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Abstract

A graph G is said to be locally irreqular if each pair of adjacent vertices have different
degrees in G. A collection of edge disjoint subgraphs (G, ...,Gg) of G is called a k-
locally irregular decomposition of G if (E(G1), ..., E(Gy)) is an edge partition of G and
each G; is locally irregular for i € {1,...,k}. The locally irregular chromatic index
of G, denoted by x.,..(G), is the smallest integer k such that G can be decomposed
into k locally irregular subgraphs. A graph G is said to be decomposable if x},..(G) is
finite, otherwise, G is exceptional. The Local Irregularity Conjecture states that
all connected graphs admit a 3-locally irregular decomposition except for odd paths,
odd cycles, and a certain subclass of cacti. Recently, Sedlar and Skrekovski showed that
there exists a graph G which is a cactus such that x;,..(G) = 4. In this paper, we mainly
prove that if G is a decomposable cactus, then x}..(G) < 4; if G is a decomposable
cactus without nontrivial cut edges, then x},.(G) < 3. In addition, we show that
in a decomposable subcubic graph G if each vertex of degree 3 lies on a triangle, then
Xirr(G) < 3. By establishing algorithms, we obtain x/},..(K, —Cy) <3for3< /¢ <n-—1.
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1 Introduction

All graphs considered in this paper are simple and finite. Consider a graph G = (V(G), E(Q)).

We say G is locally irregular if each two of its adjacent vertices differ in degree, i.e., for each
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edge wv € E(G) we have d(u) # d(v). A k-locally irregular decomposition of G is a col-
lection of subgraphs (G, ...,Gy) of G such that (E(G1),...,E(Gy)) forms a partition of
E(G) and each G; is locally irregular for i € {1,...,k}. We define the least number %k such
that G admits a k-locally irregular decomposition as locally irregular chromatic index of G
and denote it by x},..(G). Note that there are graphs that admit no locally irregular decom-
position, e.g., paths of odd length. Therefore, we call a graph G decomposable if X}, . (G) is
finite, otherwise we call G exceptional.

The concept of locally irregular chromatic index of graphs was introduced and studied
by Baudon, Bensmail, Przybyto and Wozniakin [2] mainly because of its link to the 1-2-3
Conjecture [8]. The main open problem about locally irregular decomposition is whether

each decomposable graph admits a 3-locally irregular decomposition:

Conjecture 1.1 (Local Irregularity Conjecture [2]) Every decomposable graph G ad-

mits a 3-locally irregular decomposition.

Though the history of Conjecture 1.1 is not long, there are numerous results about it.
For general decomposable graphs, it holds that x/,..(G) < 328 [5]. Later, a better bound was
given in [10], which states that x}..(G) < 220. For decomposable subcubic graphs, it holds
that x},,.(G) < 4 [10]. For decomposable planar graphs, it holds that x/,..(G) < 15 [4]. In
addition, Conjecture 1.1 has been confirmed for several special classes of graphs, e.g., graphs
with minimum degree at least 10'° [11], k-regular graphs for & > 107 [2], decomposable trees
[2], decomposable split graphs [9], decomposable bipartite cacti [4]. For more results on this
topic, we refer the readers to [6, 7].

Recall that a cactus is a graph in which no two cycles intersect in more than one
vertex. In [4], the authors proved x/,..(G) < 15 for decomposable planar graphs, by showing
that a decomposable planar graph G admits a decomposition G1,Go, G3, G4 and T', where
G; is a decomposable bipartite cactus for i € {1,2,3,4} and T is a decomposable tree.
Moreover, the study of decomposable cacti is of independent interest. There are many
results about subclasses of decomposable cactus, e.g., bipartite cactus, cactus with cycles
being vertex disjoint, unicyclic graphs. Sedlar and Skrekovski in [12] found a counterexample
of Conjecture 1.1, i.e., there exists a decomposable cactus G with x/,..(G) = 4, as shown in

Figure 1. Therefore, they made a modification to Conjecture 1.1.

Conjecture 1.2 ([12]) Every decomposable graph G admits a 4-locally irreqular decompo-

sition.

In [12], the authors also showed that if G is a decomposable cactus with vertex disjoint
cycles, then x/ . (G) < 3. Combining the result about decomposable bipartite cacti, the

cacti attract our attention. In this paper, we prove that x}..(G) < 4 if G is a decomposable



Figure 1: A cactus with locally irregular chromatic index 4.

cactus, and x4,..(G) < 3 if G is a decomposable cactus without nontrivial cut edges. An
edge e of a connected graph G is said to be a nontrivial cut edge if GIE(G) \ {e}] contains
two components such that each contains at least one edge. In addition, we show that
in a decomposable subcubic graph G if each vertex of degree 3 lies on a triangle, then
X (G) < 3. By establishing algorithms, we obtain x},..(K, —Cy) <3 for 3<¢<n—1.

2 Preliminary

In this section, we first present the exceptional graphs given in [2]. Denote by K, P, and
C), the complete graph, the path and the cycle on n vertices, respectively. A path or a cycle
is odd if it has an odd number of edges, otherwise, it is even. The family ¥ can be defined

inductively as follows.
o K3€%.

e Every other graph of this family may be constructed by taking an auxiliary graph F
which might either be a path of even length or a path of odd length with a triangle
glued to one of its ends, then choosing a graph G € ¥ containing a triangle with at
least one vertex, say v, of degree 2 in GG, and finally identifying v with a vertex of
degree 1 of F.

Let P be the family of all the odd paths and C be the family of all the odd cycles. In
[2], the authors proved the following theorem.

Theorem 2.1 (/2]) A connected graph is exceptional if and only if it belongs to PUCUX.

