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Abstract

Given two non-empty t-uniform hypergraphs G, H®) and a positive integer
k, the hypergraph Gallai-Ramsey number gr;, (G® : H®)) is defined as the min-
imum positive integer N such that for all n > N, every k-hyperedge-coloring of
t-uniform complete hypergraph Kg) contains either a rainbow subhypergraph G®
or a monochromatic subhypergraph H ®, A k-hyperedge-coloring of a hypergraph
is exact if all colors are used at least once. In this paper, we get exact values
of hypergraph Gallai-Ramsey numbers for rainbow 3-uniform Berge triangles and

monochromatic 3-uniform linear paths or cycles under exact k-hyperedge-coloring.
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1 Introduction

Let V be a finite set and E be a family of subsets of V. A hypergraph H is a pair (V| F),
denoted as H = (V, E). Given a hypergraph H = (V, F), V is called the vertex set of H,
and can be denoted as V(H), F is called the hyperedge set of H, and can be denoted as
E(H). A hypergraph is simple if there is no hyperedge containing another hyperedge. A
hypergraph is linear if it is simple and any two hyperedges intersect at most one vertex.
A hypergraph is t-uniform if all hyperedges have the same cardinality . If a hypergraph
H is t-uniform, then we denote it as H®. Obviously, a 2-uniform hypergraph is a graph.

A t-uniform complete hypergraph on n vertices is a hypergraph which the hyperedge set
contains all t-subset of the vertex set, and can be denoted as KY. A t-uniform complete

bipartite hypergraph is a hypergraph which the vertex set has a bipartition (X,Y") such
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that any t vertices chosen from X and Y can form a hyperedge, but all ¢ vertices chosen
from X (or Y) cannot form a hyperedge. The definition of a ¢t-uniform complete k-partite
hypergraph is also similar. In this paper, we always use Kff?n to denote a t-uniform
complete bipartite hypergraph with bipartition (X,Y) with |X| =n and |Y| = m.

Let H = (V, E) be a hypergraph without isolated vertex, a path of length n from z to

y is denoted as P,, is a vertex-hyperedge alternative sequence:

T =01,€1,V2,€2, ..., Un, En, Uns1 =1,
such that vy, vs,...,v,,11 are distinct vertices, ey, es, ..., e, are distinct hyperedges and
Vi, Vir1 € e; for each i € [n], where [n] is denoted as {1,2,...,n}. A cycle of n length is
defined similarly, and can be denoted as C,,. If ey, es, ..., e, are n consecutive hyperedges
of a linear path P, (i.e., |e; Ne;y1| = 1 for each i € [n — 1]), then we denote P, as
(e1,€a,...,e,) for the convenience.

A hypergraph H is called a Berge graph of a simple graph G, if there is a bijection
f: E(H) — E(G) such that for each e € E(G) we have e C f(e). A hypergraph with
at least four vertices and three distinct edges €1, es, e3 is called a Berge triangle, denoted
as B(j, if there exist three distinct vertices, say u,v,w, with u,v € e, v,w € ey, and
u,w € ez. In fact, there are four non-isomorphic 3-uniform Berge triangles, denoted as
Bf’), Bég), B§3), and Bf’). Among them,

Vv <B£3)> = {v1, 09, V3,04, 5,06} and E <B£3)> = {{v1,v9,v3}, {v3, 04,05}, {v5, V6, V1 } };

V <B§3)> — {Uh V2, U3, U4} and E <B£3)> - {{U17 Vg, U3}7 {U37 Vy4, U1}7 {U47 U1, UQ}};
V <B§3)) - {U17U27U3,U4,U5} and E <B‘§3)> = {{U17U27U3}7{U27U37U4}7{U47U5701}};
V <B£3)> = {0170271}37”471}5} and E <B£3)> = {{U17U27/03}7{US>U47U5}7{U27U37U4}}'

It is easy to see that a linear path must be a Berge path, but conversely, there are
many non-isomorphic Berg paths with given number of vertices (or length). If P® s a
3-uniform Berge path with length n, then by definition n 41 < |V(P7§3))| < 2n+1. Since
there is a bijection between a 3-uniform Berge path Pég) and a n-length simple path P,
we call the corresponding simple path P, the core of the 3-uniform Berge path P,(L?’).

