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ABSTRACT. Let W be a Weyl or an affine Weyl group and let W, be the set of fully com-
mutative elements in W. We associate each w € W¢ to a digraph G(w). By using G(w), we
give a graph-theoretic description for Lusztig’s a-function on W, and describe explicitly all
the distinguished involutions of W,.. The results verify two conjectures in our case: one was
proposed by myself in [16, Conjecture 8.10] and the other was by Lusztig in [2].

Introduction.

Let W = (W, S) be a Coxeter group with S the distinguished generator set. The fully
commutative elements w € W were defined by Stembridge:

(i) w is fully commutative, if any two reduced expressions of w can be transformed from
each other by only applying the relations st = ts with s,t € S and o(st) = 2 (o(st) the
order of st), or equivalently,

(ii) w is fully commutative, if w has no reduced expression of the form w = x(sts...)y,
where sts... is a string of length o(st) > 2 for some s # ¢ in S.

The fully commutative elements were studied extensively by a number of people (see

3], [8], [10], [22], [23], [24]). Let W, be the set of all fully commutative elements in W.
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The present paper is only concerned with the case where W is a Weyl or an affine Weyl
group unless otherwise specified. In [19], we associated any Coxeter element of a Coxeter
group to a directed graph (or a digraph in short). In the present paper, we extend this
idea by associating each w € W, to a digraph G(w). Then some techniques developed
in [21] can be applied here for our purpose. In particular, we use the digraph G(w) to
define the number n(w), which equals the maximum possible cardinality for the node sets
of G(w) satisfying condition (2.7.1) (see Lemma 2.7).

Our first main result is to evaluate the function a(w) on W, by establishing the equation
a(w) = n(w) for any w € W, (see Theorem 3.1). The function a(w) was defined by
Lusztig in [12], which is important in the cell representation theory of the group W and
the associated Hecke algebra. It is usually a difficult task to compute the value a(w) for
an arbitrary w € W. In establishing the equation a(w) = n(w) for w € W, we first
show that the set W, and the function n(w) are invariant under star operations. It is
well known for the invariance of the function a(w) under star operations. Then we reduce
ourselves to a special subset F. of W.. We explicitly describe all the elements of F, in

each case. Then we show the equation a(w) = n(w) for any w in F,. and hence in W.

Lusztig defined distinguished involutions of W which play an important role in the left
cell representations of W and the associated Hecke algebras (see [13]). However, except
for the case of symmetric groups, it is usually very hard to recognize and to describe the
distinguished involutions among the elements of W. We proposed a conjecture in [16,
Conjecture 8.10] to describe the distinguished involutions of W, which is supported by all
the existing data (see [16], [21]). Our second main result is to give an explicit description
for all the distinguished involutions of W in the set W, verifying the conjecture in our
case. Denote by Dg(W,) the set of these elements. In order to describe the elements of
Do(W,), we define a subset F! of W, (see 3.10). Write w = wy -y € F. with J = L(w)

L.wy -y is the unique element in Dy(W.,)

and some y € W. Then we conclude that d =y~
with d T (see Theorem 4.3). By applying this result, we conclude that any left cell
L of W with L N W, # ) contains a unique element (say w”) in F! and that any z € L

has the form z = x - w’ for some x € W (see Corollary 4.11). This further implies that
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L is left connected (see Remark 4.12 (3)), verifying a conjecture of Lusztig on the left
connectedness of left cells of W in our case (see [2]).

The contents of the paper are organized as follows. We collect some notations, terms
and known results concerning cells of a Coxeter group W in Section 1. In Section 2, we
associate each w € W, to a digraph G(w) and deduce some results on the elements of W,
by using G(w). Then two main results of the paper are shown in Sections 3-4, one in

each section.

§1. Some results on Coxeter groups.

Let (W, S) be a Coxeter system. In Introduction we defined the set W, of all the fully
commutative elements of WW. In this section, we collect some notations, terms and known
results for later use.

1.1. Let < be the Bruhat—Chevalley order and ¢(w) the length function on W. Given
J C S, let wy be the longest element in the subgroup W; of W generated by J, provided
that W is finite. Call J fully commutative if the element w; is so.

For w,z,y € W, we use the notation w = z -y to mean w = xy and {(w) = ¢(x) + {(y).
In this case, we say that w is a left (resp., right) extension of y (resp., x), and say that y
(resp., x) is a left (resp., right) retraction of w. More generally, we say z is a retraction of
w (or w is an extension of z), if w = x - z - y for some x,y € W. A retraction z of w is

proper if £(z) < {(w).

Lemma. Let w = s183...5, be a reduced expression of w € W, with s; € S.

(1) The multi-set {s1, sa, ..., 8.} only depends on w but not on the choice of a reduced
expression.

(2) For any s € S with sw € W, the equation sw = ws holds if and only if ss; = s;s
forany 1 <1< r.

(3) If s,t € S satisfy sw = wt € W, then s =t.

(4) If w € W, then any retraction of w is also in W.. In particular, if w € W, has an

expression w = x -wy -y with x,y € W and J C S, then J is fully commutative.

Proof. (1) and (2) (resp., (4)) follow by the definition (i) (resp., (ii)) of a fully commutative
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element (see Introduction) Then (3) is an easy consequence of (1). [

1.2. Let % (resp., %, LéR) be the preorder on W defined as in [11], and let ~ (resp., ~
LNR) be the equivalence relation on W determined by % (resp., %, LgR ). The corresponding
equivalence classes are called left (resp., right, two-sided) cells of W. < (resp., <, <)
induces a partial order on the set of left (resp., right, two-sided) cells of %/V .
1.3. Lusztig defined a function a : W — N U {oo} for a Coxeter group W in [12]. When
W is a Weyl or affine Weyl group, Lusztig proved in [12], [13] the following results.

(a) a(wy) = L(wy) for J C S with W finite (see [12, Proposition 2.4] and [13, Proposi-
tion 1.2]). In particular, when J is fully commutative, we have a(w ;) = |J|, the cardinality
of the set J.

(b) If LSR y in W, then a(x) > a(y). So = Y implies a(x) = a(y), i.e., the function
a is constant on a two-sided cell of W (see [12, Theorem 5.4]).

(¢) If w=x-y then w < y and w < . Hence a(w) > a(z),a(y).

(d) If a(x) = a(y) and 13L§ y then grz y (see [13, Corollary 1.9]).

Note that (d) remains valid in any finite or affine Coxeter group (i.e., any finite Coxeter
group or any affine Weyl group) if condition a(z) = a(y) is replaced by z ~Y (see [1,
Corollary 3.3]).

1.4. Following Lusztig (see [13]), an element w € W is distinguished, if {(w) — 26(w) =
a(w), where §(w) = deg P, e the identity element of W and P, , is the celebrated
Kazhdan—Lusztig polynomial associated to the ordered pair (x,y) in W. When W is a
Weyl or an affine Weyl group, Lusztig showed in [13, Proposition 1.4 (a) and Theorem
1.10] that a distinguished element w of W is always an involution (i.e., w? = €) and that
any left cell of W contains a unique distinguished involution.

1.5. For any w € W, let L(w) ={s€ 5| sw < w} and R(w) ={s € S | ws < w}.

Assume m = o(st) > 2 for some s,t € S. A sequence of elements

ys, yst, ysts, ...

m—1 terms

is called a right {s,t}-string ( or just a right string ) if y € W satisfies R(y) N {s,t} = 0.
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We say that z is obtained from w by a right {s,t}-star operation (or a right star
operation for brevity), if z, w are two neighboring terms in a right {s, ¢}-string. Note that
a resulting element z of a right {s,t}-star operation on w, when it exists, need not be
unique unless w is a terminal term of the right {s,t}-string containing it.

Similarly, we can define a left {s,t}-string and a left {s, t}-star operation on an element.

The following result follows directly from the definition of the relations > and ~on W,

which is known in [11], [12].

Lemma. Ifz,y € W can be obtained from each other by successively applying left (resp.,

right) star operations, then x ~Y (resp., x ~ y).

1.6. By the notation z—y in W, we mean that max{deg P, ,,deg P, .} = 3(|{(z) —
(y)|—1). Two elements x,y € W form a (left) primitive pair, if there exist two sequences
of elements x¢y = x, 21, ...,x, and yo = y, y1, ..., ¥, in W satistying:

(a) z;—y; for all i, 0 <i <.

