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Abstract

Given a family of graphs F, a graph G is F-saturated if G contains no member
of F as a subgraph, but G + e contains a member of F as a subgraph for each edge
e in the complement of G. The edge spectrum of F is the set of all possible sizes of
F-saturated graphs on n vertices. A G-subdivision is a graph derived from G by re-
placing each edge of G' with a path of arbitrary length. Let C>j denote the family of
C-subdivisions, where C}, is a cycle of length k with £ > 3. Determining the minimum
or maximum number of edges in n-vertex F-saturated graphs are two of the most im-
portant problems in the study of extremal graph theory. This is also a very important
optimization problem in graph theory. The study of this problem is closely related to
the development of other branches of mathematics, computer science, network, modern
information science and technology. In this paper, we determine the edge spectrum of
C>y, for each k € {3,4,5,6}.
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1 Introduction

All graphs considered in this paper are finite and simple. We follow [10] for undefined
notation and terminology. Let k be a positive integer and [k] = {1,2,3,...,k}. Let G =
G(V(G), E(GQ)) be a graph, where V(G) is the vertex set of G and E(G) is the edge set of
G. We denote e(G) = |E(G)| and call it the size of G. Denote by G the complement of G.
Let K} denote the complete graph on k vertices. A G-subdivision is a graph derived from

G by replacing each edge of G with a path of arbitrary length. Let C>j denote the family
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of Cg-subdivisions, where C}, is a cycle of length k£ with k > 3. Note that C} € C>; and
C>j is a family of cycles that each of them has length at least k. A maximal connected
subgraph of GG that has no cut-vertex is called a block of G. For a graph H, the H-block of
G is a block of G isomorphic to H.

Given a family of graphs F, a graph G is F-saturated if G contains no member of F
as a subgraph, but G + e contains a member of F as a subgraph for each e € E(G). Let
ex(n,F) = max{e(G) : G is F-saturated and |V (G)| = n} and sat(n,F) = min{e(G) :
G is F-saturated and |V (G)| = n}. We shall refer to ex(n, F) as the extremal number of F
and sat(n,F) as the saturation number of F. By the definitions above, if an F-saturated
graph of order n has m edges, then sat(n,F) < m < ex(n,F). It is natural to consider
the converse that whether there exists an F-saturated graph of order n and size m for any
integer m with sat(n,F) < m < ex(n,F). In order to study this problem, the concept of
the edge spectrum was introduced.

The edge spectrum of F, denoted by ES(n,F), is the set of all possible sizes of F-
saturated graphs on n vertices. That is, ES(n,F) = {e(G) : G is F-saturated and |V (G)| =
n}. When F = {F'}, we simply write F-saturated for F-saturated and replace ES(n,F)
with ES(n, F'). For some special graph classes F, we may have ES(n,F) = {m : m is an

integer with sat(n,F) < m < ex(n,F)}. For instance, in 2018, Balister and Dogan [3]
proved that ES(n,K;;) consists of all integers in the interval [sat(n, Ki4),ex(n, Ki.)],
where t is a positive integer with t < n — 1. However, it fails in general. Some gaps of edge
spectrum have been found for graphs K; [1, 2| 4], K4 — e [7], P5s and Ps [8], and so on. It
is natural to consider which graph has gapless edge spectrum and which graph has gaps in
its edge spectrum. In this paper, we consider the edge spectrum for C>y.

Erdés and Gallai [5], and Woodall [II] provided the extremal number of C>j for each
3 < k < n. They also provided an extremal graph consisting of L%J copies of Kj;_1 and
one copy of K1, where n—1 =1t (mod (k—2)),0 <t < k—3, and all copies share exactly
one vertex in common. That is ex(n,C>;) = [1=5] (kgl) + (thl). In this paper, we refer

the case k € {3,4,5,6}, so we present their results as follows.

Theorem 1.1 ([5,[11)]) Let n be an integer.
(1) For n >3, ex(n,C>3) =n — 1.
(2) Forn >4, ex(n,C>4) = [¥52].