A k-hyperedge-coloring of hypergraph H is a function ¢ : E(H) — [k], where [k] is a set
of colors. When the integer £ is small, we usually use red, blue, green and other specific
colors to represent these colors. A hyperedge-colored hypergraph is called rainbow if all
its hyperedges have distinct colors and monochromatic if all its hyperedges have the same
color. If a monochromatic hypergraph has color 7, then we call it an i-color hypergraph.
A k-hyperedge-coloring of a hypergraph is exact if all colors are used at least once. For
more notation and terminology not defined here, we refer to [1].

Since Ramsey’s original paper [10] was published in 1930, the development of Ramsey
theory has been very rapid. Determining the Ramsey number of graphs has always been
one of the hottest topics in graph theory. However, after decades of research by mathe-

maticians, some results have been proven, and the remaining problems are of considerable



difficulty. The theory of hypergraphs originated in the 1960s, and it was a natural idea
to extend Ramsey theory to hypergraphs.

Given k non-empty hypergraphs H 1(t), HQ(t), . H ,E,t), the hypergraph Ramsey number
R (H{t), HZ(t), o H ,gt)> is defined as the minimum positive integer n such that every k-

hyperedge-coloring of complete hypergraph K. ®

H" with color i, where i € [k].

)

contains a monochromatic subhypergraph

Fortunately, the research of Ramsey numbers in hypergraphs has achieved considerable
results in the past decade, especially in the research of 3-uniform linear paths and cycles,
which has completely solved this problem. In 2014, Omidi and Shahsiah in [§] gave the

value of hypergraph Ramsey numbers involving 3-uniform linear paths and cycles.

Theorem 1.1. [§]
(1). For positive integers n > m, we have

R(P®. PO =R (PP, CP)=R(CH,CH) +1=2n+ Lm—HJ .

n m n 2

(2). For positive integers n > m, we have

R(P®, C®) = 2n + {m—“J ~1
2
An edge-colored complete graph without rainbow triangles has very special structure.
In 1967, Gallai in [4] first examined this structure under the guise of transitive orientations
of graphs and it can also be traced back to the paper [2]. For this reason, an edge-coloring
of a complete graph containing no rainbow triangles is called a Gallai coloring. Gallai’s
result was restated in [5] by the terminology of graphs. For the following statement, a

nontrivial partition is a partition with at least two parts.

Theorem 1.2. [2| 4, 5] In any edge-coloring of a complete graph containing no rainbow
triangle, there exists a nontrivial partition of the vertices (called a Gallai partition) such
that there are at most two colors on the edges between the parts and only one color on the

edges between each pair of parts.

In 2010, Faudree, Gould, Jacobson and Magnant in [3] defined Gallai-Ramsey number

gr,.(G : H). For more recent results about Gallai-Ramsey numbers, we refer to [7].

Definition 1.3. [3] Given two non-empty graphs G, H and a positive integer k, define the
Gallai-Ramsey number gr. (G : H) to be the minimum integer N such that for alln > N,
every k-edge-coloring of K, contains either a rainbow subgraph G or a monochromatic
subgraph H.

Note that rainbow triangles play a very important role in Gallai-Ramsey number,
and to extend Gallai-Ramsey number to hypergraphs, it is natural to think of extending

triangles to hypergraphs.



Let BC’:,(,?’) = {Bf’), B§3),B§3), Bf’)}. A hyperedge-colored hypergraph G does not

have a rainbow BC:.E?’) if G® contains no rainbow BZ.(3) for all i = 1,2,3,4. We say that
G®) has a rainbow BC'?E?’) if G®) contains a rainbow Bi(?’) for some i = 1,2, 3,4. In 2019,
Magnant extended the definition of Gallai-Ramsey number to hypergraphs.

Definition 1.4. [6] Given two non-empty hypergraphs GW,H® and a positive integer k,
define the hypergraph Gallai-Ramsey number gr,, (G(t) : H(t)) to be the minimum integer N
such that for all n > N, every k-hyperedge-coloring of complete hypergraph K contains

either a rainbow subhypergraph G or a monochromatic subhypergraph H®.

