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Abstract

For a graph G, let h(G, ) denote its adjoint polynomial and 5(G) denote the
minimum real root of h(G,z). Two graphs H and G are said to be adjointly
equivalent if h(H,z) = h(G,z). Let F1 = {G|B(G) > —4} and F2 = {G|B(G) >
—4}. In this paper, we give a necessary and sufficient condition for two graphs H
and G in F; to be adjointly equivalent, where i = 1, 2. We also solve some problems
and conjectures proposed by Dong et al.( Discrete Math. 258(2002) 303-321).

Keywords: chromatic polynomial, adjoint polynomials, adjointly closed, adjointly
equivalent

AMS Subject Classifications: 05C50, 05C15

Introduction

In this paper, all graphs considered are finite and simple. Notation and terminology
not given here will conform to those in [1]. For a graph G, let V(G), E(G), p(G), q¢(G)
and G, respectively, be the set of vertices, the set of edges, the number of vertices, the
number of edges and the complement of G. Let GU H denote the disjoint union of two
graphs G and H, and mH denote the disjoint union of m copies of a graph H.

Let C; (resp., P;) denote the cycle (resp., the path) with j (resp., i) vertices, and P

and C denote respectively, the sets of P; and Cj for i > 2 and j > 3. First of all, we list
some classes of graphs (see Figures 1 and 2) that are of interest to us. For convenience,
suppose that 7y = {T11,n/n > 1} and U = {U,|n > 6}.
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For a graph G, we denote by P(G,\) the chromatic polynomial of G. A partition
{A41,A9,---,A,} of V(G), where r is a positive integer, is called an r-independent
partition of a graph G if every A; is a nonempty independent set of G. We denote by
a(G,r) the number of r-independent partitions of G. Then the chromatic polynomial
of Gis P(G,\) = Y a(G,r)(N),, where (A), = AA—=1)(A=2)--- (A —=r+1) for all

r>1

r > 1. See [7] for details on chromatic polynomials.

Two graphs G and H are said to be chromatically equivalent (or simply x-equivalent),
denoted by G ~ H, if P(G,\) = P(H, \). It is clear that ”~” is an equivalence relation
on the family of all graphs. By [G]| we denote the equivalence class determined by G
under "~”. A graph G is called chromatically unique (or simply x-unique) if H =2 G
whenever H ~ G. For a set G of graphs, if [G] C G for every G € G, then G is called
x-closed.

Definition 1.1. ([2-6]) For a graph G with p vertices, the polynomial

hMG,z) = Z (G, i)x!

=1

is called its adjoint polynomial. We define h1 (G, z) = h(G, :c)/:::X(E), where x(G) is the
chromatic number of G.

Two graphs G and H are said to be adjointly equivalent, denoted by G ~p H, if
h(G,x) = h(H,x). Clearly, ”~}” is an equivalence relation on the family of all graphs.
Let [G]y, = {H|H ~p G}. A graph G is said to be adjiontly unique if H = G whenever
H ~j, G. For a set G of graphs, if [G];, C G for every G € G, then G is called adjointly
closed. More details on h(G,x) can be found in [2-6,8-10].

From Definition 1.1, we have

Theorem 1.1. ([4]) (i) G ~ H if and only if G~y H;
(ii) [G] = {H|H € [G]n}; B
(iii) G is x—unique if and only if G is adjointly unique . O

It is an interesting problem to determine [G] for a given graph G. From Theorem
1.1, it is not difficult to see that the goal of determining [G] for a given graph G can be
realized by determining [G];,. Ye and Li [8] gave all adjointly equivalent classes of P,.
In [4], Dong et al. determined all adjointly equivalent classes of graphs roKq Uri K3 U

U Py, for rg,71 > 0,1; > 1 and obtained a necessary and sufficient condition for two
1<i<s
graphs H and G in G to be adjointly equivalent, where

G, = {aKgubD4U U P, U U C’Uj|a,b20,ui > 3,u; Z 4(mod5), v; 24}.

