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Abstract

Let G be a 4-connected graph. For an edge e of G, we do the following
operations on G: first, delete the edge e from G, resulting the graph G — e;
second, for all the vertices = of degree 3 in G — e, delete = from G — e and then
completely connect the 3 neighbors of = by a triangle. If multiple edges occur,
we use single edges to replace them. The final resultant graph is denoted by
G oe. If GO e is still 4-connected, then e is called a removable edge of G. In
this paper, we investigate the problem on how many removable edges there are
in a cycle of a 4-connected graph, and give examples to show that our results
are in some sense best possible.
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Edge-vertex-cut atom
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1 Introduction

All graphs considered here are simple and finite. For notations and terminology not
given here, we refer the reader(s) to [1]. In this paper we shall study the removable
edges in a cycle of a 4-connected graph. First of all, we give the definition of a
removable edge for a 4-connected graph. Let GG be a 4-connected graph and e an
edge of G. Consider the graph G — e obtained by deleting the edge e from G. If
G — e has vertices of degree 3, we do the following operations on G — e. For all
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vertices = of degree 3 in G — e, delete x from G — e and then completely connect
the three neighbors of z by a triangle. If multiple edges occur, we use single edges
to replace them. The final resultant graph is denoted by G © e. Note that if there
is no vertex of degree 3 in G — e, then G & e is simply the graph G — e.

Definition 1.1. For a 4-connected graph G and an edge e of G, if G & e is still
4-connected, then the edge e is called removable; otherwise, it is called unremouvable.
The set of all removable edges of G is denoted by Er(G); whereas the set of unre-
movable edges of G is denoted by En(G).

Definition 1.2. A 2-cyclic graph G of order n is defined to be the square of the
cycle C,,, namely, G can be obtained from C,, by adding edges between all pairs of
vertices of ), which are at distance 2 in C,.

The aim to introduce the concept of removable edges in 4-connected graphs is
to find new method to construct 4-connected graphs and to prove some properties
of 4-connected graphs inductively. In [2], Yin proved that there always exist re-
movable edges in 4-connected graphs G unless G is a 2-cyclic graph of order 5 or
6. He showed that a 4-connected graph can be obtained from a 2-cyclic graph by
the following four operations: (i) adding edges, (ii) splitting vertices, (iii) adding
vertices and removing edges, and (iv) extending vertices. He also obtained a lower
bound for the number of removable edges and contractible edges in a 4-connected
graph G. In this paper we shall investigate how many removable edges there are in
a cycle of a 4-connected graph G, and give examples to show that our results are
best possible in some sense.

For convenience we introduce the following notations. Without specific state-
ment, in the sequel G always denotes a 4-connected graph. The vertex set and edge
set of G is denoted, respectively, by V(G) and E(G). The order and size of G is
denoted, respectively, by |G| and |E(G)|. For x € V(G), we simply write x € G.
The neighborhood of x € G is denoted by I'g(z) and the degree of z is denoted
by d(z). If 2 and y are the two end-vertices of an edge e, we write e = zy. For a
nonempty subset F' of E(G), or N of V(G), the induced subgraph by F or N in G
is denoted by [F] or [N]. Let A, B C V(G) such that A # @ # B and AN B = 0,
define [A, B] = {xy € E(G) | x € A,y € B}. If H is a subgraph of G, we say that G
contains H. For a subset S of V(G), G — S denotes the graph obtained by deleting
all the vertices in S from G together with all the incident edges. If G — S is discon-
nected, we say that S is a vertex-cut of G. If |S| = s for such an S, we say that S is
an s-vertex-cut. For e = zy € E(G) and S C V(G) such that |S| = 3, if G—e—S has
exactly two (connected) components, say A and B, such that |A| > 2 and |B| > 2,
then we say that (e, S) is a separating pair and (e, S; A, B) is a separating group, in
which A and B are called the edge-vertez-cut fragments. If, moreover, |A| = 2, then
A is called an edge-vertez-cut atom. For an edge-vertex-cut atom A, let A = {z, z}
and S = {a,b,c}, if ax,bx € E(G),cx ¢ E(G), then A is called a I-edge-vertez-cut
atom; whereas if azx,bx,cx € E(G), then A is called a 2-edge-vertez-cut atom. It is
easy to see that if A is an edge-vertex-cut atom, then A is either a 1-edge-vertex-cut
atom or a 2-edge-vertex-cut atom. Let Ey C En(G) such that Ey # O and let
(zy, S; A, B) be a separating group of G such that z € A and y € B. If zy € Ej,
then A and B are called Fy-edge-vertex-cut fragments. An Ey-edge-vertex-cut frag-
ment is called an Ejy-edge-vertexz-cut end-fragment of G if it does not contain any



other FEy-edge-vertex-cut fragment of G as a proper subset. It is easy to see that
any Fyg-edge-vertex-cut fragment of G contains a such end-fragment. Similarly, if
|A| = 2, then A is called an Ey-edge-vertez-cut atom.

2 Some Known Results

In the sequel we shall use the following results on the existence of removable edges
in 4-connected graphs, which were obtained by Yin in [2].

Theorem 2.1. Let G be a 4-connected graph with |G| > 7. An edge e of G is
unremovable if and only if there is a separating pair (e, S), or a separating group

(e,S;A,B) in G.

Theorem 2.2. Let G be a 4-connected graph with |G| > 8 and let (zy, S; A, B) be
a separating group of G such that x € A, y € B and |A| > 3. Then, every edge in
[{x}, S] is removable.

Corollary 2.3. Let G be a 4-connected graph with |G| > 8. Then, every 3-cycle of
G contains at least one removable edge.

