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Abstract

Let f(G) denote the minimum real root of the g-polynomial of the complement of a graph G
and 0(G) the minimum degree of G. In this paper, we give a characterization of all connected
graphs G with f(G) = — 4. Using these results, we establish a sufficient and necessary condition
for a graph G with p vertices and 0(G) = p — 3, to be chromatically unique. Many previously
known results are generalized. As a byproduct, a problem of Du (Discrete Math. 162 (1996)
109-125) and a conjecture of Liu (Discrete Math. 172 (1997) 85-92) are confirmed.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

All graphs considered here are finite and simple. Undefined notation and terminology
will conform to those in [1].

Let G be a graph with p(G) vertices and ¢(G) edges. By G and P(G, 1) we denote
the complement and the chromatic polynomial of G, respectively. Two graphs G and
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H are said to be chromatically equivalent, symbolically G ~ H, if P(G,1) = P(H, 1).
G is said to be chromatically unigue (or simply y-unique) if G = H whenever G ~ H.

Definition 1.1 (Brenti et al. [2,3]). Let G be a graph with p vertices and

P
P(G, )= ai(A)
i=0
the chromatic polynomial of G, where (1);=A(A—1)(A—2)---(A—i+1) foralli>1
and (1) = 1. The polynomial

P
a(G,x) = Z a;x’
i=0

is called the o-polynomial of G.

The concept of g-polynomials was first explicitly introduced and studied by Korfhage
[9] in 1978. Actually, his definition of the o-polynomial is equivalent to what we denote
by o(G,x)/x"9, where y(G) is the chromatic number of G. In this paper, we use
01(G,x) instead of ¢(G,x)/x?). In [10], Liu introduced another form of polynomial,
which is closely related to P(G, /) and (G, x), as follows:

Definition 1.2 (Liu [10]). Let G be a graph with p vertices and

P
P(G,2) =Y bi(G)(A)pis

i=0

the chromatic polynomial of G. The polynomial

p
h(G,x)=> bGPl

i=0

is called the adjoint polynomial of G. The graph G is called adjointly unique if for
any graph H with h(H,x) = h(G,x) we have G = H.

Definition 1.3 (Liu et al. [14]). Let G be a graph and /,(G,x) the polynomial with a
nonzero constant term, such that A(G,x) = x*9h (G, x). If h(G,x) is an irreducible
polynomial over the rational number field, then G is called an irreducible graph.

From Definitions 1.1-1.3, it is obvious that for any graph G, 4(G,x) = a(G, x) =
XV(G)JI(G x), h(G,x) = 01(G,x) and G is adjointly unique if and only if G is
¥-unique.

For convenience, we simply denote 4(G,x) by 4(G) and h;(G,x) by h;(G). Mean-
while, we introduce some further notation. For a vertex v of a graph G, we denote
by Ng(v) the set of vertices of G which are adjacent to v. For an edge e = vjv; of
G, set Ng(e) = Ng(v1) UNG(v2) — {v1,02} and d(e) =dg(e) = [Ng(e)|. By N4(G) we
denote the number of subgraphs isomorphic to C3, a cycle with three vertices. For two



H. Zhao et al. | Discrete Mathematics 281 (2004) 277294 279

graphs G and H, G U H denotes the disjoint union of G and H, and mH stands for
the disjoint union of m copies of H. By K, — E(G) we denote the graph obtained from
K, by deleting all the edges of a graph isomorphic to G. Let (g(x), f(x)) denote the
greatest common factor of g(x) and f(x), g(x)|f(x) (resp., g(x)[f(x)) denote g(x)
divides f(x) (resp., g(x) does not divide f(x)), and Jf(x) denote the degree of f(x).

In the following we define some classes of graphs, which will be used throughout
the paper:

(i) C, (resp., P,) denotes the cycle (resp., the path) of order n, and write 4 =
{Culn =3},2 ={P,|n = 2}.

(ii) Dy(n = 4) denotes the graph obtained from C; and P,_, by identifying a vertex
of C5 with an end-vertex of P,_».

(iii) T(/y,15,13) denotes a tree with a vertex v of degree 3 such that T(/y,/5,/3) —
v="P;, UP, UPy, and write 7 | = {T(l, 1,n)|n = 1}

(iv) F,(n = 6) denotes the graph obtained from C; and D,_, by identifying a vertex
of C5 with the vertex of degree 1 of D,_,.

(v) K, =K4 — e, where ec E(Ky).

(vi) Let P,_, be a path with vertex sequence xj,x,x3,...,X,—». U, denotes the
tree obtained from P,_, by adding pendant edges at vertices x, and x,_3, and write
U = {Uy|n = 6}.

(vii) Let C, denote a cycle with n vertices vy, 02,03, ..., Uy. With C,(Ppy, Prys-- -5 Pm,)
we denote the graph obtained from C, and P,, by identifying v; with a vertex of degree
1 of P,,, where m; =2, i=1,2,3,...,t, t <n. It is clear that C3(P,) = Dy1,. With
Cy(K1,2) we denote the graph obtained from C, and K, by identifying a vertex of C,
with the vertex of degree 2 of K ».