2n —2 fn=1 d
(3) Forn > 5, ex(n,Css) = n—2, Z.fn (mod 3);
> 2n — 3, if n=0 (mod 3) or n =2 (mod 3)
Sn—>5 . =1 )
(4) Forn > 6, ex(n,C>¢) = L5 2 8J7 an (mod 4);
> [22-2],  ifn=0 (mod 4), n =2 (mod 4) or n =3 (mod 4).

It is trivial that sat(n,C>3) = ex(n,C>3) = n — 1. In [6], the authors provided the value
sat(n,Cs;) for each ¢ € {4,5}. Moreover, Ma, Hou, Hei, and Gao [9] determined sat(n,C>¢).



Theorem 1.2 ([6,[9/) Let n be an integer.

(1) Forn >4, sat(n,C>4) = n+ |22].
10(n—1

(2) For n > 5, sat(n,C>5) = (#W

(

9, if n = 6;
11, ifn="T
(3) For n > 6, sat(n,C>¢) =< 12, if n=8;
13, ifn=9;
e ifn > 10,

Combining Theorems and we prove that there is no gap in ES(n,C>,) for each
r € {3,4,5} and there is a gap in ES(n,C>¢) when n =0 (mod 4) or n =1 (mod 4).

Theorem 1.3 Let m,n,r be three integers with n > r. For each r € {3,4,5} and each
m with sat(n,C>;) < m < ex(n,Cs,), there is a C>,-saturated graph on n vertices and m

edges.

Theorem 1.4 Let n and m be two integers with n > 6 and sat(n,Cs¢) < m < ex(n,Cs¢).

There is a C>g-saturated graph on n vertices and m edges if and only if

{ex(n,C>6) — 1}, if n=0 (mod 4);
" {ex(n,C>6) — 1,ex(n,C>6) — 2}, if n=1 (mod 4).

The rest of the paper is organized as follows. In Section 2, we introduce some known
properties of C>,-saturated graphs for each r € {4,5,6}, which will be used to verify the
graphs we constructed are C>,-saturated. In Section 3, we prove Theorems and by

giving a complete characterization for the edge spectrum of Cs,.

2 Structural properties of C-,-saturated graphs for each r €
{4,5,6}

In [6], Ferrara, Jacobson, Milans, Tennenhouse, and Wenger characterized some properties

of C>4-saturated graphs and C>s-saturated graphs, respectively.

Proposition 2.1 ([6/) A connected graph G with at least two vertices is C>a-saturated if
and only if every block of G is isomorphic to either Ko or K3, and no two Ks-blocks of G

share a vertex.

The graph B; = K3 V K; is called a book, which is obtained from K3 U K; by joining

each vertex of Ky to each vertex of K;. Every vertex of K; is called a page of the book B;.



Proposition 2.2 ([6/) A graph G is C>5-saturated if and only if

(1) every block of G is isomorphic to either a complete graph of order at most 4 or a book
with at least three pages, and

(2) for any Ka-block B of G and block B' # B with BN B’ # 0, either B' is a K4-block or
B’ is a Bi-block with t > 3 such that B N B’ is a page of B'.

Let r,s and t be three integers with r,s > 2 and ¢t > 6. As shown in Figure (1), the
graph denoted by D(r, s) has r+ s+ 3 vertices and each vertex in {vy, va, ..., Up, U1, U2, ..., Us }
has degree 2. As depicted in Figure[l}(2), the graph denoted by H(t,6,2) has ¢ vertices and
each vertex in {uy,ug,...,u;—4} has degree 2. In both of D(r,s) and H(t,6,2), the white
vertices are called centers of them. Clearly, every C>¢-saturated graph of order at most 5

is a clique.

1 (2]
gy oY T4 LR
(1)D(r, s) with r,s > 2. (2)H(t,6,2) with t > 6.

Figure 1: Two C>¢-saturated graphs D(r, s) and H(t,6,2).

To avoid using more definitions, we use the following proposition from [9], which is

stated slightly different, but can be derived from the original statement.