Theorem 2.4. Let G be a 4-connected graph with |G| > 7. If for an unremovable
edge zy, i.e., zy € En(G), there is a separating group (zy,S; A, B), then all the
edge in E([S]) are removable, i.e., E([S]) C Er(G).

3 Notations and Terminology for Subgraphs With Spe-
cial Structures

For convenience we introduce the following definitions for subgraphs of G with spe-

cial structures.

Definition 3.1. Let GG be a 4-connected graph and H a subgraph of G such that

V(H) — {CL, T1,I2,x3,T4,V1,V2,V3, U4} and E(H) = {CL.’El, ar2,ar3,al4,r1x2,T2I3,

XT3T4, T4T1, T1V1,ToV2, T3V3, T4V4 }. If H satisfies the following conditions

(i) d(a) = d(z;) = 4 for i = 1,2, 3,4,

(i) az1,azs, axs,axy € En(G) and z122, xox3, 324, 421 € ER(Q),

then H is called a helm. The vertices a,x; for i = 1,2,3,4 of a helm H are called

inner vertices of H.

Definition 3.2. Let G be a 4-connected graph and H a subgraph of G such that

V(H) ={a,b,z1,22, -, 2143} and E(H) = {x1x9, x2x3," -, 12T 43, aT2, aT3, " - -,

axyio, bre,bxs, -, bx;io, where I > 1. If H satisfies the following conditions

(i) TiTit1 € EN(G) fori=1,2,---, 1+ 2,

(ii) axj,bx; € Er(G) for j =2,3,---,1+ 2,

(iii) d(z;j) =4 for j =2,3,---, 1+ 2,



then H is called an [-bi-fan.

An [-bi-fan H is said to be mazimal if T'g(z1) # {a,b,z2,u} and T'g(zi43) #
{a,b,x149,v} for any u,v € G. The vertices of an I-bi-fan or a maximal [-bi-fan H
satisfying the condition (iii) are called inner vertices of H.

Definition 3.3. Let G be a 4-connected graph and H a subgraph of G such
that V(H) = {.’L'l, L2y 5 T142,Y1, Y2, 7yl+2} and E(H) = E1<H) U EQ(H) where

Ei(H) = {122, 0273, -, Ti41%142, Y1Y2, Y2U3, - » Y12} and Eo(H) = {y122,
T2Y2, Y2T3y s YITI+1s T1+1Yi+1, Yi+1Z14+2 - Then, H is called an [-belt if the follow-
ing conditions are satisfied

(i) E1(H) C Ex(H) and E3(H) C Eg(H),
(ii) d(z;) =d(yj) =4 fori=2,3,---, 1+ 1;j=2,3,--- 1 + 1.

An [-belt H is said to be mazimal if T'g(y1) # {x1,22,y2,u} and T'g(z142) #
{141, Yi+1, Y142, v} for any uw,v € G. The vertices of an [-belt or a maximal [-belt
H satisfying the condition (ii) are called inner vertices of H.

Definition 3.4. Let G be a 4-connected graph and H a subgraph of G such that
V(H) = {xla L2, 42, T4+3, Y1, Y2, ** ayl-‘y—?} and E(H) = EI(H) ) E2(H) where
Ey(H) = {2122, 2273, * + + , D11 12142, Ti2T143, Y192, Y2Y3, -+ Yir1Yire ) and Eo(H) =

{y172, T2y2, Y23, YiT1415 Tit1Yi415 Y1+ 17142, Ti2Yi+2}- Then, H is called an [-co-
belt if the following conditions are satisfied

(1) El(H) C EN<H) and EQ(H) C ER(H),
(i) d(x;) = d(y;) =4 for i = 2,3, 1+ 1,1+2j =23, 1+1.
An l-co-belt H is said to be mazimal if T (y1) # {z1,22,y2,u} and Tg(yi42) #

{z132, Y141, T143,v} for any u,v € G. The vertices of an [-co-belt or a maximal [-co-
belt H satisfying the condition (ii) are called inner vertices of H.

Definition 3.5. Let G be a 4-connected graph and H a subgraph of G such that

V(H) = {z1,22,23,y1,Y2,y3,ya} and E(H) = {z122, 2223, Y1Y2, Y2Y3, Y3y4, T1Y2,
Tay2, T2ys3, T3ys . Then, H is called a W-framework if the following conditions are
satisfied

(i) TiTiy1 € EN(G) fori=1,2,

(i) d(z2) = d(y2) = d(y3) = 4,
(i) yoys, x1y2, T2Y2, T2y3, £3y3 € Er(G).

The vertex x9 of a W-framework H is called the inner vertex of H.

Definition 3.6. Let G be a 4-connected graph and H a subgraph of G such that

V(H) = {z1,22,73,y1,Y2,Y3,y4} and E(H) = {x172, 0273, 7173, Y192, Y2Y3, Y3Y4,
T1Y2, T2Y2, T2y3, x3ys}. Then, H is called a W'-framework if the following condi-
tions are satisfied

(i) TiTiy1 € EN(G) for ¢ = 1,2,



(ii) d(w2) = d(z3) = d(y2) = d(y3) = 4 and d(z1) > 5,
(iil) yoys3, 21Y2, T2y3, x3y3, v123 € ER(G), 22y2 € EN(G).

The vertices o, x3 of a W/-framework H are called inner vertices of H.

After we have done the above preparations, we can state and prove our main
results in the next section.

4 The Main Results

In this section we shall consider the problem on how many removable edges there
are in a cycle of a 4-connected graph G. Before we give our main results, we need
to show some lemmas.

Lemma 4.1. Let G be a 4-connected graph, (zy,S; A, B) be a separating group
of G such that x € A,y € B,S = {a,b,c} and A be a l-edge-vertex atom, say,
A = {x,z}. Then, one of the following conclusions holds:

(i) ax, bz, zx € ER(G).
(ii) ax € En(G),d(z) = d(2) = 4,bzx, zz,az € ER(G), zc € En(G).

