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Abstract. In this paper, we give an iterated approach to concern with the
positivity of
det (p(n — i+ j))i<ij<k >0,

where p(n) is the partition function. We first apply a general method to
prove that for given kq, ks, mq, ms, one can find a threshold N (ky, ko, m1, ms)
such that for n > N(ky, ks, my,ms),

p(n—ki+my) pn+my) pn+mg—+msy)
p(n—kq) p(n) p(n + ms) > 0.
p(n—k —ka) pn—=Fky) pn—ky+my)

Based on this result, we will prove that for n > 656, det (p(n—i+J))1<i <4 >
0. Employing the same technique, we will show that determinants (p(n —i+
J)i<ij<k > 0 are positive for k£ = 3 and 4 for overpartition p(n). Further-
more, we will give an outline of how to prove the positivity of det (p(n — i+
J))1<ij<k for general k.

Keywords: partition function; overpartition function; log-concavity; deter-
minant inequality; Radmacher-type series; total-positivity
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1 Introduction

The objective of this paper is to prove the positivity of certain determinants
involving the partition function and the overpartition function. This prob-
lem arises from the total positivity of Toeplitz matrix and properties of the
Laguerre-Pélya class.



A real entire function
v =Y mg (1)
k=0

is said to be in the Laguerre-Pdlya class, denoted by ¢ (x) € LP, if it can be
represented in the form

o0

P(x) = cgMe o T H (1+ /xy) e/,
k=1

where ¢, 3, x; are real numbers, o > 0, m is a nonnegative integer and
Sz, < 0o. Pélya [25] proved that the Riemann hypothesis is equivalent to
the Riemann Xi-function

1 1 iz 1 ) 1 1
E(Z)Z = 5 (—22 — ZL) 7T?71F (—% + Z> C (—ZZ + 5)

belonging to the Laguerre-Pdélya class. Jensen [14] proved that a real entire
function ¥ (x) belongs to the Laguerre-Pélya class if and only if for any
positive integer n, the n-th associated Jensen polynomial

gn(z) = zn: <Z) et (1.2)

k=0

has only real zeros. Thus, the Riemann hypothesis is equivalent to that
Jensen polynomials associated with the Riemann Xi-function have only real
zeros, see also [25].

Recently, the integer partition function has been connected to coefficients
of the Riemann Xi-function. Recall that a partition of a positive integer
n is a nonincreasing sequence (A1, Ag, ..., A.) of positive integers such that
A+ X+ -+ A = n. Let p(n) denote the number of partitions of n.
Nicolas [22], DeSalvo and Pak [9] proved the quadratic polynomials p(n) +
2p(n + 1)x + p(n + 2)x? have only real zeros for n > 25, respectively. Chen,
Jia and Wang [2] proved that the cubic polynomials p(n) + 3p(n + 1)z +
3p(n + 2)x? + p(n + 3) have only real zeros for n > 94 and conjectured that

k
for any k, there exists N (k) such that > p(n + i) (¥)2 have only real zeros

i=0
for n > N(k). Griffin, Ono, Rolen and Zagier [I1] proved this conjecture
and showed that the Jensen polynomials associated with some sequences
satisfying certain conditions have only real zeros as n is sufficiently large.
It affirms the conjecture proposed by Chen, Jia and Wang. Griffin, Ono,
Rolen, Thorner, Tripp, and Wagner [12] made this approach effective for

the Riemann Xi-function. For more backgrounds for Jensen polynomials
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associated with the partition function and the Riemann Xi-function, see [17],
[24] and [27].
In this paper, we will consider certain determinantal inequalities associ-

ated with the Riemann hypothesis. Following [23], the Riemann Xi-function
can be rewritten as follow:

=(z) = Z Bnz",
n=0

where
1

- - x 2n
Bn-—r(2n+1)/0 dtd(t)t*,

and ®(t) is defined by

d(t): = Z[2m47r269t — 3m*me®] exp(—m*me').

m=1

Karlin [I6] gave a way to ensure that Z(z) has only real and negative zeros,
which is to check that {3,} satisfies (1.3) below. Denote a semi-infinite

matrix -~

Bo B B2 Bs
Bo B1 Bo
B:= Bo B
Bo

and its minors
D(n,r):= det(Bi,j+n)i,j:1 ..... e

The Riemann hypothesis is equivalent to
D(n,r) >0, n=0,1,...; r=1,2,..., (1.3)

or equivalently, the total positivity of B. Csordas, Norfolk and Varga [4]
proved that D(n,2) > 0 for all n (see also [§] and [20]). Nuttall 23] proved
D(n,3) > 0 for all n. The other cases are still open.