Note that graphs in ¥ have the following properties.
Proposition 2.2 Let G € €. We have
(a) G is a subcubic graph with each vertex of degree 3 lying on a triangle.

(b) for v e V(G), if dg(v) = 3 and there is a pending path P, rooted at v, then P, is of

even length.



(c) for e € E(G), if e does not lie on a triangle, then e is a cut edge of G.
In the following, we list some results that are useful.
Theorem 2.3 (/2]) If T is a decomposable tree, then x;,,.(T) < 3.
Theorem 2.4 ([4]) If G is a decomposable bipartite cactus, then x..(G) < 3.
Theorem 2.5 ([12]) If G is a decomposable unicyclic graph, then x},.(G) < 3.

Now we introduce some more notions. Given a graph G with X C E(G) or X C V(G),
we use G[X] to denote the subgraph of G induced by the edges in X or the vertices in
X, respectively. For a vertex u € V(G) which either lies on a single cycle or does not lie
on any cycle, consider the component 7T, that contains u of the graph obtained from G by
deleting the two edges incident to u in the cycle if u lies on a single cycle or some cut edge
incident to u if u does not lie on any cycle. If T}, is a tree, then we refer to it as the pending
tree of u. For u,v € V(G), the distance between u and v in G, denoted by dist(u,v), is
the length of a shortest (u,v)-path. The distance between two subgraphs A and B of G,
denoted by dist(A, B), is defined as the minimum distance between two vertices u and v
where u € V(A) and v € V(B). Denote the set of edges incident to v in G by Eg(v) and
Ec({u,...,v}) = Eg(u)U---U Eg(v). We call a graph spider if it is obtained from a star
by subdividing each edge at most once. Note that every spider is locally irregular unless it
is a path P; with ¢ € {2,4,5}.

3 Cacti

In this section we mainly focus on cactus graphs. We prove that x/..(G) < 4if G is a
decomposable cactus, and x},.,.(G) < 3 if G is a decomposable cactus without nontrivial cut
edges. Let G be a cactus with at least two cycles. We call a cycle C' in G outmost if there
is a vertex u € V(C) such that the other vertices of C' cannot reach any other cycle in G

without passing u. Call u the special vertex of C.

Lemma 3.1 Let H be a decomposable cactus with x},..(H) = k where k € {3,4}. Ifu €
V(H) lies on at most one cycle and T, is a star centered at u, then there exist k locally
irreqular subgraphs Hy,. .., H; decomposing H such that Eg(u) C E(H{ U Hy).

Proof If u lies on a cycle, then let Ny g\ g(1,) () = {v, w}, otherwise, let Ny )\ g(1,)]
(u) = {v}. Denote by r the size of E(T,), we have dg(u) = r + 1 or dg(u) = r + 2
as shown in Figure 2. Let Hy,...,Hy be a k-locally irregular decomposition of H. Let
Q=ET,)N E(Uf:3 H;). Since dy(pm)\ e, (1) < 2, without loss of generality, we may
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assume that Ep g\ g, (@) € E(H1 U Hp). If r =0, then Ey(u) = Egpm)em,) (v) €
E(Hy U Hy). If r = 1, then let {e} = E(T,). Since P, is exceptional, there is at least
one edge e, of Ey(pm)\ g(r,)(w) such that e and e, belong to the same locally irregular
subgraph. By our assumption, Hy, ..., Hy are k locally irregular subgraphs that we want
for r € {0,1} or @ = (). Thus let H/ = H; for i € {1,...,k} when r € {0,1} or Q = (. We
consider r > 2 and @ # () in the following.

Figure 2: The partial structure of H at the vertex wu.

Since P, is exceptional, |Q] > 2. We first consider the case dg(u) = r + 2. Suppose uv
and ww are in the same subgraph. Without loss of generality, we assume {uv,uw} C E(Hy).
Then H{ = H;, H) = H[E(H2) UQ] and H; = H[E(H;) \ Q] for 3 < i < k make up a
desired decomposition of H. Suppose uv and uw are in different subgraphs. Without loss
of generality, we assume uv € E(H;) and uw € E(Hs). Let H{ = H[E(H;)UQ), H) = Ho,
1Y = HIE(H;) \ Q] for 3 < i < k if dyy (v) — dpp (u) # |Qf; H{ = Hy, Hy = HIE(Hz) U Q).
H = HIE(H)\ Q) for 3 < i < k if diy(w) — diy(uw) # 1Q: H| = H[E(H) U Q1.
H) = H[E(H>)UQ2], Hl = H[E(H;) \ Q] for 3 <i <k otherwise, where (1 U Q2 = @ and
Qi # 0 for i € {1,2}. The graphs Hj, ..., H; thus make up a desired decomposition of H.
For the case dg(u) = r+1, suppose uv € E(Hy). The graphs H| = Hy, H, = H[E(H3)UQ)]
and H, = H[E(H;) \ Q] for 3 <1i < k thus make up a desired decomposition of H. O

Let P = ujuo...u, be a path, and we call (e the center vertex of P. The following

lemma holds.

Lemma 3.2 Let G be a decomposable cactus and v € V(G) with a tree T rooted at w. Then
X (G) < 4 if one of the following conditions holds.

(i) There is a vertex u' € V(T) \ {u} such that dg(u’) > 3.
(ii) T is a path pending at u of length at least three.

(iii) w lies on at most one cycle and T,, = T with |E(Ty)| > 2, where T,, is the pending tree

of u.

