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Abstract

In this paper, some new families of integral trees with diameters 5 and 6 are
constructed. All these classes are infinite. They are different from those in the
existing literature. We also prove that the problem of finding integral trees of
diameters 5 and 6 is equivalent to the problem of solving some Diophantine
equations. The discovery of these integral trees is a new contribution to the
search for such trees.

Key Words: Integral tree, Diameter, Diophantine equation.

AMS Subject Classification (2000): 05C05, 11D09, 11D41.

1 Introduction

The notion of integral graphs was first introduced by F. Harary and A.J. Schwenk in
1974 (see [7]). A graph G is called integral if all the zeros of the characteristic polynomial
P(G, z) are integers. The 23rd open problem of reference [4] is about trees with purely inte-
gral eigenvalues. All integral trees with diameters less than 4 are given in [1, 4]. Results on
integral trees with diameters 4, 5, 6 and 8 can be found in [1, 2, 4, 5, 7, 8, 9, 10, 11, 12, 13,
14, 15, 18, 19, 20, 21, 22, 23, 24].

Various families of integral balanced trees were studied in [1, 4, 5, 7, 8, 9, 11, 12, 14, 19,
20, 21, 22]. A tree T is called balanced if the vertices at the same distance from the center of
T have the same degree. Balanced trees split into two families according to the parity of the
diameter. We shall code a balanced tree of diameter 2k by the sequence (ng,ng—1,--- ,n1) or
the tree T'(ng, ng—1,--- ,n1), where n; (j = 1,2,--- , k) denotes the number of successors of a
vertex at distance k—j from the center. Let the tree Ky ;0T (ng,ng_1,--- ,n1) of diameter 2k
be obtained by identifying the center w of K s and the center v of T'(ny, ng—_1,--- ,n1). Let the
tree T'[m, r] of diameter 3 be formed by joining the centers of K ,, and K, with a new edge,
and let the tree T%[m,r] of diameter 5 (or T%(r,m) of diameter 6) be obtained by attaching ¢
new endpoints to each vertex of the tree T'[m, r] (or T'(r,m)). Integral trees of diameters 5 and
6 were studied in [1, 2, 9, 11, 12, 13, 14, 15] and [1, 2, 8, 9, 11, 12, 14, 15, 18, 19, 20, 21, 22].

*Supported by National Science Foundation of China, S & T Innovative Foundation for Young Teachers of
Northwestern Polytechnical University and the fund of the Developing Program for Outstanding Persons in
NPU



Infinitely many integral trees T%[m, 7| of diameter 5 were first constructed by R.Y. Liu in
[14]. Later Z.F. Cao obtained general results on these classes by using the solutions of
some Pell equations in [2], and then Y. Li obtained more general results on these classes
by using the solutions of some more general quadratic Diophantine equations in [13]. In-
tegral trees T%(r,m), T(r,m,t), and Ky  T(r,m,t) of diameter 6 were investigated in
1, 2, 8,9, 11, 12, 14, 15, 18, 19, 20, 21, 22]. In this paper, some new families of integral
trees with diameters 5 and 6 are constructed. All these classes are infinite. They are different
from those in the existing literature. We also prove that the problem of finding integral trees
of diameters 5 and 6 is equivalent to the problem of solving some Diophantine equations. The
discovery of these integral trees is a new contribution to the search of such trees. We believe
it is useful for constructing other integral trees.

Firstly, we shall give some lemmas on graphs, the first three of which can be found in [5].
For notations and terminology, we refer to [5].

Lemma 1.1. Let G1|J G2 denote the union of two disjoint graphs G1 and Go. If u € V(G1),
v e V(G2) and G = G1|J G2 + uv, then
P(G,z) = P(Gy,z)P(G2,z) — P(G1 —u,x)P(G2 — v, ).

Lemma 1.2. Let G be a graph. If u € V(G),v ¢ V(G) and G* = G + uv, then
P(G*,z) =zP(G,z) — P(G — u,x).

Lemma 1.3. Let G be a graph with n vertices, and G* is obtained by attaching t new endpoints
to each vertex of the graph G. Then we have P(G',z) = 2™ P(G,z — 1).
The following Lemmas 1.4, 1.5 and 1.6 can be found in [6], [11] and [18], respectively.

Lemma 1.4. If GeH is the graph obtained from G and H by identifying the verticesv € V(G)
and w € V(H), then

P(GeH,z) = P(G,x)P(Hy,x) + P(Gy,x)P(H,x) — 2P(Gy,z)P(Hy, ),
where Gy and H,, are the subgraphs of G and H induced by V(G)\{v} and V(H)\{w},
respectively.
Lemma 1.5. (1) P(Ky4,z) = 2t (2? —t).
(2) P(T(m,t),z) = 2™V (2? — )™ a? — (m+1)].

Lemma 1.6.
P[K) e T(m,t),z] = ™D (2 _pym=1pt — (m 4t + s)a? + st].

A graph G is called a rooted graph if one vertex u of G is distinguished from the rest. The
distinguished vertex u is called the root-vertex, or simply the root. Let r * G be the graph
formed by joining the roots of r copies of G to a new vertex w, and let K , @ G be the graph
obtained by identifying the center z of K1, and the root u of G. The following Lemmas 1.7
and 1.8 can be found in [20].