We say that the edge (hyperedge) coloring of complete graph (hypergraph) without
rainbow subgraph (subhypergraph) G is rainbow G-free coloring. In 2019, Magnant in [0]

obtained the structure of rainbow BCég)—free coloring of 3-uniform complete hypergraphs.

Theorem 1.5. [6] For positive integers k > 3 and n > 4, if K is a rainbow BC’:.E?’) -free
colored complete hypergraph with k colors, then after renumbering the colors, there exists
a partition (Va, ..., Vi) of V (KS’)) such that for each i, all the hyperedges with three
vertices in V; are colored by either 1 or i, and all the hyperedges with three vertices in

different parts are colored by 1.

Also, Magnant in [6] determined the sharp bound of k such that any k-hyperedge-

coloring of K,(Z?’) always has a rainbow B C’ég).

Proposition 1.6. [6] For integersn > 4 and |2]|+2 < k < (3), there is always a rainbow
BC’§3) under any k-hyperedge-coloring of K.

The following proposition implies that studying the Gallai-Ramsey numbers for rain-
bow B C:g?’) and monochromatic general Berge paths is meaningless because there are many
non-isomorphic Berge paths with given number of vertices (or length). This result is also

the same for monochromatic general Berge cycles.

Proposition 1.7. Let k > 3 be an integer. Each rainbow BC§3) -free colored K must

contain a monochromatic 3-uniform Berge path with n vertices.

Proof. Since k > 3 and Ky(f’) does not have rainbow BCég), it follows that Theorem
holds. The exact k-hyperedge-coloring means that |V;| > 3 for each i € {2,3,...,k}. Let
V(Kff)) = {v1,v,..., v,y and £ € {2,3,. .., k—1}. Assume that (J_, V; = {v1,va, ..., 0.}
and Uf:HlV; = {vs41,...,0,}. Choosing an edge set {vjve,vovs, ..., v, 10,} as the
edge set of simple path, and this simple path be the core of a 3-uniform Berge path.
Next, choosing e; = {v;,v;11,v,} for each i € [s] and egy; = {Vspi, Vstiv1,v1} for each
i € [n — s —1]. Therefore, {e1,es,...,e, 1} is the hyperedge set of a 3-uniform Berge

path with n vertices. O

Remark 1. The proof of Proposition only provides a method for constructing a Berge
path. In fact, there are many methods for constructing non-isomorphic Berge paths, but

this is not the main content of the results in this paper.
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In the next section of this paper, the method of proving the lower bound is usually to
construct a k-hyperedge-colored complete hypergraph. To more accurately and concisely
describe the coloring structure of hypergraphs, we give a family of k-hyperedge-colored
complete hypergraphs as follows. According to Theorem [1.5] we know that each element

of this family contains no rainbow B Cég).

Definition 1.8. Let K(g) K(g) K®

t1 to 2 tk,1

] be a k-hyperedge-colored complete hypergraph
obtained from k — 1 vertex-disjoint complete hypergraphs Kt(f), KS), L K® such that

[t 7|

all the hyperedges of Kt(ig) are colored by i+1 for each 1 <1 < k—1 and all the hyperedges
between Kt(f) and Kt(f) are colored by 1 for any two integers 1 < i < j <k — 1.

2 Main Results

The following theorem states that when the number of colors £ is sufficiently large, the

Gallai-Ramsey number for rainbow BC§3) only depends on k.

Theorem 2.1. Let k > 3 be an integer and H®) be a subhypergraph of balanced complete

g (B HO) = [N,

Nk)'

where Ny, is the unique real number such that k = ( 3

Proof. For the lower bound, since the number of colors less then the number of hyperedges
in a k-hyperedge-colored K](\?), we have k£ < (g) It follows that gr, (BC’éS) - H (3)> >
[ Nig].

For the upper bound, we consider any k-hyperedge-coloring of K](\:;’) with N > [Ng].
It follows from k = (") and k > 3 that [Ny] < 3k —3. If [N;] < N < 3k — 4, then
it follows from Proposition that there is always a rainbow BC’§3) in K](\?), the result
thus follows. Next we assume N > 3k — 3. Suppose to the contrary that K](\?) contains
neither a rainbow BC?(,?’) nor a monochromatic H®. Tt follows from k > 3 that Theorem
1.5/ holds. Since each color is used at least once, then |V;| > 3 for each ¢ € {2,3,...,k}.