1<i<s 1<5<t



Let

Gy =<aK3UbDy U U Pui U U Cyj\a,b >0,u; > 3,’1)j >4
1<i<s 1<5<t

and
Gs=<¢rKju U CUj‘T,t > O,Uj >4 5.
1<5<¢

In fact, it is not easy to determined the equivalent class of each graph in G; for
1 =1,2,3. So, Dong et al. proposed the following interesting problem: For a set G of
graphs, determine

min,G = | J [Glh,
Geg

where minyG is called the adjoint closure of G.
In [4], Dong et al. proposed the following problem and conjectures.

Problem 1.1. ([4]) Determine miny(G2) and minp(Gs).
Conjecture 1.1. ([4]) The following set equalities hold:

m’inh(gg) = {TKl UaK3UbDy U U Tlvlv"‘i U U Pui

1<i<m 1<i<s

U U Cy;lrya,b,s,t,m > 0,m+r < a,u; > 3,v; >4, .
1<j<t

Conjecture 1.2. ([4]) The following set equalities hold:

minp(Gs) = {rKl UbDy U U Ty, U U Cy,lr,b,m,t > 0,7; > 5,05 > 4} .

1<i<m 1<j<t

They showed that the inclusion D holds in each of the two conjectures. In Section 2 of
this paper, we give the solution to Problem 1.1 and show that both Conjecture 1.1 and
Conjecture 1.2 are false.

Let
Fl = {UZHZ|HZ S {Kl,T1727n,Dn+3|n = 1,2,3,4} UuPUC U'Tl}

and
Fo={UiH;|H; € F1U{T125,T133,T222, Ki4,Ca(P2),C3(P2, P»), K, ,Dg} UU}.

In Section 3, we shall give a way for determining the adjoint equivalent class of each
graph in sets F;, where ¢ = 1, 2.

For a graph G, let 5(G) denote the minimum real root of its adjoint polynomial.
The following results are very important in this paper.

Lemma 1.1. ([8-10]) (i) B(Ck) = B(Pag—1) for k > 4 and 5(C3) = B(Py);
(ii) B(Cy) < B(Py,) for n > 3;
(i) B(Cy) < B(Cp—1) for n > 4 and B(P,) < B(P,—1) for n > 3.



Lemma 1.2. ([10]) Let G be a connected graph. Then
(1)B(G) = —4 if and only if
Ge{Ti25,T133, 1222, K14,Cs(P2),C3(Ps, P), Ky ,Dg} UU.
(2) B(G) > —4 if and only if
GePUCUTU{T124,Dnys, Kiln=1,2,3,4}.

By Lemma 1.2, we have F; = {G|3(G) > —4} and F = {G|B(G) > —4}. Clearly,
F1 and F» are adjointly closed.

For convenience, we simply denote h(G,z) by h(G) and hi(G,z) by hi(G). For
g(x), f(x) € Q[x], let (g(x), f(x)) denote the greatest common factor of g(x) and f(x).
By g(x)|f(x) (resp., g(x) [ff(z)) we mean that g(x) divides f(x) ( resp., g(x) does not
divide f(z)).

2 Solution for Some Problems and Conjectures

In this section, our aim is to solve Problem 1.1 and Conjectures 1.1 and 1.2. First we
introduce some basic results on the adjoint polynomials of graphs.

Definition 2.1. ([5]) Let G be a graph with p vertices and ¢ edges. The character of
G is defined as

0, if g =0,

R(G) = a(@jp_g)_<a(a’p;1)_1>+1, if ¢ > 0.

Lemma 2.1. ([5]) Let G be a graph with k& components G1,G3,...,Gg. Then

k k
MG) =[] 1(Gi) and R(G) =Y R(G;).
i=1 i=1
Lemma 2.2. ([5]) Let G and H be two graphs such that h(G,z) = h(H,z). Then
R(G) = R(H).