(b) For every i, 1 < i < r, there exist some s;,t; € S such that z;_1,z; (and also
Yi—1,Yi) are two neighboring terms in some left {s;,t;}-string.

(c) Either £(z) € L(y) and L(y,) € L(z,), or L(y) € L(x) and L(z,) € L(y,) hold.
Lemma. (see [16, Subsection 3.3]) If x,y € W form a left primitive pair then x Y

§2. Digraphs associated to elements of W..

In [19], [20], [21], we associated each generalized Coxeter element of W to a digraph
which made it possible to use graph theory in the study of generalized Coxeter elements.
Clearly, a generalized Coxeter element is fully commutative. In this section, we shall
extend such an idea to the set W.. Lemmas 2.6, 2.7, 2.9 and Corollary 2.8 are extensions
of some results of [21]. The proofs of these results can proceed by imitating those of the
corresponding results in [21] and so are omitted. An important property of the set W, is
given in Proposition 2.10, which asserts that W, is invariant under star operations.

Let us start with some basic definitions of graph theory.

2.1. By a graph, we mean a finite set of nodes together with a finite set of edges. A

graph is always assumed simple (i.e., no loop and no multi-edges). Two nodes of a graph
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are adjacent if they are joined by an edge. In a graph G, the degree dg(v) of a node v
is the number of edges incident on v; v is a branch node if dg(v) > 2, and a terminus if
dg(v) < 1. A directed graph (or a digraph for brevity) is a graph with each edge orientated.
A directed edge (i.e., an edge with orientation) with two incident nodes v, v’ is denoted
by an ordered pair (v,v’), if the orientation is from v to v/. A node s of G is a source
(resp., a sink) if (s,s’) (resp., (s',8)) is a directed edge of G for any node s’ adjacent to
s. An isolated node is a node which is both a source and a sink. A source or a sink of G
is also called an extreme node. A directed path £ of a digraph G is a sequence of nodes
V0, V1, ..., V. in G with 7 > 0 such that (v;_1, v;) is a directed edge of G for 1 < i < r. Call
r the length of £&. A path £ is maximal if € is not properly contained in any other directed
path of G. A path £ is a directed cycle, if vo = v,.. A digraph is acyclic if it contains no
directed cycle. A subdigraph of a digraph G is a digraph which can be obtained from G
by removing some nodes and all the directed edges incident to these removed nodes.

2.2. To an expression
(2.2.1) X: W= 8§182...5,

(not necessarily reduced) of any w € W with s; € S, we associate a digraph G(x) as
follows. The node set V of G(x) is {s; | 1 < i < r} (note that the s;’s are boldfaced),
and the directed edge set E of G(x) consists of all the ordered pairs (s;, s;) satisfying the
conditions ¢ < j, s;5; # s;5; and that there does not exist any ¢ = hg < h; < ... < h; =3
with ¢ > 1 such that s, _ s, # sp,sn, , for every 1 < p < t. The digraph G(x)
so obtained usually depends on the choice of an expression x of w. However, if two
expressions of w can be obtained from each other by only applying the relations of the
form st = ts for some s,t € S with o(st) = 2, then their corresponding digraphs should be
the same. In particular, when w is in W, and an expression y of w in (2.2.1) is reduced,
the digraph G(x) only depends on the element w, but not on the particular choice of a
reduced expression y of w. In this case, it makes sense to denote G(x), V, E by G(w),
V(w), E(w), respectively. Call G(w) the associated digraph of w.

By the above construction of a digraph G(w) for w € W, there exists a natural map



Fully commutaive elements 7

¢ :s; — s; from V(w) to S and hence V(w) can be regarded as a multi-set in S.

Note that the above definition of the digraph G(w) can be regarded as a reformulation
of Viennot’s notion of a heap (see [25]).
2.3. Here and later, we always use the boldfaced letters, say I, J, V, ... (resp., s, t,v,...) to
denote node sets (resp., nodes) of a digraph and use the ordinary letters I, J, V... (resp.,
s,t,v,...) to denote the corresponding multi-sets (resp., elements) in S. In the subsequent
discussion of the paper, for a given expression of w € W, we often first mention a multi-set
I (resp., an element s) in S and then use the corresponding boldfaced letter I (resp., s)
to denote a node set (resp., a node) of the digraph G(w) or the other way round; in such
a case, the node set I (resp., the node s) is usually a certain specific one with ¢(I) = I
and |I| = |I| (resp., ¢(s) = s), and not ¢p~1(I) (resp., $~'(s)) in general. This will be
unambiguous from the context.
2.4. Consider the following conditions on an expression x of w € W in (2.2.1):
(2.4.1) for any pair ¢ < j with s; = s;, there exists a directed path in G(x) connecting
the nodes s; and s;.
(2.4.2) for any directed path s;,,s;,,...,s;, in G(x) with s;, = s;,, for 1 <h <m —2
and m = o(s;, $i,) > 2, there exists another directed path with s, ,s;  two extreme nodes.

The following result follows by a result of Stembridge (see [24, Proposition 3.3]).

Lemma 2.5. Let x be an expression of some w € W of the form (2.2.1). Then x satisfies
both conditions (2.4.1) and (2.4.2) if and only if the element w is in W, with x reduced.

The next two results can be proved by imitating those for [21, Lemmas 2.1 and 2.2].

Lemma 2.6. (comparing with [21, Lemma 2.1]) Let G be an acyclic orientation of a
graph G. Then

(i) Each terminus of G is an extreme node of G.

(1i) Each node of G is contained in some mazimal directed path of G, which starts with
a source and ends with a sink.

(iii) Let w € W, be with G(w) the associated digraph. Then L(w) (resp., R(w)) (see
1.5) is exactly the set of all s € S with ¢~1(s) containing a source (resp., a sink) of G(w).
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(iv) Keep the assumption of (iii). Let s € L(w) (resp., s € R(w)). Then E(w)éﬁ(sw)
(resp., R(w)éR(ws)) if and only if the removal of the source (resp., sink) s from G(w)
yields a new source (resp., sink) in the resulting digraph (see 2.3).

Lemma 2.7. (comparing with [21, Lemma 2.2]) Given w € W, with G(w) the associated
digraph. Then there is an expression w = x - wy -y for some J C S and x,y € W if and

only if there is a node set J of G(w) with ¢(J) = J such that
(2.7.1) for any s # t in J, there is no directed path connecting s and t in G(w).

For any w € W¢, denote by m(w) the maximum possible value of /(w ;) in an expression
w = x-wy -y, and denote by n(w) the maximum possible cardinality of a node set J of

G (w) satisfying condition (2.7.1). Then Lemma 2.7 tells us the following
Corollary 2.8. (comparing with [21, Corollary 2.3]) m(w) = n(w) for any w € We.

By Corollary 2.8, we shall not distinguish the numbers m(w) and n(w) for any w € W,
and denote n(w) for both numbers.
The next result asserts that the number n(w) remains unchanged under a star operation

on w € W,, whose proof imitates that for [21, Lemma 2.4].

Lemma 2.9. (comparing with [21, Lemma 2.4)) If w,y € W, can be obtained from each

other by a star operation, then n(w) = n(y).
Finally, we show an important property of W, involving star operations.
Proposition 2.10. The set W, is invariant under star operations.

Proof. Assume that y € W can be obtained from some w € W, by a left {s,t}-star
operation for some s,t € S with st # ts. We want to show y € W.. We may assume
y = sw for the sake of definiteness. The result follows by Lemma 1.1 (4) if y < w. Now
assume w < y. Let w = s185...5, be a reduced expression of w with s; € S and let G(w)
be the associated digraph of w with V(w) = {s; | 1 < i < r} the node set. Let G be
the digraph for the reduced expression y = $s183...8, with V.= V(w) U {sg} the node

set, where ¢(sg) = sp = s. If y is not fully commutative, then by Lemma 2.5, there
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exists a directed path, say £ : s;,,si,, ..., 8i,,, i G with m > 3 such that s;, for

= Sipqo
1 <h<m-—2,0(s;,si,) =m and that there does not exist any other directed path in G
with s;,,s;, two extreme nodes (hence for any node s of G not in &, if s is adjacent to
two nodes s;,,s;, of { in G, then (s,s;,) is a directed edge of G if and only if (s,s;, ) is

s0). Since s is a source of G and w € W, we must have sy = s;,. So there is a reduced

expression

(2.10.1) Yy = p1p2---Pa(ss’ss’..)q1q0...qp

m factors

of y whose corresponding digraph is again G, where p;,q; € S, a+b+m = r + 1 and
s’ = s;,. We may assume that a is the smallest number with this property. Hence
p1p2---Pa(ss’ss’...) € W, for any k < m. Then w has the reduced expression

kfactors

(2.10.2) w = p1p2..-pa 8's8's... Vq1qa...q .