Brenti et al. studied the roots of P(G, /) and ¢(G,x), and obtained many interest-
ing results in [2,3]. In this paper, we are concerned with the minimum real roots of
o-polynomials. We prove that the minimum real roots of ¢(G,x) are greater than or
equal to —4 if and only if the components of G are subgraphs of the following graphs:

7(1,2,5),7(2,2,2),T(1,3,3),K1,4, Up, Ca(P2), C3(P2, P2), K, Ds.

Since the notion of chromatically unique graphs was first introduced by Chao and
Whitehead [4] in 1978, many classes of chromatically unique graphs have been found
by studying the chromatic polynomials of graphs [7,8]. The adjoint polynomial of graph
G, i.e., the g-polynomial of the complement of G, has many algebra properties, such
as the recursive relation, divisibility, reducibility over the rational number field, etc.
These properties are very useful in the study of chromatic uniqueness of graphs. Many
classes of chromatically unique graphs have been found by applying these properties,
see [12—14,16—18]. In particular, Liu and Li proved that if G=|J; P,,, then K, — E(G)
is y-unique when P, is irreducible [13]; In [12], Liu conjectured that P, is y-unique
if n # 4 and n is even; Du obtained that if G is a 2-regular graph without Cy4 as its
subgraph or G is Uf:l P,,, where n; is even and n; # 4 (mod 10), then G is y-unique
[6]. Du also proposed a problem, i.e., whether it is true that K,, — E(P,,) is y-unique
when m is even and m # 4, where n = m.
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Our second goal in this paper is to study the chromaticity of G with f(G) > — 4,
where f/(G) denotes the minimum real roots of the o-polynomial of G. We establish
the necessary and sufficient condition of chromatic uniqueness of a graph G with
0(G) = |V(G)| — 3 and the graphs |J, Us. Liu’s Conjecture and Du’s Problem are
solved and many of their results are generalized.

2. Basic definitions and lemmas
In this section, we introduce some basic results on the adjoint polynomial of graphs.

Definition 2.1 (Liu [12]). Let G be a graph with ¢ edges. The character of a graph G
is defined as
0 if ¢g=0,

R(G) = bi(G)— 1
(&) bz(G)—<l(2) >+1 if >0,

where b1(G) and b(G) are the second and the third coefficients of 4(G), respectively.

Lemma 2.1 (Liu [12]). Let G be a graph with k components Gy, G,...,Gy. Then

k k
WG)=]]nG) and RG)=> R(G)).

i=1 i=1

We need to point out that the first part of the above lemma first appeared in [15],
see Theorem 3.13. It is not hard to see that R(G) is an invariant of graphs. So, for any
two graphs G and H, we have R(G)=R(H) if h(G,x)=h(H,x) or h(G,x)=hi(H,x).

Lemma 2.2 (Liu [11]). Let G be a graph with p vertices and q edges. Denote by M
the set of vertices of the triangles in G and by M(i) the number of triangles which
cover the vertex i in G. If the degree sequence of G is (di,d»,ds,...,d,), then

(1) bo(G) = 1,b1(G) =g;
+1 P
(if) ba(G) = <q , ) 3D @ NG
i=1

(iif) bg(G):%q(q2+3q+4)—% YL dity X d?‘*’ZijeE(G) didj=) iy M(Ddit
(g +2)N4(G) + N(Ka),
where bo(G),b1(G),b(G),b3(G) are the first four coefficients of h(G,x), N(Ky)
is the number of the subgraph isomorphic K4 in G.

For an edge e =vv; of a graph G, the graph G xe is defined as follows: the vertex
set of G xe is (V(G)\ {v1,v2}) U {v}, and the edge set of G x e is {e'|e € E(G), €
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is not incident with v; or vy} U {uv|u € Ng(v1) N Ng(v2)}. For example, let e; be an
edge of C4 and e, an edge of Ky, then Cy e =P, UK and Ky * e; = Kj.

Lemma 2.3 (Du [6]). Let G be a graph with e € E(G). Then
hG,x)=h(G —e,x)+ h(G * e,x),

where G — e denotes the graph obtained by deleting the edge e from G.

Lemma 2.4 (Liu [12]). (i) For n =2, l(P,)=)_,_, (nfk) xt.
(i) For n >4, h(Cy) =34 <, (n/k) (nfk) i,
(i) For n =4, h(Dy) =Y., ((n/k) (,,fk) + (nfﬁz)) .

Lemma 2.5 (Liu et al. [12,16]). (i) For all n =4, (K, UC,)=nT(1,1,n—2)).
(i) For all n = 4, (K, UD,)=h(T(1,2,n — 3)).
(i) For all n =6, h(C,) =x(W(Cy—1) + h(C,_2)).
(iv) For all n = 3, h(P,) =x(h(P,_1) + h(P,_3)).