Lemma 2.3. ([6]) Let G be a connected graph with p vertices. Then

(i) R(G) <1, and the equality holds if and only if G = P,(p > 2) or G = Cj;

(ii) R(G) = 0 if and only if G is one of the graphs K1, Cp, D, and T'(I1,l2,13), where
p>4,1,>1,i=1,23.

k<n

Lemma 2.4. @D(DRWnZZMRJ:§:< kk>ﬁ;

k
.. > _ n k.
(ii) For n > 4, h(C,) k;n E\ g |7

iii) For n = T " e 2t
(iii) For n > 4, h(D,,) k§n<k<n_k>+<n—k—3>> '

Lemma 2.5. ([5]) If e = wv is an edge not in any triangle of a graph G, then
h(G) = h(G —e) + zh(G — {u,v}).

Lemma 2.6. ([8-10]) (i) For n > 1 and m > 4, (h1(Cp,), h1(P2n)) = 1;



(ii) For ny > 3 and ng > 4, h1(Pp, )h1(Ch,) = hi(Pyy4+n,) if and only if ng = ny + 1.

From Lemmas 2.4 and 2.5 or [8-10], one can check that each pair of the graphs
in Ry defined below is adjointly equivalent. In what follows we call it an adjointly
equivalent transform if we use one of the graph in a pair of adjointly equivalent graphs
to substitute for the other.

Ri = {Pony1 ~n PoUC,11, Ky UC3 ~p, Py, T2 ~n K1 UG, T3 ~, K1 U
Dy, K1UPs ~p PoUTy 11, DgUTy 11 ~p, K1UCy, D7UTy 1 1UCs ~p, K1UCh5, PsUD5 ~p,
P,UCgln >3,m >4,s > 4}.

Theorem 2.1. (i) minGs = Fi;

(ii) Let Q = {’I“/Kl U U aD;,U U T171>Ti u u CUjU
ie{4,6,7} 1<i<m 1<j<t

U biTLg,Z-]'r’,ai,bi > O;T’i > 1;’1)j > 4}. Then, minhgg =Q.
1€{3,4}

Proof. (i) Clearly, minpGy C Fi. From the set Ri, one can see that Pa,i11 ~p
P,UCyhqq1 forn >3, Py ~p, K1 UKs, K1 UPs5 ~, PoU T17171, P, UCy ~p, P3U Ds,
KiUCy ~, DsgUTi1,1, K1UC15 ~, D UT111UCs, K1 UCy, ~p Ti1m-—2 and
K1 UDg ~p, Ty 9,5—3. Thus, we have 1 C min,Ga, and hence (i) holds.

(ii) Clearly, miny,Gs C Fi. From the set Ry, one can see that K1 UCy ~p, DgUT7 11,
Ki1UCi5 ~p, D7 U T17171 UCs, K1UGC,, ~p T1717m_2 and K1 U Dg ~y, T1727S_3. Thus, we
have Q C min;Gs.

Let G € G3 and H ~j G. From Lemma 1.2, we have H € F;. From Lemmas 2.1
and 2.3, we have R(G) = R(H) = 0, and so, none of the components of H is isomorphic
to P, for n > 2. Hence, we know that each component of H is one of the following
graphs:

K1, Di,Th 1y, Coyy T 2,0,

where i = 4,5,6,7; 7; > 1; v; > 4 and w = 2,3, 4.

From Lemma 2.6, hq(P2) fh(Cy,) for all v; > 4. So, (z +1) fh(G) = h(H). Since
(x + 1)|h(Ds) = h(Th22)/x, we know that H does not include D5 and Tj 22 as its
components. Thus H € Q) and min,Gs = Q. O

It is not difficult to see that Theorem 2.1 solves Problem 1.1 and gives negative
answers to Conjectures 1.1 and 1.2.

Let Gy = {rK;G U U Pylu; > 2,r > 1}. Similar to the process of the proof for
1<i<s
Theorem 2.1, we can easily obtain the following result.

Theorem 2.2. min,(Gs) = Fi.