m~—1 factors

Since m > 3, there exists at least one factor s among the m — 1 factors in the parentheses
of the expression (2.10.2). We have pps = spy, for any h by Lemma 1.1 (2) and the fact
that the leftmost factor s in the parentheses of the expression (2.10.1) corresponds to a
source of the digraph G. In particular, this implies ¢ # p;, for any h. Next we claim that
t = s’. Otherwise, the leftmost factor ¢ in the expression (2.10.2) should be ¢, for some k.
Since there exists at least one factor s in the parentheses of the expression (2.10.2), this

contradicts the fact that qy is a source of the digraph G(w). So (2.10.2) becomes
(2.10.3) w = p1p2...pa( tSts... )q1q2-.-qp -
m—1 factors

Since the leftmost factor ¢ in the parentheses of (2.10.3) is a source of G(w), we have

prt = tpy, for any h. So y has the reduced expression

(2.10.4) y = ( stst... )p1p2...Paq1q2---Qb

m factors
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which is impossible since y is obtained from w by a left {s, ¢}-star operation. This shows
that W, is invariant under left star operations. By the same argument, we can show that

W, is invariant under right star operations. This proves our result. [

We are told that the conclusion of Proposition 2.10 was proved by Graham in the simply
laced case of finite Coxeter groups (see [9]). By Lemma 2.6 (iv) and Proposition 2.10, we
see that Lemma 2.9 implies that the number n(w) is invariant under the star operations

on an element w in W..

§3. The value a(w) for w € W..

Assume that W is a Weyl or an affine Weyl group. Lusztig’s a-value is an important
invariant for an element of W (see 1.3). It is usually difficult to calculate a(z) for an
arbitrary z € W. However, the value n(w) for w € W, can be computed easily. The

main result of the present section is Theorem 3.1, which equates a(w) with n(w) for any

w e We.

Theorem 3.1. When W is a Weyl or an affine Weyl group, we have a(w) = n(w) for

any w € We.

By 1.3 (a)—(c), the inequality a(w) > n(w) holds for w € W, in general. We have to
show the equality holds. We need only show it in the case where W is irreducible. So
from now on, assume that we are in such a case.

Note that the result in the simply-laced cases are known already (see [14, Theorems
17.4 and 17.6] and [18, Theorem 3.1] for the cases of A, and A,, n > 1; and see 5,
Theorem 4.1] for an arbitrary simply-laced case).

3.2. Let W be A,, or A, (n > 1). Then we have the following two results:

(i) An element w € W is in W, if and only if w corresponds to a partition of the form
2F17=2F (i.e., a partition of n with k parts equal to 2 and n — 2k parts equal to 1) for
some 0 < k < n/2 under the map defined in [14, Definition 5.3] (see [14, Theorems 17.4
and 17.6] and [18, Theorem 3.1});

(ii) For any w € W, we have a(w) = k if and only if w corresponds to 2¥1"~2¥  which

holds if and only if n(w) = k (see [18, Theorem 3.1] and [16, formula (6.27)]).
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Then Theorem 3.1 follows in this case. So in the subsequent discussion, we assume
W # A, A, (hence the Coxeter graph of W is a tree).
3.3. By the Cartier-Foata factorization of w € W, we mean the expression of w of the

form w = wywy,.. wy,, where J; = L(wy,wy,,,..wy, ) for any 1 <i < r (see [7]).

i+1°°
Let F. be the set of all the elements w in W, such that £L(sw) C L(w) (or equivalently,
L(sw) = L(w) \ {s}) for any s € L(w). Then the following result can be shown from the

definition.

Lemma. Let W be a Weyl or an affine Weyl group.

(1) Any w € W, can be transformed to some of its left retractions in F. by left star
operations.

(2) If w € F., then any right retraction of w is also in F..

Let w =wjwy,.. ws, be the Cartier-Foata factorization of w € W.

(3) Denote J = Jy and I = Jo. Then for any s € I, there exist at least two t # 1 in
J such that st # ts and rs # sr. In particular, this implies that I contains no terminal
node of the Coxeter graph of W.

(4) w is in W, if and only if the following conditions hold:

(i) if s € Ji—1 N Jiy1 for some 1 < i < r then there must exist either some t € J; with
o(st) > 3, or some t #t' in J; with o(st),o(st’) > 2; in the former case, if o(st) = 4 and
t € Ji—o (resp., t € Jiy2) then there exists either some s’ € J;_1\{s} (resp., s’ € Jit1\{s})
with o(s't) > 2 or some t' € J; \ {t} with o(st") > 2.

(i) if there exist some 1 < i <r—>5 and s,t € S with o(st) = 6 such that s € J;NJ; 12N
Jivq and t € Jip1 N Jiys N Jiys, then there must exist either some s’ € (Ji1oU Jipq) \ {s}
with o(s't) > 2 or some t' € (Ji11 U Jixs) \ {t} with o(st") > 2.

Proof. By applying induction on ¢(w) > 0, (1) follows directly from the definition of the
set F.. Since no element of I is in L(w), there exists, for any s € I, at least one t € J
such that st # ts. If, for some s € I, t is the only element in J satisfying the condition
st # ts, then t € L(w) \ L(tw) and s € L(tw) \ L(w). So w +— tw is a left {s,t}-star

operation with tw < w, contradicting the assumption of w € F.. Hence (3) follows. For
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(2), we need only show that if w =z -s € F. and s € S then = € F.. We have x € W,
by Lemma 1.1 (4). Suppose z ¢ F,. Then there exists some t € L(rz) \ L(x) for some
r € L(x). Since L(x) C L(w) and L(rz) C L(rw), we have r € L(w) and t € L(rw). By
the assumption of w € F., we have t € L(w). As t ¢ L(x), this implies z - s = ¢ - z by the
exchange condition on W. This implies s = ¢ by Lemma 1.1 (3) and the fact that w € W-.
Moreover, s commutes with and is not equal to any factor v € S in a reduced expression
of z by the fact that s-z =z -s € W, and Lemma 1.1 (2). This contradicts the fact that
s =t ¢ L(rz). Hence (2) is shown. Finally, (4) follows directly by Lemma 2.5. O

For any w € W,, there is some y € F. obtained from w by left star operations by
Lemma 3.3 (1). We have a(w) = a(y) and n(w) = n(y) by 1.3 (b) and Lemmas 1.5, 2.9.
So we need only consider the case of w € F, (rather than w € W,) in the proof of Theorem
3.1.

3.4. In 3.4 and 3.6-3.7, we always assume that w € F, and I, J C S are as in Lemma 3.3
(3). We may assume I # (). For otherwise, w = wy, the equation a(w) = n(w) clearly

holds. Then G(wj wr) is a subdigraph of G(w) with the node set TUJ. Let
(3.4.1) IUJ =K U..UK,

be a partition of I U J with W,y = Wik, x ... x Wk, (direct product), where each W,
is an irreducible standard parabolic subgroup of W. Then each K; is the node set of a
connected subgraph I'; of the Coxeter graph I' of W. By Lemma 3.3, we see that IN K,
when it is nonempty (or equivalently, |K;| > 3), is fully commutative and contains no
terminus of I';. Thus [INK;| < 3|K;| for any i. In particular, when INK; # 0, the
equation |[INK;| = 3|K;| holds only when |K;| is even and the underlying graph of G(wg,)
is a circle (i.e., Wk, = ,ZI| &,|—1)- The latter case never happens by our assumption on W
(see 3.2).

3.5. In the subsequent discussion, the subscripts for the generators of the irreducible
Weyl and affine Weyl groups are given as follows (following [4, pages 250-275]) . The gen-
erators i, So, ..., sg of Eg satisfy that o(s1s3) = 0(s384) = 0(s284) = 0(5485) = 0(s556) =

o(ses7) = o(s7sg) = 3. The groups Fg and F7 can be regarded as the standard parabolic
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subgroups of Eg generated by {si, ..., s¢} and {s1, ..., s7} respectively. Then E,, is the ex-
tension of F,, with an additional generator sy such that o(sgs2) = 3 if m = 6, o(sgs1) = 3
if m =7, and o(sgss) = 3 if m = 8.