(iii) az € EnN(G),ay € Egr(G). And, if d(a) = 4,d(y) > 5, then az, zb, zx, by, ay €
Er(G),bx € Ex(G). If d(a) > 5,d(y) = 4, then by, bx,bz,az € Er(G), zx € En(G).
If d(a) = d(y) = 4, then az, bz, by € Er(G),bx, zz € En(G). If d(a) > 5,d(y) > 5,
then az, zx,bx,by € Er(G).

(iv) az,bzx,ac,bc € Er(G),zx,zc € En(G),{za,2b} N Ex(G) # O,d(z) = d(c) =
d(z) = 4. If za € En(G), then the following conclusion holds: d(b) = 4, and if
d(a) = 4, then bz € En(G); if d(a) > 5, then bz € Er(G) holds. If bz € En(G),
then the following conclusion holds: d(a) = 4, and if d(b) = 4, then az € En(G); if
d(b) > 5, then az € ER(G).

(v) az,bx,az,bz € ERr(G),zz € EN(G),d(x) = d(z) = 4.

(vi) bz € En(G),by € Er(G). And, if d(a) = 4,d(y) > 5, then bz, za, zz, ay, by
Er(G),azx € En(G). Ifd(b) > 5,d(y) = 4, then ay, ax,az,bz € Er(G), zz € Ex(G
If d(b) = d(y) = 4, then bz,az,ay € Er(G),ax,zx € En(G). If d(b) > 5,d(y) > 5,
then bz, zx, ax,ay € Eg(G).

€
)

Proof. If ax, bz, zx € ER(G), then the conclusion (i) holds. So, we may assume that
{ax, bz, zx} N EN(G) # O. Next we will distinguish the following cases to proceed
the proof.

Case 1. azr € En(G).

Then, we take the corresponding separating group (ax,T;C, D) such that z €
C,a€ D,andso,z € ANC,yc BN(CUT). Let

Xi=(CnSU(SNT)U(ANT),
Xo=(ANT)U(SNT)U(SND),
Xs=(DnNS)u(SNT)u(BNT),
Xe=(BNT)Uu(SNT)U(CNS).



Subcase 1.1. y € BNC.

Since |A| = 2 and A is a connected subgraph of G, we have that AN D = @.
First, we claim that ANT # @. Otherwise, ANT = @, and so |[ANC| = 2.
Since a € SN D, we have that |X;| < 2. Then, X; U{z} is a vertex-cut of G with
cardinality less than 4, a contradiction. Hence, ANT = {z}. Second, we claim that
SNT = @. Otherwise, SNT # @, and a contradiction will be deduced as follows.
If BNT =, since B is a connected subgraph of GG, then we have that BN D = .
Then, B = BNC, and so |SNT| = 2. Noticing that a € SN D and |S| = 3, we have
that SNC = @. From |B| > 2 we know that |[B N C| > 2. Then, it is easy to see
that {y} U (SNT) is a vertex-cut of G with cardinality less than 4, a contradiction.
So, BNT # @, and so |SNT| = 1. Noticing that |T'| = 3, we have that |[BNT| = 1.
Since X4 is a vertex-cut of G — zy, we have that | X4| > 3, and so, |[SNC| > 1. Since
SN D # @, by noticing that |S| = 3, we have that |[SND| =1, ie, SND = {a}.
Note that |X3| = 3. Since G is 4-connected, we have that B N D = (. Hence,
D = {a}, which contradicts to that |D| > 2. Therefore, SN T = . Note that
|[BNT|=2. If [SND| =1, by a similar argument we can get that D = {a}, a
contradiction. So, |SND| > 2. Since | X4| > 3, we have that |[SNC| > 1. Therefore,
|[SNC| =1 and |SND| =2 Since bx € E(G), obviously we have b € X, and
so SNC = {b}. Then, SND = {a,c},T'q(z) = {a,b,y,2},Tc(z) = {z,a,b,c}.
We claim that zz € Egr(G). Otherwise, xz € En(G), and we take the corre-
sponding separating group (zz,S’; A’, B') such that x € A,z € B’. Since zzax
is a 3-cycle of G, we have that a € S’ and ar € En(G). From Theorem 2.2 we
know that |A’| = 2, say A" = {x,v1}. Then, we have that azvia is a 3-cycle of
G and vy # z, which is impossible to hold in G, and so, zz € Er(G). We claim
that az € Eg(G). Otherwise, az € En(G), and we take the corresponding sepa-
rating group (az,S’; A’, B') such that a € A’,z € B’. Obviously, x € S’. Since
ax € En(G), from Theorem 2.2 we have that |A’| = 2, say A’ = {a,v1}. Then,
axvia is a 3-cycle of G and vy # z, which is impossible to hold in G, and so,
az € Er(G). Let 8" ={z}U(BNT),A =Cn(BUS),B =G—-bz—5 - A,
then (bz,S’; A’, B') is a separating group of G, and so bz € Ex(G). We claim that
br € Er(G). Otherwise, bxr € En(G), and we take the corresponding separating
group (bx,S’; A, B') such that b € A",z € B’. Since bzzb is a 3-cycle of G, we have
that z € S’. Since bz € En(G), we have that |A'| = 2, say A’ = {b,v1}. Then,
bvyzb is a 3-cycle of G, and vy # x, which is impossible to hold in G, and hence
br € Er(G). Let S; = {a,b,y}, then (z¢,S1) is a separating pair of G, and so,
zc € En(G). Obviously, d(x) = d(z) = 4. Hence, the conclusion (ii) holds.

Subcase 1.2. y € BNT.

