Discrete Math. 283:(1-3) (2004) 231-241.

Gangyuan Mao, Circulant Matrices and Their Applications on Molecular Vi-
bration, Huazhang University of Technology Press 1995.

Zhihao Cao, A note on symmetric block circulant matrix, J. Math. Res. Ex-
position 10:3(1990) 469-473.

Norman Biggs, Algebra Graph Theory, Cambridge University Press 1993.

A.J. Schwenk and R.J. Wilson, On the eigenvalues of a graph, In: Selected
Topics in Graph Theory Algebra Graph Theory, L.W. Beineke and R.J.Wilson
Eds., Acadenmic Press, London (1978) 307-336.

Bojan Mohar, The Laplacian spectrum of graphs, Graph Theory, Combina-
torics and Applications, Y. Alavi et al. eds., John Wiley, New York (1991)
871-898.

Robert Grone and Russell Merris, The Laplacian spectrum of a graph II, STAM
J. Discrete Math. 7:2(1994) 221-229.

Russell Merris, Degree maximal graphs are Laplacian integral, Linear Algebra
Appl. 199(1994) 381-389.

Philip J. Davis, Circulant Matrices, John Wiley & Sons, New York (1979).
F. Harary, Graph Theory, Addsion-Wesley, Reading (1969).

Ligong Wang, Xueliang Li and C. Hoede, The spectrum of the regular graph
K,[K,_1] of degree (p — 1) with p(p — 1) vertices, submitted.

15