Lemma 1.7. P(r*G,z) = PG, 2)[zP(G,z) — rP(G — u, ).
Proof. It is easy to check the validity by Lemmas 1.1 and 1.2. |

Lemma 1.8. P(K;,eG,z) = 2" 2P(G,x) — rP(G — u,z)].
Proof. It is easy to check the validity by Lemmas 1.4 and 1.5. |

Secondly, we shall give some facts in number theory. For notations and terminology, we
refer to [3, 17, 25].

Let d be a positive integer but not a perfect square, m # 0, and m be an integer. We
shall study the Diophantine equation

22 — dy? = m. (1)
If 21, y1 is a solution of Eqn.(1), for convenience, then z; + y1V/d is also called a solution
of Eqn.(1). Let s+ tv/d be any solution of the Pell equation

22 —dy? = 1. (2)
Clearly, we know that
(1 + yl\/g)(s + t\/g) =xz18+ yitd + (y1s + xlt)\/a

is also a solution of Eqn.(1). Then this solution and z; + y;v/d are called associate. If
two solutions x1 + ylx/a and xy + yg\/c_i of Eqn.(1) are associate, then we denote them by
z1 + y1Vd ~ z9 + y2V/d. Tt is easy to verify that the associate relation ~ is an equivalence
relation. Hence, if Eqn.(1) has solutions, then all the solutions can be classified by the as-
sociate relation. Any two solutions in the same associate class are associate each other, any
two solutions not in the same class are not associate.

The following Lemmas 1.9, 1.10 and 1.11 can be found in [3] or [25].

Lemma 1.9. A necessary and sufficient condition for two solutions x1 +y1Vd and z2+1y2V/d
of Eqn.(1) to be in the same associate class K is that

x122 — dy1y2 = 0(mod|m|), y1xe — z1y2 = 0(mod|ml).

Let 1 + y1V/d be any solution of Eqn.(1), by Lemma 1.9, we have that —(z1 + y1Vd) ~
1+ Y1 \/E, —(z1—1 \/E) ~ T1—1Y1 Vd. Let K and K be any two associate classes of solutions
of Eqn.(1). If any solution z+yvd € K, then z —yv/d € K. The converse is also true. Hence,
K and K are called conjugate classes. If K = K, then this class is called an ambiguous class.
Let ug 4+ vov/d be the fundamental solution of the associate class K, where vg is positive and
has the least value in the class K. If the class K is ambiguous, we can assume that ug > 0.

Lemma 1.10. Let K be any associate class of solutions of Eqn.(1), and ug + voVd be the
fundamental solution of the associate class K. Let xg + yov/d be the fundamental solution of
Eqn.(2). Then we have that

_Yo/m if m >0,

0<un < \/2(730""1)7 3
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Lemma 1.11. (i) Let d be a positive integer but not a perfect square, m # 0, and m be
an integer. Then there are only finitely many associate classes for Eqn.(1), and the
fundamental solutions of all these classes can be found by finite steps from (3) and (4).

(ii) Let K be an associate class of solutions of Eqn.(1), and ug 4+ vo\/d be the fundamental
solution of the associate class K. Then all solutions of the class K are given by

z + yvVd = £(ug + voVd)(zo + yoVd)",
where n is an integer, and xo + yoVd is the fundamental solution of Eqn.(2).

(iii) If ug and vy satisfy (3) and (4) but are not solutions of Eqn.(1), then there is no solution
for Eqn.(1).
The following Lemmas 1.12 and 1.13 can be found in [3, 16] or [17].

Lemma 1.12. Let d (> 1) be a positive integer but not a perfect square. Then there exist
solutions for Eqn.(2), and all the positive integral solutions xy,yx of Eqn.(2) are given by
g+ ypVd = ", (5)

fork=1,2,3,---, where ¢ = xg +yoVd is the least positive solution of Eqn.(2). Suppose that
g =9 — yoVd. Then we have that €€ = 1 and
k| =k kE_ =k
ev+¢ e¥ —¢€
pu— pu— 6
Tk 9 y Yk 2\/3 9 ( )

fork=1,2,---.
Lemma 1.13. Let u,v be the least positive solution of Eqn.(2), where d(> 1) is a positive
integer but not a perfect square. Then the Pell equation
22 —dy? = -1 (7)
has solutions if and only if there exist positive integral solutions s and t for the equations
S 4+dt? =u, 2st=v,

and moreover s and t are the least positive solutions of Eqn.(7).
The following Lemmas 1.14 and 1.15 can be found in [16] and [25], respectively.

Lemma 1.14. Suppose that Eqn.(7) is solvable. Let p = xzg + yoV'd be the least positive
solution of Eqn.(7), where d(> 1) is a positive integer but not a perfect square. Then we have
the following results.

(1) All the positive integral solutions x,yx of Eqn.(7) are given by
oy, +ypVd = pt, (8)
fork=1,3,5,---



(2) All the positive integral solutions x, yr of Eqn.(2) are given by Eqn.(8) for k = 2,4,6,---
(3) Let p= xg — yoVd, then pp = —1, and xy, yp can be defined by

2 y Yk = 2\/&7

k=1,2,-- (9)

T —

Lemma 1.15. (1) Let d (> 1) be a positive integer with square-free divisor, if there exist
dy > 1 and do such that d = dids and the Diophantine equation

diz?® —doy® = 1 (10)
has positive integral solutions, then di, do are uniquely determined by d.