Proposition 2.3 ([9]) A graph G is C>¢-saturated if and only if

(1) G is connected and each block of G is isomorphic to one of {K;:1 <t <5}U{D(r,s) :
s,r>2}U{H(t,6,2):t> 6}, and

(2) no two Ks-blocks of G share a vertex, and

(8) for any Ks-block B of G and block B' # B with BN B' # 0, we have B' = Kj,
B' = D(r,s) or B = H(t,6,2) for integers r,s > 2 and t > 6 such that BN B’ is not a
center of B' when B' = D(r,s) or B' = H(t,6,2).

3 Proofs of Theorems [1.3] and 1.4

For any graph, we choose one vertex of it as its root vertex. Denote by G - H the graph

obtained from two disjoint graphs G and H by identifying the root vertex of G and the root



vertex of H, where the identifying vertex is the root vertex of the graph G- H. That is,
\V(G H)]—]V( )+ |V(H)|—1and E(G-H) = E(G)UE(H). Let HG Kl,HG G
and HG ( H G) - G for an integer k with k > 2.

’Uzt+1 'U2t+2 U2t+3

Ut+1

Figure 2: A C>4-saturated graph G.

Proof of Theorem Theorem holds naturally if » = 3, since ex(n,C>3) =
sat(n,C>3) = n — 1. So we may assume r > 4. The rest proof is split into two cases:
r=4and r =5.

Case 1: r=4.

As shown in Figure the graph G has 4t+4 vertices, each vertex in {uy, ug, ..., ut, V2, V3, ..., U212}
has degree 3, each vertex in {vy, w1, wa, ..., w; } has degree 1, and each vertex in {u;y1,v2143}

has degree 2. By Proposition the graph G is a C>4-saturated graph. For each integer

n >4, let

G, if n =4t + 4;

a0 G —{n}, if n =4t +3;

" G — {var+3, w1}, if n =4t +2;

G —{vati2,v2043,up1}, ifn =4t +1.

Clearly, we have

St +4=n+|"7°], ifn=4+4

5t +3 = o3 if n = 4t + 3;

e(G0) = + n+| 43J, 1 n +3;

St+1=n+ "], ifn=4+2;

5t =n+ [22], ifn=4t+ 1.

By Theorem [1.2(1), e(GY) = sat(n,C>4). Let i be an integer. For each 1 <i <, let

G — (E(G%_l) \ {uszz}) U {'Ugi_lwi, ’Ugiwi}, if n =4t +1;
" (E(G;;l) \ {uzwz}) U {Ugi+1wi, v2¢+2wi}, ifne {4t + 2,4t + 3,4t + 4}.

For each 0 < j < ¢, each block of qul is isomorphic to either Ko or K3 and there are no
two Ko-blocks of G% sharing a vertex. By Proposition the graph G% is C>4-saturated.



Clearly, e(G%) = e(GL1) +1 for 1 <i <t and

6t+4 =23 ifn=4t+4;
6t +3 = |33 if n = 4t + 3;
e(GY) = e(G2) +t = 2 b ’
(Gn) = e(Gn) 6t+1 =23  ifn=4t+2
6t = |32, if n =4t + 1.

Then we have e(G?)) = ex(n,C>4) by Theorem (2) Hence there is a C>4-saturated graph

on n > 4 vertices and m edges for each integer m with sat(n,C>4) < m < ex(n,Cs4).

Case 2: r=5.

By Theorems and we have sat(5,C>5) = 6, ex(5,C>5) = 7, sat(6,C>5) = 8 and
ex(6,C>5) = 9, which implies that Theorem holds for 5 < n < 6. Thus we may assume
n > 7. Inspired by the constructions of Ferrara et al. [6], we construct the graph H;
and H; has exactly one root vertex v for each i € {0,1,2,3,4,5,6}. For each graph in
Figure [3| we denote the vertex v as the root vertex. Let Hy = Hy - K3, H3 = H; - K3,
H,=Hy -K3=Hy- ﬁKg, Hs =H; - ﬁKg, and Hg = My - H;. We obtain |V (H;)| =7+
and e(H;) =9+ | 3] for each i € {0,1,2,3,4,5,6}.