Lemma 2.6 (Liu et al. [14]). Let G be a connected graph with p vertices. Then
(1) R(G) < 1, and the equality holds if and only if G=P, (p =2) or G = C;.
(ii) R(G) =0 if and only if G is one of the graphs K,, Cp,,D, and T(ly,1,13),
where p>4,1; >1,i=1,2,3.

Lemma 2.7 (Zhao et al. [17]). Let f1(x), f2(x) and f3(x) be polynomials in x with
real positive coefficients. If

(i) f3(x) = fa(x) + f1(x) and 0f3(x) — 0f1(x) = 1(mod 2),

(it) both of f1(x) and f(x) have real roots, and [, < pi, then f3(x) has at
least one real root B3 such that f3 < [, where f; denotes the minimum real root of

Sitx) (i=1,2,3).

Lemma 2.8 (Wang et al. [16]). (i) For n =2, f(P,) < f(P,—1).
(11) For n = 43 ﬁ(cn) < B(Cn—l) and ﬁ(DnJrl) < ﬂ(Dn)
(iii) For n =4, B(Dy) < B(Cy) < B(Py).

Lemma 2.9 (Zhao et al. [17]). Let T be a tree. Then
(1) p(TY=—4 if and only if T €{T(1,2,5),7(2,2,2),T(1,3,3), K14} UZ.
(i) p(T)> —4 ifand only if Te {K,,T(1,2,)) 2 <i<4)}UPUT.

3. Graphs with (G) > — 4
In this section, we first give a fundamental inequality on the minimum real roots of

the adjoint polynomials of a graph G and its a proper subgraph. By this inequality, we
can determine all connected graphs with f(G) > — 4.
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Theorem 3.1. Let G be a connected graph and H a proper subgraph of G. Then,
B(G) < B(H).

Proof. Let ¢ be the number of edges of G. We will prove the theorem by induction
on q.

It is obvious that the result holds when ¢ = 1.

Let G be a graph with ¢ > 2 and suppose that the theorem holds when G has fewer
than ¢ edges. Since H is a proper subgraph of G, we can choose an edge ¢ in G such
that either H is a proper subgraph of G —e or H =G — e. So, select the edge e in G
such that H is a subgraph of G — e, then by Lemma 2.3 we have

MG,x)=h(G —e,x)+ h(G * e,x)

The graph G —e has p vertices and g — 1 edges, and G xe has p—1 vertices and at
most g — 2 edges. Note that G x e is a proper subgraph of G — e and each connected
component of G * e is a proper subgraph of some connected component of G — e if e
is a cut-edge of G. By the induction hypothesis and Lemma 2.1, we have

B(G —e) < B(G *e).
Since dh(G) = 0h(G *x e) + 1, from Lemma 2.7 we obtain that
B(G) < B(G —e).

Note that H is a subgraph of G — e, then by the induction hypothesis, we have that
B(G —e) < B(H). So,

B(G) < B(G—e)< p(H). O
Lemma 3.1. If n > 6, then
h(C,(P2)) = x(h(Cy—1(P2)) + h(Cy—2(P2))).
Proof. By Lemmas 2.3 and 2.5, it follows that
h(Co(P2)) = xh(C,) + xh(P,_1)
=x?h(Cp—1) + X*W(Cy—2) + X*h(Py—2) + X*h(P,—3)
= x(¥h(Cp—1) + Xh(Py—2)) + X(xh(Cp—2) + xh(P,—_3))
=x(h(Co—1(P2)) + h(Cy—2(P2))). O

Lemma 3.2. (i) f(C,) > —4 for n =3, f(P,) > —4 for n = 2,p(K, )= —4.

(i) B(Dy) > — 4 for 4 <n <7, B(Ds) = —4, (D) < — 4 for n > 9.

(iii) P(Cu(Pw)) < —4 for n =4 and m =2 and the equality holds if and only if
n=4,m=2.

(V) P(Cu(Ps Piy)) < —4 for n =3 and m; = 2 (i =1,2), and the equality holds
if and only if n=73 and my =m, =2.
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Proof. (i) From Lemma 2.5, we know that 4,(C,)=h(T(1,1,n—2)). By Lemma 2.9,
we have

p(C,)>—4 and p(P,) > —4.

Since hi(K, ) =x?+ 5x + 4, we have (K, )= —4.

(ii) By Lemma 2.5, we know that 4 (D,) = h;(T(1,2,n — 3)). The result follows
from Lemma 2.9.

(iii) Since h1(C4(Py))=x*+5x+4, we have B(C4(P2))=—4. If m > 3, then C4(P;)
is a proper subgraph of C4(P,,). So we have f(Cy(P,)) < —4 by Theorem 3.1. From
the fact /1(Cs(P2)) = x> + 6x* + 8x + 1, one can easily get that B(Cs(P;)) < — 4 by
calculating. When #n = 6, it follows from Lemma 3.1 that

h(Cy(P2)) = x(h(Cy—1(P2)) + h(Cr—2(P2))).
Since ﬂ(C5(P2)) < ﬁ(C4(P2)) = —4 and ah(Cn(Pz)) = 8(xh(C,,_2(P2))) — 1, we know
from Lemma 2.7 that

B(Cu(P2)) < B(Cr1(P2)) < -+ < B(Ca(P2)) = —4.

