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Identities from weighted Motzkin paths
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Abstract

Based on a weighted version of the bijection between Dyck paths and 2-Motzkin paths, we find combina-
torial interpretations of two identities related to the Narayana polynomials and the Catalan numbers. These
interpretations answer two questions posed recently by Coker.
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1. Introduction

In answer to two problems proposed by Coker [5], we find combinatorial interpretations of
two identities on the Narayana polynomials and the Catalan numbers, by using a weighted ver-
sion of the well-known bijection between Dyck paths and 2-Motzkin paths. The Catalan numbers
are defined by

Cn = 1

n + 1

(
2n

n

)
, n � 0.
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The Narayana numbers are defined by

N(n, k) = 1

n

(
n

k

)(
n

k + 1

)
, n � 1,

with N(0,0) = 1 and N(0, k) = 1 for k � 1. The Narayana numbers are listed as sequence
A001263 in [15], see also [8,13,16,17,22]. The Narayana polynomials are given by

Nn(x) =
n−1∑
k=0

N(n, k)xk, n � 1,

which have been studied by Bonin, Shapiro, Simion [2], Coker [5], and Sulanke [18,19].
We will be concerned with the following two combinatorial identities due to Coker [5]. For

n � 1,

n−1∑
k=0

1

n

(
n

k

)(
n

k + 1

)
xk =

�(n−1)/2�∑
k=0

Ck

(
n − 1

2k

)
xk(1 + x)n−2k−1, (1.1)

n−1∑
k=0

1

n

(
n

k

)(
n

k + 1

)
x2k(1 + x)2(n−1−k) =

n−1∑
k=0

Ck+1

(
n − 1

k

)
xk(1 + x)k. (1.2)

The above identities are derived by using generating functions, and Coker proposed the prob-
lems of finding combinatorial interpretations of these two identities. Our work was motivated by
the work of Chen, Deutsch and Elizalde [4] on plane trees and 2-Motzkin paths. However, our
combinatorial proofs of (1.1) and (1.2) in Section 3 are based on the bijection between Dyck
paths and 2-Motzkin paths, which was first discovered by Delest and Viennot [6], together with
the fact that the numbers of evenly positioned up steps on Dyck paths of length 2n are distributed
with respect to the Narayana numbers as described in Lemma 3.3.

2. Coker’s problems

The aforementioned two identities arose from the study of multiple Dyck paths. Recall that
a multiple Dyck path is a path that starts at the origin, never runs below the horizontal axis, and
uses steps in the set {(h,0): h > 0}∪{(0, h): h > 0}. Coker [5] proposed the following problems.

Problem 2.1. Find a bijective proof of the identity

n∑
k=1

1

n

(
n

k

)(
n

k − 1

)
4n−k =

�(n−1)/2�∑
k=0

Ck

(
n − 1

2k

)
4k5n−2k−1. (2.1)

Problem 2.2. Find a combinatorial interpretation of the identity

n∑
k=1

1

n

(
n

k

)(
n

k − 1

)
x2k(1 + x)2n−2k = x2

n−1∑
k=0

Ck+1

(
n − 1

k

)
xk(1 + x)k. (2.2)
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The first identity is a special case of (1.1). Note that identity (1.1) can be derived from the
following identity due to Simion and Ullman [14], see also [3]:

1

n

(
n

k

)(
n

k − 1

)
=

k−1∑
r=0

(
n − 1

2r

)(
n − 2r − 1

k − 1 − r

)
Cr. (2.3)

The identity (1.1) has many consequences as pointed out by Coker [5]. For example, it implies
the classical identity of Touchard [20] when x = 1,

Cn =
�(n−1)/2�∑

k=0

Ck

(
n − 1

2k

)
2n−2k−1,

and implies the following identity on the little Schröder numbers sn when x = 2, see [12,19],

sn =
�(n−1)/2�∑

k=0

Ck

(
n − 1

2k

)
2k3n−2k−1.

Coker’s interest in the evaluation of Nn(t) at t = 4 lies in the fact that Nn(4) equals the
number dn of multiple Dyck paths of length 2n. The first few values of dn for n � 0 are as
follows:

1, 1, 5, 29, 185, 1257, 8925, 65445,

which form the sequence A059231 in [15]. Coker [5] proved this fact from the well-known
interpretation of Narayana numbers as counting Dyck paths of length 2n with k + 1 peaks. The
enumeration of multiple Dyck paths has also been studied independently by Sulanke [18] and
Woan [21].

Identity (2.2) was established from the enumeration of multiple Dyck paths of length 2n with
a given number of steps. Let λn,j be the number of multiple Dyck paths of length 2n with j

steps, and Pn(x) be the polynomial

Pn(x) =
2n∑

j=2

λn,j x
j .