.....

H®)  a contradiction. The result thus follows. O

2.1 Results involving monochromatic 3-uniform linear paths

Lemma 2.2. Let Kr(ngn be a 3-uniform complete bipartite hypergraph with bipartition
(X,Y) andn>m > 3. Then

(1). If n > 3m + 1, then Ky contains a linear path P2(i)
(2). If n < 3m and n+m is even, then K,(f’)n contains a linear path P,@m_z.

2

(3). If n < 3m and n+ m is odd, then K,(l?’,)n contains a linear path Pfi)m,l.
2
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Proof. Let X = {x1,29,...,2,} and Y = {y1, 92, ..., Ym}
Since n > 3m + 1, set e; = Tzt Laisl, Yint when i € [2m] and i is odd, and

€ = x%,x%ﬂ,y%} when i € [2m] and 7 is even. Note that (e, eg,...,e9y,) is a linear
path with length 2m. The statement (1) holds.

Assume that n < 3m. Let Y1 = {y1,y2,...,ue}, X1 = {x1,20,..., 23}, Yo =
{Yes1, - ym} and Xo = {x3p41,...,2,} such that 0 < |Xy| — |Ya| < 2. Obviously,
when | X| = Y|, |X| = |Y]|+ 1 or |X| = |Y]| + 2, it can be seen that X; and Y are

empty sets. Next, we choose e; = T, Tsipr,Yiss when ¢ € [2/] and i is odd, and

e = {x%,x%ﬂ,y%} when ¢ € [2(] and i is even.

If n+m is even, then | Xs| = |Y3| or | Xs| = |Y2|+2. We choose eap; = {T304i, T301i41, Yori }
for each i € [m — ¢ — 1] when |X5| = |Y2|, and eapy; = {Z3044, T301i11, Yers} for each
i € [m —¢] when |X5| = |Y2| + 2. Note that (e1,e,...,€mnie—c) is a linear path with
n 4+ m — 1 vertices, where € = 1 if | X3| = |Y3| and € = 0 if | X3| = |Y3| + 2. The statement

(2) holds.

If n+ m is odd, then |Xs| = |Y5] + 1. We choose espr; = {T30pi, T301i11, Yeri} for
each i € [m — {]. Note that (e1,ea,...,€ne) is a linear path with n 4+ m vertices. The
statement (3) holds. O

Lemma 2.3. Let K,(i)n be a 3-uniform complete bipartite hypergraph with bipartition
(X,Y) satisfies n,m > (%1 and n +m > 20 +1. Then K,(LS%L contains a linear path
P,

Proof. By symmetry, set n > m. If n > 3m + 1, then it follows from Lemma (1)
that we can construct a linear path Pe(s) in KT(L:?,L Next, we assume m < n < 3m. If
n+m > 20 + 2, then it follows from Lemma |2 - ) that we can construct a linear path
P€(3) in K& Ifn+m =20+ 1, then n + m is odd and it follows from Lemma (3)

that we can construct a linear path Pzz( ) in Kr(l?’,)n The result thus follows. O

Lemma 2.4. For integers k > 3 and (”} >4, if ai, a9, ...,a_1 are k — 1 integers with

(5] —1>a >ay > ... > ap1 > 3 and Z . L, > 2n, then there exists a partition
(A1, A2) of [k — 1] such that ZieAl a; > [5] and Z,LEAZ a; > [5].

Proof. We prove this result by contradiction. Choosing a partition (A;, As) of [k —1] such
that > o4 @i > D cq,aiand ooy ai—) 4 a; as small as possible. Thus, Ay < [5]—1
and A; > 2n—[5]+1. Now we construct a new partition (A}, A5) of [k —1] from (A;, As)
by setting A} = A; — j and Ay = Ay + j for any j € A;. Noticing that a; < [§] — 1
then 374 ai < 2[3] —2and 3 .oy ai > 20— 2[3] 4+ 2> 37, ) a;, which contradicts

the minimality of > ., a; — >, 4, @ The lemma follows. O

€A
Theorem 2.5. For an integer k > 3, we have

(Nk17 1
ar, (BC (3>) oan+1, [#=2]<n<6k—12
1



Proof. An obvious fact is that when £ is an odd integer, P& is a subhypergraph of