Let -
H()' HHl, ifn:'?t;
t
11 H1, ifn="7t+1;
t—1
HQ'HHl, ifn:7t+2;
0 t-1
Gn =9 Hs- [ H, ifn=T7Tt+3;
t—1
H4-]__[H1, ifn:7t—|—4;
t—1
H5-HH1, 1fn:7t+5,
t—1
HG'HHL 1fn:7t+6
Then
(106 —1=[200=D0 if =74
10t = [22n=b ifn="Tt+1;
106 +2 = [0 if = 784 2;
e(GY) =14 10t + 3= [0 if =7 4 3;
10t +5 = [0 if g = 7t 4 4
10t +6 = [0 if = 7t 4 5;
10t + 8 = [N if = 7t 6.

By Theorem (2), e(G) = sat(n,Css).
Let i be an integer with i > 1. We try to construct the graph G based on G?. By

the structure of GV, there is a pair of adjacent vertices u and w such that deo (w) = 1
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AR A

M, H, H,;
Ks =Hy- HK3
v »

Figure 3: Some C>5-saturated graphs.

and dgo (u) = 3, say Ngo(u) = {u1,ug, w}. We call such pair as a (1,3)-pair. Let Gl =
(GY\{wu})U{wuy,wus}. Observe that there are two (1, 3)-pairs in H; for each i € {0,2,4},
three (1, 3)-pairs in H; for each j € {1,3,5}, and four (1, 3)-pairs in Hg. Then G2 has 3t —t

such vertex pairs, where

1, if ne{7t,7t+2,7t+4};
to=14 0, iftne{7t+1,7t+3,7t+5};
-1, ifn="Tt+6.

Applying this method, we construct the graph G?, iteratively for each integer 1 < i < 3t —t,
as follows. Choose a pair of adjacent vertices u and w with dgi-1(w) =1, Ngi-1(w) = {u}
and dgi-1(u) = 3. Denote Ngi—1(u) = {u1,uz, w}. Let G = (G {wu}) U {wuy, wus}.
We have e(G?) = (G4 1) + 1. Let k and £ be two integers. Clearly, for each 1 <14 < 3t —ty,
each block of G, is isomorphic to either K, with 2 < ¢ < 3 or a book By with k > 3. For
any Ks-block B of G! and block B’ # B with BN B’ # 0, B' is a By-block with k > 3
and BN B’ is a page of B’. Proposition implies that G?, is C>5-saturated. For K} with

k € {2,3,4}, choose one vertex of K}, as the root vertex, and for the book B; where j is an



integer and j > 3, choose one vertex of B; that is not a page as the root vertex. We have

(Tl Be) - Bs, if n = 7t;
11 B, ifn=Tt+1;
(tﬁlB6)-B5-K3, ifn =Tt +2;
G0 =8 (11 By) - K, if n=Tt+3;
(T Be)- B[] Ks,  ifn—Tt+4:
(ﬁBﬁ)'ﬁK& if n ="7t+5;
(ﬁBﬁ)-B4, if n="7t+6.

Set
(-1

(I Bs) - Bita, if n="17t;
(1 Bs) - Buss, if no= Tt + 1;
([0 Bs) - Buva - K, if no= Tt +2;
Hy = (tﬁl Bs) - Biss - K, if =Tt +3;
(1 Bs) - Buos T1Ks,  ifn—Tt+d:
(1 Bs) - Buos - T1Ks,  ifn=Tt+5
(ﬁ Bs) - Biya, if n =Tt +6.

We see e(HY) = e(G3t=%). Let i be an integer with 0 <4 <t — 1. Let

t—1—i 2i '
( II Bs): Bita- [ Ka, if n = T7t;
t—1—i 2i
( IT Bs): Bits -1 Ka, ifn="Tt+1,
t—1—i 9
( II Bs): Biia- K3-[] Ky, if n="7t+2;

i) 9

- ( H B5)-Bt+5'K3'HK4, if n ="7Tt+ 3;

t—1—i 2 2i
(Il Bs) Biwa-(I1K3) 11Ky,  ifn=T7t+4;
t—1—i 2 2i
(Il Bs) Biws - (I1K3) - 11 Ksy,  ifn=Tt+5;
ti 2i
(I Bs) - Biya - [[ Ka, if n =7t +6,



and

HIY if n =17t
Hi=Y ifn="Tt+1;
t—1)
By [] K, ifn="Tt+2;
(t=1)
H! ={ Bir- [ Ku, ifn="Tt+3;
2(t—1)
B K3 - H Ky, if n="Tt+4;
-1)
Biy7- Kz - H Ky, if n="Tt+5;
2t
L Bt+4'HK4, if n =7t + 6.