When n = 5 and m > 3, C,(P,) is a proper subgraph of C,(P,,). By Theorem 3.1, we
have S(C,(Py)) < — 4.

(iv) If n =3, then there must exist a subgraph C3(P2,P2) in C3(Py,, Pm,). From
hi(C3(P2,Py)) = x* + 5x + 4, we have B(C3(P,,P>)) = —4. By Theorem 3.1, we get
P(C5(Pry» Pmy)) < —4 if my =3 or my = 3; if n > 4, then C,(Pp,,Pn,) has a proper
subgraph C,(P,, ). By Theorem 3.1 and (iii) of the lemma, the result holds. [l

Theorem 3.2. Let G be a connected graph without triangles. Then

(i) p(G)=—4 if and only if
Ge{T(1,2,5),7(2,2,2),T(1,3,3),K;.4,Cs(P2)} U,
(i) B(G)> —4 if and only if Ge{K,,T(1,2,i)2<i<4H}ULPUFUT .
Proof. If G is a tree, then the theorem follows from Lemma 2.9 immediately.
Suppose that G is a connected graph without triangles and ¢(G) = p(G). If p(G) <5
or G = C,, then G must be C, or C4(P,). By Lemma 3.2, the result of the theorem is
true. If p(G) = 6 and G % C,, then G must contain either a subgraph C,(P;)(n = 5)

or a proper subgraph C4(P,). By Theorem 3.1 and Lemma 3.2, we have f(G) < — 4.
This completes the proof of the theorem. [J

Theorem 3.3. Let G be a connected graph. Then

(1) B(G)=—4 if and only if
G e{T(1,2,5),T(2,2,2),T(1,3,3),Ky.4, C4(P2), C3(P2, Py), K; . Dg} U U;
(it) B(G) > —4 if and only if
Ge{K,T(1,2,))(2<i<4),Di(4<i<T}UPUCUT .
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Proof. From Theorem 3.2, the theorem holds if G is triangle free.

If G contains only one triangle, then any graph except D;(4 <i < 8), C3(P,,P,) and
C; contains a proper subgraph G* such that G* € {Dsg, C5(P3, P2),K}.4, U,(n = 6)}. The
theorem follows by Lemma 3.2 and Theorem 3.1.

If G contains at least two triangles, then any graph except K, must contain a
proper subgraph G* such that G* € {U,(n = 6), C5(P2,P2),K; ,Ki4}. By Lemma 3.2
and Theorem 3.1, the theorem holds. [

Theorem 3.3 means that the minimum real roots of ¢(G,x) are greater than or equal
to —4 if and only if the components of G are subgraphs of the following graphs:

7(1,2,5),7(2,2,2),T(1,3,3),K4, Uy, Ca(P2), C3(P2, P2), K, Ds.

It is well known (see Corollary 3.1 in [2] or Proposition 4.1 in [3]) that if G is a
graph without triangles, then all the roots of ¢(G,x) are real. By Lemmas 2.5 and 2.7,
we have the following corollaries.

Corollary 3.1. Let G be a connected graphs. Then f(G) = — 3 if and only if

G €{P,P3,P4,P5,C3,T(1,1,1),K,}.

Corollary 3.2. Let G be a connected graphs with f(G) > — 4. Then all the roots of
o(G,x) are real.

4. Chromatic uniqueness of graphs

By using some properties of the adjoint polynomials of graphs, the authors of [5,6]
and [12,14,16,17] gave many chromatically unique graphs. One can see that most of
the chromatically unique graphs are some graphs of form | J, H; such that f(H;) > —4
for any i. However, they did not give any sufficient and necessary conditions for all
graphs of form |J, H; with f(H;) > — 4 to be y-unique. In this section, by using the
fact that (G) = B(H) if G ~ H, we shall obtain a sufficient and necessary condition
for all graphs of form |J; H; with B(H;) > — 4 to be y-unique. We also obtain a
sufficient and necessary condition for all graphs of form J, H; with f(H;)= —4 to be
y-unique.

Lemma 4.1 (Zhao et al. [18]). (i) For n = 4, the set of the roots of hi(C,) is

2i—1
{2(1+cos : n>1<i<[”}}.
n 2

(ii) For n =2, the set of the roots of h\(P,) is

y
2 (1+eos o)1 <i< 5]}
n+1 2
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Lemma 4.2 (Zhao et al. [18]). (i) (x + 3)|/h1(P2).
(i) For n = 1,m =4, (hi(Cp),h(P2)) = 1.
(iii) For ny = 3,ny > 4, hl(Pnl)hl(an) :hl(Pn1+;zz) if and only if ny =ny + 1.
(iv) All the roots of hi(P,) and hi(C,) are simple.