Since zy € En(G), from Theorem 2.2 we have that |[C| = 2. If [ANC| = 2,
then we have that A = ANC = C. Since BNT # @ # SN D, we have that
|SNT| < 2. It is easy to see that {z} U X is a vertex-cut of G with cardinality less
than 4, a contradiction. So, AN C = {z}. Since A and C are connected subgraphs
of G, we have that |[SNC|=|ANT|=1and BNC =0 = AN D. We claim that
SNT = . Otherwise, |[SNT| =1, and so |[BNT| = 1. Note that |X3| = 3. Since G
is 4-connected, we have that BND = @, and so B = BNT = {y}, which contradicts
to that |B| > 2. Therefore, SNT = @, and so |[BNT| = |SN D| = 2. From
Fg(x) ={z,b,a,y} we know that SNC = {b}, and so SN D = {a,c}, ANT = {z}.



Let BNT = {u,y}. Next we will discuss the following subsubcases.

Subsubcase 1.2.1. If ay ¢ E(G), we claim that xz € Eg(G). Otherwise,
xz € EnN(G), and we take the corresponding separating group (vz,5’; A’, B) such
that z € A',z € B’. Since azza is a 3-cycle of G, we have that a € S’. Since
ar € En(G), from Theorem 2.2 we have that |B'| = 2, say B’ = {x,v1}. Then,
azvia is a 3-cycle of G. However, ay ¢ E(G) and v; # z, which is impossible to
hold in G. Hence, zz € Er(G). By symmetry, we can show that bz € EFr(G). We
claim that az € Er(G). Otherwise, az € En(G), and we take the corresponding
separating group (az,S’; A, B') such that a € A’, 2 € B’. Since azza is a 3-cycle of
G, we have that x € S’. Since ax € En(G), we have that |A'| = 2, say A" = {a,v1}.
Then, azvia is a 3-cycle of G, an analogous argument can lead to a contradiction.
So, az € Er(G). By symmetry, we have that by € Er(G). Let S" = {a,b,y}. Obvi-
ously, (z¢,S’) is a separating pair of G, and so zc € Ex(G). Hence, the conclusion
(ii) holds.

Subsubcase 1.2.2. If ay € E(G), then from Corollary 2.3 we know that ay €
Er(G). Then, we consider the following cases.

(1.) If d(a) > 5 and d(y) > 5, we claim that zz € Eg(G). Otherwise, zz € En(G),
and we take the corresponding separating group (zz,S’; A’, B') such that z € A’, z €
B’. Since azza is a 3-cycle of G, we have that a € S’. Since ax € En(G), from
Theorem 2.2 we know that |A'| = 2, say A’ = {x,v1}. Then, azvia is a 3-cycle of
G. Noticing that d(v1) = 4 and d(y) > 5, we have that v; # y, which is impossible
to hold in G. Hence, zz € Er(G). By symmetry, we can show that bx € Er(G).
We claim that az € Er(G). Otherwise, az € En(G), and we take the corresponding
separating group (az, S’; A’, B'). Obviously, z € S/, and an analogous argument can
lead to a contradiction. So, az € Er(G). By symmetry, we have that by € Er(G).
Hence, the conclusion (iii) holds.

(2.) If d(a) = 4 and d(y) > 5, we let T'g(a) = {z,y,z,v}. Let A’ = {a,2},5" =
{v,2,y}, B'=G—bx—S"— A, then (bz,S’; A', B') is a separating group of G, and so
bx € En(G). We claim that bz € Er(G). Otherwise, bz € En(G), and we take the
corresponding separating group (bz,S’; A’, B') such that b € A’,z € B’. Noticing
that bzxb is a 3-cycle of G, we have z € S’. Since bz € En(G), from Theorem 2.2
we have that |A’| = 2, say, A’ = {b,v1}. Then, bxvb is a 3-cycle of G. Noticing that
d(y) > 5 and d(v1) = 4, we have that v; # y, which is impossible to hold in G. There-
fore, bz € ERr(G). We claim that az € Er(G). Otherwise, az € En(G), and we take
the separating group (az,S’; A, B") such that a € A’,z € B’. Obviously, x € S".
Since ax € En(G), from Theorem 2.2 we have that |A’| = 2, say A’ = {a,v1}. Then,
azrvia is a 3-cycle of G and vy # z. Note that d(v1) = 4,d(y) > 5, and so, v # y,
which is impossible to hold in G. So, az € Er(G). By an analogous argument we
can show that zz € ERr(G). We claim that by € Er(G). Otherwise, by € En(G),
and we take the separating group (by,S’; A’, B') such that b € A,y € B’. Obvi-
ously, z € S’. Since zy € En(G), from Theorem 2.2 we have that |B'| = 2, say
B’ ={y,v1}. Then, zyviz is a 3-cycle of G. It is easy to see that this is true only
if v1 = a. From I'g(a) = {z,y, 2,v} we know that S" = {x, z,v}. Since d(y) > 5,
we have yz € E(G), which is impossible to hold in G. So, by € Er(G). Hence, the
conclusion (iii) holds.

(3.) If d(a) > 5 and d(y) = 4. By an analogous argument used in (2.) we can show
that the conclusion (iii) holds.



(4) It d(a) = d(y) =4, we let FG(a) = {xvya Z7U}7 Ay = {CL’x}HSl = {Zayav}7Bl =
G —bxr — S; — Ay. Then, (bx,Si;A1,B)) is a separating group of G, and so,
br € En(G). By symmetry, we have that ax,zy,zz € En(G). From Corollary
2.3 we have that az,by,bz € Egr(G). Hence, the conclusion (iii) holds.

If bz € En(G), we may employ a similar argument to show that the conclusion
(iv) holds. So, next we may assume that az,bx € Er(G).

Case 2. zz € EN(G).