The generator set S = {sq, s1, ..., s, } of the group A, (resp., En, én, ﬁn) satisfies
that o(s;s;41) = 3 for 0 < i < n with the subscripts modulo n + 1 (resp., o(s;S;+1) =
o(spse) =3 for 1 <i<n—1and o(sp_18,) = 4; 0(s;8;41) =3 for 1 <i <n-—1and
0(s081) = 0(Sp—15n) = 4; 0(8i8;41) = 0(s0s2) = 0(Sp—28,) =3 for 1 <i<n—1).

The generator set S = {so,s1, S2, 83,84} of F, satisfies that o(sps1) = o(s182) =
o(s3s4) = 3 and o(szs3) = 4. The generator set S = {sg,s1,52} of Gy satisfies that
o(sps2) = 3 and o(s152) = 6.

Then a Weyl group X € {A},, Bk, Ci, Dy, Fy,Go | B > 0,k > 2,1 > 1,m > 3} can be

regarded as the standard parabolic subgroup of the affine Weyl group X generated by
S\ {so}.
3.6. In 3.6-3.7, we assume the digraph G(w w;) to be connected with I the underlying
graph. First assume that I UJ contains no branch node of the Coxeter graph I' of W.
Then the graph TV is a line, and TUJ = {s1, s2, ..., 8}, where s;8;11 # $;118; for 1 <i <t
by relabelling if necessary. By Lemma 3.3 (3), we see that ¢ is odd, say ¢t = 2h + 1 for
some h > 1, and that J = {s1,s3,...,825+1} and I = {sg,84, ..., 825 }. The directed edges
of G(wjwy) are (Sg2;+1,892;) for 1 < i < h.

(i) If o(s2i+1592;) = 3 for all 1 < i < h, then let 2 = $153...82141 " S254...S2p - S385...S2h—1
wee ShSh42 - Spt1 (here and later we express the elements z, zg, etc, in the form of Cartier-
Foata factorizations, see 3.3).

(ii) If there exists exactly one pair (say s,t) in I U J, satisfying o(st) = 4 and if one of
s, t is a terminus in IV (say sop41 € {s, t} for the sake of definiteness), then Wy ; = Bapy1
for some h > 1. Let z be the element s153...591,41 - S254...52h - 5355...52h41 * S456---52h * -+
Soh—1S2h+1 * Son - Sept1 if W € {By, El, 5’;} for some [ > 2h + 1 (note that the subscripts i
of the s;’s here and in (i) are not those described in 3.5), 5984 S3-S2 81 Or S183- 82+ S3- S4
if W = Fy, and s9S4 - S3 - So - S1 - Sg Or S1S3 - Sg - S3 -84 if W = f’4 (here and later the

subscripts ¢ of the s;’s are given as in 3.5).
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(iii) If there exists exactly one pair (say s,t) in TUJ, satisfying o(st) = 4 and none of
s, t is a terminus of I, then Wy ; = ﬁ4. Let 2z = 505254 - S183 - 89 - S3 - S4.

Then in any of the cases (i)—(iii), the element w is a right retraction of z (see 1.1) by
Lemmas 2.5, 3.3 and the assumption of w € F..

(iv) Suppose there exists exactly one pair (say s,t) in I UJ with o(st) = 6. Then
Wiug = ég. Let o = s¢s1 - 52 - 51 - 82 and then let 2, = z* for any k > 1.

(v) If there exist two pairs (say {s,t}, {s’,t'}) in IUJ with o(st) = o(s't) = 4, then
Wiug = Cap, for some h > 1 and (s,t,8,t") = (s0,S1,S2n—1,82n). Let & = spsa...s9p -
$183...59n—1 and then let z;, = z* for k > 1.

Then in any of the cases (iv)—(v), the element w is a right retraction of zj; with some
k > 1 by Lemmas 2.5, 3.3 and the assumption of w € F.

3.7. Next assume that IUJ contains a branch node, say s, of the Coxeter graph I' of W.
If s is a terminus in the underlying graph I of the digraph G(w jw;), then the situation
is the same as that in 3.6. Now assume that we are not in such a case.

(i) First assume s € J. Then W € {E;,E; | i = 6,7,8} and s = s;. When W is
FEg, E7 or E7, let z = 15456 - S3S5 - S4 - So; when W = Eg, let z be one of the elements
518486838584 S2° 80, S15480° 5352 54" S5° 86, S0S456- 5255 S4° 8381, and 89S15486 28385 84;
when W is Eg or Eg, let 2 = 51545688 - $35557 - S4S¢ * S285 + S4 * S3 * S1.

(ii) Next assume s € I. Then W is D, ﬁn, ém, E; or El (n > 4, m > 3 and
i =6,7,8). When W = D,, with s = s5,8,_» two branch nodes (hence n > 4), let
T = 8081 82 83 .t Sn_2, Y = Sp_1Sp * Sp_2 * Sp_3 * ... - So, then let zp = zyx...
and z;, = yzy... (k factors each) for k& > 1; when n = 4, the branch node s is s, let
x;j = 8;8j-sg for any ¢ # j in {0, 1, 3,4} and let z;; = x,,, be with {4, 5,[,m} = {0, 1, 3,4},
then let z,gij) = 2;;%;;%;j... (k factors) for any k& > 1, let 2(m) — $iS;S1 - S2 - Sy for
{i,7,l,m} = {0,1,3,4}, and let 2y = s0$15354 - S2. When W = Em is with s = s, the
branch node, let & = 50851 - 82 - 83 - ... Spn—1 * Sm - Sm—_1 - ... - S2, then let z;, = z¥ for k > 1;
in particular, when W = §3, we further let yo = sgs3 - s3 and y; = s183 - s2, then let
2. = Yoy Yo-... and 2! = y1yoy1... (k factors each) for k£ > 1. Also, let z = s¢s153 - S2 - S3.

When W is E; or Ei, the branch node s is always s;. Then zyp = s98355 - 54 is always
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in F.. Now we consider the other elements of F, in E; or EZ When W = E(;, let zg €
{8385'84-82'80, §285:54-583°S51, 8283'84'85'86}. When W = E7, let x = §528587:5456°5355°5154,
Y = S0S2S3-S184- 5355 S4Se, then let z;, = zyz... and z;, = yxy... (k factors each) for k > 1;
let W1 = S09S3S5S7 - S1S54S6 - U with u € {528385 + 84,8283 S84 S5,5985 " S4°53,5355 * S4 82},
let Wo = 5052535557 * 815486 * S3S5 * S4 - S2, W3 = S0S3S5 * §1S54 * $283 * S4 - S5 - S¢ * S7 and
W4 — 8385875486 °5285:54°-83°S1*S50- When W = Eg, let 21 = 8382555750 545658 S557 " S¢,
Z9 = 89858780 5456S58 *S35557°5154S6 U with u € {538285 *S4,8355°54°852,8352°S4"S5,5955"
Sq 33}, 23 = 853858780 © 545658 * $525557 *+ 5486 * S3S5 * S154 * $283 * S4 * S5 - S¢ * S7 * S8 * S0,
Z4 = 828587 °5456°5355°5154°52583°54°S5°S6°S7°-S88" 50, and Z5 — 8283°S4°S5°SgS7°S8"°50-

Note that F; is a standard parabolic subgroup of E; for i = 6,7,8. We see that in any
of the above affine Weyl groups and of the corresponding Weyl groups, an element w of
F,. with IUJ containing a branch node of I' and with Wy ; irreducible must be a right
retraction of some z, zi, 2., 2, z,gij ), 2(m) or wy, whenever it is applicable.

Lemmas 3.8 and 3.9 below can be obtained by the list of elements of F; in 3.6-3.7.

Lemma 3.8. Let W be an wrreducible Weyl or affine Weyl group. Letw € F. and I, J C S
be as in Lemma 3.3 with 1UJ containing no branch node of the Coxeter graph I' of W.
Then the set {s € S | s < w} is contained in I U.J except for the case where W € {Fy, Fy}
and w is a right extension of 1S3 - Sg - S3 + S4 OT S2S4 - S3 - S2 - S1. In this case (i.e.,
{seS|s<w}CIUJ), let u be the number of parts in the partition (3.4.1) of I U J,
then there exists a decomposition w = wi - wa - ... - w, with wy, € Wg, N F., where each
wy, s a Tight retraction of some suitable z, zx, 2., 2, z,(jj), 2(m) or wy.
Lemma 3.9. Let W be an irreducible Weyl or affine Weyl group. For any w € F. in
3.6-3.7 with Wy irreducible, we have n(sw) < n(w) = |L(w)| for any s € L(w). More
precisely, we have n(sw) < n(w) = |L(w)]| for any s € L(w), unless w is a right extension
of some element w’ defined below:

(1) W = D,,. Whenn > 4, let u = 80815283 ... Sn_2"Sn_18n, then let w' € {u,u=t};
when n =4, let w' € {s;s; - s2-s15m | {1,4,1,m} ={0,1,3,4}}.