By Lemma 2.4, one can check the following results: A(Cs)=h(D4), h(P4)=h(K,UC3),
h(P2)h(Ce)=h(P3)h(Ds), h(P2)h(Co)=h(Ps)h(Ds) and h(P2)h(Cis)=h(Ps)h(D7)h(Cs).
So, by Lemmas 2.8 and 4.1, it is easy to prove the following lemma.

Lemma 4.3. (i) (Cy) = f(Py—1) for k =4 and B(Cs) = p(Py),
(i1) B(D4) = B(Cy) = B(P7),
(iii) B(Ds) = B(Cs) = B(P11),
(iv) B(De) = B(Co) = B(P17),
(v) B(D7) = B(C15) = B(P29).

Lemma 4.4. Let G =1,P, Ut,P3 UtzP5 U 1,C5. Then G is adjointly unique.

Proof. Let H be a graph such that /(H)=h(G) and H =], H;. By Corollary 3.1, we
have

H; € {K\,P,P3,P4,P5,C3,T(1,1,1)}.

Denote the number of K;, P>, P3, Ps, Ps, C3 and T(1,1,1) in H by mg, my, my,
ms, mgq,ms and mg, respectively. By Lemmas 2.1 and 2.6, we have

RH)=R(G)=m +my+m3+my+ms=1t,+1+1+1.
Hence
my+my +m3y+mg+ms =1t +tH+ 1+ 4.

Since 4;(C5) is irreducible over the rational number field and 4;(P4)=h(C5), we have

msy+ms=ty and my +my+my=t; +1t,+1t3 by Lemma 2.6. As p(G)—q(G)=t,+1t,+1;,

p(H) — q(H) =mo + my + my +m3 + my +me and p(G) — q(G) = p(H) — q(H), we

have my + m3 + mg = 0. This implies that my = m3 = mg = 0 and ms = t4. Therefore,
H; € {P,P3,Ps,C3}.

By Lemmas 2.8 and 4.3, we have

B(Ps) < B(C3) < p(P3) < B(P2).

Comparing the minimum real roots of A(G) with those of A(H), we know that
H=G. O

Theorem 4.1. Let n,meN, n>m, G=K, — E(J; Pn,).

(1) If n > m, then G is y-unique if and only if, for each i, either m; = 0(mod2)
and m; # 4 or m; =3,

(it) If n=m, then G is y-unique if and only if, for each i, either m; = 0(mod2)
and m; # 4 or m; =3,5, where m=my; +my +---+my, m; =2, i=1,2,...,k.
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Proof. Since K, — E(Ul. Py)=1IK; U (U,. P,.), we need only consider the necessary
and sufficient condition for F =K, U(|J; P,) to be adjointly unique, where / =n—m.
Let H be a graph such that A(H)=h(F) and H =|J; H;. By Lemma 2.1, we have

t k
117G =T AP, (1)
i=1 i=1

By Theorem 3.3, we get
H; e{K,T(1,2,i)2<i<4),D(4<i<T}UP2UFUT .

Without loss of generality, we assume m; =max{m;|i=1,2,...,k}. When m; > 6 and
m; is even, by Lemmas 2.5, 2.8, 4.2 and 4.3 we know that f(F)= (P,,) and there
exists a component, say H;, in H such that f(H,)= f(H)= f(Pn, ). Hence H; = P,,.
Eliminating a common factor 4(P,, ) of h(H) and A(F'), we have

t k
117 =x"T] #(Pu)-
i=2 i=2

Repeating the above process, we can obtain that for any m; > 6 and m; is even, there
exists a component H; in H such that H; = P, . Eliminating all the factors A(P,,)
(m; = 6) of the two sides of equality (1), we obtain

I3 5
[T 7D =TT 2@, (2)
i=t i=k;

and m; € {2,3,5}.

We distinguish two cases:

Case 1: n=m. It is clear that / =0 and m; € {2,3,5}. By Lemma 4.4, we have
H=~=F.

Case 2: n > m. In this case, we have m; € {2,3}. Hence, H; € {P,,P;} by Lemmas
2.8 and 4.3. By comparing the minimum real roots of the left-hand side with those of
the right-hand side in equality (2), we have H = F.

Conversely, note that A(Py,41) = h(P, U Cyyy) for n =3, h(Ps) = h(C; UK,), and
h(Ps UK;)=h(P, UT(1,1,1)). This shows the necessity of the theorem. [J

Corollary 4.1. Let nmeN, n=m and G =K, — E(Py).
(i) If n > m, then G is y-unique if and only if m = 0(mod?2) and m # 4, or m=3;
(i) if n=m, then G is y-unique if and only if m = 0(mod 2) and m # 4, or m=3,5.

This corollary gives a positive answer to Du’s Problem [6] and Liu’s Conjecture
[12], which was also done in [5].

Let 4,4;,B,B;, M, M; be some multisets with positive integer numbers as their ele-
ments for i = 1,2, see Section 1.2 in [15].