We take the corresponding separating group (zz,T'; C, D) such that x € C,z € D.
Then, we have that x € ANC,z € AN D. Since xzzax,xzbx are two 3-cycles of G,
we have that a,b € SNT. Since AN D = {z} and D is a connected subgraph of G
as well as |D| > 2, we can get that SN D # @. Since S = {a,b, c}, we have that
SN D = {c}. Obviously, |BNT| = 1.

Subcase 2.1. If az € En(G), from Theorem 2.2 we have that |D| = 2, and so
D = {z,c}. It is easy to see that ac,bc € E(G). From Theorem 2.4 we have that
ac,bc € Er(G). Obviously, d(z) = d(c) = d(z) = 4 and TI'g(z) = {z,b,a,y}. Let
Ay ={=x,z},S1 = {y,a,b}, By = G—zc—S1— Ay, then (z¢, S1; A1, By) is a separating
group of G, and so zc € En(G). We take the separating group (az,S’; A’, B') such
that a € A’,z € B’. Obviously, € S’. Since zz € En(G), we have that |B'| = 2,
say B’ = {z,v1}. Then, xzviz is a 3-cycle of G, which is true only if v; = b, and so
d(b) = 4. Here, if d(a) = 4, let I'g(a) = {z, z,¢,v}, A1 = {a, 2}, 51 = {c,z,v} and
By = G — bz — S1 — B;. Then (bz,S1; A1, By) is a separating group of G, and so
bz € EN(G). If d(a) > 5, we claim that bz € Er(G). Otherwise, bz € En(G), then
we take the corresponding separating group (bz, S1; A1, B1) such that b € Ay, z € By.
Obviously, x € Sj. Since zz € EnN(G), from Theorem 2.2 we have |B;| = 2, say
B; = {z,v1}. Then zv;zz is a 3-cycle of G. Note that d(a) > 5,d(v1) = 4, and so
v1 # a. Which is impossible to hold in G. So, bz € Er(G). Hence, the conclusion
(iv) holds.

Subcase 2.2. If bz € En(G), we may employ a similar argument used in Subcase
2.1 to show that the conclusion (iv) holds.

Therefore, we may assume that az, bz € Eg(G). Obviously, d(z) = d(z) = 4, and
so the conclusion (v) holds. The proof is now complete.0

Corollary 4.2. Let G be a 4-connected graph and (xy, S; A, B) be a separating
group of G such that © € A,y € B,S = {a,b,c}. Let A be a l-edge-vertex-cut
atom, say A = {z, z}, If {za,zb, zz} N Ex(G) # O, then we have that = is an inner
vertex of one of the following subgraphs in G: helm, co-belt, belt, W’ -framework,
W-framework or bi-fan.

Lemma 4.3. Let G be a 4-connected graph, (zy,S; A, B) be a separating group
of G, and A be a 2-edge-vertex-cut atom, say A = {z,z} and S = {a,b,c}. Then,
az,bx,cx,rz € Er(G).

Proof. By contradiction. We consider the following cases.

(1.) If ax € En(G), we take the corresponding separating group (ax,T;C, D) such
that x € C,a € D. Then, z € ANC,a € SND. Let X = (DNS)U(SNT)U(BNT).
Since bz, cx € E(G), we can get that b,c € SN (CUT), and so [SND| =1. We



claim that ANT # @. Otherwise, ANT = ). Since |A| = 2 and A is a connected
subgraph of G, we have that ANC = {z, z}. It is easy to see that {b, ¢, z} would be
a 3-vertex-cut of G, a contradiction. Therefore, ANT = {z}, AND = . Obviously,
|X| > 3. Since |[SN D| =1 and |D| > 2, we have that BN D # @, and so |X| > 4.
However, by noticing that |[ANT| = 1, we have that [(SUB)NT| = 2, and so
|X| = 3, a contradiction.

If bx € En(G) or cx € En(G), we may employ a similar argument. So, next we
may assume that bz, cx € Er(G).

(2.) If zz € En(G), we take the corresponding separating group (zz,T;C, D)
such that x € C,z € D. Then, we have that x € ANC,z € AND. It is
easy to see that a,b,c € SNT. Since |T| = 3, we have that y € BN C. Let
X=(DnS)u(SNT)u(BNT),and so | X| = 3. Then, we have that BN D = 0.
Noticing that DNS = @, we have that D = AN D = {z}, which contradicts to that
|D| > 2. Therefore, xz € ER(G).

From the above arguments, we know that the lemma holds. O

Now we present our main results. For convenience we denote by : the set of all
helms, maximal [-bi-fans, maximal [-belts, maximal [-co-belts, W-frameworks and
W'-frameworks of a graph G.

Definition 4.4. Let C be a cycle of a 4-connected graph G and H a subgraph of
G belonging to R. If C' contains an inner vertex of H, then we say that C passes
through H.

Theorem 4.5. Let G be a 4-connected graph and C' a cycle of G. If C' does not
pass through any subgraph of G belonging to R, then there are least two removable
edges of G in C.

Proof. By contradiction. Assume that C does not pass through any subgraph
of G belonging to R, and there is at most one removable edge of G in C. Let
F = E(C)NER(G), then |F| < 1. Denote E(C) — F by Ey. We take the separating
group (uw,S’; A, B') such that u € A/,w € B" and ww € Ey. From |F| < 1 we
know that (E(A) U ([A,S)NF = O or (E(B)U([S,B'])NF = @. Without
loss of generality, we may assume that (E(A") U ([A/,S'])NF = @. Since A’ is an
Ey-edge-vertex-cut fragment, A’ must contain an Ep-edge-vertex-cut end-fragment
as its subgraph, say A. Then, we have that (E(A)U ([A4, S])NF = @, and we take a
separating group (zy, S; A, B) such that x € A,y € B with xy € Ey. Next, we will
consider |A| by cases.