2
balanced complete (k — 1)-partite hypergraph Kégg 7777 5 but P is not; when k is an
2

(3)
3k—2

K?ESS) 77777 but Pg(,zz) | s not. Based on the above fact, if 1 <n < [&2_51, then it follows from

Theorem that gr, (BC’:EB) . PP ) = [Ng]. Next, we complete the proof in two cases.

even integer, P is a subhypergraph of balanced complete (k — 1)-partite hypergraph

Case 1. [32] < <6k — 12.

It is clear that gr, (BC’?(,?)) ; PT(L?’)) > ‘V (Pﬁ[q’)) ‘ = 2n+ 1. Next, we consider the upper

bound. For any k-hyperedge-coloring of K](\?) with N > 2n + 1, suppose to the contrary
that KJ(\:;’) contains no a rainbow BC’?()?’) or a monochromatic linear path P\”. Since k > 3
and the hyperedge-coloring of K](\?) is rainbow BC’?Eg)—free, thus Theorem holds. Recall
that the hyperedge-coloring of K](\‘?)
U, Vil > 2n + 1 and |V;| > 3 for each i € {2,3,...,k}. Without loss of generality, set
Vel > Vil > ... > Vi > 3.

We assert that |V5| < [§] — 1. Otherwise, assume [V5| > [Z]. It follows from
n < 6k — 12 that |Uf:3VZ~| >3(k—2)>[5]. Let X =V, and Y = Uf:?,Vi and further
assume |X| > |Y| (otherwise, let X = (JX,V; and Y = V3). It follows from Lemma
that we can construct a linear path Pn(3) between X and Y, a contradiction. Based
on the above discussion, we know that [2] — 1 > |V| > |V5] > ... > |Vi| > 3. Since
N > [ 2] > 2n, so according to Lemmas and K](\:;’) contains a linear path qu,?’), a

contradiction. The result thus follows.

is exact, so each color appears at least once, that is

Case 2. n > 6k — 11.

Since [5] —1 > 3(k — 2), it follows from [§] —1 = a (mod k — 2) that (%);;a is
an integer and (%l_;_a > 3. For the lower bound, let t; = 2n, ty = (5= ; + a and
t; = [nl 5 ¢ for each i € {3,...,k — 1}. Let K[%ﬂ_l = [Ktl,KtZ,...,Ktk_J be a k-

hyperedge-colored complete hypergraph, and its construction is described in Definition

. One can easily check that there is neither a rainbow BC’éB) nor a monochromatic

linear path P, and so gry, (BC§3) : Pr(z3)) > [3].

For the upper bound, we consider any k-hyperedge-coloring of K](\?) with N > (57"}
Suppose to the contrary that K](\?) contains no a rainbow BC’ég) or a monochromatic
linear path P, It follows from k > 3 and the definition of exact hyperedge-coloring that
Theorem [1.5{holds, then |, Vi| > (2] and |V;| > 3 for each i € {2,3,...,k}. Without
loss of generality, set |Vo| > [V3| > ... > \Vk] > 3.

If V3| > [5], then V3| > [§] and \ U LV > [5]. From Lemmaﬁ we can construct
a linear path P'*) between Uizg V; and V3, a contradiction. Hence, [5]—1 > [V3] > [V4| >

C> Vil > 3. T V| < [2] = 1, then [2] =1 > [Va > [V| > ... > |Vi| > 3. Recall

that N > [57”1 > 2n. Using Lemmas and K](\z,))) contains a linear path PT(LS), a



contradiction. Consequently, [Va| > [§]. Using Lemma again, we have ’Uf:g Vil <

(51— 1.
From Lemma [2.2| (1), we can construct a linear path p¥ v, between V5 and U?Z?) Vi.