Lemma 4.5. Let G =miPy U (U;cy, P) U (U,cp, C) and H =myP> U (U;cy, Pi) U
(Ujes, CHUWUrer, Di)- If i(G)=hi(H ), then my=my+|M: |, wherei > 3,j > 4,k > 5.
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Proof. Since /,(G)=h(H), by Lemmas 2.2 we know that R(G)=R(H) and ¢(G)=
q(H). By Lemma 2.6, we have m; + |4;| = my + |42| and p(G) = p(H). Let m; +
|A1|=m, p(G)=n and |M;|=s. Note that G has n vertices, n — m edges, 2m vertices
of degree 1 and Ny(G)=N(K;)=0. By Lemma 2.2, we have

n—2m
Dy(G)= ¢ (= m)(n—m)? 30— m) 4 4) - “AE2 (Z 2 +2m>
i=1

1 n—2m n—3m+m;
—|—3<223+2m>+ > 22 A —my) +m.
i=1

i=1
Note that H has n — m edges, n vertices, 2m + s vertices of degree 1, s vertices of
degree 3, s triangles and N(K;) =0. By Lemma 2.2, we have

by(H)= é (n—m)(n—m)* +3(n—m)+4)

n—2m—2s
— 2
—% ( 3 22+2m+10s>

i=1

1 n—2m—2s n—3m—4s+m;
3 2
+3< > 2+2m+28s>+ o2

i=1 i=1
+4(m —my) +my + 135 + s(n — m + 2).
Since b3(G) = b3(H), we have m; =my +s=my + |M1| U

Lemma 4.6 (Du [6]). If m; >3 and m; # 4, then \J; C,, is y-unique.

Theorem 4.2. Let G=(U,cq P)U(U,;cp P2)U(Urerr Cr)UICs. Then G is y-unique
if and only if 1 ¢ B and D=¢, or 1 € B, D=¢ and k # 6,9, 15, where D=({ili€ A} N
{k—1keMW)U{2j|jeBN{k—1keM}), i=3 or S ificd, k>5if ke M and
2¢B.

Proof. It is not difficult to see that we need only prove that the necessary and sufficient
condition for G to be adjointly unique is 1 € B and D= ¢, or 1 € B,D = ¢ and k #
6,9,15.
Let H be a graph such that /(H) = h(G). We proceed by induction on |4| + |B| +
M|+ 1. By Lemma 4.6 and Theorem 4.1, H = G when |4| + |B| + |M| + 1= 1.
Suppose |4|+ |B|+|M|+/=m = 2 and the theorem is true if |4|+ |B|+ M|+ < m.
Let H =J, H;. By Theorem 3.3, we have

H e {K,T(1,2,)2<i<3),Di(4<i<T}UPUCUT,. 3)

Let n =max{ala€ AU B UM'}, where B’ ={2j|j€B},M' = {2k — l|ke M}. We
distinguish two cases:

Case 1: n=2t, t # 2. By Lemmas 2.5, 2.8, 4.2 and 4.3, there must exist a number
t € B such that f(G)= (P, ), and there exists a component H; in H such that (P )=
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p(H;) and H; = P,,. Hence, H = P, U F. By the induction hypothesis, we have

Ur. U
€A

keM
Therefore, H = G.

Case 2: n=2t—1. If n=3,5, then M = ¢, A={3,5}, I > 0 and B = {1}. Hence,
all components of G are P,, P;, Ps or C5. By Lemma 4.4, we have H = G. If
n=2t—12>=7, then by Lemmas 2.5, 2.8, 4.2 and 4.3, there exists a number t € M
such that f(G) = f(C;) and a component H; in H such that f(H) = p(H;) = p(C,),
where ¢ > 4 and H; is one of the following graphs

F= U IlCj.

ul U Pylu
jeB\{}

Py1,C, T(1,1,t — 2),D4,Ds,D6, D7, T(1,2,i —3) (5 <i < 7).

Case 2.1: C; is a component in H such that f(C;) = p(H).
Assume that H = C, U F. Then, by the induction hypothesis we have

Fe|lJprlulUPylu| U Gulc.
ied jEB keM\{s}
Hence H = G.

Case 2.2: H contains a component Py, such that f(Py,_1) = S(H).
Without loss of generality, let H = Py, UF. By Lemma 4.2, we have

h(G,x) = h(H,x) = h(Cy,x)h(P,_1,x)h(F, ).

Hence

h

Ue

icA

ulUpPylu| U a|uics|=ne_uF).
J€B keM\{r}

By the induction hypothesis, we have

U~

icA

@] Usz @] U Ci| UIC3; 2P, UF.
jeB keM\{1}

Hence t — 1 €4 UB' and ¢t € M. This implies ¢ — 1 € D, which is contrary to D = ¢.
Case 2.3: There exists a component 7'(1,1,¢# —2) in H such that f(7(1,1,z —2)) =
P(H), where t = 4.
Assume that H =T(1,1,t —2)UF. By Lemma 2.5, we have

WG, x)=h(Hx)=hT(1,1,t — 2),x)h(F,x) = h(C,,x)[xh(F,x)].
So,

h

Ur

icA

ulUPy|u| U G| ulG | =& UH.
Jj€B keM\{t}
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By the induction hypothesis,

[UP;|U UPZj U U Ck U1C3§K1UF,

ied JEB keM\{r}

which is impossible.