Case 1. |A| = 2. Then, A is a 1-edge-vertex-cut atom or a 2-edge-vertex-cut atom,
say, A = {z,z}. Let S ={a,b,c}.

Subcase 1.1. If A is a 2-edge-vertex-cut atom, since zy € E(C) and C is a cycle
of G, we have that {za,zb,zc,zz} N E(C) # . From Lemma 4.3 we know that
{za,xb, zc,xz} C Er(G), which contradicts to that (E(A) U[A,S])NF = 0.

Subcase 1.2. If A is a 1-edge-vertex-cut atom, by noticing that C' is a cycle of G and
([E(A)U[A, S])NF = @, then obviously {za,zb,zz} N En(G) # . From Corollary
4.2 we know that x is an inner vertex of one of the subgraphs of G belonging to .
Since zy € E(C), this contradicts to that C' does not pass through any subgraph of



G belonging to .
Case 2. |A| > 3. Then, we will discuss the following subcases.

Subcase 2.1. If there exists an zz € Ey N E(A U [A,S]), then obviously z ¢ S;
otherwise, we would have |A| = 2, a contradiction to that |A| > 3. We take the
separating group (xz,S7; A1, B1) such that x € A;,z € B;. Then, we have that
re ANA,z€ AN By. Let

Xlz(AlﬂS)U(SﬂSl)U(AﬂSl),
XQ:(AﬂSl)U(Sﬂsl)U(BlﬁS),
ng(BlﬂS)U(SﬂSl)U(Bﬂsl),
X4:(Bﬂ51)U(Sﬂ51)U(AlﬂS).

If y € BN Sy, from Theorem 2.2 we have that |A;| = 2, say A1 = {x,v;}. We claim
that A; is a 1-edge-vertex-cut atom; otherwise, A1 is a 2-edge-vertex-cut atom, and
then, from Lemma 4.3 we have zy € ER(G), a contradiction. From Corollary 4.2 we
know that x is an inner vertex of some subgraph of G belonging to &, a contradiction
to the assumption. Therefore, y ¢ BN Sy, and so y € A;NB. Since AN B # O, we
have that X is a vertex-cut of G — zz, and so | X2| > 3. By an analogous argument,
we can deduce that | X4| > 3. Since | Xa| + | X4| = |S| + |S1| = 6, we can get that
| X2| = | X4| = 3, and so |[A; N S| =|ANSi],|BNSi| = |B1NS|. We claim that
AN By = {z}. Otherwise, | AN By| > 2. Then, (zz, X2; AN B1, A1 U B) is a separat-
ing group of GG and zz € Ey. It is easy to see that AN By is an Ey-edge-vertex-cut
fragment contained in A, which contradicts to that A is an Ey-edge-vertex-cut end-
fragment of G. Therefore, AN B; = {z}. Since |B;| > 2 and B is a connected
subgraph of G, we have that By NS # @.

Subsubcase 2.1.1. If |[B;NS| = |BN S| = 3, then | X;| =0, and so {z,y} would
be 2-vertex-cut of GG, a contradiction.

Subsubcase 2.1.2. If |[B1NS| = |BNS1| = 2, since X is a vertex-cut of G—zxy—zz,
then |X;| > 2. Noticing that |S| = |S1| = 3, we have that |[AN S1| = |41 N S| =
1,5N S = 0. We claim that AN A; = {z}. Otherwise, |A N A;| > 2. Then,
{z} U X, would be a 3-vertex-cut of G, a contradiction. Let ANS; ={a},A1NS =
{b},SN By = {v1,v9}. From ANB; = {z} we can get that '¢(z) = {z,a,v1,v2}. We
claim that ab € E(G). Otherwise, {x,v1,v2} would be a 3-vertex-cut of G, a contra-
diction. We claim that avi,avy € E(G). Otherwise, without loss of generality, we
may assume that av; € E(G). Let A’ = {z,a},5" = {b,z,v2},B' = G—ay— 5" — A/,
then (zy,S’; A, B') is a separating group of G. Since zy € Ey, A’ is an Ep-edge-
vertex-cut fragment contained in A, which contradicts to that A is an FEy-edge-
vertex-cut end-fragment. So, avi,avy € E(G), and hence I'g(a) = {x, z,b,v1,v2}.
Let Sy = {z,v1,v2}, Ag = {a,z}, By = G — ab — Sy — Ay, then (ab, Sp; Ay, By) is a
separating group of G, and so ab € En(G).

We claim that az € Er(G). Otherwise, az € En(G), and we take the correspond-
ing separating group (az, S’; A’, B') such that a € A’, z € B’. Since azza, aviza, aveza
are 3-cycles of G, we have that z,v1,v, € S’. Since zz € En(G), from Theorem
2.2 we have that |B'| = 2, say B’ = {z,u}. Then, uzzu is a 3-cycle of G, which is
impossible to hold in G, and so az € Er(G).
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Since (E(A)U([A, S]))NF = @ and C is a cycle of G, we can get that {zv1, zv2} N
En(G) # ©. Without loss of generality, we may assume that zv; € En(G). We
take the separating group (zvy,T;C’, D) such that z € C',v; € D'. Then, we have
that z € C' N By,v1 € BN D'. Obviously, a € S NT. Let

Yi=(AnT)uSinT)u(C'nS;
Yo=(C'"NnSHUSINT)U(B1NT
YgZ(BlﬂT)U(S1ﬁT)U(SlﬁD,,
Yi=(D'NnSHUSINT)U (A NT).