2|Ub_gV;
Note that n — 2| J:_; V;| > 1. Using Theorem , we have

Jj=3

< |Val.

n—2) . Vi|+1 5
() e 20 ]

k
U
j=3

)

Therefore, if there is no a 2-color linear path P with all vertices in V3, then there must

with all vertices in V5. So, the 1-color linear path

Vil between V5 and U?::,) V;

k
2Uk_,V;

) : 3)
be a 1l-color linear path Pn—2|U§:3Vj|

pY | located inside V5 and the 1-color linear path p®

n—2|U§:3V}
can be connected to form a 1-color linear path PT(Lg), a contradiction. The result thus
follows. O]

2.2 Results involving monochromatic 3-uniform linear cycles

Lemma 2.6. Let Kr(?zn be a 3-uniform complete bipartite hypergraph with bipartition
(X,Y) andn>m > 3. Then
(1). If n > 3m+ 1, then K, contains a linear cycle 02(?72

(2). If n < 3m and n+ m is even, then K,(L?’)n contains a linear cycle C&.
2

(3). If n < 3m and n+ m is odd, then Kfl?’?)n contains a linear cycle Csf?m_l.
2

Proof. Let X = {x1,29,...,2,} and Y = {y1,v2, ..., Ym}
Since n > 3m + 1, set e; = Taict, Laigl, Yint when i € [2m] and i is odd, and

e; = {x%,x%ﬂ,y%} when ¢ € [2m — 2] and i is even, and es;, = {Ym, T3m, T1}. Note that
(e1,€2,...,€y,) is a linear cycle of length 2m. The statement (1) holds.

Assume that n < 3m. Let Y1 = {y1,y2,...,ue}, X1 = {x1,20,..., 23}, Yo =
{Yes1,- - ym} and Xo = {x3p41,...,2,} such that 0 < |Xy| — [Y2| < 2. Obviously,
when |X| = Y|, |X| = |Y|+ 1 or |[X| = |Y|+ 2, it can be seen that X; and Y; are

empty sets. Next, we choose e; = T, Tsipr,Yist when ¢ € [2/] and i is odd, and

e = {x%,x%ﬂ,y%} when ¢ € [2(] and i is even.

If n-+m is even, then | Xs| = |Y3| or | Xs| = |Y2|+2. We choose egpr; = {T304i, T301it1, Yori }
for each i € [m — ¢ — 1] and e,¢ = {Tmioe, Ym, 1} when | Xo| = |Y3|, and egpr; =
{x301i, 301541, Yeri} for each i € [m — ] and e,1 011 = {Ym, Tn, 1} when | Xs| = |Y3| + 2.
Note that (eq, e, ..., €mirie) is a linear cycle with n+m vertices, where e = 0 if | Xs| = |Y5|
and € = 1 if | Xy| = |Y3| + 2. The statement (2) holds.

If n 4+ m is odd, then | X3| = |Ya| + 1. We choose egpr; = {x3014, Taryiv1, Yeri} for each
i€[m—0—1]and e,p = {Tmi2e-1, Ym, 21} Note that (e1, e, ..., en1r) is a linear cycle
with n +m — 1 vertices. The statement (3) holds. O



Similar to the proof of Lemma 2.3, we directly give the following lemma based on
Lemma 2.6

Lemma 2.7. Let K,(f’%z be a 3-uniform complete bipartite hypergraph with bipartition
(X,Y) satisfies n,m > [£] and n+m > 20. Then K contains a linear cycle C’ég).

Theorem 2.8. For an integer k > 3, we have

IVNk-Ia 1
3) . ~3)) _ 3 .
gr, (303 . O ) = om, [3k] —1 < n < 6k —12;

Proof. An obvious fact is that when k is an odd integer, C’& is a subhypergraph of

2
balanced complete (k — 1)-partite hypergraph K§33)3 but C’& is not; when £ is an

2
(3)

even integer, C' is a subhypergraph of balanced complete (k — 1)-partite hypergraph

3E—2
2

K§3§3 but C’g’;fl is not. Based on the above facts, if 1 < n < [2k] — 2, then it follows
2

from Theorem that gry, (BC;,E:)’) : CS’)) = [Ni]. Next, we complete the proof in two

cases.
Case 1. [£] -1 <n <6k — 12.
For the lower bound, gr) (BC}ES) : Cflg)) >

we consider any k-hyperedge-coloring of K](\?)