Proof First we show that if one of conditions (i), (ii), or (iii) holds, then there is a vertex
x € V(T) such that either T, = P; or Ps with z being its center vertex or T} is a locally
irregular spider. Also, z # u for conditions (i) and (ii). If case (ii) happens, that is, if T is



a path of length at least three, then let & be the vertex different from u which is at distance
two from the vertex of degree one in T. Now suppose that case (i) happens, that is, there
is a vertex v’ € V(T') \ {u} such that dg(u’) > 3. Let uy € V(T') such that dp(ui,u) is as
large as possible. Let P = ujus ... u be a shortest (u;,u)-path. By our assumption, uz # u.
If dg(ug) > 3, then Ty, is a locally irregular spider and so let & = uy. Therefore, we may
assume dg(z) < 2 for each z € Ng(u3) \ {ua}. Thus ug # u since there is v’ € V(T') \ {u}
and dg(u') > 3. If dg(ug) # 3, then T, is a locally irregular spider and so let z = ug. If
dg(usg) = 3, then T,, = P, or P5 with us being its center vertex and so let x = ug. At
last, suppose that (iii) happens, which means that u lies on at most one cycle and T,, = T
with |E(T,)| > 2. From the above analysis, we only need to consider that 7, is consisted
of paths of length at most two pending at w. In this case, T,, &£ P, or P5 with u being its
center vertex or Ty, is a locally irregular spider and so let z = wu.

Now it suffices to show that x/..(G) < 4, which we prove by induction on the number
of edges of G. By Theorems 2.3 and 2.5, we may assume that there are at least two cycles
in G. Suppose T, = P, with x being its center vertex. Let T, = axbb;, X = {xb, bb;}
and G' = G[E(G) \ X]. We first assume that G’ is decomposable. By Lemma 3.1 and the
induction hypothesis, G’ can be decomposed into at most four locally irregular subgraphs

1, G5, G5, G). Note that dg/(xz) = 2 for © # uw and dg(z) < 3 for x = u. Therefore,
without loss of generality, we may assume Eg/(x) C E(G} U G)) since dgr(a) = 1. The
graphs G, G5, G[E(G%) U X] and G, thus make up a decomposition of G into four locally
irregular subgraphs. Now consider that G’ is exceptional. We have dgr(x) > 2 because G is
decomposable. Since G’ is exceptional, Proposition 2.2(b) implies dg(x) = 2. Let Ngv () =
{a,v} and w € Ng/(v) \ {z}. Let Y = X U {xa,zv,vw}. Then G[Y] is locally irregular.
Note that wvza is a path of odd length. By Proposition 2.2(a,b), G” = G[E(G) \ Y] is
decomposable. By the induction hypothesis, G” can be decomposed into at most four locally
irregular subgraphs G, G5, G5, Gj. We have |Eg»({v, w})| < 3 since either dg»(v) =1 or
v ¢ V(G"). Without loss of generality, we may assume Eg»({v,w}) C E(G] UGY). The
graphs G, G4, G[E(G%)UY] and G| thus make up a decomposition of G into four locally
irregular subgraphs. Therefore, x},..(G) < 4.

Now suppose either T}, is a locally irregular spider or T, = zoxizx324 (T = P5) with
x being its center vertex. Obviously, T, can be decomposed into two locally irregular
subgraphs T} and T3 (75 can be an empty graph). Let G’ = G[E(G)\ E(T})]. Suppose that
G’ is decomposable, by the induction hypothesis, we may assume G’ can be decomposed
into at most four locally irregular subgraphs G, G5, G% and Gj. If © = u, then without loss
of generality, we may assume that Eq (z) € E(G} U GY). The grahps G, G5, G[E(G%) U
E(TY)] and G[E(G)) U E(T5)] thus make up a decomposition of G into four locally irregular
subgraphs. If z # u, then without loss of generality, we may assume that Eq (z) C E(GY)).



The graphs G, G[E(G,)UE(T1)], GI[E(G%5)UE(T3)] and G’ thus make up a decomposition
of G into four locally irregular subgraphs. Now consider that G' = G[E(G) \ E(T,)] is
exceptional. Let v € Ngr(z). Then G” = G[E(G)\ (E(T)U{zv})] is decomposable. By the
induction hypothesis, G” can be decomposed into at most four locally irregular subgraphs

!, GY, GY, GY. Since G’ is exceptional, |Eg ({z,v})| < 3. Without loss of generality, we
may assume that Eqr ({z,v}) C E(GYUGY). The graphs GY, G5, G[E(G%) U E(T,) U{zv}]
and G’ thus make up a decomposition of G into four locally irregular subgraphs since
G[E(T;) U {zv}] is locally irregular.

Theorem 3.3 For every decomposable cactus G, we have x;,.,.(G) < 4.

Proof Obviously, it suffices to consider that G is connected. We proceed by induction on
the number of edges in G. If G is a decomposable tree or unicyclic graph, then x/,.(G) < 3
by Theorems 2.3 and 2.5. Therefore, suppose that there are at least two cycles in G. By
Lemma 3.2, in the following we may assume that if there is y € V(G) lying on at most one
cycle such that T}, is a tree, then |E(T,) < 1| and if y lies on more than one cycle, then
the tree pending at y is consisted of paths of length at most 2. We first prove the following
claim.