)

i

(1.) If 2z € AN’ then Y; is a vertex-cut of G — xz, and so |Y1] > 3. By a
similar argument, we have that |Y3| > 3. Since |Y1| + |Y3| = |S1| + |T| = 6, we can
conclude that |Yi| = |Y3| =3 and [AyNT| = [S1ND'|,|S1NC'| =|ByNT|. Since
a € S1, from Theorem 2.4 we know that b ¢ T'U S;. Since bz, zvy € E(G), we have
that b € A1 N C" and vy € D' N By. From T'g(a) = {v1,v9, 2, 2,b}, we know that
I'g(a) N (B1ND') ={v1}. Then, we have that |[A;NT|=1|S1ND'|=0,1or 2.

(1.1.) If |A1 ﬂT| = |D,ﬂ81’ = 2, then ‘Sl ﬂC,’ = |Bl ﬂT| = 0. Since zvgy € E(G),
we have vy € B NC’, and hence {a, z} would be 2-vertex-cut of G, a contradiction.

(1.2.)) If|AiNT| = |D'NSi| =1, then |S; NT| < 2. First, we claim that
BiND" = {v}. Otherwise, |B; N D’| > 2. Then, from I'q(a)N(B1ND’) = {v1}, we
can conclude that {v1} U (Y3 — {a}) would be a 3-vertex-cut of G, a contradiction.
So, BiND' = {v1}. Let D'NS; = {u1}. f AyND" # O, from ' (a) = {z, z,b,v1,v2}
we can get that A1 N D' NTg(a) = O, and so Yy — {a} would be a vertex-cut of
G with cardinality less than 4, a contradiction. Therefore, Ay N D’ = . Then,
au; € E(G). However, it is easy to see that uj & {x, z,b,v1,v2}, a contradiction.

(1.3.) If [D'N S| = |A1 NT| =0, since D’ is a connected subgraph of G, we have
that A1 N D' = @. Then, |D'| = |D' N By| > 2. Since I'g(a) N (B ND') ={v1}, by
noticing that |Y3| = 3, we have that {v;} U (Y3 — {a}) would be a 3-vertex-cut of G,
a contradiction.

(2.) If x € A;NT, from Theorem 2.2 we have that |C’| = 2. Since C" is a connected
subgraph of G, we have that Ay NC' = @. If S;NC’ # @, since a € S;NT, then
|D'NS1| < 1. Noticing that Y3 is a vertex-cut of G — zv1, we have that |Y3| > 3, and
so |[BiNT|=1,A; NT = {z}. Obviously, |Ys| = 3, and hence 4; N D’ = @, and so
Ay = {z}, which contradicts to that |[A1] > 2. So, we have that S1NC" = @, and so
|By N C’'| =2. Since Ay NT # @, obviously, {z} U (T — {z}) would be a vertex-cut
with cardinality less than 4, a contradiction.

From the above arguments, we can conclude that Subsubcase 2.1.2 does not oc-
cur.

Subsubcase 2.1.3. If |B; N S| = |BN S| =1, then |[SN S| < 2. We claim that
|S NSy < 2. Otherwise, [SN S| =2. Then, ANS; =0 =SNA;. If|[AnA'| > 2,
then {z} U (S N S7) would be a vertex-cut of G with cardinality less than 4, a con-
tradiction, and so AN A; = {x}. Note that |Xs| = 3. If |AN By| > 2, then by an
argument similar to that used in Subcase 2.1, AN B; would be an Fy-edge-vertex-
cut fragment contained in A, which contradicts to that A is an Ey-edge-vertex-cut
end-fragment. Hence, AN By = {z}, and so |A| = 2, which contradicts to that
|A| > 3. Therefore, |S N Si| < 1, and then |X3| < 3, and so BN By = . Since
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AN By = {z}, we have that |B1| = 2 and Bj is a l-edge-vertex-cut atom of G, say
By = {z,u}. Since C'is a cycle and (E(A) U[A,S]) # O, we have that z is incident
with at least two unremovable edges. From Corollary 4.2 we know that z is an inner
vertex of some subgraph of G belong to R, which contradicts to that C' does not
pass through any subgraph of G belonging to . The proof is now complete. O

Theorem 4.6. Let G be a 4-connected graph and C a cycle of G. If C passes
through only one subgraph of G belonging to R, then there exists at least one re-
movable edge of G in C.

Proof. By contradiction. Assume that E(C') C En(G). Let C pass through the
subgraph H of G that belongs to R, see the definitions of H in Definitions 3.1
through 3.6. If H is a maximal [-belt, from the assumption, it is easy to see that
{zoz1, yiyi41} N E(C) # O. If xexy1 € E(C), by letting S = {yi12,%142,y1},e =
xox1, B = {x9, -, 241,92, Y141}, A = G —e — S — B, then (e,5;A,B) is a
separating group of G such that A does not contain any inner vertex of the maxi-
mal [-belt (I > 1); if yyy;11 € E(C), by letting S = {z1,y1, 2142}, € = Yir1y142, B =
{za2, -+, x141,Y2, Y141}, A = G—e—S— B, then (e, S; A, B) is a separating group
of G such that A does not contain any inner vertex of the maximal {-belt (I > 1). If
H is a maximal [-co-belt, similarly, we have that {z122,y192} NE(C) # O, if x129 €
E(C), by letting S = {y142, 1143, y1}, e = w221, B = {x2,- -+ ,1139, 92, - -, Y141}, A =
G — e — S — B, then (e,S5; A, B) is a separating group of G such that A does not
contain any inner vertex of the maximal I-co-belt (I > 1); if y1y2 € E(C), by letting
S = {yy2, v143, 2}, e = yoy1, B = {3, -, 142,92, Y1 1, A =G —e— S = B,
then (e, S; A, B) is a separating group of G such that A does not contain any in-
ner vertex of the maximal l-co-belt (I > 1). If H is a maximal [-bi-fan (I > 1),
by letting S = {a,b,z113},e = xox1,B = {z2, -+, 2142},A = G —e - S — B,
then (e, S; A, B) is a separating group of G such that A does not contain any
inner vertex of the maximal [-bi-fan. If H is a helm, by letting e = x1v1,5 =
{va,v3,v4}, B = {a,x1,29,23,24},A = G —e — S — B, then (e, S; A, B) is a sepa-
rating group of GG such that A does not contain any inner vertex of the helm. If H
is a W-framework, then C' must pass through zizs,z2x3. In this case, by letting
e = xor1,S = {x3,24,y2}, B = {x2,y3},A = G —e — S — B, then (e,S; A, B) is
a separating group of G such that A does not contain any inner vertex of the W-
framework. If H is a W/-framework, by noticing that {z1z9, z2y2 } N E(C) # O, then
if z129 € E(C), by letting S = {y2, 23,94}, B = {22,y3},A = G — 129 — S — B,
then (z1z9,S5; A, B) is a separating group of G such that A does not contain any
inner vertex of the W'-framework; if xoys € E(C), by letting S = {1, ys,v} such
that v € I'g(z3), B = {x9,23},A = G — x2y2 — S — B, then the separating group
(x2y2,S; A, B) is a separating group of G such that A does not contain any inner
vertex of the W/-framework.