V <C,(l3)>’ = 2n. For the upper bound,
with N > 2n and suppose to the contrary

that K](?) containa no a rainbow BCég) or a monochromatic linear cycle C5. It follows
from k£ > 3 and the definition of exact hyperedge-coloring that Theorem holds, then
|Uf:2VZ»| > 2n and |V;| > 3 for each i € {2,3,...,k}. Without loss of generality, set
Vol > Vil > ... > Vil > 3.

We claim that |V3| < [5] — 1. Otherwise, |V2| > [5] and \Ur, Vil >3(k—2) > 5]
Thus according to Lemma , we can construct a linear cycle %) between V5 and Uf:?) Vi,
a contradiction. Now that [§] — 1 > [V > V3| > ... > |V| > 3, so similar to the proof
of Case 1 in Theorem [2.5] we can use Lemmas and to know that there exists a

monochromatic linear cycle ¥ in K ](5’), a contradiction. The result thus follows.
Case 2. n > 6k — 11.

Similar to the proof of Case 2 in Theorem , we know from [§] —1 =a (mod k —

2) that [%l 5 (%l:;_a > 3. For the lower bound, let ¢t; = 2n —

1, ty = [%l:;_a +a and t; = [%l:;_a for each ¢ € {3,...,k — 1}. Let K(%"W—2 =

[Ktl, Ki,, ..., Ktk_l} be a k-hyperedge-colored complete hypergraph, and its construction
is described in Definition One can easily check that there is neither a rainbow BC§3)

nor a monochromatic linear cycle C’,sg), and so gr,, <BC§3) : C’T(L3)> > (57”] — 1.

a . .
is an integer and

For the upper bound, we consider any k-hyperedge-coloring of K](\:;’) with N > [57”1 -1

Suppose to the contrary that K](\?) contains no a rainbow BC§3) or a monochromatic linear
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cycle C¥. It follows from k > 3 and the definition of exact hyperedge-coloring that
Theorem holds, then |Jf_, Vi| > [22] — 1 and |V;| > 3 for each i € {2,3,... k}.
Without loss of generality, set |Va| > |V3| > ... > V| > 3.

We claim that [V3] < [§] —1, [V > [5] and |Uf:_31‘/;| < [5] — 1. To the contrary,
if |Va| > [%], then [V5| > [%] and |Uf:_:,)1 Vil > [5]. From Lemma we can construct a
linear cycle Cf¥ between U= V; and Va, a contradiction. Hence, (5] =12 [Vs5] > V4| >
> Vel 2316 Vo] < [2] -1, then [2] = 1> [Va] > [Vs > ... > [Vi| > 3. Recall
that N > [2] — 1 > 2n. Using Lemmas and K](\?) contains a linear cycle C,(Lg),
a contradiction. Consequently, [V2| > [5] and |U§f:3 Vil < [%] — 1 according to Lemma
2.7] again.

From Lemma [2.2] (1), we can construct a a linear path Pz(\?‘;,?,vj | between V5 and

U§:3 V;. Similar to the proof of Theorem using Theorem again, we have

k

Uv

j=3

< |Val.

n—2|Us_;V;? 2 2

n—2lU . Vil +1
R (P 0(3)>:2n+{ Ui Vil J—1:F—”w—1—

Therefore, if there is no a 2-color linear cycle C%) with all vertices in V3, then there must

3)

—2|Uk_,; V]

pY located inside V5 and the 1-color linear path p® V| between V5 and U;?:g Vi
J

k k
n_2|Uj:3V}| 2|Uj:3

be a 1-color linear path Pé with all vertices in V5. So, the 1-color linear path

can be connected to form a 1-color linear cycle C’T(L?’), a contradiction. The result thus
follows. O

3 Conclusion

When we study Gallai-Ramsey numbers, the rainbow subgraph (subhypergraph) free
coloring structure of complete graph (hypergraph) is very important. In addition, there
are also considerations regarding the choice of monochromatic subhypergraphs of Gallai-
Ramsey numbers. Linear paths and linear cycles are important structures in hypergraph
theory, so we chose to study these two types of hypergraphs. We can also see that Ramsey
numbers play a crucial role in studying Gallai-Ramsey numbers, so in most cases, we need

to first obtain the values of Ramsey numbers.
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