The positivity of D(n, 3) have been proved to be relative to 2-log-concavity
in combinatorics. Recall that the operator L is defined by

La, = aiﬂ — Uplniy and L'a, = L(L 'ay,). (1.4)
A sequence {a, },>0 is said to be r-log-concave if for 0 <i <,
{U@n}nzo (15)

are all nonnegative sequences, see [I]. For LP class, Craven and Csordas [5]
proved the following theorem.



Theorem 1.1 (Craven and Csordas, [5]). For v, > 0, if >_ yx® belongs to
k=0
LP class, then for k > 2,

Ve Vel V42
V-1 Ve Vet | = 0. (1.6)
Ye—2 Ye—-1 Yk

They pointed out that the left-hand side of (|1.6]) is equal to

1

o (Ve = Wem17m41)? = (Vroy = Y2 V) (Vs — VVir2)) -

Thus Theorem [1.1] gives

(Ve = Yee1Ve+1)® — (Voo — Ve—276) Vg1 — WVk+2) = 0,

which is 2-log-concavity of .

Motivated by the results on Jensen polynomials associatd with partition
function, Jia and Wang [I5] considered determinants involving the partition
function and proved that for n > 222, det (p(n — 7+ j))1<ij<3 > 0. Hou and
Zhang [13] proved that p(n) satisfies the higher order log-concavity for suffi-
ciently large n and independently gave the threshold for the 2-log-concavity
of the partition function. However, there are few results concerning with
determinants ordered 4 or higher.

The remaining of this paper is organized as follow. In Section 2, we
shall give effective bounds for p(n) which will be used in our proofs. In
Section 3 and 4, we shall give an iterated approach to show the positivity of
det (p(n — i+ j))i<ij<k- Applying this method, we will show

p(n—ki+my) pn+my) pn+mg+msy)
p(n—kq) p(n) p(n + ms) > 0.
p(n—ky —ka) pn—=Fky) pn—ky+my)

Moreover, we will prove that for n > 656, det (p(n — i+ j))1<ij<a > 0. In
Section 5, we shall prove similar results for the overpartition function, which
is a generalizaion of the partition function. At last, we will give a sketch of
how to prove det (p(n —1 +j))1§i,j§k > 0.

2 Preparation

In the following three sections, we shall prove determinantal inequalities for
p(n), which need bounds of p(n) that are elementary functions. The Hardy-
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Ramanujan-Rademacher formula for p(n) states that for n > 1,

) =22 jﬁA’;%” Kl_ % ) emm(H % ) 6_#(%}

k=1
+ RQ(nv N)7

(2.1)
where Ag(n) is an arithmetic function, Ry(n, N) is the remainder term and

pu(n): = %\/2471 -7, (2.2)

see [19] and [26]. Lehmer [19] gave an error bound

Ra(n, N)|< ”2%2/3 [(Mﬁ))gsinh%”) TR <%>1 23

which is valid for all positive integers n and N. Using this estimation, we
have the following lemma.

Lemma 2.1. For any given integer t, there exists N(t) such that for all

n > N(t),
V12m2et 11 V12m2et 1 1
Yo (- ) << S (1-1 4 1) e
36 B 36 pop

where p is the abbreviation for pu(n).

Proof. Setting N =2 in (2.1)) and (2.3)), we get

p(n) :24\;1_—21 ((1 i %) o (1 - %) o (?/_12)” (1 " %) e (?/_12)71
+ Ro(n,2)
(2.5)
" Ro(n, 2)|< 3”; (%sinh () - % + é) | (2.6)
Restate as
p(n) = fo”1 ((1 _ %) 4 R(n)) , (2.7)




where

Rl ((1 - %) ot (1 . %) >

(2.8)
1\ 5, , 36p°|R(n,2)]
14+ = )ep 020
( M) V1272en
It can be checked that for n > 350,
_ K _ 3 .y
e 2 -~ 1 _ ,u2e r12¢/2e % o
|R(n)|< 1+e™® +<1+—)e 24 + <6e 2. (2.9)
V2 ( ) [t V4 ft

It is easily seen that for any given t, there exists N(t) such that for all
n > N(t),

w1
6e¥ < T (2.10)
which implies that
v 12et 1 1 v 12et 1 1
C (11— ) <pn) < 2= (1- -4 —). (2.11)
24n — 1 Wt 24n — 1 oot

Since p = m/24n — 1/6, the desired inequality is immediate by substituting
n with (36u% + 72)/(247?%) in the above inequality. |

In particular, for t = 10 and t = 22, we get the following bounds that will
be used in the rest of this paper.