Claim 1. If there is an outmost cycle C' in G with |V (C')| > 4, then x},,.(G) < 4.
Proof. Let C be an outmost cycle in G with |V(C)| > 4 and u be the special vertex of
C. Since |V(C)| > 4, we can find a vertex z ¢ N(u) in C and denote by y,z the two
neighbors of z in C. Note that T}, T}, and T, are trees because C' is an outmost cycle. Let
X = {zy,2z} U E(T,) and G’ = G[E(G) \ X]. We obtain that G[X] is locally irregular
because |E(T,) < 1| and G’ is decomposable by Proposition 2.2(a). By the induction
hypothesis, we may assume G’ can be decomposed into four locally irregular subgraphs G7,

5, G5 and G with E¢({y, 2}) C E(G} UGY). Consequently, G}, G5, GIE(G5) U X]| and
G, are four locally subgraphs decomposing G.l

Thus, by Claim 1 we may assume that each outmost cycle of G is of length 3. Let C’
and C” be two outmost cycles of G such that dg(C’,C”) is as large as possible. Denote
by u the special vertex of C’. We use R to denote the set of vertices that cannot reach C”
without passing u. Let Gy = G[RU {u}]. We have dgpa)\r(c.)(v) < 2. We proceed by
analyzing the structure of G,. If there is a cycle C" in G, such that u ¢ V(C"), then
da(C",C") > dg(C',C"), a contradiction. So the cycles in G, are outmost cycles of G
which intersect at uw. Further, they are of length 3. Denote by r the number of such cycles
contained in G, clearly, r > 1 as ¢’ C G,. By Lemma 3.2, the rest of the structure rooted
at u in G, are paths pending at u and we may assume they are P, and P3. Denote the
number of P, and P; pending at v by s and ¢, respectively. Let uxyu be the triangle in G,
with the largest size of E(1,). By Lemma 3.2, |E(T,)| < 1. We carry on by distinguishing
whether E(T}) = 0.



Case 1. E(T,) # 0.

Let T, = xzx; and X = {zz1,zy}. By Proposition 2.2(a), G[X] is locally irregular and
G' = G[E(G) \ X] is a decomposable cactus. Therefore, by the induction hypothesis, G’
can be decomposed into at most four locally irregular subgraphs G, G5, G4, G'y. We may
assume {uz, uy}UE(Ty) C E(G]UGLUGY) since |E(Ty)| < |E(T;)| < 1. As a consequence,

1, G, GY, and G[E(G)) U X] are four locally irregular subgraphs decomposing G.

Case 2. E(T,) =0, ie., T, = K;.

Note that now dg(u’) = 2 for each v’ € V(G,,) \ {u} lying on a triangle. Let I C E(G,,)
be the edge set obtained by choosing one edge that is incident to w in each triangle, and in
particular, let uz € I. So |I| =r. Let S, = G[E(Gy) \ I] and H, = G[IU(E(G) \ E(Gy))].
We shall emphasize that S, is consisted of s P»’s and (r +t) P3’s pending at u with r > 1.
Thus, S, is locally irregular if S, is not in the form of P or Ps.

First consider the case that H, is exceptional. We have dy, (u) = 2, s+t > 1 and
there is exactly one triangle, i.e., uxyu, in G, as G is decomposable. If G, is as shown in
Figure 3(b), i.e., s = 0 and ¢ = 1, then let H] = G[E(H,) U {uu1,ujus}]. Otherwise, let
H! = G|E(H,)U{zy}]. By Lemma 2.2, H is decomposable. And let S!, = G[E(G)\E(H,)].
Obviously, S/, is locally irregular. By the induction hypothesis, H!, can be decomposed into
at most four locally irregular subgraphs Hj, Hy, Hy, Hy. Let v € Nz (u). We may assume
{uz,vui,uv} C E(H] UHy U Hy) for s =0 and t =1 and {uv,uz,zy} C E(H{ U HyU Hj)
for other cases. Then H{, H), H} and G[E(H})UE(S,,)] are four locally irregular subgraphs
decomposing G.

Now we assume that H, is decomposable. Note that r + 1 < dpg,(u) < r+ 2. Let
NG[E(Hu)\I](u) = {U, w} if dHu (u) =r+2and NG[E(HU)\I} (u) = {U} if dHu(u) =r+1. If Gu
is as shown in Figure 3(a), then let S, = G[E(S,) \ {vu1}] and H] = G[E(H,)U{uui}]. If
G is as shown in Figure 3(b,c) or other cases, i.e., S, = ugujuyx or Sy is a locally irregular
spider, then let S}, = S, and H], = H,. In each case, we have S!, = uwpujuyz or S, is a
locally irregular spider. Thus x/,.,.(S;) < 2. By Lemma 3.1 and the induction hypothesis,
H], can be decomposed into at most four locally irregular subgraphs Hi, Hy, Hs, Hy such
that Ep; (u) C E(H1UH>). Hence, Hy, Ha, G[E(H3)U{ugu1, u1u}] and G[E(Hy)U{uy, yz}]
are four locally irregular subgraphs decomposing G if S, = usujuyx and Hy, Hy, H3 and
G[E(H4US,)| are four locally irregular subgraphs decomposing G if S,, is a locally irregular
spider.

This completes the proof of Theorem 3.3. (|

If the decomposable cactus has no nontrivial cut edge, then the following holds.

Theorem 3.4 For every decomposable cactus G without nontrivial cut edges, we have
Xirr (G) < 3.
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(a) (b) (e)

Figure 3: Three possibilities for G,,.

Proof Let GG be a cactus without nontrivial cut edges. We prove the theorem by induction
on the number of edges of G. By Theorems 2.3 and 2.5, we may assume that G has at least
two cycles. Note that for any x € V(@) lying on at most one cycle, if T, is a tree, then T,
is a star.