(2) Let 61 = x1v/di + y1\/da be the least positive integral solution of Eqn.(10). Then all
positive integral solutions x,, yn of Eqn.(10) are given by

Lo \/dy + yn/dy = €7, 214n. (11)

(3) Let g1 = x1\/dy — y1\/do. Then €121 = 1 and
e el —E]

LTy = 2\/d—179n— 2\/d—27

24 n. (12)

2 Integral trees of diameter 5

In this section, we shall construct infinitely many new integral trees of diameter 5. They
are different from those in the existing literature.

Theorem 2.1. Let the tree (K1, T(m,t)] © T(q,r) of diameter 5 be obtained by joining
the center u of Ky, T(m,t) and the center v of T'(q,r) with a new edge. Then the tree
[K1seT(m,t)] ©T(q,r) of diameter 5 is integral if and only if the equation

(22 —t)" a2 — )T HaS — (m+t+s+qg+r+ 1t +[st+ (g+r)(m+t+s)
+r+tjx? —t(sq+sr+71)} =0

has only integral roots.
Proof. Note that the vertex u is the center of the tree Ky ;@ T (m,t), and the vertex v is the
center of the tree T'(q,r). Suppose that

Gi=K;seT(m,t), Ga=T(q,r).
Than, by Lemma 1.1 we know that
P({[K1seT(m,t)|©T(qr)} x)
= P(Kl,s 1 T(m7 t)v x)P(T(% T)v l‘) - xspm(Kl,tv x)Pq(Kl,m l‘)
By Lemmas 1.5 and 1.6, we have
P({[K1seT(m,t)]©T(q,r)},x)
— $m(t—1)+q(r—1)+s(x2 _ t)m_1(332 _ T)q_l{[l’Q _ (q + r)][$4 _ (m +t4 S)$2 + st]

—(a? —1)(z? — )}
= gmt=Dralr=Dts (2 _ pym=1(g2 _ )16 (m 4t 454 q+r+ 1)zt
+ist+ (g+r)(m+t+s)+r+tla? —t(sq+sr+r)}
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Thus, the theorem is proved. |
The following Corollary 2.2 can be found in [1].

Corollary 2.2. If s =0, then the tree [K19eT(m,t)]eT(q,r) =T (m,t)ST(q,r) is not an
integral tree with diameter 5.
Now we assume that s > 0 throughout the whole paper.

Corollary 2.3. If ¢+ r =t, then the tree [K; s @ T(m,t)] ©T(q,r) of diameter 5 is integral
if and only if there exist natural numbers a and b such that x* — (m +t + s+ 1)a® + st +r
can be factored as (x> — a?)(x? — b?), t is a perfect square, and either ¢ =1 or ¢ > 1 and r is
a perfect square.

Proof. It is easy to check the validity by Theorem 2.1. |

Corollary 2.4. For the tree [K1 T (m,t)]©T(q,r) of diameter 5, if g+ 1 =t, we have the
following results.

(1) When q =1, let d > 1 such that there exist positive integral solutions for Eqn.(7). Then,
all positive integral solutions xog—1, Yor—1 of Eqn.(7) are defined by Eqn.(9). If s =d—1,
m=a%+b*— ygk—l —d, t= y%kfl, g=1,r= y%k—l —1 and ab = xoi_1, where k, a and
b are positive integers, then the tree [K1 s T(m,t)]©T(q,r) is integral with diameter 5,
and there are infinitely many such integral trees.

(2) When q¢ > 1, if s =de?, t = nyz,q = fz(yl% —e2)>0,r=€e2f2, m=a®>+0b* - fzyl% —
de? —1 >0, and ab = efxy,, where a, b, d(> 1), e, f and k are positive integers, and d
is not a perfect square, and all positive integral solutions x, yr of Eqn.(2) are given by
Eqn.(6), then the tree [K1 s T(m,t)] ©T(q,r) is integral with diameter 5, and there are
infinitely many such integral trees.

a’b?—r

(3) When q > 1, if t and r are perfect squares, ¢ = t —r > 0, s = ©2=" > 0, m =
a? 4+ b? — % —t—1>0, wheres, m, t, q, v, a and b are positive integers, then the
tree [K1 s 0 T(m,t)] ©T(q,r) is integral with diameter 5.

Proof. Since ¢ +r =t, by Theorem 2.1 we get that

P({[K1,s e T(m,1)] © T(g,7)}, )
= gmt=DFalr=ts (2 _pym (g2 — )zt — (m 4t + 5+ 1)z + st + 7).

By Corollary 2.3, we know that the tree [K; ;07 (m,t)|ST (g, r) of diameter 5 (where g+r = t)
is integral if and only if there exist positive integral solutions for the following Diophantine
equations (13) satisfying one of the following two conditions:

(i) ¢ =1, tis a perfect square, that is, t = ¢2.

(i) ¢ > 1, t and r are perfect squares, that is, t = 2 and r = r2.