VI2r2en 11 VI2r2en 11
—We(l————)<p(n)<—7re(1——+—>, n > 1520,

3642 0 plo 362 o
V1272eH 1 1 V1272eH 1 1
VAT E (- <p(n)<—7re l——+—], n>06084.
362 e 362 0 2
(2.12)
Denote
1 1 1 1 1 1
f(y)izﬁ(l—g—ﬁ), g<y)::E(1_§+ﬁ)’ (2.13)
then f and g are both polynomials in !, and from Lemma we have
V12n2eH V1272ek
Tﬂ“) <p(n) < TQ(M)a n 2 1520. (2.14)



We also use the first several terms of the Taylor expansion to approximate
the exponential function, specifically, for y < 0, e1(y) < e¥ < es(y) where

vy y?
61(y)i:1+y+5+g’ eg(y):=1+y+§. (2.15)
We still need the bounds for p(n + k) that are polynomials in p and p='.
For example, if 71 = /92 + a, then we have that for 4> > a, 11 < 21 < 212

where

. a a® L a? 5at " Ta® 21aS
Ty = — = — — —
LT o) T8 T 16y 128y7 | 256y° 512yl
(2.16)
a a® a’ 5at Ta®
Ti=Y+ o — g3t

2y 8y3 | 16y° 128y7‘+'256y9'

Note that z; = u(n + k) if y represents u(n) and a = 2kn?/3. Now we
are in a position to establish relationships among the notions above.

Lemma 2.2. For any given positives a,b and all y > 12(a+ b+ 1),

e f(x1)  e"g(ws)

Soly) e flaa)| O (2.17)

where

r1=vVy+a, vo=+y>?+b x3=+y*+a+0b. (2.18)

Proof. We denote 11,12 as in (2.16)), and xa;, T2, 31, £32 in similar ways.
Then, for y? > (a + b), we have

T < Ty < Tijo, 1= 1,2,3. (219)

Moreover, if we let

b
zi=1/y% — ot (2.20)
2
and
b b)? b2 5 byt 7 b)®

22::y+a+ Y Chd) +(a+ I Chd) la+b) (2.21)

4y 323 128y 2048y 8192y9 ’

then for y? > (a +b), z < 2.



Before calculating the determinant, we give some inequalities for x1; +
Top — 229 and y + w33 — 225. A direct computation gives

(a—0)* 3(a—b)?*(a+0b) 5(a—0b)*(7a*+ 10ab + 7b?))

Tt =2 = e e - 102447
N 7(a — b)?(a +b)(15a* + 10ab + 15b*)  21(a® + b°)
4096y° 512411
b)? 3 b 35 b)* 105 b)®
y+x32—222:—(a+> N (a+0)°  35(a+b) (a+)‘
1643 6y5 102447 4096°
(2.22)
For y > \/(a +b), we have
(a—0b)? >3(a —b)*(a+b) - 5(a — b)*(7a* + 10ab + 7b%))
1643 64y 102447
- 7(a — b)*(a + b)(15a® + 10ab + 15b?)
4096y°
and
(a+b)? - 3(a+0b)3 - 35(a + b)* - 105(a + b)®
1647 6y5 1024y7 4096y°
It follows that
Tyl + X9 — 229 < 0 (223)
and
Y+ T3 — 229 < 0. (224)

e f(xr) e*sg(s)
egly) e flag)| Y

Now we proceed to consider the determinant

(2.23) and (2.24)), we obtain

€M f(21) f(w2) — /7™ g(y) g(xs)

210 — 28wy — 120 — 28w — 1

>€222 eoc11+:c21—222 = B
Ty )

10 9 10 8
B ey+x32—222y —y +1lag’ —a5ws + 1)

12 12
Y

3 (2.25)

110 — afwyy — 1230 — 28w — 1

2z
>e*2 (61($11 + To — 222) 2 2
Ly Lo

10 9 10 8
—y' +1x3” —x5x3 + 1
—62(y+x32—222)y Y 3 3T31 >

12 12
Y T3



In order to prove this lemma, it suffices to show that

210 — 2wy — 1230 — a2l — 1
Rl st Vi (el(xll + g — 225) ;12 -2 2 ;12 -2
1 2
(2.26)
10 _ ,9 10 _ .8
-y’ +1xy” —asrs; + 1
— 62(y + T30 — 222)y ?2 3 :_){2 3 > 0.
Y 3
The left-hand side of the above inequality is
80
Aly) =) e, (2.27)
=0
which is a polynomial of y. The first few coefficients ¢;’s are
1 3 41
Cgp = Zab, Crg = —§ab, Cr8 = Eab(a + b) + 3&6, e (228)
It can be checked that for y > 12(a + b+ 1),
. 1 ,
¢yt > —Wc&)ygo, 0<i<T79. (2.29)
It follows that for y > 4,
1
Aly) > ——cgoy™ > 0. (2.30)

980
We conclude that for y > max{12(a +b+1),vVa+b} =12(a + b+ 1),

e f(x1) e"g(xs)
gly) e f(xs) > 0. (2.31)
N

By a similar argument, we can prove the following result concerning with
the 3 order determinant.