Suppose that there is x € V(G) such that T, is a tree and |E(T;)| > 2. Then T,
is locally irregular. Let G' = G[E(G) \ E(T,)]. Since G’ has no nontrivial cut edges,
G’ is decomposable. By the induction hypothesis, G’ can be decomposed into at most
three locally irregular subgraphs G, G4, G4 with Eq/(z) C E(G} U GY%). Thus, G, G5 and
G[E(G5UT,)] are three locally irregular subgraphs decomposing G. So we may assume that
if there is z € V(G) lying on at most one cycle such that T} is a tree, then |E(T;)| < 1 in
the following. By the same proof as the Claim 1 in Theorem 3.3, we may assume that each
outmost cycle of G has length 3. Further, we may assume that each vertex of an outmost
cycle except for the special vertex has degree 2 in G. Otherwise, suppose there is an outmost
cycle uryu such that T, is a nonempty tree, where u is its special vertex. Let T, = x1x and
X = {x1z,2y}. The graph G’ = G[E(G)\ X] is decomposable as u has a neighbor of degree
1. Therefore, by the induction hypothesis, we may assume G’ can be decomposed into at
most three locally irregular subgraphs G, G4, G4 with {uz} U E¢/(y) C E(G} UGY). Since
|E(T,)| <1, Eg(y) belongs to the same subgraph and so the assumption is possible. As a
consequence, G, G4 and G[E(G%) U X] are three locally irregular subgraphs decomposing
G.

For an outmost cycle C' with special vertex u, we call C' maximal if there is at most
one cycle, say C", containing u that may not be outmost in G. For u being the special
vertex of some maximal outmost cycle, let C' = uzyu be an outmost cycle of G with special
vertex u, and we define G,, as the graph consisted of all the paths rooted at v and all
the outmost cycles containing u except C*. By the definition of maximal outmost cycle,
daE(e)\E(G.) (1) = 2. Let I C E(Gy,) be the edge set obtained by choosing one edge that is
incident to u in each triangle, and in particular, let uz € I. Let H, = G[IU(E(G)\ E(Gy))]
and S, = G[E(G) \ E(H,)).

Suppose Sy, is a locally irregular spider or S, = ujuyz, i.e., G is as shown in Figure 3(a).
Let X = E(Sy,) or X = {uz,zy} respectively. And let G’ = G[E(G) \ X]. The graph



G’ is decomposable as u lies on a cycle and has a neighbor of degree 1. Let v and w
be two neighbors of u contained in G[E(G) \ E(G,)]. By the induction hypothesis, G’
can be decomposed into three locally irregular subgraphs G7,G%5 and G% such that for
the former case I U {uv,uw} C E(G} U GY) and for the latter case {uju,uy,uv,uw} C
E(G} U GY%) by Lemma 3.1. Consequently, G, G, and G[E(G%) U X] make up a locally
irregular decomposition of G. Therefore, if u is the special vertex of some maximal outmost
cycle, then it suffices to consider that G, is as shown in Figure 3(c). We establish the
following claim.

Claim 2. There exist v and v in V(G) such that uv € F(G) and the partial structure
of G at u and v is as shown in Figure 4.
Proof. Let C’ and C” be two outmost cycles of G such that dg(C’,C") is as large as
possible. Clearly, C' and C” are maximal. Denote by u* the special vertex of C’. Let
a',a,u*, b and b’ be the consecutive vertices lying on the cycle of G[E(G)\ E(Gy+)|, we only
require that a, u*, b are three different vertices. Further, let G} be the component containing
a after removing u*a and aa’ and G} be the component containing b after removing u*b
and bb'. If all the cycles in G}, (resp. G}) that contain a (resp. b) are outmost, then by the
above analysis, G}, (resp. G} ) are as shown in Figure 3(c). Therefore, u* and a (resp. b) are
what we want. Hence, we may assume there is a cycle C, containing a in G}, and a cycle
Cy containing b in G, that are not outmost. Denote by a; and ap the two neighbors of a in
Cy, by and by the two neighbors of b in Cj,. For each vertex z in V(C, UC}) \ {a, b}, denote
by G7 the component that contains x of the graph obtained from G by deleting the two
edges incident to x in E(C, U (). The graph Gj is a tree for each y € V(C,) \ {a1,a, a2}
and all cycles containing a; in G, are outmost cycles for i € {1,2} or G} is a tree for each
z € V(Cp) \ {b1,b,b2} and all cycles containing b; in Gy are outmost cycles for i € {1,2}.
Otherwise, by the symmetry, suppose there is a cycle containing a; in G7, which is not
outmost, i.e., there is a cycle Cy, in G, that does not contain a; and either G7 contains
a cycle C, for some z € V(Cp) \ {b1,b,b2} or there is a cycle containing by in G} which is
not outmost, i.e., there is a cycle Cp, in Gy that does not contain by. Therefore, there is
a cycle C" € {Cy,,Ch,, C.} such that dg(C",C") > da(C',C"), a contradiction. Without
loss of generality, we assume that for any y € V(C,)\ {a1,a,a2}, Gy is a tree which actually
is a path of length at most 1 and for ¢ € {1,2} all cycles containing a; in G} are outmost
cycles. Note that these outmost cycles containing a; in Gy, are maximal. Thus G, is as
shown in Figure 3(c). Hence, a1 and its neighbor o} which is different from a in C, are
what we want.ll

Now we consider the cases as shown in Figure 4. Let X = E(G,,) U {uv} in Figure 4(a)
and X = E(G,UG,) in Figure 4(b,c). Moreover, let G’ = G[E(G)\X] with v" € Ng/(v)\{u}.
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Suppose G’ = G[E(G) \ X] is exceptional. If G, = K7, then G’ is an odd path and so
the even-length (w,v)-path in G’ can be decomposed into two locally irregular subgraphs
G} and GY. Therefore, GIE(G}) U {uy,uu;}], G4 and G5 = G[{uw, uwv, uzx, zy, uus, ugu; }]
are three locally irregular subgraphs decomposing G. If G, is as shown in Figure 4(b,c),
then G’ is an odd cycle since G’ has no nontrivial cut edge. And so G[E(G’) \ {uv}] is an
even path which has a 2-locally irregular decomposition G and G with vw € E(G}) and
v’ € E(GY) for some i € {1,2}. The following G, G2 and G3 provide a 3-locally irregular
decomposition of G. For G, = vvy, let G; = G[E(G}) U {uui,ux}], G2 = G and Gs =
G{uug, ugui,uy, yx,uv,vv1 }]. For the case as shown in Figure 4(c), let G1 = G[E(G}) U
{wur, uz, v, vvs}], G2 = G[E(GS) U {vav, vavr, vvg, vavs}], Gz = G[{uug, ugu1, uy, yx, uv}]
when ¢ = 2 and let G1 = G[E(G)) U {uuy,uz,vv1,v1v2, vv3, 0304 }], G2 = G[E(G,) U
{uug, ugui, vy, yz,uv}], Gz = G[{vav,vvs}| when i = 1.