Case 2.4: D; is a component of H and f(D;)= p(H) for some i (4 <i<7).

If D4 is a component of H such that f(D4) = p(C;), then t = 4. This contradicts to
4 ¢ M. If D; is a component of H and f(D;)= p(H) = p(C;) for some i (5 <i<7),
then 1=6,9, 15 by Lemmas 2.8 and 4.3. Hence, according the condition of the theorem,
P, is not a component of G. Therefore we have the following claim by Lemmas 2.5
and 4.5.

Claim. H must contain a component T(1,1,1).

Proof. Suppose that H does not contain a component 7(1,1,1). Then, according to
(3), we can assume that

H=myP, U (UPa> U (U C,,) U (U T(l,l,c))
a b c
ulUpys U (U T(1,2,s)> U rK,
f K

where a = 3,0 >3,c>2,f=4,5,6,7 and s =2,3,4.
Since h(D4) = h(Cy) and h(C3) = h(P4), by Lemma 2.5, we have

hi(H)=h m2P2U<UP,->U Ua U(UDk>

i€Ad; JEB keM;

and

h(G) = hy <UP,-> ul U Py|u (U ck> uiGs |,

i€d jeB\1 kem

where i >3 for i€ A4, j =4 for j€By, and |M;| > 1 and k > 5 for any k € M;.

Since /#,(G)=h1(G), by Lemma 4.5 we have m,+|M;|=0, contradicting to |M;| > 0.
This implies that 7°(1,1,1) is a component of H if D; is a component of H, where
i=15,6,7. This completes the proof of the claim. [

Case 2.4.1: Dy is a component in H and (D7) = f(H) = B(G).

By Lemmas 2.8 and 4.3, Cjs is a component of G and (Cjs)=(G), and the order
of a maximum path component (resp., a maximum cycle component) in H is less
than 29 (resp., 15). Remembering that A(P;)h(C\s)=h(Ps)h(D7)h(Cs), by Lemma 4.1
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we have
I(Cis) = hy(D7)(x +3) (x+2+200s§> <x+2+2cos 3:) :

and A(P,) and h(Cp) does not include the factor (x+2+2 cos(n/5))(x+2+2 cos(37/5))
when a < 28,b < 14, unless a = 19,9 and b = 5. Hence, at least one of P9, Py and
Cs is a component of H. Since A(Py9) = h(P4)h(Cs)h(Cig), h(Py) = h(P4)h(Cs) and
h(Cis) = h(D7)h(T(1,1,1))h(Cs)/x, by the Claim we have

h(H) = h(F)h(D7)K(T (1,1, 1))h(Cs) = h(F U K1 )A(Cs).

Hence,

h

Ur

i€A

ulUprslu| U a|uic| =nk uF).
JEB keM\{15}

By the induction hypothesis, we have

lUP;|U Usz U U Ci| UICR 2K UF,

ic4 jeB keM\{15}

which is impossible.

Case 2.4.2: Dg is a component of H and f(Dg) = p(H).

By Lemma 4.3, f(D¢) = f(Cy) and Cy is a component of G. Without loss of
generality, we can assume that H = F U Dg U T(1,1,1) by the Claim. As h(Cy) =
h(Dg)h(T(1,1,1))/x, we have

h(H) = h(F)h(Dg)h(T(1,1,1)) = h(F U K} )h(Cy).
Hence, we obtain

Ue

i€A

h ulUrylu| U G|ulc] =n& UF).

Jj€B keM\{9}

By the induction hypothesis, we have

Ur

icAd

@] Usz @] U Ci| UIC; 2K, UF,
jeB kEMN\ {9}

which is impossible.

Case 2.4.3: Ds is a component of H and f(Ds) = p(H).

By Lemmas 2.8 and 4.3, Cs is a component of G and f(Cs) = p(G), and the order
of a maximum path component (resp., a maximum cycle component) in H is less than
11 (resp., 6). Noticing that h(P;)h(Cs) = h(P3)h(Ds), by Lemma 4.1, we have

5
hi(Cs)=(x+2) (x+2+2cos%) <x+2+20056n),
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and /;(P,) and h;(Cp) does not include the factor (x +2) when a < 11, b < 6, unless
a=13,7; and only A (Ps) include the factor (x + 3). Hence, at least one of P; or Py is
a component of H and Ps must be a component of G. Since h(P7) = h(P3)h(Cy4), by
the Claim we have

h(H ) = h(F)h(P3)h(T(1,1,1))h(Ds) = h(F)h(P2)h(Ce)h(T(1,1,1))
and

h(G) = h(G1)h(Ps)h(Cy).
Hence, we have

Ur

icA

h ulUrylu| U G|ulc) =nP,uT(,1,1)UF).