Lemma 2.3. For any given positives ay, as, by, ba, there exists N(ay, as, by, bs)
s.t. for all y > N(ay,as, by, bs),

e f(x1) eg(aa) e f(xs)
eg(zy) €™ f(xs) e*g(xg)| > 0, (2.32)
e fxz) e™g(xs) e f(xo)

where

T =y —ar+bi, 2=y +bi, x3=+y*+ b+ by,
Ty = \Y? —a, x5 =, e = \V/Y? + by, (2.33)
1’7:\/92—%—02, $8=\/y2—a2, xQZ\/y2_a2+b2-



Proof. As in (12.16]), let
a; — b1 (a1 — b1)2 (Cll — b1>3 5(611 — 61)4 7(&1 — b1)57T10

T11: =Y — 2y N 8y3 - 16y5 B 128y7 - 256y9
. 21(@1 — b]_)G
512y 7
Lo =1 — a1 — by _ (a1 — b1)? _ (a1 —by)® B 5(a; — by)* B 7(a; — by)>7!0
12: =Y Qy 8y3 16y5 128y7 256y9
(2.34)

and so on. Moreover, denote

a a n a 5at n Ta®
2y 8y 16y°5  128y7  256y°’

(2.35)

where a = (—a; —ag + by + b2)/3. Notice that x17 + 291 +y — 329, X39 + 72 +
Y — 322, T12 + Tz + Tga — 322, T31 + Ta1 + Ty — 322, T + Te1 + Trp — 322, Taz +
Tgo + Toy — 329 are all polynomials in 1/y whose constant terms vanish and
1/y-terms are negative. Using the same technique givin in , we can find
Ni(aq, as, by, be) such that for y > Nj(ay, az, by, be), these polynomials are all
negative. It follows that

ex11+x91+y*322 > el(xll + T 4+ Y — 322)7
6132+x72+y73z2 < €2 (l’32 + T+ Yy — 322),
61'124’55624’3382*3'22 < 62((1312 + Ty + Tso — 322>7
(2.36)
Pt Tt > o) (191 + w41 + 81 — 322),

61214’55614’3371*3'22 > e (9621 + Ty + T — 322>7

6122+x42+x9273'22 < €2 ($22 + Ty + Tgo — 322>.
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Thus we have that
e f(z1) e™g(we) e™f(xz)| | f(x1) e™g(x2) e f(x3)
e"g(xzs) e f(xs) e®g(xe)| = |e™g(xa) €'f(y) e™g(xe)
e f(zr) e™g(wg) e™f(wg)| |7 f(xr) e™g(xs) €™ f(zg)
= (@) @) a0)e™ % = () f(y) f(wr)es
— f(@1)g(w6)g(xs)e™ 207" 4 f(23)g(24)g(ws)e™ oot

+ f2)g(xe)g(ay)emrorer — f(902)9($4)g(909)ex2+x4+“9)

>¢ ( () f () F(@o)er(wn + wor +y — 32) (2.37)
— f(z3) f(y) f(zr)ea(zs2 + 272 +y — 329)
— f(x1)g(xe)g(xs)ea(z12 + T2 + 252 — 322)
+ f(x3)9(w4)g(ws)er (w31 + x41 + 281 — 322)
+ f(z2)g(we)g(x7)er(xa + x61 + 271 — 322)
— f(x2)g(w4)g(w9)ea(w22 + T4z + o2 — 32’2))-
Since for 1 <¢<9
Lo 8
f(z;) > T (2} — afwpn — 1),
Z (2.38)
1
g(x;) < o) (x}o — 2l + 1) ,
(5.7) can be rewritten as
(217973746 T728T0) 2y~ F A(y), (2.39)

where A(y) is a certain polynomial with the coefficient of the first term

1
malagblbg(al + bg)(ag + b1> > 0. (240)

Hence we can find Ny(aq, ag, by, by) such that for y > Ny(aq, az, by, be), A(y) >
0. Let N(al, a9, bl, bg) = IIl&X{]Vl(CLl7 as, b17 bg), NQ(CLl, as, bl, b2)}7 we obtain
that for y > N(ay, as, by, by), (2.32) holds. This completes the proof. |
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3 Positivity of the 3 order determinant

In this section, we will give an iterated approach to prove the following
theorem.

Theorem 3.1. For given positive integers ki, ka, mq, ma, there exists N (ky, ko, my, ms)
such that for n > N(ki, kg, my, ms),

p(n—ki+my) pn+mq) pn+myg+ms)
p(n —ky) p(n) p(n+msy) | >0. (3.1)
p(n— ki — ko) p(n—ky) p(n—ky+my)

To prove it, we first give the following important lemma which also serves
for the proofs in Section 4 and 5.