Coker [5] derived the following formula:

Pn(x) =
n∑

k=1

1

n

(
n

k

)(
n

k − 1

)
x2k(1 + x)2n−2k,

which can be restated as

Pn(x) = x2nNn

((
1 + x−1)2)

.
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On the other hand, Pn(x) can be considered as a variant of the polynomial Rn(x) which was
defined by Denise and Simion [7]. Then (2.2) can be deduced from the formula

Rn(x) =
n−1∑
k=0

(−1)kCk+1

(
n − 1

k

)
xk(1 − x)k,

and the relation

Pn(x) = x2Rn(−x).

The combinatorial interpretations of the above identities will be given in the next section.

3. Lattice path proofs

In this section, we present combinatorial interpretations of (1.1) and (1.2) by using a weighted
version of the bijection between Dyck paths and 2-Motzkin paths. In general, for a nonnegative
integer c, a c-Motzkin path is a lattice path starting at (0,0), ending at (n,0), and never going
below the x-axis, with possible steps (1,1), (1,0) and (1,−1), where the level steps, or hori-
zontal steps, can be colored by one of c colors. When c = 1, we have a common Motzkin path
and we use U , D, and H to denote an up step (1,1), a down step (1,−1) and a level step (1,0),
respectively. When c = 0, there are no level steps allowed and such paths reduce to Dyck paths.
When c = 2, a level step may be colored by B or R, where B and R stand for a blue and a red
step, respectively. When c = 3, the level steps are colored with B , R and G, where G denotes
the third color green. The length of a path is defined to be the number of steps. The notion of
2-Motzkin paths may have originated in the work of Delest and Viennot [6] and has been studied
by others, including [1,9].

Let Dn denote the set of Dyck paths of length 2n; it is well known that |Dn| = Cn. Let Mn

denote the set of Motzkin paths of length n, and let CMn denote the set of 2-Motzkin paths of
length n. For a Dyck path P = p1p2 . . . p2n, we say that a step pi is in an even position if i is
even. Let EU(P ) denote the number of U steps in even positions on a Dyck path P . From [6,10,
11,13,16,22] one can find that the statistic EU is distributed by the Narayana numbers:

Lemma 3.3. For n � 1, the number of Dyck paths P of length 2n with EU(P ) = k is given by
the Narayana number N(n, k).

Here we recall a well-known bijection between Dyck paths and 2-Motzkin paths, first intro-
duced by Delest and Viennot [6]. Define

Ψ :Dn → CMn−1,

where P = p1p2 . . . p2n ∈ Dn is mapped to Q = q1q2 . . . qn−1 ∈ CMn−1 such that

p2ip2i+1 = UU if and only if qi = U,

= DD if and only if qi = D,

= UD if and only if qi = B,

= DU if and only if q = R.
i
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From the above bijection we see that for n � 1, the number of 2-Motzkin paths of length n−1
equals the Catalan number Cn.

For a 2-Motzkin path P , we use UB(P ) to denote the total number of U and B steps on P .
Then we have the following relation concerning the Narayana numbers and the statistic UB.

Lemma 3.4. For n � 1, the number of 2-Motzkin paths P of length n − 1 with UB(P ) = k is
given by the Narayana number N(n, k).

Combinatorial proof of identity (1.1). As usual, the weight of a path is the product of the
weights of its steps, and the weight of a set of paths is the sum of the weights of the paths. For
the left-hand side of (1.1), let us consider the set CMn−1, where we assign the weight x to each
U or B step and the weight 1 to any other step. Then, by Lemma 3.4 the left-hand side equals
the weight of CMn−1.

For the right-hand side of (1.1), we consider the weight of the subset of CMn−1 consisting of
paths having exactly k up steps. The weight of this subset equals

Ck

(
n − 1

n − 1 − 2k

)
xk(1 + x)n−1−2k,

since (i) there are (1 + x)n−1−2k ways to arrange the bi-colored level steps among themselves
reflecting the weight assignment that a blue step has weight x and a red step has weight 1,
(ii) there are

(
n−1

n−1−2k

)
ways to intersperse the level steps in a Dyck path of length 2k to form

a path of CMn−1, and (iii) there are Ck such Dyck paths. This completes the proof. �
Combinatorial proof of identity (1.2). For the left-hand side of (1.2), if we assign the weight x2

to each U or B step and the weight (1 + x)2 to any other step, then the left-hand side equals the
weight of CMn−1.

For the right-hand side, we first let S(k) denote any subset of CMn−1 where each path has k

up steps and has the up and down steps in given positions. Since the U ’s and D’s can be matched
on any path, and since x2 · (1 + x)2 = (x(1 + x))2, there is no change in the total weight if we
reassign the weight x(1 + x) to all U and D steps. Thus the weight of S(k) is

(
x(1 + x)

)2k(
x2 + (1 + x)2)n−1−2k

,

since a blue step has weight x2 and a red step has weight (1 + x)2.
Let T Mn−1 denote the set of 3-Motzkin paths of length n−1 having level steps B , R, and G.