Finally suppose that G’ can be decomposed into three locally irregular subgraphs G/, G
and G%. If G, = K1, without loss of generality, we may assume that uw € E(G) and v’ €
E(G))UE(GY), then G, GIE(G,)U{uy, uu; }] and G[E(G5)U(X \{uy, uu, })] are three local-
ly irregular subgraphs decomposing G. If G, = vv; with vv’,;vu € E(G)) and wu € E(GY),
then following G, G2 and G3 make up a 3-locally irregular decomposition of G: when
dgy, (w) # 3, let G1 = G[(E(GY) U {vvi}) \ {vu}], G2 = GIE(G5) U {ux, 2y, uui, urus}] and
G3 = GIE(G3)U{vu, uy, uus t]; when dgy (w) = 3, let G1 = G[(E(G7)U{vvr, uy, yz})\{vu}],
G2 = G[E(GY)U{uuz}] and G3 = G[E(GY)U{vu, ux, uur, wus}]. If G, = vy with uw, uv €
E(G)) and vv' € E(GY), then the following G1, G2 and G3 make up a 3-locally irregular de-
composition of G: when dg (w) # 3, let G1 = G[(E(G]) U{uy, yz, uuz, ugu }) \ {vu}], Go =
GIE(Gy)U{uz,uu}] and G = G[E(GS)U{vv, uv}]; when dg (w) = 3, let Gi = G[E(G)U
{uy, yz, uug, ugu,vu1 }], Go = G4 and G3 = G[E(GY) U{ux,vu, }|. If G, is as shown in Fig-
ure 4(c), without loss of generality, we assume uv,vv’ € E(G)) and uw € E(GY), then the
following G'1, G2 and G make up a 3-locally irregular decomposition of G: when dgy (w) #
3, let Gh = G[(E(G) \{uwv})U{uy, uui,vvs}], Go = G[E(Gh)U{ux, xy, uug, ugui, vui, v1v2}]
and Gy = G[E(G5) U {vu, vz, vv3, v3va}]; when dgy (w) = 3, let G1 = G[(E(GY) \ {uv}) U
{uy, uuy, vua}], Go = G[E(Gh) U{uz, zy, uug, uguy, uv, vvi, vvs, v3va}] and Gs = G[E(G5)U
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{vve, vou1 }]. O

4 Subcubic Graphs

In the next result, one needs to observe that if G is a subcubic graph such that each vertex
of degree 3 is a cut vertex and lies on a triangle, then clearly G is a cactus which has
structure close to the graph in . In the following we are interested in the locally irregular
chromatic index of decomposable subcubic graphs where each vertex of degree 3 lies on a

triangle.

Theorem 4.1 Let G be a connected decomposable subcubic graph. If each vertex of degree

3 in G lies on a triangle, then x},.(G) < 3.

Proof We prove the theorem by induction on the number of edges in G. If A(G) < 2, then
G is a decomposable path or cycle, clearly, x/,..(G) < 3. Therefore, we may assume that
A(G) = 3. By Theorems 2.3 and 2.5, we may assume there are at least two cycles in G.
We proceed our proof by distinguishing whether there is a vertex of degree 3 that is not a
cut vertex of G.

First suppose that all the vertices of degree 3 in G are cut vertices. It implies that each
edge not lying on a triangle is a cut edge of G. Therefore, we may assume that G € &,
where & = {G|G is decomposable and G is obtained from a graph in ¥ by subdividing some
edges}. We establish the following claim.

Claim 3. If G € &, then x},.,.(G) < 3.

Proof. Let T = wvwu be an outmost cycle of G with special vertex u and Ng(u) =
{v,w,z}, and so T, and T, are trees. If |E(T(v))| > 2, then by completely following the
proof of Lemma 3.2 and omitting G; and G, one can show that x},..(G) < 3. Therefore,
we may assume T3, and T, are paths of length at most 1 with |V(T,)| > |V (Tw)|. Let
X = E(T,) U{vw,vu}, Y = X U{wu} if dg(w) =2 and YV = X U {ww,} if dg(w) = 3
with T), = wwy. Then either G’ = G[E(G) \ X| or G” = G[E(G) \ Y] is decomposable.
Assume that G’ can be decomposed into three locally irregular subgraphs G, G5, G with
E(Ty) U{wu,uz} C E(G}) U E(GY). Consequently G, G and G[E(G%) U X| are three
locally irregular subgraphs decomposing G. Now assume that G” can be decomposed into
three locally irregular subgraphs G, G4, G4 with uz € E(GY) for dg(w) = 2 and {wu, uz} C
E(GY) for dg(w) = 3. The graphs G/, G[E(GY) U {viv,vu}] and G[E(GY) U {vw, wu}] are
three locally irregular subgraphs decomposing G for dg(w) = 2 and GY, G4 and G[E(GY) U
Y] are three locally irregular subgraphs decomposing G for dg(w) = 3.1

Now suppose that there exists a vertex u of degree 3 in G which is not a cut vertex of
G. Denote the vertices of the triangle that u lies on by {u, v, w}. Hence, Ng(v)\ {u,w} # 0
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or Ng(w) \ {u,v} # 0. Let z € Ng(u) \ {v,w}, x1 € Ng(z) \ {u}, X = {wv,uw} and
Y = {zu,uv,uw}. The graphs G' = G[E(G) \ X] and G” = G[E(G) \ Y] are connected
because u is not a cut vertex. Notice that each vertex of degree 3 in G’ or G” still lies on a
triangle and dg(x) > 2. We finish our proof by analyzing the degree of z in G.