Lemma 3.2. For all h; € [e™ f(x;),e"g(x;)],1 <i <9, if
T7 Z 12(@1 + ag + b1 -+ bg + 1), (32)

then
hi hy hs e f(xy) e"g(xg) €"f(x3)
hy hs heg| > |e™g(xy) €™ f(xs) e g(xe)], (3.3)
hy hg hg e f(zy) e"g(xg) €™ f(xg)

where x;’s are defined as in Lemma[2.5
Proof. Denote
T hg h3

D(J?): h4 h5 h6 . (34)
h7 hs he

Note that

y=n/1i+as, z9=1/2E+bs, z6=1/TE+ as+ b, (3.5)

and zg > x7 > 12(ag + by + 1), by Lemma we deduce that

eV f(y) e™g(xe)

e glre) € flze) > 0. (3.6)
e hs fzs) emg(ze)
e”s f(x e*sg(x

hz hg ezgg(xz) oo f(xZ) > 0. (3.7)

It implies that D(z) is strictly increasing. This leads to

hy hy hs e"f(ry) hy hy
h4 h5 hﬁ > h4 h5 hﬁ . (38)
hz hs  hg hz hs  hg

12



Now we consider hy. Since

Ty = /22 + (a1 +az), mg=/2i+by, 3= \/x§+(a1+a2)—|—b2,

and xg > w7 > 12(ay + ag + by + 1), we have that

e ma| | ) )|
hs hg e*g(xg) €™ f(xg) '
Therefore,
e” f(x1) hy hs e” f(x1) hy hs
hy hs heg| > €x4g(l’4) hs hgl.
h7 hs  hg h7 hs  hg
We proceed to deal with hy. By Lemma [2.2] we have
_ el hel _jem flza) eg(as)| _
hy hg e g(xy) €™ f(xg) ’
and hence

e f(x1) he hs e" f(zy) e*g(xay) hs
€x4g($4) h5 h@ > €x4g($4) h5 hﬁ .
h7 hs  hg h7 hg hg

Repeat the above steps, we get

e f(x1) e™g(xa) hs| | f(z1) e™g(w2) €™ f(x3) e f(xr1) e™g(xe) e f(r3)
e g(xy) hs he| > |e™g(xy) hs he > (ePig(xy) €% f(x5)
hy hsg hg e hg hg hy hsg

e f(z1) e™g(wa) e™f(xz)| | f(x1) e™g(xa) €™ f(x3)
> |eTg(zy) €™ f(xs5) he | > |e™g(xs) €™ f(xs) e™g(we)
e f(x7) hsg hyg e f(x7) hg hg
e f(z1) e™g(wa) e™f(xz)| | f(x1) e™g(xa) €™ f(x3)
> |e"g(xy) €™ f(xs) e™g(xe)| > [e™g(wa) €™ f(w5) e™g(ws)|,
e* f(x7) e™g(wg) hg ™ f(x7) e*g(xs) €™ f(xy)
as desired. ]
Now we turn to prove Theorem [3.1]
Proof of Theorem [3.1} Let
2 2 2 2
y=pun), a = §k17T2, a9 = gk‘gW?, b, = gme, by = §m27r2
(3.14)

13

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

he
hg



in ([2.33), then
r1=pn—k +mqy), x2=pn+my), x3=pn+mg+ms),
xy = p(n — ky), x5 = pu(n), xg = p(n +ma), (3.15)
xr=pn —k — ko), xs=pn—=Fk), z9=pn—=ky+ms).

Recall that (2.14)) gives the upper and lower bound for p(n), thus by Lemma
3.2l we have that for n > ki + ko + 1520,

p(n—ki+my) pn+my) pn+mg—+msy)
p(n — k1) p(n) p(n +mo)
p(n—ki — ko) pn—rky) pn—ky+ms)
(3.16)
V1276 e f(xy) e™g(xa) € f(x3)
> e®g(rs) €f(y) e g(we)|.
3888 e flar) eglan) e f(xo)

It follows from Lemma that we can find a N (kq, ko, m1, mg) such that for

n > N(ki, ks, my,ms), (3.1]) holds, as desired. |
Now we aim to find the specific value of N for given (ki, kg, my, ms).
For example, when (ki, ka,m1,ms) = (1,1,1,1), we have that a1 = ay =

by = by = 27%/3, and the polynomial A(y) in the end of Lemma can be

rewritten as
131

Aly) =) ey, (3.17)
i=0
where 912 4712 43712
7 T 7T
— - _ T = 3.18
€131 799 €130 31’ C129 394 ( )
It can be checked that for y > 36,
. 1 .
Wy Z —gmmemy,  0<i <130, (3.19)
and the equality holds only if + = 130. It implies that
1
Aly) > ﬁcwlylgl >0, (3.20)

Thus, for y > 36(n > 197), we get
e f(x1) e™g(xa) €™ f(xs)

e"g(xy) €ef(y) e"g(xg)| > 0. (3.21)
e f(x7) e™g(xs) €™ f(xy)

14



It means that for n > 1524,

p(n)  pn+1) p(n+2)
p(n—1) pn) pn+1)>0. (3.22)
p(n—2) p(n—1) p(n)

We actually give an alternative proof for det (p(n—i+j))1<; <3 > 0 given
by Jia and Wang [I5]. Employing the same method, we can get the following
result which will be used in the proof of the positivity of det(pn—i+7))i<i j<4
for n > 656.