Jj€B keM\{6}

By the induction hypothesis, we get

[UP,«]U Usz U U Ci| UIC; 2P, UT(1,1,1)UF,

ic4 j€B keM\{6}

which is impossible.
Case 2.5: T(1,2,i)(2 <i<4)is a component of H.
Let H=T(1,2,i) UF. We have

hG,x)=h(H,x)=h(T(1,2,i),x)h(F,x) = h(Djy3,x)[xh(F,x)],

which is impossible from Case 2.4.

Conversely, if j =i+ 1, then A(P;)h(Ciy1)=h(Py+1) by Lemma 4.2. Recalling that
h(P2)h(Cs)=h(P3)h(Ds), h(P2)h(Co)=h(Ps)h(Ds) and h(P2)h(Cis)=h(Ps)h(D7)h(Cs).
This shows the necessity of the theorem.

The proof of the theorem is complete. [

From Lemma 2.5, and Theorems 4.1 and 4.2, we have

Corollary 4.2. Let G be a graph with p vertices and 6(G) = p—3, then G is y-unique
if and only if G is the following graphs:

1) Ky UUPy) for r=0,i=0(mod2) and i # 4; or r=0 and i =3,5; or r # 0,
i=0(mod2) andi#4; or r #0 and i = 3;

(11) tH P, U Py Ut Ps U(Uj Pj) U(Uk CoyU 1Cs fOV tL=0,1>20 k 7é]+ 1 andj
is even; or t; # 0,1 =0,k #j+ 1, k # 6,9,15 and j is even, where j = 6, k = 5.

Remark. It is easy to see that all the chromatically unique graphs exhibited in [5,6,13,17]
and many of chromatically unique graphs exhibited in [12,14,16] are special cases of
this corollary.

Lemma 4.7. For any m > 6 and n > 5, we have h(U,) = ¥(x + H(Pp—_s) and
h(Usny1) = W(Upi2)W(Cpy).
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Proof. By Lemmas 2.3 and 2.5, for m > 6, we have
WU, =xh(T(1,1,m — 4)) + x*h(T(1,1,m — 6))
=xh(Pp_2) + 2 W(Pp—s) + x*h(P,_¢)
=xh(Pp_3) + 4 h(Pp_s) — x*h(P,_s)
=x3(x + H(Pp—_s).
By Lemma 4.2, if n > 5 and m =2n + 1, then
h(Uzni1) = 3> (X + 4)h(Py—2)H(Cy—1) = W(Up12)H(Cy1). U

From Theorem 4.1(i), we have

Lemma 4.8. Let i=3 or i =6 and i is even. If

m)

th(Pn‘)—th(m

then m; =m, and U" P, = Um2 , where H; is connected, j =1,2,3,...,m.

Theorem 4.3. Let n; € N and n; > 6. Then Ui" \ Uy, is y-unique if and only if n; =717
or n; = 10 and n; is even, where i =1,2,...,m.

Proof. Suppose that i(H) = h(G) and let H = J!; H;. By Lemma 2.3, we have
Hh(Un,.)zl'[h(Hj), (4)
- o

By Theorem 3.3, we have
}Ij € {T(zzzaz)a T(17353)7K],47 C4(P2)a C3(P29P2)aK4_aD89

T(1,2,)2<i<5).D(4<i<T),K}UPUGUT| UZ.

By calculating, we obtain the following:

h1(C3(P2, P2)) = hi(Ca(P2)) = hi(Ky ) = hi(P2)hi (K 4),

m(Ds) = m(T(1,2,5)) = hi(P2)hi1(Pa)h(Ky 4),

m(T(1,3,3)) = hi(P2)h (P3)hi(Ky,4),

h(T(2,2,2)) = hi(P2)hi(Ky.4).

Since h1(Kj4) =x + 4, eliminating all the factors x + 4 and x in the two sides of
(4), we obtain from Lemma 4.7 that

th(Pn;—4) = th(HJ{L my < my
i=1 =l

and

H e {T(1,2,0)2<i<4)D4<i<HUPUGUT
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Note that n; —4 =3 or n; —4 > 6 and n; — 4 is even. By Lemma 4.8, we have
m mp
Uru-s=UH;. (5)
i=1 j=1

Hence H; € {K; 4} U2 U% and H must has exactly m components H;,H>,...,H, such
that f(H;)=—4 and m < m;. For each component /;, we have q(H;)— p(H;)=—1, j=
1,2,...,m;. Hence q(H)— p(H)=—m,. Since ¢(G)— p(G)=—m and q(H)— p(H)=
q(G) — p(G), we have m =m; =my and H; €U, j=1,2,...,m. By (4) and (5), we
have G = H.

Note that A(Us)=h(K, Yr(2K}), h(Us)=h(K;)h(Ky3)h(K, ) and h(Ug)=h(C3)h(K 4).
So, the necessary condition of the theorem follows from Lemma 4.7 immediately. [J

Corollary 4.3. Let n€N and n > 6. Then U, is y-unique if and only if n =17 or
n =10 and n is even.
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