(13)

a’b? = st +r,
a4+ =m+t+s+1,



(1) By Eqn.(13), condition (i) and g+ r = t, we get that
a®b? — (s + 1)t = —1. (14)

Assume that ab =z, s+ 1 =d, t = t3 = y?. Then Eqn. (14) can be changed into Eqn.(7).
Hence, by Lemmas 1.13 and 1.14, Eqn.(13) and Eqn.(14), it is easy to check the validity of
(1) of Corollary 2.4.

(2) By Eqn.(13), condition (ii) and g + r = t, we get that

22 2
a262—5t:7“:>a2b2—st%:r%:>a—2—5—21:1 (15)

Ty 1
Assume that r = r? = e2f2 s = de?, t = 17 = f%y? and ab = efx, where a, b, d(> 1), e,
f and k are positive integers, and d is not a perfect square. Then Eqn.(15) can be changed
into Eqn.(2). Thus, by Eqn.(13), condition (ii) and ¢ + r = ¢, and Lemmas 1.12 and 1.14, it

is easy to check the validity of (2) of Corollary 2.4.

(3) It is easy to check the validity of (3) of Corollary 2.4 by Theorem 2.1 or Corollary 2.3.
The proof is now complete. |

Note that we obtain the smallest integral tree [K; o e T'(3,4)] © T'(3,1) of diameter 5 in
this class. Its characteristic polynomial is P([K12 e T(3,4)]©T(3,1),z) = 21 (2? — 1)3(2? —
4)3(z% — 9) with order 25.

For (3) of Corollary 2.4, we simply list some examples of integral trees [K; s @ T'(m,t)] ©
T(q,r) with diameter 5.

Example 2.5. Whenq+r=t, q>1, let s, m, t, q, v, a and b be those positive integers of
(3) of Corollary 2.4, given in the following items, where a1, by, k, ki1, ke and | are positive
integers. Then the tree [K1 s e T(m,t)] ©T(q,r) is integral with diameter 5.

(1) s =k*(1>?+2), m= (2 —k>)(I? k> +2)>0,t =K% qg=K(*>-k*) > 1, r = k%,
a=k>andb=1%+1,

(2) s =k +2), m=kI1*"-1>0,t=kI02 q¢g=k0-k)>1,r=k a=k and
b=k(I2+1),

(8) s=k*(?=2)>0,m=(P—k)(I*-k*—2)>0,t =k, q=k*(1*-k*) > 1, r =k,
a=k>andb=1012-1>0,

(4) s=k*(12=2)>0, m=k*(12-22-1>0,t =K%, q=K*(>P-kK>)>1,r=k', a=k
and b= k(1> —1) > 0,

(5) s=P+2,m="—KP+P+k-2>0,t=k>q¢g=k0P-1)>1Lr=k,a=k
and b=1?+1,

(6) s=1=2>0,m=1"—kP-32+k*+2>0,t =k ¢=k(-1)>1,r=Fk,
a=kandb=1>—-1>0,

(7) s = a2b2(12+2), m = k¥a]+k3b1(12+1)2—a2b? (1 +2) —k?k3a2b312—1 > 0, t = k¥k3a3b3I?,
q = Kkk3a3b3(1? — a3b3) > 1, r = kfk3afb], a = k1a3 and b = kob3(1* + 1),



(8) s = ab?(i2 — 2) > 0, m = k¥ad + k3b4(12 — 1)% — a2B2(12 — 2) — k2k3a2bA2 —1 > 0, t =
k2k2a3b312, ¢ = K2k3a202 (12 — a2b?) > 1, r = k?k3aibt, a = k1a? and b = kob?(12 —1) > 0,

(9) s = K2k3a302(12 + 2), m = klai + k201 (1% + 1)? — E2k3a?03(12 + 2) — a2 — 1 > 0,
t=a?bd?, q = a?b(I? — k?k3a?b?) > 1, r = k2k2aib}, a = k1a? and b = kob?(1* + 1),

(10) s = k2k2a2b3(1? — 2) > 0, m = k?a} + k3b3(12 — 1)? — k2k2a202 (12 — 2) — a?b?12 — 1 > 0,
t=alb}?, g = a33(1® — k¥k3a3b?) > 1, r = kik3alb], a = k1a? and b = k2b3(1> — 1) > 0.

Proof. It is easy to check the validity by Corollary 2.3 or (8) of Corollary 2.4. |

Corollary 2.6. If ¢+ r # t, then the tree [K; s T(m,t)] ©T(q,r) of diameter 5 is integral
if and only if there exist natural numbers a, b and ¢ such that

25— (m+t+st+qgtr+Dat+[st+(g+r)(m+t+s)+r+t]z? —t(sq+sr+7)

can be factored as (x* — a®)(z? — b?)(2? — %), and both of these conditions hold:

(i) Either m =1 or m > 1 and t is a perfect square.

(ii) Either g =1 or ¢ > 1 and r is a perfect square.