(2) W = B,,,. When m > 3, let w' = $9S1 8283 oo " Sm—1* S * Sm—1 * -+ * 82 * $150;
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when m = 3, let w’' € {sps1 - S2+ S3 - S2 + S0S1, 8053 * S + $153, 5183 * S2 - S0S3}-
(3) W = Cy for some even |l > 2. Let w' = $9S284...8] * $183...8]—1 * $05254...5]-
(4) W = E;. Let u = s95557 - 8486 - 5355 - 5154 - 508352, then let w' € {u,u~1}.

(5) W = ég. Let w' = 5¢s1 -89+ 81 - 89+ 5150.

3.10. Let F! be the set of all the elements w in F, with n(sw) < n(w) for any s € L(w).
Let F!' = F. \ F!. We record a simple fact on F for later use.

Lemma 3.11. Let W be an irreducible Weyl or an affine Weyl group. Then s < w for

any w € F! and s € S.

3.12. In the above discussion on w € F., we always assume Wiy irreducible. Now
assume that I U J is as in (3.4.1) with « > 1. For each i, let V; be the set of all the
nodes s in G(w) such that there exists a directed path connecting s with some node in K;.
Let G; be the subdigraph of G(w) with V; its node set. Then G; will be the associated
digraph of some element w; of F, in one of the cases discussed in 3.5-3.9. By Lemma 3.8
and by observing the cases of W = F4,ﬁ4, we see that there exist some 1 <7 < j < u
with V; NV # 0 only when K; UK; contains some branch node of the Coxeter graph of
W. By the definition of the set F', we see that w € F! if and only if there exist some

1 < k < u with wg € F. Then we have the following

Lemma 3.13. Let W be an irreducible Weyl or affine Weyl group. If w € F! then Wiy

is 1rreducible, where I U J is determined by w as in Lemma 3.3 (3).

Proof. Write w = wy - x with J = L(w) and some = € W,.. Let I = L(z). Then I U J
has a partition (3.4.1) for some v > 1. We must show u = 1. Recall the notations Kj,
K;, V, and w; (1 < ¢ < u) in (3.4.1) and in 3.12. By 3.12, there exists some 1 < k < u
with wy, € F!. We may assume k = 1 by relabelling the K;’s if necessary. By Lemma
3.9, we see that wy € F/ only if W is Dy, (n > 4), By, (m > 3), C; (even | > 2), E;
or 57*2. Write w; = wg -y with K = L(w;) and some y € W.. Let H = L(y). Then
KUH = K; C IUJ. When W is C; or Go, we have KUH = S by Lemma 3.9 (3), (5). This
implies K1 = I U J, i.e., u=1. When W = FE7, K; is equal to either {s0, 51, 83, 84, S2}
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or {sg, 84, 85,86,57}. Assume K; = {sg, $1, S3, S4,S2}. Then w, is a right extension of
2 = 808382 - 8184 - S385 - S456 * S285587. Let V/ =V (w) \ V1 and let G’ be the subdigraph
of G(w) with V' its node set. Then G’ will be the associated digraph of some right
retraction (written w’) of w. We have w = w’ - w; by the construction of Vi. If u > 1
then w’ # e. Since w = w’ - w; € W, and since the sources sq, s3, sp of the subdigraph
G (wy) are also the sources of the digraph G(w), the element w’ contains no factors s;
with 0 < ¢ < 4 in its reduced expression by Lemma 1.1 (2). So R(w’") C {ss, s¢, s7}. It
can be checked easily that s;z ¢ W, for any j = 5,6,7. So w’ # e would imply w ¢ W, a
contradiction. Hence we again get u = 1. Similarly for the case of K1 = {s2, $4, S5, S¢, S7}-
The arguments for the remaining two cases (i.e., W = D, Em) are similar to that for the

case of W = E7 and hence are left to the readers. 0O

3.14. Now we consider the set F. For any z = wg -2’ € W, with K = L(z) and 2’ € W,
let n/(z) be the maximum possible cardinality for a node set V in the digraph G(z) which
satisfies conditions (2.7.1) and V # K (K being the set of sources in the digraph G(z),
see 2.3). Clearly, the inequality n’(z) < n(z) holds in general.

The following is concerned with the properties of the set F..

Lemma. Let W be a Weyl or an affine Weyl group.
(1) The following statements on an element w € W, are equivalent:
(a) we F.;
(b) n(sw) < n(w) for any s € L(w);
(c) a(sw) < a(w) for any s € L(w);
(d) w < sw for any s € L(w);
(e) n'(w) < n(w);
(f) n'(w) < |L(w)].
(2) If w € F then any right retraction of w is also in F.

Proof. (1) Write w = wy - x with J = L(w) and some = € W..
(b) <= (c): This follows by Theorem 3.1.
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(¢) <= (d): We have w < sw for any s € L(w) in general. Hence the result is an easy
consequence of 1.3 (b),(d). '

(b) <= (e)<=> (f): This can be shown by the facts that n’(w) = max{n(sw) | s € J}
and n(w) = max{n'(w), [J|}.

(a) = (b): This follows by the definition of the set F.

(b) = (a): Condition (b) ensures that if V is a node set of G(w) satisfying conditions
(2.7.1) and |V| = n(w) then V = J (J being the set of sources of G(w), corresponding
to J = L(w)). This implies that |L(sw)| < |L(w)| for any s € L(w). In general, we have
L(sw) 2 L(w) \ {s} for any s € L(w). Hence the inequality |L(sw)| < |L(w)| implies
L(sw) = L(w) \ {s} C L(w) for any s € L(w). So w € F.. Thus w is in F! by condition
(b) and by the definition of the set F.

(2) According to the transitivity of taking right retraction, we need only show that if
w=z-s € F/ and s € § then z € F!. Since z € W,, we may consider the associated
digraph G(z). Clearly, n'(z) < n'(w) < |L(w)| by the equivalence of (a) and (f) in
(1), and L(z) € L(w). Again by the equivalence of (a) and (f) in (1), it suffices to
show n/(z) < |L£(2)|. The result is obvious in the case of £(z) = L(w). Now assume
L(z) € L(w) =J. Thus s € J (s being the node of G(w) corresponding to the rightmost
factor s in the expression w = z - s) and L(z) = L(w) \ {s} by the exchange condition
on W and the fact of w € W.. Hence s commutes with any ¢t € S satisfying ¢ < z by
Lemma 1.1 (2). This implies that the node s is contained in any maximal node set of
G (w) satisfying condition (2.7.1). So n/(w) — 1 is the maximum possible cardinality for a
node set V of the digraph G(z) (regarded as a subdigraph of G(w)) satisfying conditions
(2.7.1) and V # J \ {s}. Therefore n'(z) = n'(w) — 1 < |L(w)| — 1 = |£(z)]. This shows
z € F! by the equivalence of (a) and (f) in (1). O

We have the following important properties for the elements in F..

Lemma 3.15. Let W be a Weyl or an affine Weyl group.
(1) For any w € F!, there erists a sequence of elements to = W, X1, ..., T, = Wk N

F! with K = L(w) such that x; can be obtained from x;_1 by a right star operation and



Fully commutaive elements 19

x; < wi_q for every 1 <i < r. In particular, we have n(w) = [L(w)].

(2) For any w € F!, there exists some s € L(w) such that n(sw) = n(w) = |L(w)| and
that {w, sw} is a primitive pair (see 1.6).

(8) For any w € W, there exists some y € F such that y is a left retraction of w with

yyw and n(y) = n(w).

Proof. For w € F, write w = wy - x with J = L(w) and some x € W,. Let I = L(x).
We may assume I # (), for otherwise, the results are trivial. When Wy is irreducible,
results (1)—(2) can be shown by a close observation of all the cases listed in 3.6-3.9 (see
Examples 3.19 for illustration). Lemma 3.13 tells us that Wy is always irreducible for

w € F! whenever W is irreducible. So (2) follows.