Theorem 3.3. For ki+ms < 3 and ke +my < 3, we have that for n > 1524,

p(n—ki+my) pn+my) pn+mq—+msy)
p(n — k1) p(n) p(n + mo)
p(n—ki —ky) pn—ky) pn—ke+mo)
(3.23)
/1276 e f(x1) e™g(xa) e f(xs3)
>——— |e"g(zy) eVf(y) e"5g(xg)| > 0.
I8 et flar) emglas) e f (o)

This approach can be extended to prove det (p(n — i+ j))i<ij<a > 0 in
Section 4.

4 Positivity of the 4 order determinant

In this section, we will apply the approach in Section 3 to prove the det (p(n—
i+7))1<ij<s > 0. Note that we may use notions which have been used before
but with different meanings.

Theorem 4.1. For n > 656, we have

(p(n) | p(n(+)1) pgn + 2% pgn + 3;

p(n—1 p(n pn—+1) pn+2

pn—2) pln—1)  pw) pa+1)|” " (1)
p(n—3) pn—2) p(n—1) p(n)
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Proof. As in Lemma (3.2, we claim that for y > 6087

p(n) pn+1) p(n+2) p(n+3)

p(n—1)  pn) pnr+1) pn+2)
p(n—2) p(n—=1) p(mn) prn+1)
p(n—3) pn—2) p(n—1) p(n)
(4.2)
eyfl() e®gi(zs) e fi(zs) e gi(ar)
m® gi(ws)  e’fily)  e™gi(zs) €™ fi(ws)
11664 612f1(332) egi(xs)  e'fily) egi(ws)|’
e"gi(w1) e fi(za) e™gi(ws) e fi(y)
where y = u(n),
1 =p(n—3), w2=pn-2), x3=pn-—1),
(4.3)

rs =p(n+1), zg=pn+2), xr=npn+3),

and

= (10 - 5) aim (1m0 ). )

To prove (4.2)), we denote

x p(n+1) p(n+2) p(n+3)
p(n—=1) p(n) pr+1) pn+2)

POr=lpm—2) pn-1)  pw) pln+n)] 49
p(n—=3) p(n—2) pn—1) p(n)
By , we have that for n > 6084,
IR 1) < YT i) <ty < V2 0, < VI o 0

Thus, from (2.1) and Lemma we deduce that for n > 6087,

e fly) e glzs) e f(we)
e®g(xs) e’f(y) e™g(xs)| > 0.
e” f(xzg) e™g(xs) e f(y)

(4.7)

p(n)  pn+1) p(n+2)
p(n—=1)  p(n) pn+1) >
p(n—2) p(n—1)  p(n)

\/_ 6
3888
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It implies that D(z) is strictly increasing, i.e.,

p(n)  pn+1) pn+2) p(n+3)
p(n—1)  p(n) pn+1) pn+2)
p(n—2) pn—1) pn) pr+1)
p(n—=3) p(n—2) p(n—1) p(n)

(4.8)
2 evfi(y) pn+1) pn+2) p(n+3)
~| pn—1) p(n)  pn+1) p(n+2)|
p(n—2) pn—1) pn) ph+1)
p(n—=3) pn—2) p(n—1) p(n)

Repeat the above steps, we get (4.2)) by Lemma and Lemma [3.2]
Now we proceed to prove (4.1]). Denote

2 3 4 5 6 7
Y Y Y Y Y Y
=1 Z_ <z z < A
) =1ty+ 5+ 500 120 730 T s
(4.9)
2 3 4 5 6 7 8
Yy Yy Yy Y Yy Yy Y
-1 y_ ¥y 4y 4 Y Y
) =1y 55 90 120t 720 T 5020 T 0320°
and
o (i —4r? (1 —4)*x? 4199(i — 4)" 7?2 29393(i — 4)137*
L=y = 2 8B 219421 N 921423 )
' (i —4)m* (i —4)*r 4199(7 — 4)" 7?2
Ti2e =Y = 2 8B 219421
(4.10)
One can see that for x < 0,
e3(x) < e¥ < ey(x) (4.11)
and for i =1,2,3,5,6,7,