Proof. It is easy to check the validity by Theorem 2.1. |

Corollary 2.7. Whenqg+r#t, m=1,qg> 1, leta, b, ¢, s, m, t, ¢ and r be those positive
integers of Corollary 2.6, given in the following Table 1 (where a, b, ¢, s, m, t, ¢ and r are
obtained by computer searching, and 1 < a <16, a <b<a+8,b<c<b+10, g+ r #t,
m =1 and ¢ > 1). Then the tree [K; s o T(m,t)] & T (q,r) is integral with diameter 5.

a | b | c s |m| t q |r||la | b | c s |m| t q r
219 10| 4 118 |9 (9 8|9 (10|71 |1 |7 | 72|25
819 |10 71 | 1|96 | 72 |415|16|18|239 | 1 | 243|240 | 81
15116 |18 1239 | 1 (320|240 |4 / | /| / / / / / /

Table 1: Integral tree [, T(m,t)] © T (q,r) with diameter 5, where ¢ +r # t, m = 1 and
q>1.

Proof. It is easy to check the validity by Theorem 2.1 or Corollary 2.6. |

Corollary 2.8. When g+r #t, m > 1, ¢ > 1,t and r are perfect squares, let a, b, ¢, s, m,
t, ¢ and r be those positive integers of Corollary 2.6, given in the following Table 2 (where
a, b, ¢, s, m, t, q and r are obtained by computer searching, and 1 < a <7, a < b <9,
b<c<20,g+r#t, m>1andq>1). Then the tree [K; ;o T(m,t)] ©T(q,r) is integral
with diameter 5.

Proof. It is easy to check the validity by Theorem 2.1 or Corollary 2.6. |

Remark 2.9. From Theorem 2.1, we know that it is important to find positive integral solu-
tions of the following Diophantine equations (16) satisfying one of the following four condi-
tions:

(i) m=1 and g = 1.
(ii) m > 1, ¢ =1, t is a perfect square.

(iii) m =1, ¢ > 1, r is a perfect square.



alb| c| s |m t q |rfal|b| c S m t q | r
1156|316 9 |32|1||1]|5]|6 7 18 4 |31 1
1{5]6 |8 |21 4 [27|11]|6| 7] 10 | 27 4 14311
1167|1130 4 |39 11|67 5 32 9 38| 1
119102263 4 [91|11]9|10]| 23 | 66 4 |87 1
215 121101 9 |29|4(2|6] 7|20 | 20 9 |35 4
2171 8 [13|27| 16 |56 (4| 27| 8| 15| 33 | 16 |48 4
21819 (17139 16 |72 |42 |8| 9| 19 | 45 4 164 | 4
36| 8 320 16 [36|1] 3|8 |10| 55 | 36 | 16 | 40| 25
381167 45| 16 |64 1] 3]9|10] 21 | 36 | 36 |87 | 9
3191024 (45| 36 |75]19| 4|5|12| 25 | 36 | 100|221
5161123832100 (30 |4 5|6|17| 35 | 56 |225 |32 1
67|16 |50 |48 | 196 |42 |4 || 6|7 |20 |102 | 190 | 144 |44 | 4
68|15 |57 |60 |144 |54 9| 7|8 |16 | 67 | 44 | 196 |52| 9

Table 2: Integral tree [K; s T(m,t)] ©T(q,r) with diameter 5, where ¢ +r # t, m > 1 and
q>1.

(iv) m>1, ¢ > 1, t and r are perfect squares.

a2+ +=m+t+stqtr+1
a?? + 0?2 + Ra’ =st+ (g+r)(m+t+s)+t+r (16)
a’b?c? = t(sq+ sr+r)

By Theorem 2.1, Corollaries 2.3, 2.4, 2.6, 2.7 and 2.8, we know that there exist infinitely
many such integral trees [K1 50 T(m,t)] © T(q,r) of diameter 5. However, (i) when m = 1
andqg=1,1<a<15,a<b<a+15b<c<b+20, (i) whenm >1,q=1, q+r #t, and
t is a perfect square, 1 < a <5, a<b<a+8,b<c<b+ 10, we have not found positive
integral solutions of Eqn.(16) by computer searching.

Hence, we raise the following Question 2.10.

Question 2.10. Are there integral trees [Ki s T(m,t)] © T(q,r) of diameter 5 with m =1,
g=lorm>1,q=1,q+r#t, t aperfect square ?
From Corollary 2.7, we raise the following Question 2.11.

Question 2.11. Can we prove that there are infinitely many integral trees [, ;o T'(m,t)] ©
T(q,r) of diameter 5 with q+r #t, m=1andqg>1?

Remark 2.12. For integral tree [Ky s 0 T(m,t)] ©T(q,r) of diameter 5, by analyzing Table
2, we can see the following result. If q+r #t, m >1 and q > 1, t and r are perfect squares,
then the problem of finding such integral trees is equivalent to the problem of solving Eqn.(16).
In particular, we can also see that

(2 — (¢ +7)][z* — (m +t + s5)2® + st] — (22 —t) (2% —7)
= 2% — (g +7))(z® —r)(a? = &) — (¢® — t)(2® — 1)
= Exz — rggx‘;— (q2;g r2+ 57;2;— Da? +t+ —St(qfr))



Thus, when q4+1r #t, m > 1 and g > 1, t and r are perfect squares, that is, t = t% andr = r%,

we know that the problem is equivalent to solving the following Diophantine equations (17).

a?+b=q+r+241
a2b? =t + st((ij-?“) (17)

m+t+s:r+s7t

Hence, we raise the following Question 2.13.