Now we want to prove (1). Suppose that w € F! and that I U J has a partition (3.4.1)
with u > 1. Keep the notations w;, V;, 1 <i < u, in 3.12. If any w;, 1 < ¢ < u, has the
form wy, for some H; C S, then so does the element w and hence the result is true. Now
assume that there exists some 1 < k < u with wy # wy for any H C S. We may assume
k =1 by relabelling the K;’s in (3.4.1) if necessary. Let V' = V(w)\ V7 and let G’ be the
subdigraph of G(w) with the node set V’. Then it is easily seen that G’ is the associated
digraph of some right retraction (written w’) of w. Moreover, we have w = w’ - wy. By
the last sentence of 3.12, wy is in F!. Write w1 = wg -y with K = L(w;) and some
y € We. Let H = L(y). Then Wkypg is irreducible (note K U H = K3 in the notation
of (3.4.1)). Hence w; can be transformed to wx by a sequence of right star operations
according to the list in 3.6-3.7 for the elements of F in the irreducible case of Wy ;. By
Lemma 2.6 (iv) and by the construction of the elements wq, w’, this implies that w can
be transformed to w” = w’ - wg by the same sequence of right star operations as wg
obtained from w;. We see that w” is a proper right retraction of w. Hence by Lemma

3.14 (2), w” is in F as so is w. Therefore, (1) follows by induction on ¢(w) — |L(w)| = 0.

For (3), if w ¢ F,, then by the definition of the set F¢, there exists some s € L(w) such
that w’ = sw can be obtained from w by a left star operation. Clearly, w’ is a proper

left retraction of w with w’ T and n(w’) = n(w) by Lemmas 1.5 and 2.9. Applying
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induction on ¢(w) > 0, we can show that there exists some y € F, such that y is a left
retraction of w with y v w and n(y) = n(w). If y € F! then we are done. Otherwise,
by (2), there exists some s € L(y) such that {y, sy} is a primitive pair and n(sy) = n(y).
Hence 3y’ = sy is a proper left retraction of y with g’ Y by Lemma 1.6. Since 3’ is in
W, we can find a left retraction y; of v’ in F, with 1, ~ y" and n(y1) = n(y’). Continue
the process. Since y; is a proper left retraction of y and since ¢(y) < oo, such a process
must stop after a finite number of steps. So we can eventually find a required element of

F. O

3.16. Proof of Theorem 3.1. By Lemma 3.15 (3) and 1.3 (b), any w € W, can be
transformed to some y € F! with a(y) = a(w) and n(y) = n(w). Then by Lemma 3.15
(1), we have y W with J = L(y), where w; is obtained from y by a sequence of right
star operations. Then n(y) = n(wy) = |J| by Lemma 2.9. Also, a(y) = a(w;) = |J| by
1.3 (a), (b). This implies a(y) = n(y) and hence a(w) = n(w). O

Remark 3.17. The careful reader may suspect that the above arguments proceed in
circle:

Theorem 3.1 = Lemma 3.14 (1) = Lemma 3.14 (2)

— Lemma 3.15 (1) = Theorem 3.1.

Now we would like to explain that this is not the case. Theorem 3.1 is applied only in
the proof for the equivalence between (c) and (d), but not between (a) and (f) in Lemma
3.14 (1); only the latter equivalence is applied in the proof of Lemma 3.14 (2). Thus the
validity of Lemma 3.14 (2) does not depend on Theorem 3.1.

Corollary 3.18. Let W be a Weyl or an affine Weyl group. Then a(w) = |L(w)| for any

w € F..

Proof. Let w = wy, -...-wj, be the Cartier-Foata factorization of w. The result is obvious
if r = 1. Now assume r > 1. If the group Wy, , is irreducible then the result follows by
Theorem 3.1 and Lemma 3.9. When W, , is reducible, we can make the decomposition
(3.4.1) with J; U Js in the place of I U J. Then our proof in this case can proceed similar
to that for Lemma 3.15 (1). O



Fully commutaive elements 21

Examples 3.19. (1) Let W = ES and let w = s9555750 - S456S8 - S35557 + $15456 * S35255 * S4.
Then w is in F! with n(w) = |£(w)| = 4. The required right star operations on w are just
to remove the factors sy, s3, s5, S2, S¢, S4, S1, 57, S5, S3, S4, S¢, Sg in turn on the right-side
of w. Then the resulting element is wo257 = $2555750. So by 1.3 (a) and Lemma 1.5, we
get a(w) = a(wpasr) = 4.

(2) Let W = E7 and let w = $98587 S486 - S355 - S184 - S0S3S2 - 2 (some z € W,.) be a right
retraction of the element z; but not that of z;_; for some k > 2 (see 3.7 for z; in E7)
Then w € F!. Take y = sow. We have n(y) = n(w) = |L(w)| = 3. We claim that {w,y}
is a primitive pair. Let wg = w, w1, ..., wg be such that w; = syqw, we = sgwy, w3z = sgwo,
Wy = S5Ws3, W5 = S1Wy4, W = S4Ws, W7 = SoWg, Wg = Szwr. Also, let yo = y,y1, ..., ys be
such that y1 = s5y, y2 = S7Y1, Y3 = Sa¥2, Ya = S6Y3, Ys = S3Y4, Y6 = S5Ys, Y7 = S1Ys.
Ys = S4Y7 = S0S3S2 - z. Then we see that L(wg) = {s2,ss, s7} 2 {s5,87} = L(yo),
L(w;) = L(y;) for 1 < i < 8, L(wg) = {s0,53} & {s0,53,52} = L(ys) and that w; is
obtained from w;_; by the same left star operation as y; from y;_; for any 1 < j < 8.
This implies that {w, y} is a primitive pair and hence w YY Y Ys by Lemmas 1.6 and 1.5.
So a(w) = a(y) = a(ys) and n(w) = n(y) = n(ys) = 3 by 1.3 (a),(b) and Proposition 2.10.
The element yg is in F, with L(ys) = {so, 3, S2} which is a right retraction of z;_; but
not that of z_, (see 3.7 for z; in E7) Applying induction on k£ > 1, we can eventually
find some y" in F! with L(y’) € {{so, s3,52},{s2,55,s7}} and w ~ y" which is a right
retraction of z; or zj. Then y’ can be transformed to was7 or wpas by a sequence of right
star operations and hence a(y’) = 3 = n(y’). This implies a(w) = a(y’) = 3 by 1.3 (a),(b)

and Lemma 1.6.

84. Distinguished involutions in W..

Again assume that W is a Weyl or an affine Weyl group in this section. In [21], we
described all the distinguished involutions in the left cells of W containing some generalized
Coxeter elements. In this section, we shall describe all the distinguished involutions of W
in the set W.. The main result is Theorem 4.3.

4.1. By Lemma 3.15, we see that for any z € W, there exists some w € F! which is a left
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retraction of z and satisfies w ot By Lemma 3.14, we also see that for any w € F! and
any s € L(w), the inequalities n(sw) < n(w) and hence a(sw) < a(w) hold, which implies
w f sw again by Lemma 3.14. So we can say that any w € F/ is a minimal element (with
respect to left retraction) in the left cell of W containing it.

4.2. For w € F!, write w = wy -z with J = L(w) and x € W,. Let I = L(z). By
Lemma 3.15 (1), there is a reduced expression r = s183...5, with s; € S such that, let
Wk = wy$1Se...5; (0 < k < a), then wy can be obtained from wy_1 by a right {sy, ry }-star
operation for some 7 € S with sgry # ripsg. Given a reduced expression wy = tits...t

with t; € S, let G be the digraph determined by the expression
(4.2.1) d=zx"twjr = s,4...5981t1ta...tpS152...84

with s/, ..., 85,8}, t1, ta, ..., tp, 1, 82, ..., S, the nodes corresponding to the factors sq, ..., s2, $1,
ti,to, ..., ty, S1,82,..., 8 in (4.2.1) respectively (hence the node set J of G corresponding
to J is {t1,to,...,tp}, see 2.3). Two facts concerning the digraphs G(w) and G can be
seen easily:

(i) A node of G(w) is adjacent to some node in J if and only if it is in I (I being the
set of sources in the subdigraph G(z) of G(w));

(ii) G has no directed edge of the form (s}, s;) for any 4, j > 1.

Now we state the main result of the section.

Theorem 4.3. Assume that W is a Weyl or an affine Weyl group. Let w =wy - x € F!
be as above. Then we have

(1) The element d = x = wx satisfies £(d) = £(wy) + 20(x);

(2)de We;

(8) d ~w;

(4) d is a distinguished involution of W.