By a similar argument as in the proof of Lemma [2.3] we get

e fily)  ePgi(ws) e fi(xs) e gi(xr)
egi(xs)  efily) ePgi(ws) e fi(xe) 24 —48 —T2 T2 —48 —24 —258
> x; Cwy Cxs Yy Py sty Ay),
( 17 Ty X3 X5 T Ty (y)
(

( ( 5 (

e fi(zg) e™gi(ws) efily) e gi(ws)

elgi(xr) e™fi(wa) e%gi(ws) e fi(y)
(4.13)

where
520
) 424 160724

A) =S ey _ T _ 414
() ;cy @0 = Trrar YT T 177147 (4.14)
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It is easily seen that for y > 80(n > 973),

. 1 .
Y > —gemtey’ 0 <@ <519, (4.15)
on which occasion 1
A(y) > ﬁ0520y520 > 0. (416)

It implies that (4.1 is true for n > 6087. Moreover, numerical evidence
shows that it also holds for 656 < n < 6086. The proof is completed. [ |

5 Overpartition

In this section, we confine our attention to a generalization of partition,
namely, the overpartition p(n). An overpartition of n is an ordinary partition
of n with the added condition that the first occurrence of any part may be
overlined or not. For the background and analytical properties of p(n), see [3],
[10], [18], [28] and [29]. In this paper, we shall give the same determinantal
inequalities as in Section 3 and 4 for the overpartition function p(n).

Note that the whole approach presented in Section 3 and 4 also works for
overpartition. Thus, in this section we will omit some tedious formulae and
statements. First, we use the Rademacher-type estimation to get a bound
for p(n). Let

fi(n): = my/n. (5.1)

Liu and Zhang [I§] mentioned that following the Rademacher type series
given by Zuckermann [29] and error term given by Engel [10], one has

p(n) = % ((1 + %) e M+ (1 — %) e“) + Ry(n, 2), (5.2)

5

_ 22
Bo(n, | sinh (g) . (5.3)

Imitating the proof of Lemma [2.1} we can prove the following lemma.

with

Lemma 5.1. For any given integer t, there exists N(t) such that for all
n > N(t),

2¢h 1 1 2¢h 1 1
W,e l————= <Z5(7’L)<7T,e l—=+—=, (5.4)
8p? poog 8p? g

where [i is the abbreviation for f(n).
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Specifically, for t = 10 and 22, we have

w2el 1 1 ~ w2eh 1 1
8ﬂ2 (1—j——><p(n)<8ﬂ2 (1_E+__0>’ 712821,

TG il
) ) 5.5)
T2ekt 1 1 ek 1 1 (
1l———— ) <» < — (11— =4+ — > 5644.
82 ( i ﬂ”) Pl < g < /1+ﬂ22>’ "=

Let y = ji(n) and (ay, as, by, by) = (kym?, kom?, mym?, maen?), then in (2.33)
we have

T = \/y2 + (ml - kl)WZa To2 = ZJQ + m17T27 xr3 = \/92 + (ml + m2)7r27
Ty = y* + (_kl)ﬁ, s =Y, Tg =/ Y% + mom?
Tr = \/y2 + (—ky — k)72, xs = /Y2 + (—ko)w2, x9 = \/y2 + (mg — ko)m2.

(5.6)
By Lemma and Lemma 3.2 we get that
p(n—Fki+my) p(n+my) p(n+my +ms)
p(n — ki) p(n) p(n —+mo)
ﬁ(n — k?l — kz) ﬁ(n — ]{52) ﬁ(n - kz + m2>
(5.7)

o6 (€ f(x1) e™g(xa) e f(xs)
>5E e*g(xy) €™ f(xs) e*sg(xg)| > 0.
e f(xz) e™glas) €™ f(xy)

Hence we deduce the following result.

Theorem 5.2. For given positive integers ki, ka, mq, ma, there exists N (ky, ko, my, ms)
such that for n > N(kyi, ks, my, ms),

pn—ki+m1) pn+my) pn+my+ms)
p(n— k) p(n) p(n + ms) > 0. (5.8)
p(n—k — ko) pn—Fky) p(n—ky+ my)

In particular, for k1 = ko = my = mo =1 and n > 823, we can get

) Bt B+
pn—1)  pn)  pn+1)| > ——a;Zey M2 Py ™ Ay),  (5.9)
pn—2) pn—1) pn) | °'
where 131
12 9yri2

Aly) = Zciyi, C131 = (5.10)
i=0

327
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It can be checked that for y > 36(n > 197),

. 1 )
ey’ > —§|Ci+1|y’+1, 0 < <130. (5.11)

Thus
A(y) > 20130y130 + C131y131 > 0. (512)

Numerical evidence shows that the above determinantal inequality also holds
for 42 < n < 822. Hence, we obtain the following theorem.