Question 2.13. When q+r #t, m > 1 and ¢ > 1, t and r are perfect squares, can we prove
that there are infinitely many positive integral solutions for Eqn. (16) or Eqn.(17)? Moreover,
can we find all positive integral solutions of Eqn. (16) or Eqn.(17) ¢

Theorem 2.14. Let the tree [Ki e T(m,t)] © [K1, e T(q,r)] of diameter 5 be obtained by
joining the center u of K1 ;8T (m,t) and the center w of Ky ,eT(q,r) with a new edge. Then
the characteristic polynomial of the tree (K1 s T(m,t)] © K1, e T(q,r)] of diameter 5 is
P({[K1s 0 T(m,£)] & [ 0 T(g, )]}, ) = om0l =54p72(2 — pym—i (2 _ pja-t{[1
(m+t+s)x? + st][z* — (p+ g+ 1)z +pr] — 2%(2? — t) (2% — 1)}

Proof. It is easy to check the validity by Lemmas 1.1, 1.5 and 1.6. |

Corollary 2.15. The tree (K15 e T(m,t)] © [Ki1p, e T(q,7)] of diameter 5 is integral if and
only if the equation

(22— t)" 1 @? =) 2B — (m+t+s+p+tqg+r+ )2+ [(m+t+s)p+qg+r)
tst+pr+t+rjat —[stlp+q+7r)+prim+t+s)+rtlz+prst} =0

has only integral roots.

For the tree [K; ;0T (m,t)|©[K1 T (q,r)] of diameter 5, we can see the following results.
(i) If p = 0, then [K 0T (m, t)|0[K1 peT(q, )] = [K1 0T (m,t)|eT(q,7). (i) fs=p=1r=t,
then [K1 5 @ T(m,t)] © [K1p @ T(q,7)] = T'[m,q]. Integral trees T'[m, g] of diameter 5 were
investigated in [2, 13, 14, 15]. We simply list some examples from [2, 13, 14, 15]. The following
Example 2.16 can be found in [2, 13].

Example 2.16. (1) Let d (> 1) be a positive integer but not a perfect square, and xp,yx

2 _ 2
xn«H xnfl

be defined by Eqn.(6). If m = d(227%)%, r = d(&F2)2, and t = (—2—F—2-)2, where
n>1>0,n andl are even, then all T*[m,r] are integral trees with diameter 5.

(2) Let d > 1 such that there exists positive integral solutions for Eqn.(7), and let xy, yy be

2 2
defined by Eqn.(9). If m = d(@nyn — 2im)?, 7 = d(@nyn + zm)?, and t = (272202,
where n > 1> 0, then all T*[m,r] are integral trees with diameter 5.

(8) Let d (> 1) be a positive integer with square-free divisor, d = dyida, di > 1 such that
Eqn.(10) has positive integral solutions, and let xy, yi be defined by FEqn.(12). If m =
2 9
daiy?, r = dziy?, and t = d%(%){ where k # 1, 21 kl, then all Tt [m,r] are integral
trees with diameter 5.

(4) Let d (> 1) be a positive integer with square-free divisor, and xy, yi be defined by Eqn.(6).

2 2
T2

Let m = daiy?, r = dziy?, and t = (T)Q, where k # 1, € = xo + yoVd is the least

10



positive solution of Eqn.(2). If 2 mg or 2|zg, and k = l(mod 2), then all T[m,r] are

integral trees with diameter 5.

For the tree [K; ;0T (m,t)|©[K; 0T (q,r)] of diameter 5, we have only found such integral
trees for the case that s =t = p = r. Hence, we raise the following Question 2.17.

Question 2.17. Are there integral trees [K; s o T(m,t)] & K, 0T (q,7)] of diameter 5 for s,
t, p and r which are not all equal?

3 Integral trees of diameter 6

In this section, we shall construct infinitely many new integral trees of diameter 6. They
are different from those in the existing literature.

Theorem 3.1. Let the tree r+ (K s0T(m,t)) of diameter 6 be obtained by joining the centers
of v copies of K1 seT(m,t) to a new vertex w, and let the tree Ky 4 o [r* (K, T(m,t))] of
diameter 6 be obtained by identifying the center z of K1 4 and the root w of r* (K ;8T (m,t)),
where r > 1. Then their characteristic polynomials are as follows.

(1) Plr«(K;seT(m,t)),z] = x””“(l’/_l)“(s_l)ﬂ(:U2 — t)r(m_l) [2% — (m+t+s)x? +st]" "zt —
(m+t+s+r)z? +t(r+ ).

(2) P{K o[r«(Kis0T(m,t))],z} = gD Ar(s=Dta—1(52 _)yr(m=D1z4 _ (4t 4 5)2? +
st "Hab — (m+t+s+r+ gzt + [tr+s) +q(m +t + s)]z? — gst}.

Proof. It is easy to check the validity by Lemmas 1.5, 1.6, 1.7 and 1.8. ]
The following (2) of Corollary 3.2 can be found in [2, 14] or [22].

Corollary 3.2. For the tree K140 [r* (K1 50T (m,t))] of diameter 6, we have the following
results.