Assign the weight x(1 + x) to each of the U , D, B , and R steps and the weight 1 to each G step.
Let S′(k) denote any subset of T Mn−1 where each path has k up steps and has the up and down
steps in given positions. Similarly, the weight of S′(k) equals

(
x(1 + x)

)2k(
1 + x(1 + x) + x(1 + x)

)n−1−2k
.

Since S(k) and S′(k) have the same weight, it remains to show that the weight of T Mn−1
coincides with the right-hand side of (1.2). To construct a path of T Mn−1 with (n − 1 − k)

G steps, we may insert the G steps into bi-colored paths of CMk where all the U , D, B , and
R steps have the same weight x(1 + x). Since there are

(
n−1

n−1−k

) = (
n−1
k

)
ways to insert the

G steps and since |CMk| = Ck+1, the weight of the subset of T Mn−1 consisting of paths with
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(n − 1 − k) G steps equals Ck+1
(
n−1
k

)
xk(1 + x)k , which is the summand of the right-hand side

of (1.2). This completes the proof. �
Acknowledgments

The authors wish to thank Robert Sulanke for directing their attention to the lemmas of Sec-
tion 3 and for valuable suggestions which led to an improvement of an earlier version. We are also
grateful to Joseph P.S. Kung for a careful reading of the manuscript and for helpful comments.
This work was supported by the 973 Project, the PCSIRT Project of the Ministry of Education,
the Ministry of Science and Technology, and the National Science Foundation of China.

References

[1] E. Barcucci, A. Del Lungo, E. Pergola, R. Pinzani, A construction for enumerating k-coloured Motzkin paths, in:
Lecture Notes in Comput. Sci., vol. 959, Springer, Berlin, 1995, pp. 254–263.

[2] J. Bonin, L. Shapiro, R. Simion, Some q-analogues of the Schröder numbers arising from combinatorial statistics
on lattice paths, J. Statist. Plann. Inference 34 (1993) 35–55.

[3] W.Y.C. Chen, E.Y.P. Deng, R.R.X. Du, Reduction of m-regular noncrossing partitions, European J. Combin. 26
(2005) 237–243.

[4] W.Y.C. Chen, E. Deutsch, S. Elizalde, Old and young leaves on plane trees and 2-Motzkin paths, European J.
Combin. 27 (2006) 414–427.

[5] C. Coker, Enumerating a class of lattice paths, Discrete Math. 271 (2003) 13–28.
[6] M. Delest, G. Viennot, Algebraic languages and polyominoes enumeration, Theoret. Comput. Sci. 34 (1984) 169–

206.
[7] A. Denise, R. Simion, Two combinatorial statistics on Dyck paths, Discrete Math. 137 (1995) 155–176.
[8] E. Deutsch, A bijection on Dyck paths and its consequences, Discrete Math. 179 (1998) 253–256.
[9] E. Deutsch, L.W. Shapiro, A bijection between ordered trees and 2-Motzkin paths and its many consequences,

Discrete Math. 256 (2002) 655–670.
[10] P. Flajolet, Combinatorial aspects of continued fractions, Discrete Math. 32 (1980) 125–161.
[11] I. Gessel, A non-commutative generalization of the Lagrange inversion formula, Trans. Amer. Math. Soc. 257 (1980)

455–481.
[12] D. Gouyou-Beauchamps, B. Vauquelin, Deux propriétés combinatoires des nombres de Schröder, Theor. Inform.

Appl. 22 (1988) 361–388.
[13] G. Kreweras, Joint distributions of three descriptive parameters of bridges, in: Combinatoire Enumerative, Montreal,

Quebec, 1985, in: Lecture Notes in Math., vol. 1234, Springer, Berlin, 1986, pp. 177–191.
[14] R. Simion, D. Ullman, On the structure of the lattice of noncrossing partitions, Discrete Math. 98 (1991) 193–206.
[15] N.J.A. Sloane, The on-line encyclopedia of integer sequences, http://www.research.att.com/~njas/sequences.
[16] R.A. Sulanke, A symmetric variation of distribution of Kreweras and Poupard, J. Statist. Plann. Inference 34 (1993)

291–303.
[17] R.A. Sulanke, Catalan path statistics having the Narayana distribution, Discrete Math. 180 (1998) 369–389.
[18] R.A. Sulanke, Counting lattice paths by Narayana polynomials, Electron. J. Combin. 7 (2000) #R40.
[19] R.A. Sulanke, Generalizing Narayana and Schröder numbers to higher dimensions, Electron. J. Combin. 11 (2004)

#54.
[20] J. Touchard, Sur certaines équations fonctionnelles, in: Proc. International Congress on Mathematics, Univ. of

Toronto Press, Toronto, 1928, pp. 465–472.
[21] W.J. Woan, Diagonal lattice paths, in: Proc. 32nd Southeastern International Conference on Combinatorics, Graph

Theory and Computing, Baton Rouge, LA, 2001, Congr. Numer. 151 (2001) 173–178.
[22] D. Zeilberger, Six etudes in generating functions, Intern. J. Computer Math. 29 (1989) 201–215.