Suppose dg(z) = 3. Let G' = G[E(G) \ X]. Since de/(u) = 1, G’ is decomposable by
Proposition 2.2(b). By the induction hypothesis, without loss of generality, let G, G5, G4
be three locally irregular subgraphs decomposing G’ with Eq/ ({v,w}) N E(G%) = ( and
ur € E(Gy). If dg,(v) < 2 or Eg/({v,w}) N E(G]) = 0, then G, Gy, G[E(G3) U X] or
G[E(G}) U X], Gf and Gf are three locally irregular subgraphs decomposing G. Consider
that dg; (z) = 3 and Egr({v,w}) N E(G]) # 0 for i € {1,2}. There exist y € Ng(v) \ {u, w}
and z € Ng(w) \ {u,v}. Without loss of generality, we assume vy,vw € E(G)) and wz €
E(GY). If dgy(2) < 2, then G[(E(GY) \ {vw}) U {uv}], G[E(GY) U {uw,vw}] and G are
locally irregular subgraphs decomposing G. If dg; (z) = 3, then G, G[E(G3) U {uw}] and
G[E(G%) U {uv}] are three locally irregular subgraphs decomposing G.

Finally, consider the case dg(x) = 2. Suppose G’ = G[E(G)\ X] is decomposable. Then
G’ can be decomposed into three locally irregular subgraphs G/, G5, G% by the induction
hypothesis. If Eg/({u,v,w}) N E(G};) = 0 for some i € {1,2,3}, without loss of generality,
we assume ¢ = 3, then G}, G and G[E(G%) U X] are three locally irregular subgraphs
decomposing G. So we may assume Eq({u,v,w}) N E(G;) # 0 for 1 < i < 3. Thus
there exist y € Ng(v) \ {u,w} and z € Ng(w) \ {u,v}. Without loss of generality, let
{vy,vw} C E(G}), wz € E(GY) and ur € E(GY). Hence, G|,G, and G[E(G%) U X]
are three locally irregular subgraphs decomposing G. Suppose that G' = G[E(G) \ X] is
exceptional. Then G” = G[E(G) \ Y] is decomposable. By the induction hypothesis, G”
can be decomposed into three locally irregular subgraphs G, G4, G%. If Egr({v,w,2z}) N
E(GY) = 0 for some i € {1,2,3}, without loss of generality, we assume i = 3, then GY,
G4 and G[E(GY) UY] are three locally irregular subgraphs decomposing G. So we may
assume Eg ({u,v,w}) N E(G)) # 0 for 1 < i < 3. Thus there exist y € Ng(v) \ {u, w}
and z € Ng(w) \ {u,v}. Without loss of generality, let {vy,vw} C E(GY), wz € E(GY)
and zx1 € E(GY). If dgy(2) < 2, then G[(E(GY) \ {vw}) U{wv}], GIE(G3) U {uw, vw, uz}]
and G are three locally irregular subgraphs decomposing G. If dgy(2) = 3, then G,
GIE(G5) UY] and G¥ are three locally irregular subgraphs decomposing G. O

5 K,—C,with3</<n-1

From another point of view, a locally irregular decomposition can be seen as an edge coloring
such that each color class induces a locally irregular subgraph. Let K, be the complete
graph with vertices vi,ve,...,v, and a cycle Cy C K, with vertices vy, va, ..., vy, where
3 < ¢ <n—1. Denote by K,, — Cy the graph obtained from K,, by deleting all the edges
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Algorithm 1: Locally Irregular 2-edge Coloring of K,, — Cj.

© 0 N O A W N

10
11
12
13
14
15
16
17

Input: A graph G obtained from a complete graph K, by deleting all the edges in a

cycle Cp,3 < ¢ <n—1 and ¢ is odd.
Output: A locally irregular 2-edge coloring of G.

Order the vertices by the degree in ascending order:
d(’Ul) = d(vg) =...= d(vg) < d(Ug+1) =...= d(vn).
while 1 <i</—-1do
if i is odd then

color v;v;(i<j < £) with yellow. if i is even then

‘ color v;v;(i<j < ) with red.

end
end
Color vyy1v1 with yellow, vpy1v;(1<j < £) with red if £ > 5 and yellow if £ = 3.
while / +2 < i <n do

end
if i is odd then

‘ color v;v;(j<i) with red.
end
if ¢ is even then

| color v;v;(j<i) with yellow.
end

end
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in Cy. By using the term of edge coloring, we prove that x/,..(K, — Cy) < 3 when / is even
and x;,.,.(K, — Cy) <2 when ¢ is odd by establishing algorithms.

We first prove the following lemma.

Lemma 5.1 Let G = K; — Cy—1. Then x},.(G) < 3 when t — 1 is even and x},..(G) < 2
when t — 1 is odd.

Proof Denote by Y, R and B the subsets of E(G) colored yellow, red and blue by Algorithm 1
or Algorithm 2, respectively. Let X € {Y,R, B}, we say G[X] has a conflict edge v;v;
if vv; € X and dgx)(vi) = dgx)(vj). For convenience, we write dgixj(v) = 0 when
v ¢ V(G[X]).