(1) If g =t, then P{K; e [r*(KyseT(m,t))],a} = amHDE-DFr(s=1) (52 _ pyrim=1)+1[z4 _
(m+t+s)x? +st]" " Hat — (m+t+s+r)2?+ st].

(2) If g = s =t, then P(T'(r,m),x) = P{Kje[rx* (K1 0T (m,t))],z} = JU(rmJ”"“)(f/*l)(ac2 —
t)r(m_1)+1[x4 — (m+20)2? + 2"zt — (m + 2t +7)2® + £2].

Proof. It is easy to check the validity by Theorem 3.1 |

Theorem 3.3. (1) The tree r x (K1, T(m,t)) of diameter 6 is integral if and only if the
equation

(22 — )" D[zt — (m 4+t + s)a® + st]" Mzt — (m+t+s+r)a® +t(r+s)] =0
has only integral roots.
(2) The tree Kiqe[r* (K ,eT(m,t))] of diameter 6 is integral if and only if the equation

(22 =)Dzt — (m+t+ s)a + st] " Hab — (m+t+s+r+ ¢zt + [t(r+s)
+q(m +1t+s)]z* —gst} =0

has only integral roots.

11



Proof. It is easy to check the validity by Theorem 3.1. ]

Theorem 3.4. For any positive integer n, we have the following results.

(1) If the tree r * [Ky s @ T(m,t)] of diameter 6 is integral, and m > 1, then the tree (rn?) x
(K} 4n2 ® T(mn?,tn?)] of diameter 6 is integral, too.

(2) If the tree K1 4o [r* (K1, T(m,t))| of diameter 6 is integral, and m > 1, then the tree
Ky gp2 @ [(rn?) * (K g2  T(mn?,tn?))] of diameter 6 is integral, too.

Proof. It is easy to check the validity by Theorem 3.1. |

Remark 3.5. Unfortunately, we have not found integral trees r* (K1 s T (m,t)) of diameter
6. We believe that such integral trees do not exist.

Remark 3.6. For the tree K o [r« (K seT(m,t))] of diameter 6, when ¢ = s = t, integral
trees T'(r,m) = K1, [r* (K1, @ T(m,t))] of diameter 6 were studied in [2, 15, 22]. Here,
our results on integral tree T'(r,m) = Ky o [r* (K1, 0 T(m,t))] of diameter 6 are different
from those of [2, 15, 22].

Corollary 3.7. For any positive integer n, we have the following results.

(1) Letd (> 1) be a positive integer but not a perfect square, and xy, y, be defined by Eqn.(6).
2 .2
If m = (dypriyp—t)? 7 = zopwoy, and t = (B2 where k> 1 > 0, k and

are positive integers, then T'(r,m) (see [2]) and T™ (rn?, mn?) are integral trees with
diameter 6.

(2) Let d (> 1) be a positive integer but not a perfect square, let Eqn.(7) have positive integral
solutions, and let x, yi be defined by Eqn.(9). If

m— { (dykriyre—1)?,  if k = 1(mod2),
(Thriwe—t)?,  if k # [(mod2),

2 2
T = TogToy, andt = (%)Q, where k > 1> 0, then T*(r,m) (see [2]) and T™ (rn?, mn?)
are integral trees with diameter 6.

Proof. It is easy to check the validity by Theorems 3.1, 3.3 and 3.4. |

L L b2

Corollary 3.8. (1) Let a,be, k and n be positive integers satzsfymg b<a< 3 and k|a. If
m = (a> = b?)?, r = (%= — ka)® — (a® — b*)?, t = a®V?, then T™ (rn® mn?) is an integral
tree with diameter 6.

(2) Let a, b and n be positive integers satisfying b < a < b*>. If m = (a®> — b?)?, r =
(ab? — a)? — (a® — b2)2, t = a0, then Tt (r,m) (see [15]) and T™" (rn?, mn?) are integral
trees with diameter 6.

(3) Leta, b, ¢, d and n be positive integers. If m = (a*> —b?)%, r = (¢ —d?)? — (a® —b?)? > 0,
t = a20® = A2d2, then T'(r,m) (see [22]) and T'™ (rn2,mn?) are integral trees with
diameter 6.

12



Proof. It is easy to check the validity by Theorems 3.1, 3.3 and 3.4. ]

Corollary 3.9. For the tree Ki 4 o [r* (K15 T(m,t))] of diameter 6, let n be a positive
integer, we have the following results.

(1) If ¢ = t, then the tree K, o [r* (K15 e T(m,t))] of diameter 6 is integral if and only if
there exist natural numbers a, b, ¢ and d such that z* — (m+t + s)x? + st can be factored
as (22 —a?)(z%2 —b?), and * — (m+t+s+7r)x? + st can be factored as (x> — c?)(z% — d?).

(2) If g =1t # s, and the tree K1 o [rx (K1 50 T(m,t))] of diameter 6 is integral, then the
trees Kl,th * [(TTLQ) * (Kl,sn2 i T<mn27 t?”LQ))] and Kl,sn2 hd [(Tn2) * (Kl,tn2 * T(an, 3n2))]
are integral with diameter 6.