3 Adjoint Equivalence Classes of Graphs

In this section, our aim is to determine the adjoint equivalence class for each graph G
in F;, where ¢ = 1,2. A necessary and sufficient condition for two graphs G and H in
F; to be adjointly equivalent is obtained.

Lemma 3.1. Let G;, H; € {Kl,TLLl,Pg,Cn,PQHn > 4,1 > 1}, where 1 < i < m,
1§j§t If U Gi"“h U Hj,then U Glg U Hj.

1<i<m 1<5<t 1<i<m 1<j<t



Proof. By Lemma 2.1,

Thus there exists a component, say Hy, in |J H;j such that 3(G1) = B(Hi). From
1<j<t

Lemmas 1.1 and 2.6, we know that Gy =& Hy. Moreover, m =t = 1 and the theorem

holds for m = 1.

Suppose that |J G;= U Hjform=Fk—1andk > 2. When m =k, from (1)

1<i<m 1<5<t
it follows that
k t
[17(G:) =[] n(Hs). (2)
i=1 j=1

Now, we consider the minimum real roots of the two sides of (2). Denote by 3(right)
and ((left), respectively, the minimum real root of the right-hand side and the left-
hand side of (2). Without loss of generality, we assume that G(left) = 5(Gk). We
distinguish the following cases:

Case 1. G, = C,, for some n > 4.

Clearly, H has a component, say Hy, such that 3(C),) = 5(H¢). So, by Lemmas 1.1
and 2.6, H; = C,,. From (2) we get

k-1 -1
H h(G;i) = H h(H;). (3)

By (3) and the induction hypothesis, | G;= U Hj, andso, G= H.
1<i<k—1 1<j<t—1

Case 2. Gy, € {Py, P3,T111, P, K1 }.

Since ﬁ(PG) < 5(T1,1,1) < ﬂ(P4) < ﬁ(Pg) < ﬁ(Pg) < ﬁ(Kl) and ﬂ(04) < 5(T1,1,1)7
one can see by Lemma 1.1 that G;, H; € {Ky, Py, P35, Py,T11,1} for all 1 <i <k and
1 < j <t. Clearly, this theorem holds.

Case 3. G, & Py, for some «.

Obviously, a > 3. Then, it is not difficult to see that H has a component, say Hy,
such that 5(Psy) = B(H). So, by Lemmas 1.1 and 2.6 , we have H; = P,,. Similar to
Case 1, we have H 2 G. O

Suppose that G and H are two graphs. We shall construct a pair of graphs G* and
H* respectively from G and H by the following steps:

O1: We construct a pair of graphs G’ and H' respectively from G and H by replacing
each component Y by adjointly equivalent transform in R until none of the components
is isomorphic to Y, where Y € {Pa,q1,D4,T11,m,T12s/n > 3,m > 2,5 > 2} and
R € {Popq1 ~n PoUChy1, Dy~ Co, Th i m ~n Ky U Crag2, Tros ~p K1 U Dgy3ls



Oy: We denote by aq,as, as,as and as, respectively, the number of the components
Cs3, Ps, D5, Dg and D7 of G’. We denote by by, b, b3, by and bs, respectively, the number
of the components Cs, P5, D5, Dg and D7 of H'. Let 1 = max{aj + a2,b1 + ba}, 22 =
max{as,bs}, rs = max{as + as,bs + b5} and x4 = max{as,bs}. Then we take G’ =
G'Uz K U roP3 U .%'3T17171 U x24C% and H'"=H Uz K; U zoP3 U 1‘3T17171 U 24C5.

O3: We construct a pair of graphs G* and H* respectively from G” and H” by
replacing each component Y’ by adjointly equivalent transform in R’ until none of
the components is isomorphic to Y’, where Y’ € {K; U C3, K1 U Ps, Dg UT1 1,1, D7 U
T171,1 U Cs, P3 U D5} and R € {Kl UCs ~p Py, K1 U Py ~p, Py U T171,1,D6 @] T171,1 ~h
KiuUCy, D7 U T17171 UC5 ~p K1 UC15,P3U D5 ~jp, Py U CG}

Here we point out that the above operations are valid only for pairs of graphs, but
not for a single graph. For convenience, the pair of graphs G* and H* are said to be
obtained from G and H by Operation OP;, denoted by < G, H >2Pu< G* H* >.