Let Eg = E(C), then A is an Ey-edge-vertex-cut fragment of G such that it does
not contain any inner vertex of H. Obviously, A contains an FEy-edge-vertex-cut
end-fragment as its subgraph, say A’. It is easy to see that A’ does not contain any
inner vertex of H. Finally, by an argument analogous to that used in the proof of
Theorem 4.5, we can show that A’ contains an inner vertex of some subgraph of G
belonging to ®, which contradicts to that A’ does not contain any inner vertex of
any subgraph of G belonging to . The proof is now complete. O
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Finally, to end this paper we construct examples to show that the lower bounds
for the numbers of removable edges of G that a cycle of G can contain in Theorems
4.5 and 4.6 are in some sense best possible, and we also construct an example to
show that the conditions, i.e., the numbers of subgraphs of G belonging to R that
a cycle of G can pass through in Theorems 4.5 and 4.6 are in some sense best possible.

Let F' be a maximal k-bi-fan such that V(F') = {a,b, 21,22, - -, zk+3} and E(F) =
{z122, 2223, | Zk 122k 43, 422,23, -+, AZk 42, D22, - -+, bzp 1o} where k > 1. Let L be
a maximal [-belt such that V(L) = {z1,22, -, %142, Y1,¥2, -, Yi+2} and E(H) =
Ey(H) U Eo(H) where Ey(H) = {2172, 2273, -+, Ti41%042, Y192, Y23, Y142 )
and EQ(H) = {yle,nyQ,yzxg, cee ,ylarH_l,xl+1yl+1,yl+1xl+2}, in which { > 1.

Example 1. Identify the vertex a with z;, vertex b with y;;2, vertex zxi3 with
X420, vertex z; with gy, respectively. Denote the resulting graph by G;. Let
G = G1 + ab + y1x10. It is easy to see that G is a 4-connected graph. First,
let A= {x3, 24, ,2141,Y2,¥3, -, Y1}, S = {22, 2142, 1}, B = G = byr11 — S — 4,
then (by;+1,S; A, B) is a separating group of G, and so by;11 € En(G). Since
yizire € E([S]), from Theorem 2.4 we have that y12119 € Egr(G). Obviously,
(1422K+2,51) is a separating pair such that S; = {a, b, 22}, and (22y1, S2) is also a
separating pair such that Sy = {a,b,z;12}. It is easy to see that z;z;11 € En(G)
where ¢ = 2,---,k 4+ 1. Pick up the cycle C1 = y127102192k+12k - - - 22y1- Then,
C1 only passes through one subgraph of G belonging to R, and C; has only one
removable edge yjx;1o of G. This shows that the result of Theorem 4.6 is in some
sense best possible.

Example 2. First, delete the vertices 21, zx13 from F. Then, identify vertex zo
with 1, vertex zpyo with y;10, respectively. Denote the resulting graph by G. Let
G =Ga+ab+ays +bzxii2 + y127i42. It is easy to see that G is a 4-connected graph.
Let A = {23, -, 241,92, Y41}, S = {yr, w142, 22}, B = G — zppoyip1 — S — A,
then (zgioyi+1,95; A, B) is a separating group of G, and so zpioyir1 € En(G).
Since y1x142 € E([S]), from Theorem 2.4 we have that yi1x;4.0 € Er(G). Obvi-
ously, (z9x2,S51) is a separating group of G such that S; = {a,b, 212}, and so
2929 € EnN(G). By a similar argument, we can get that ay;, bx; o € En(G). Since
ab € E([S1]), we have ab € Eg(G). Pick up the cycle Cy = abzyioy1a. Then, Cs
does not pass through any subgraph of G belonging to R, and C5 has exactly two
removable edges ab, y1x;10 of G . This shows that the result of Theorem 4.5 is in
some sense best possible.

The following example shows that if a cycle C' of G passes through two subgraphs
of G belonging to R, then it may not contain any removable edge of G.

Example 3. First, delete the vertices zx13 from F. Then, identify the vertex a
with x1, vertex b with x;,2, vertex zpys with y;49, vertex z; with y;, respectively.
Denote the resulting graph by Gs. Let G = G3 + ab + y1x142. It is easy to see
that G is a 4-connected graph. Pick up the cycle Cs = y1y2 - - - Yrro2i122111 - - - 22Y1-
Then, C3 passes through two subgraphs of G belonging to R. It is easy to see that
E(C3) € En(G), and so C3 does not contain any removable edge of G. This in some
sense shows that the conditions of Theorems 4.5 and 4.6 are best possible.
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