Proof. It is easy to check the validity by Theorem 3.1 and Corollary 3.2. |

Corollary 3.10. For the tree Ky 4o [r* (K, eT(m,t))] of diameter 6, let n be a positive
integer, a, b, ¢ and d be those of Corollary 3.9, q, r, s, m and t be positive integers in the
following Tables 3 and 4 (where a, b, ¢, d, q, r, s, m and t are obtained by computer searching,
and 1 <a<10,a<b<a+20,1<¢<20,c<d<c+20). Then we have the following
results.

(1) If g =t = s, q, , s, m and t are positive integers in the following Table 3, then
T (rn2, mn?) = Ky n2 @ [(rn?) % (K 4,2 ¢ T(mn?,tn?))] is an integral tree with diameter
6.

(2) If q =t # s, and q, r, s, m and t are positive integers in the following Table 4, then
Kip2 @ [(rnQ) * (Kl,sn2 ° T(an,th))] and Kq g2 ® [(rn2) * (Kl,tn2 ° T(mn2, sng))] are
integral trees with diameter 6.

al|l b lc|d|g=t=s| r m la| b |lc|d|g=t=s| r |m
218|116 16 189 | 36 || 312|218 36 175 | 81
419|218 36 231 25 ||4] 9 | 3|12 36 56 | 25
81 18|6 |24 144 224 1100 |9 |16 | 6 | 24 144 275 | 49
9116 | 8|18 144 510149 ||/ / |/ |/ / / /

Table 3: Integral tree T (rn2, mn?) = Ky 2 @ [(1n?) % (K 4,2 oT(mn?,tn?))] of diameter 6,
where n is a positive integer.

Proof. It is easy to check the validity by Theorem 3.1 or Corollary 3.9. |
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a | blc|dlg=t]| r s m a | blc|ld|lg=t] r s m
216 112 16 |105] 9 15 216 [1]12 9 105 | 16 | 15
219 |1]18| 36 |[240] 9 40 219 11|18 9 240 | 36 | 40
2 |10]1]20| 25 [297| 16 | 63 2 |10]1]20| 16 |297| 25 | 63
318 12|12| 36 75| 16 | 21 318 12|12] 16 75 ] 36 | 21
3 |10]2|15| 36 | 120 | 25 | 48 3 110]2|15| 25 |120| 36 | 48
3 121218 81 175 | 16 | 56 3 11212 |18| 16 |175| 81 | 56
3|14 1221 49 |240| 36 | 120 3 |14 |2 |21 | 36 |240| 49 | 120
4 (10220 | 64 | 2838 | 25 | 27 | 4 |10]2 |20 | 25 |288| 64 | 27
4 11213 |116| 64 |105| 36 | 60 4 112|316 36 | 105 | 64 | 60
4 |15 13|20 | 144 | 168 | 25 | 72 4 151320 25 |168 | 144 | 72
4 |15 3|20 | 100 | 168 | 36 | 105 4 | 153 |20 | 36 | 168 | 100 | 105
5 12 13]20| 100 |240 | 36 | 33 5 |12 13]20| 36 | 240 | 100 | 33
5 1214 |15] 100 | 72 | 36 | 33 5 |12 14|15 | 36 72 | 100 | 33
5 116420 | 100 [135| 64 | 117 || 5 |16 |4 |20 | 64 | 135|100 | 117
6 |12 4|18 | 81 160 | 64 | 35 6 |12 4|18 | 64 |160| 81 | 35
6 |14 4|21 | 144 | 225 | 49 | 39 6 |14 (4|21 | 49 | 225|144 | 39
6 |15 |5 | 18| 100 | 88 | 81 | 80 6 |15 |5| 18| 81 88 | 100 | 80
6 |16 |4 |24 | 144 | 300 | 64 | 84 6 |16 4|24 | 64 | 300|144 | 84
6 |20 |5 |24 | 225 | 165 | 64 | 147 | 6 |20 |5 |24 | 64 | 165 | 225 | 147
6 |20 5|24 | 144 | 165|100 | 192 | 6 |20 |5 |24 | 100 | 165 | 144 | 192
7T 1186|211 | 196 | 104 | 81 | 96 7118 16]21| 81 104 | 196 | 96
8 |15 |5 |24 | 144 | 312 | 100 | 45 8 |15 5|24 | 100 | 312 | 144 | 45
8 | 15| 6|20 | 144 | 147 | 100 | 45 8 |15 6|20 | 100 | 147 | 144 | 45
8 |18 |6 |24 | 256 | 224 | 81 | 51 8 |18 6|24 | 81 |224 256 | 51
8 |21 | 7124 ] 196 | 120 | 144 | 165 | 8 |21 | 7|24 | 144 | 120 | 196 | 165
9 |24 |8 |27 | 324 | 136 | 144 | 189 | 9 |24 | 8 | 27 | 144 | 136 | 324 | 189
10181920 | 225 | 57 | 144 | 55 || 10 | 18 | 9| 20 | 144 | 57 | 225 | 55

Table 4: Integral tree K ;2 @ [(rn?) x (K i,2 T (mn?,tn?))] of diameter 6 and integral tree
K g2 o[(rn?) (K 4,2 T (mn?, sn?))] of diameter 6, where n is a positive integer.
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