It is easy to check that the edge colorings given by Algorithms 1 and 2 have no conflict
edge for t € {4,5}. Now suppose t > 6.

When ¢t — 1 is odd, by Algorithm 1, we have

52 i # t, even; t—3—152 it even;
doyy(vi) = ¢t —3—-51 it odd; dpr) (vi) = 4 5 i #t, odd:
1 i=t. t—2 i=t.

When t — 1 is even, by Algorithm 2, we have

0 1=1;
t—3 1 =1;
t—3 1= 2;
0 1= 2;
1 1= 3;
1 1= 3; ,
dapy)(vi) = iy , darr)(vi) = 4 2 i =4
t—4 -5 4<i<t, even; o oy .
i3 , 5= 6 < 1<t, even;
52 4 <1i<t, odd; - ]
t—3 -5 4<i<t, odd;
1 i =1.
t—2 i =t.

0 i=1,241
daip)(vi) =4t -5 i=3;
1 <1 <t—1.
Suppose G[X] has a conflict edge v;v;. We have dgx)(vi) € {t—2,t—3} and dgx)(vj) ¢
{t —2,t — 3} since G[X] contains at most one vertex of degree ¢t — 2 and at most one vertex
of degree t —3. And t ¢ {i,j} because Ngyj(vt) = {v1} and dgpy)(v1) # 1, dgr)(ve) =t =2,
dap (ve) = 0.
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Algorithm 2: Locally Irregular 3-edge Coloring of K,, — Cj.

© W N0 Ok WN

T
w N = O

14
15
16
17
18
19
20
21

Input: A graph G obtained from a complete graph K, by deleting all the edges in a
cycle Cp,4 < ¢ <n—1and /is even.
Output: A locally irregular 3-edge colouring of G.

Order the vertices by the degree in ascending order:
dvi) =d(v2) = ... =d(v) < d(ves1) = ... = d(vp).
Color v1v;(1<j < £) with yellow.
Color vpuj(2<j < ¢) with red.
Color v3v;(3<j < £) with blue.
while 4 <i< /-1 do
if 7 is odd then
‘ color v;v;(i<j < £) with red.
end
if 7 is even then
‘ color v;v;(i<j < ) with yellow.
end

end

Color vyt jv1 with yellow, color vyv2 with red, color veiv;(2<j < £) with red if
{ > 6 and blue if ¢ = 4.

while / +2 <i<n do

if 7 is odd then

‘ color v;v;(j<i) with yellow.

end

if i is even then

‘ color v;v;(j<i) with red.

end

end
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Suppose t—1 is odd. If % = t—S—% or t—S—% = %, then {i,7} = {t—2,t—1}.
However v;—1 and v;_o are not adjacent in G[X], a contradiction. Thus G[Y] and G[R] are
two locally irregular subgraphs decomposing G and so x},.,.(G) < 2.

Suppose t — 1 is even. We have 3 ¢ {7, j} because Ngpyi(v3) = {v1} and dgpyj(v1) # 1,
Ngir)(v3) = {v}, G[B] contains at most one vertex of degree t — 5. Further if X € {B, R},
then 4 ¢ {i,j} because dg(p)(va) = 0, Ng[r)(v4) = {v2, v} and dgp)(ve) =t —3 # 2. If
% =t—4—-52or 52 = t—S—%, then {i,j} = {t — 2,t — 1}. However v;_; and
v¢—g are not adjacent in G[X], a contradiction. Thus G[Y], G[R] and G[B] are three locally

irregular subgraphs decomposing G and so x/,..(G) < 3. (]

Theorem 5.2 Let G = K, — Cy with 3 <{ <n—1. Then x}..(G) < 3 when { is even and
Xirr (G) < 2 when € is odd.

Proof First consider that £ > 3 and ¢ is odd. The 2-edge coloring of the induced subgraph
G1 = G[{v1,v2,...,vp41}] given by Algorithm 1 has no conflict edge by Lemma 5.1. The
2-edge coloring of the induced subgraph Go = G[V (G1) U {vp42}] given by Algorithm 1 has
no conflict edge because dg,(g)(vey2) = €+ 1 > dg, g (vi) = dg,[r)(vi) + 1 for 1 <i < £ +1
and dg,[y)(ver2) = 0, da,[y)(vi) = dg,y)(vi) for 1 <@ < £+ 1. By the similar analysis, the
2-edge colorings of G5 = G[V(G2) U {veis}],...,G = Gy = G[V(Gp-1) U {v,}] given by
Algorithm 1 have no conflict edge, see Figure 5(a) for example. When ¢ > 3 and / is even,
we can prove the 3-edge coloring of G given by Algorithm 2 has no conflict edge by the
same idea as above, see Figure 5(b) for example. Therefore, Algorithms 1 and 2 are correct
and x},,.(G) < 3 when £ is even, x},,.(G) < 2 when ¢ is odd. O

(a) Kg — Cs

Figure 5: Examples of outputs for Algorithms 1 and 2

6 Conclusion

In this paper, we present new results on the locally irregular chromatic index of cactus

graphs and subcubic graphs and provide two algorithms to handle the graph obtained from
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K, by deleting all the edges in cycle Cy(3 < ¢ < n —1). Our results imply that Conjecture
1.2 is true for decomposable cactus graphs and K, — Cy(3 < ¢ < n—1). Recently, the topic
of locally irregular decomposition has been extended in two directions, one is to allow a
decomposition including regular components as well [7], and the other is to consider this
problem in the context of oriented graphs [6]. In our further research on this topic, we are
committed to obtaining some interesting results in both directions.
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