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Abstract

We give a simple proof of Jackson’s terminatingq-analogue of Dixon’s identity.
© 2005 Elsevier B.V. All rights reserved.
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In the last twenty years several short proofs of Dixon’s identity have been published
[3–5].However, therearenot somanyproofsof Jackson’s terminatingq-analogueofDixon’s
identity [2,6]:

∑
k

(−1)kq(3k2+k)/2
[
a + b

a + k

] [
a + c

c + k

] [
b + c

b + k

]
= [a + b + c]!

[a]![b]![c]! , (1)

where[n]! = ∏n
i=1(1− qi)/(1− q) and theq-binomial coefficient

[
x
k

]
is defined by

[
x

k

]
=




k∏
i=1
1− qx−i+1

1− qi
if k�0,

0 if k <0.
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The aim of this note is to give a short proof of (1) by generalizing the argument of[5]. Note
that

[
n
k

] = [n]!/([k]![n − k]!) for 0�k�n. So (1) can be written as follows:

∑
k

(−1)kq(3k2+k)/2
[
a + b

b − k

] [
a + c

c + k

] [
b + c

b + k

]
=

[
b + c

b

] [
a + b + c

b + c

]
. (2)

Clearly, both sides of (2) are polynomials inqa of degreeb + c. It suffices to verify (2) for
b + c + 1 distinct values ofa. Supposeb�c.

For a = 0 the two sides of (2) are equal to
[

b+c
b

]
. For a = −p with 1�p�b + c the

right-hand side of (2) vanishes, while the left-hand side of (2) is equal to

L =
∑

k

(−1)kq(3k2+k)/2
[
b − p

b − k

] [
c − p

c + k

] [
b + c

b + k

]
.

We now show thatL = 0 for 1�p�b + c as follows:

• If p ∈ [1, b], then
[

b−p
b−k

]
= 0 for k <0 and

[
c−p
c+k

]
= 0 for k�0.

• If p ∈ [b + 1, c], then
[

c−p
c+k

]
= 0 for anyk such that−b�k�b.

• If p ∈ [c + 1, b + c], since[−x
k

] = (−1)kq−kx−(
k
2 )

[
x+k−1

k

]
we have

L =
∑

k

(−1)k+b+cq(
c−k
2 )+A

[
p − k − 1
p − b − 1

] [
p + k − 1
p − c − 1

] [
b + c

b + k

]

=
∑

k

(−1)k+p+c−1q(
c−k
2 )+B

[
k − b − 1
p − b − 1

] [
p + k − 1
p − c − 1

] [
b + c

b + k

]
, (3)

where

A = b(b + 1)/2− bp − c(p − 1) + ck

and

B = A + (p − k − 1)(p − b − 1) −
(

p − b − 1
2

)
.

Since

qB

[
k − b − 1
p − b − 1

] [
p + k − 1
p − c − 1

]

is a polynomial inqk of degree

c − (p − b − 1) + 2p − b − c − 2= p − 1�b + c − 1,
the right-hand side of (3) vanishes if we can show that

∑
k

(−1)kq(
c−k
2 )

[
b + c

b + k

]
qik = 0 for 0� i�b + c − 1. (4)
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Applying the well-known identity

n∑
k=0

(−1)k
[
n

k

]
q(

k
2 )zk =

n−1∏
i=0

(1− zqi) (5)

(see, for example,[1, p. 36]) with z = q−i and replacingk by n − k, we obtain

n∑
k=0

(−1)n−k

[
n

k

]
q(

n−k
2 )+ik = 0 for 0� i�n − 1 (6)

which gives (4) by settingn = b + c and shiftingk to k + b.

Remark. The q-Dixon identity (1) is usually derived from theq-Pfaff–Saalschütz
identity [7]:[

a+b

a+k

] [
a+c

c+k

] [
b+c

b+k

]
=

∑
n

qn2−k2 [a+b+c−n]!
[a−n]![b−n]![c−n]![n+k]![n − k]! . (7)

Indeed, substituting (7) into the left-hand side of (1) we get

∑
n

[a + b + c − n]!qn2

[a − n]![b − n]![c − n]![2n]!
n∑

k=−n

(−1)kq(
k+1
2 )

[
2n

n − k

]
,

but (5) implies that

n∑
k=−n

(−1)kq(
k+1
2 )

[
2n

n − k

]
= (−1)nqn(n−1)/2

2n∑
k=0

(−1)k(q1−n)kq(
k
2 )

[
2n
k

]
= �n0.

Hence, our polynomial argument is somehow equivalent to the role played by theq-
Pfaff–Saalschütz identity in the proof of theq-Dixon identity. Note that Zeilberger[7]
has given a nice combinatorial proof of (7).
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