To show Theorem 4.3, we need first prove some lemmas.

Lemma 4.4. In the setup of 4.2, let

(441) dk = Sk...8281t1t2...tbslSQ...Sk
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for 0 < k < a with the convention that dg = tits...ty = wy.
(1) dy is an involution of W in W, for any 0 < k < a.
(2) The expression (4.4.1) of dy is reduced for any 0 < k < a.
In particular, (1)-(2) hold for d = d,.
(8) For any 1 < k < a, we have d, = sy - dp_1 - Sk, which can be obtained from di_1 by

a left {sk, r}-star operation followed by a right {sg, i }-star operation.

Proof. That dj, is an involution follows by noting in (4.4.1) that w; = t1ts...t is an
involution. To show dj € W, we first claim that the expression (4.4.1) satisfies conditions
(2.4.1) and (2.4.2) for any 0 < k < a. First we show that (4.4.1) satisfies condition (2.4.1).
We know that sg...s081t1ts...tp and t1ts...t55152...5, are reduced expressions. Then to show
the claim, we need only prove that for any nodes sj,s; (1 <i,j < k) of G with s; = s;
(keep the notations in 4.2), there exists a directed path of G connecting s; and s;. Let
h be the smallest number with s, = s;. Then there exists a directed path ¢’ (resp., &)
of G connecting the nodes s}, s} (resp., sp,s;) (we allow a directed path to contain only
a single node; see 2.1). There also exists a directed path ¢ : t;,sp,.,8p. 1,...,Sp, = sp of

G(w) (and hence of G) connecting the nodes t;, s;, for some [,¢ > 1 by Lemma 2.6 (ii).

/

Hence ¢’ : s,

o = Sh»Sp,s Sy, t1 is a directed path of G connecting the nodes sj,, t; by
symmetry. Let A be obtained by concatenating the directed paths &', (’,(, €. Then ) is a

directed path of G connecting the nodes s}, s;.

Next show that (4.4.1) satisfies condition (2.4.2) for any 0 < k£ < a. Suppose not. Then
by Lemma 2.5, there exists some directed path p : vi,va,..., vy, of G with v, = V49
for 1 < h < m—2 and m = o(viv2) such that there does not exist any other directed
path of G connecting vy and v,,. Since both si...s9s51t1to...tp and t1ts...tpS152...5; are
reduced expressions of some elements of W, the directed path p is neither a subsequence
of s}, ...,85,8,t1,t2,..., tp, nor a subsequence of tq,to, ..., ty,s1,82,...,85,. So by 4.2 (ii),
there exists some 1 < h < m such that v,_; = s;, vy, =tg, V41 = s, for some p,q,r > 1.
By 4.2 (i) and the facts of t, € J, s, = vp_1 = Up41 = S, we have p = r, s, € I and
s’ € I' ( I’ being the set of sinks in the subdigraph G(z~!) of G). By Lemma 3.3 (3),
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there exists some ¢’ # g with tys, # s,ty. Let p/ be obtained from p by replacing t,
by t,. Then p’ is another directed path of G connecting v; and v,,, contradicting our
assumption. So dj is in W, with (4.4.1) reduced by Lemma 2.5. We get (1) and (2).

In particular, we have dy = si - dr_1 - s for 1 < k < a. It is known that the element
wy can be obtained from wg_1 by a right {sg,r}-star operation with s; € R(wy) for
1 < k < a (see 4.2). By Lemma 2.6 (iii) and the fact that dj,dr—1 € We, we have
R(wy) = R(dy) for 0 < k < a by comparing the sinks in the digraphs G(wy) and G(dy).
This implies that R(dx) N {sk, 7k} = {sx} and R(dx—1) N {sk, 7} = {rr}. So (3) follows
by (1) and the fact that dy = s - dg—1 - s,. O

By Lemma 4.4, we can use the notation G(dy) for any 0 < k < a.
For 1 < k < a, let y; be the shortest element in the double coset (sk,rr)dk{(Sk, k),

where si # 7, in S are given in 4.2, and (s, ) is the subgroup of W generated by sk, 7.

Lemma 4.5. Let yi be as above for 1 <k < a.
(1) The element yy, is an involution in W;

(2) skyr 7# YrTk;
(8) There exists at least one, say t, of sk, satisfying tyx # yit.

Proof. (1) Since dj is an involution, both y; and yk_l are the shortest element in the
double coset (sg, rg)dk(Sk, k), which must be equal by [6, Proposition 2.7.3]. So yy, is an
involution. We know that dj is in W, and that y; is a retraction of di. Hence y; is also
in We.

(2) Since dj is an involution and R(dg) N {sk,rx} # 0, at least one (say z) of the
elements s -y and yx - 7% is a retraction of di. Then z is in W, by the fact that d € W..
This implies sgyr # yxrr by Lemma 1.1 (3) and the fact of si # rg.

(3) The element di has an expression (4.4.1). Let I = L(s183...5k). Denote by Ij
(resp., I}) the node set of G(d) corresponding to the set of sources (resp., sinks) of the
subdigraph G(s1s3...5) (resp., G(sk...s251)). We can write dx, = y- f1 f2... fc with f, = sg
if h=c(mod?2)and fr, =1 if h = c— 1 (mod 2), where 1 < ¢ < m = o(sgrk), and

y € W, satisfies R(y) N {sk, 7t} = 0. Then the corresponding directed path & : £, f5, ..., f.
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of the digraph G(dj) satisfies
(4.5.1) for any 1 < h < ¢, there does not exist any node v of G(dy) outside & with (fy,, v)
a directed edge of G(dy).

We claim that £ is a subsequence of t1, to, ..., tp, 1, S92, ..., sk (note that £ contains at most
one node in J = {tq,ts,...,t;}). For otherwise, there would exist some 1 < h < ¢ such
that f, _; = s, i, = t, for some p,q > 1 by 4.2 (ii) (note that there is no sink of G(dx)
among s, ...,s5,87). Then f,_; € I} and f, € J by 4.2 (i). By Lemma 3.3 (3), there
exists some node t, € J with ¢’ # ¢ such that (f,_1,t,) is a directed edge of G(dy),
contradicting condition (4.5.1).

The element y has an expression y = ger...g291 -yr with ¢ < ¢ such that g, = s if h = (
mod 2) and g, = 7, if h = ¢ — 1 (mod 2). We can also show that the corresponding
directed path ¢ : g/, ..., 82, 81 of G(di) is a subsequence of s}, ..., 85,87, t1, to, ..., t, by the
same argument as above. This implies that among the nodes g, ..., g2, g1, f1, fo, ..., £,
only two nodes fi, g1 could be possibly in J.

Recall the notation wy = wy - $153...8% in 4.2.

First assume f;,g; ¢ J. Then by symmetry for the factors sy, ..., sp occurring in the
expression (4.4.1) of dj, we see that ¢ = ¢’ > 1 and that for any 1 < h < ¢, the equation
(f,8n) = (sjy,,8),) holds for some 1 < ji, < k. Hence fj, = gp for any h. In particular,
fi = g1. There exists a directed path tp,sm,,Sm,,...,Sm, = f1 of the digraph G(wy)
with p > 1 for some 1 < h < b and some 1 < m; < mgy < ... < my < k. Then

/ o

Sin, = 81 Smys Sinys Bhy Sy s Simgs ooy Sy, = f) is a directed path of the digraph G(dy)

9 Pmor Pmyo

/ /

cs 81105 Sty b1y Smy s Smgs -5 Sy, also form a directed path

/
by symmetry, where s/, 1> Sy

b1
in G(yg). If p =1 then t, f1 # fitn. If p > 1 then s,,, | f1 # f15m,_,. Clearly, we have
tn < yxr when p =1 and s,,, , < yx when p > 1. In either case, we have fiyr # yrf1 by
the fact of yxf1 € W, and Lemma 1.1 (2).