Theorem 5.3. Forn > 42,

p(n)  pln+1) p(n+2)
pin—1) p(n) pn+1)>0. (5.13)
pin—=2) pn—=1)  p(n)

By a similar argument as in Section 3, we get the following result.

Theorem 5.4. For k1 +mgy < 3 and ko +my < 3, we have that for n > 825,

p(n—ki+mi) p(n+mi) pn+mi+ms)
Bn—k) ) p(n+m)
p(n—ky —ky) pn—ky) pn—ky+ms)
(5.14)
< [ 2o 2t
>—— eMg(zy) e*f(xs) €*8g(xg)| > 0.
12 e fer) emglus) e f(xo)

Now we go forward to 4 order determinants for the overpartition function.
Following the approach given in Section 4, we have that for n > 5647,

Bn)  Bn+1) Bn+2) pn+3)
Bn—1)  pn) pln+1) pin+2)
Bn—2) pn—1) pn) pln+1)
Bn—3) pin—2) pln—1) p(n)

(5.16)



A direct calculation leads to

e fily)  e™agi(zs) e fi(zs) e gi(z7)
e"gi(xs)  efily) ePgi(ws

e” fi(za) e™gi(xs3) eyfl(y) e g1 (s
e (xy) e fi(x) e*3gq( ) (5.17)

8
m — 72 72 —
24 ,,—48, ,—72 -T2 481,7 24 258A( )

where
520
, R 15724
Aly) = T = —, = — . 5.18
(y) ; GiY C520 1024 C519 198 ( )
It can be checked that for y > 80(n > 973),
i 1 520 -
a;y’ > ~ om0 G520y 0 <17 <519. (5.19)
It implies that
1
A(y) > ﬁ0520y520 > 0. (520)

Thus for n > 5647, det(p(n — i+ j))1<ij<a > 0. Numerical evidence shows
that for 141 < n < 5646, this inequality also holds. Hence we conclude with
the following theorem.

Theorem 5.5. For n > 141,

B(n)  pn+1) Bn+2) pln+3)
Bn—1)  pn) pln+1) pn+2)
Bn—2) pn—1) pn) pn+1)
Bn—3) pn—2) pln—1) p(n)

> 0. (5.21)

Remark. Recently, using the technique given in [15], Mukherjee [21] indepen-

dently proved that p(n) satisfies (5.13|) and conjectured that det(p(n — i + j))1<ij<k >
0 for all £ and sufficiently large n. We actually give an affirmative answer to
Mukherjee’s conjecture for k = 4 in Theorem [5.5]

6 For general cases

As a conclusion, we give an outline of how to extend our method to prove
det(p(n — i + j))i<ij<r > O step by step. Notice that in the proofs of the
positivity of det(p(n — i+ j))i<ij<s and det(p(n — i+ j))1<ij<4, We actually
depend on the following general lemma.
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Lemma 6.1. Suppose sequences x(n), f(n) and g(n) satisfies

f(n) <z(n) < g(n). (6.1)

If there exists N’ such that forn > N', 1 < k and integers ay, by, as, bo, ..., a;, b €
[—M, M|, the l-order determinants

f(n) g(n+br) f(n 4 by +by)
gn—ay) f(n—ay+b) gln—a;+b+by)

f(n_ Zal+zbl> Ixl

(6.2)

are always positive, then there exists N such that for n > N,l = k the

determinant det(xz(n—k;+m;))1<i j<i is positive for any integers k;, m; whose
absolute values are no greater than M.

The sketch of the proof. We use induction on k. Assume that the result
holds for & — 1. Denote by D(z) the determinant where the element in the
position (¢, j) is substituted with z in det(z(n — k; + m;))1<; j<k. Then the
coefficient of z is of the form det(2'(n — kj +m}))1<;j<x—1, where 2,k and
m' satisfy

f(n) < 2'(n) < g(n) (6.3)

and
Rl I, RS [msl, . < M (6.4)

as well. By the induction hypothesis, the coefficient of x is positive. It follows
that D(z) is strictly increasing (decreasing, respectively) if and only if i + j
is even (odd, respectively). Hence we deduce that det(z(n — k; +m;))1<ij<i
is greater than the determinant in , which is positive by the induction
hypothesis. |

In Section 3 and 4, we actually use this lemma for the case k = 3 and 4.
And in the upper and lower bound for p(n)

V12m2ek 11 V1272t 11
Y (- — =) <pn) < Y (1-=+ = 6.5
3642 ( ) pir) 3642 < w Mt)  (69)

we find ¢ = 10 and 22 are enough. For large k, one only need to find a
suitable t such that the process in Section 3 and 4 works.
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