Theorem 3.1. Let G,H € F; and < G, H >2P4 < G*, H* >. Then, G ~, H if and
only if G* = H*.

Proof. Suppose that G, H € F; and G ~j, H. It is clear that G’ ~j, G ~), H ~;, H'
and G* ~p, G ~, H" ~j, H*. So, by steps O3 and O3, one can see that each component
of G* and H* is one of the following graphs:

K1, T111,P3,Cpn, Py, n>4,02> 1.

By Lemma 3.1, G* = H*.
Conversely, suppose that G* = H*. Then, G” ~p, H” and G’ ~,, H'. Thus, G ~;, H.
O

From Lemmas 2.4 and 2.5, it is not hard to obtain the adjointly equivalent transform
in Ro, where Ry = {K1UUn ~p Pn,4UK174, 2K1UT17275 ~p P2UP4UK174, 2K1UT27272 ~p
2P2UK174, 2K, UT17373 ~p PQUPgUKlA, 2K, UCg(PQ,PQ) ~p PQUKlA, 2K, UC4(P2) ~p
P U K174, SKi1UK, ~p P U K174,3K1 UDg~, PLbUPLU K1,4|n > 6}.

Suppose G, H € F5. Similar to OPy, G and H are said to be obtained from G and
H by Operation OP,, denoted by < G, H >282 < G, H >, if the pair of graphs G and
H can be obtained respectively from G and H by the following steps:

Oy: Let yo, 91, Y2, Y3, Y4, Y5, Y6, Y7, Ys be respectively the number of the components
Ky, Un, T 25,1222, T1,3.3,C3( P2, P2), Ca(P2), K, Ds of G, and let yy, y1, Y5, Y5,94, Ys»
Y6, Y4, Ys denote respectively the number of the components K1, Uy, T1 25,1222, 11 3.3,
C3(P2, Py), Cy(Py), K, ,Dg of H. Suppose that y = max{y1 + 2y2 + 2y3 + 2y4 + 2y5 +
2y6 + 3y7 + 3ys — Yo, Y + 2y + 25 + 2y + 2yt + 2y + 3y + 3y — y - Take Go = GUY K,
and Hy=H UyKq;

Os: We construct a pair of graphs G and H” respectively from Gy and Hy by
replacing each component Y by adjointly equivalent transform in Rs until none of the
components is isomorphic to Y, where Y € {K; UU,,2K1 UTi 25,2K1UTs22,2K U
T17373, 2K U Cg(PQ, PQ), 2K U C4(P2), SKiUK, ,3K; U D8|n > 6} In fact, G” and H”
contain none of the following Components: Un, T17275, T27272, T17373, Cg(PQ, Pg), C4(P2),
K47 and Dg.

Og: Let s1 and sy be respectively the number of the components K 4 of G” and
H". Take s = min{sy, s2}. By deleting sK; 4 from G” and H”, we obtain graphs G"”
and H"”. Note that if G ~;, H, then s = s9, G ~}, H" and G"',H" € F;.



O7: By using OP;, we obtain the pair of graphs G and H respectively from G’ and
H"”, ie., < Q" H" PP G H >.

Similar to the proof of Theorem 3.1, we can show the following result.

Theorem 3.2. Let G,H € F, and < G, H >2 < @,fAI >. Then, G ~j H if and
onlyif G= H. O

By Theorems 3.1 and 3.2, we have

Theorem 3.3. (i) For any graph G € Fy, [G], = {H € F1|H* 2 G* and < G, H >
< G* H* >} L o
(ii) For any graph G € Fy, [G]y = {H € Fo|H 2 G and < G, H >2P< G H >}.
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