Next assume f; € J, say f; = t; for some 1 < h < b. Hence ¢ > 1 by the fact
that f. = s € R(wg) and 1, € R(wgSk). By condition (4.5.1) on the directed path
¢:f1, 15, ... f.in G(dg), the facts that wy € W, and that f; is a source of G(wy), we have

fiv = vfy for any node v € V(wg) \ {fi | 1 < < ¢} by Lemma 1.1 (2). This implies
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fiyx = yir f1. Similarly, we can show that if g1 € J then g1y, = yrg1. We claim that we
cannot have both f;,g; in J. Otherwise, we would have both equations fiyr = yrf1 and
919k = yrg1- Thus fi # g1 as yrg1f1 = qryrf1 = g1-yk- f1. Thisimplies {f1, 91} = {sk, 7%}
by the fact that f1,g91 € {sk,rx}. Hence f1g1 # ¢1f1, contradicting condition (2.7.1) on
the node set J. By the construction of f1, g1, we see that if {f;, g1} NJ # () then we must

have f; € J and g; ¢ J. In this case, we have ¢ = ¢/ + 1 and that for any 1 < h < ¢/,

/
Jh
have fy = s, € I for some 1 < g < k by 4.2 (i). So there exists some h’ # h with (t;/, f2)

we have (fr,41,8) = (s;,,,s’ ) for some 1 < j, < k by symmetry. On the other hand, we

a directed edge of the digraph G(wy) by Lemma 3.3 (3). This implies

(a) th fo # fatn.

By the claim just shown, we have

(b) th < yg.

We know that yi f1fs is a retraction of di and that yg fo is a retraction of fiyxfo =
Yk f1f2. S0 yi fo is a retraction of di. Since dy € W, by Lemma 4.4 (1), we get

(C> ykf2 € Wc-
Hence foyr # yirfo by (a)—(c) and Lemma 1.1 (2). So (3) follows. O

Let Dy be the set of all the distinguished involutions of W. We record a known result

as follows.

Lemma 4.6. (see [17, Proposition 5.12 (a), (b)]) Let y be an involution of W and let
s,t € S satisfy o(st) € {3,4,6} and s,t ¢ L(y). Define a subset of Dy as follows.

G(y,s,t) ={z € Dy | z € (s, t)y(s,t),|L(z)N{s,t}| =1}.

Suppose G(y, s,t) # 0.
(a) If ry # yr for r = s, t, and sy # yt, then G(y, s,t) is the set of all elements of the
form zyz=!, where z runs over one or two {s,t}-strings in (s,t).

(b) Suppose that ry = yr for exactly one r € {s,t}. Let

G = {zryz~t | z € (s,t),7 ¢ R(2), and 0 < £(2) < o(st) — 1}
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and

Gy ={zyz7' |z € (s,t),r ¢ R(2), and 0 < £(z) < o(st) —1}.
Then G(y, s, t) = G, Go or G1 U Gs.
Now we are ready to prove the main result of the section.

4.7. Proof of Theorem 4.3. (1) and (2) follow by Lemma 4.4. Keep the notations in 4.2
and 4.4, in particular, the expressions of d, w, di. Applying induction on k£ > 0, we want
to show, for any 0 < k£ < a, the following two results:

(a) dx W

(b) dj is a distinguished involution of W.

The results obviously hold when k£ = 0. Now let 0 < k£ < a. Suppose that the results
have been shown for all the smaller k. Let y; be as in Lemma 4.5. Then both di_; and
dj are in the double coset (sg,Tk)yr(Sk, Tr) With di_; a distinguished involution of W as
assumed. Thus dx—1 € G(yk, Sk, k) (see Lemma 4.6 for the notation). By Lemmas 4.5
and 4.6, we conclude that dj is in G(y, Sk, 7%x) and hence is a distinguished involution of
W, too. We have dy ad di_1 > Wr_1 ~ wy, where the relation dp_q > wy_1 follows by
the inductive hypothesis, and the other two relations follow by the fact that the concerned
pair of elements can be obtained from each other either by star operations or by a right
star operation. So a(dy) = a(wg) by 1.3 (b). Since wy is a left retraction of di, this
implies dj % wy, by 1.3 (¢). Then dj ~ Wy by 1.3 (d). So the assertions (a)—(b) follow by
induction. In particular, d = d, is a distinguished involution of W with d = d, > Wy = W.

Our proof is completed. [

4.8. Keep the notations in 4.2. Take w = w;-x € F and the corresponding distinguished
involution d = 27! -wy - x. Then G(d) is symmetric with respect to the node set J in the
following sense:
(i) For any 1 < p < ¢ < a, (sp,8,) is a directed edge of G(d) if and only if (sg, s},) is so;
(ii) For any 1 <p < aand 1 < h < b, (tp,s,) is a directed edge of G(d) if and only if
(s, tn) is so.

(iii) J satisfies condition (2.7.1);



28 Jian-yi Shi

We also have

(iv) Neither (s}, s,) nor (sy,s;) is a directed edge of G(d) for any 1 < p,q < a (see 4.2
(i1));

(v) For any 1 < p < a, there exists a directed path tg,sm,,Sms,, -, Sm, = sp in G(w)
for some 1 < k < b and some 1 < my < mg < ...<m, =p (see Lemma 2.6 (ii)).

Given a node u of G(d), let V; be the set of all the nodes v of G(d) such that there
exists a directed path ¢ in G(d) with u, v two extreme nodes, where u could be either
a source or a sink in €. Let Gy be the subdigraph of G(d) with V4, its node set. Then
by conditions (i)—(v) on G(d), we see that a node u of G(d) is in J if and only if Gy
is symmetric with respect to u (i.e., Gy, satisfies conditions (i)—(iii) above with u in the
place of J). Hence the node set J is entirely determined by the digraph G(d). Then
the subdigraph G(w) is also determined by G(d): G(w) can be obtained from G(d) by
removing all such nodes v ¢ J that there exists some directed path of G(d) from v to

some node in J. So we have

Lemma 4.9. ¢ :wy -z 7}

J = L(wyx).

‘wy-x gives an injective map from the set F. to Dy, where

Corollary 4.10. For w,y € F, we have w 7Y if and only if w=1y.

Proof. The implication “ <= "is obvious. To show the other implication, we assume that

w,y € F! satisfy w ~Y. Write w = wy - x and y = wy - z with J = L(w), I = L(y) and

1 1

some x,z € W,. Thend =2"" - wy -z and d = 2z~ - w; - z are distinguished involutions
of W by Theorem 4.3. We have d TUTY d’ again by Theorem 4.3. This implies
d = d’ since each left cell of W contains a unique distinguished involution of W (see [13,

Theorem 1.10]). Hence w =y by Lemma 4.9. O
By Lemma 3.15 (3) and Corollary 4.10, it is immediate to get the following

Corollary 4.11. If a left cell L of W satisfies LN W, # (), then the intersection L N F.
contains a unique element, say w”. Any element z of L has the form z = x -w™ for some

zeW.
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Remark 4.12. (1) By Theorem 4.3, we can get the distinguished involution in any left
cell L of W, provided that L contains some element of W.. Then Corollary 4.11 tells us
that the set F forms a representative set for all these left cells of .

(2) Let ‘H be the Hecke algebra of W over A = Z[q™ !, ¢ with ¢ an indeterminate. Let
{T\ | w € W} be the standard A-basis of H (in the sense of [11]). In [16, Conjecture 8.10],
we proposed a conjecture that any distinguished involution d of W should have the form
Mz~1, z), where x is a shortest element in the left cell of W containing d, and A\(z ™!, z)
is the unique maximal element y (under the Bruhat-Chevalley order) with f, # 0 in the
product T,-1T, = > _ f.T., f. € A. By the description of the elements A(z,y) in [15,

1

Proposition 2.3], we have A(w™, w) = 271wy -x for any w = wy-x € F! with J = L(w).

So Theorem 4.3 verifies this conjecture for any distinguished involutions in W..

(3) A subset K of W is left connected, if for any x,y € K, there exists a sequence of
elements xo = x,21,...,2, = y in K with some r > 0 such that mi_lxi_l € S for every
1 <4 < r. Lusztig conjectured in [2] that if W is an affine Weyl group then any left cell L
of W is left connected. The conjecture is supported by all the existing data (see [14], [15],
[16], [21]). Now let W be a Weyl or an affine Weyl group. Assume that L is a left cell of
W with L N W, # (. Then by Corollary 4.11, there exists a unique element, say w’, in
LN F! such that any z € L has the form z = x - w” for some z € W. Take any reduced

expression x = §153...5, of x with s; € S. Denote by w; = 5;5;11...5,-w’ for 1 <i < r+1

L

with the convention that w,y; = w”. Then z = w; < w2 < ... < Wpg1 = wr > z by
L

L L
1.3 (c¢). Hence all the w;’s, 1 < i <7+ 1, are in L. So L is left connected, verifying the

conjecture in the case where L contains some element of W..
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