Since every block of H! is isomorphic to either K, with ¢ € {3,4} or By, where k is an
integer and k£ > 3, Proposition implies that H! is C>s-saturated for each 0 <i <t. We
may see e(H:) = e(H:™1) +1 for each 1 <i <t—1and

- e(HLY), if ne{7t,7t+1}
| e(HEY 41, ifne{Tt+2,7t+3,Tt+4,7t + 5,7t + 6.

In addition,

14t — 3 = 2n — 3, if n="7¢t;
14t —1=2n—-3, ifn=Tt+1;
4t+1=2n—-3, ifn="Tt+2;
e(H) =14 14t+3=2n—-3, ifn="Tt+3;
4t +4=2n—4, ifn="Tt+4;
14t + 6 = 2n — 4, if n =7t + 5;
14t +9=2n—-3, ifn=Tt+6.

2(t—1) 2(t—1)
Let F! = ( H Ky) - Biys when n =Tt +4, F} = ( H K,) - Byyg when n = 7t + 5 and

Fl' = H! whenn € {7t,7t+ 1,7t +2,7t + 5,7t +6}. Then e(F}) = 2n — 3 for all n > 7 and

2(t—1)
Bt+4 . H K4, ifn= 7t;

Bt+5' H K4, 1fn:7t+1,
2(t—1)

Biys- [ K, if n="7t+2;
2(t—1)

n Byyr- H Ky, if n ="7Tt+ 3;
2(t—1)

Biys - H Ky, ifn="7t+4;
2(t—1)

Bt+9 . ]__[ K4, if n = 7t+5;

L Bt+4’HK4, if n =7t + 6.



When t =0 (mod 3), let

2t+| £
I[1 K, ifn="7t+1;
Fﬁ = 2t+[L]+1
I K, ifn="Tt+4;
Fl if n € {7t,7t+ 2,7t + 3,7t + 5,7t + 6}.

When t =1 (mod 3), let

( 2t+| L]
[T K, if n = T7t;
2+ £]+1
2= I K, ifn="Tt+3;
2+ £]+2
[I K, if n="Tt+6;
| Fy, ifne{7t+1,7t+2,7t+4,7t +5}.

When ¢t =2 (mod 3), let

26+ £]4+1
[I K, ifn="Tt+2;
F3 = { 2t+[L]+2 .
I[I K, if n="Tt+5;
F} ifne {7t,7t+ 1,7t + 3,7t + 4,7t + 6}.

For all cases above, we have e(F?) — e(F}) < 1. When t = 0 (mod 3),

e(F2) = 2n—2, ifn=1 (mod 3);
"l 2n=3,  ifn=0 (mod 3) or n =2 (mod 3).

When t =1 (mod 3),

(F2) 2n—2, ifn=1 (mod 3);
(& =
" 2n—3, ifn=0 (mod 3) or n =2 (mod 3).

When t = 2 (mod 3),

(F2) 2n—2, ifn=1 (mod 3);
e =
" 2n—3, ifn=0 (mod 3) or n =2 (mod 3).

In all cases, e(F?) = ex(n,C>5) by Theorem (3) Therefore, given an integer n with
n > 5, for any integer m with sat(n,C>5) < m < ex(n,C>5), we have constructed a C>s5-

saturated graph on n vertices and m edges. |

Proof of Theorem H. Firstly, let us construct a series of C>g-saturated graphs.

10



(1) Gy withn=8. (2) Gy withn=9. (3) Gz withn=29. (4) G5 with n = 9.

w; ws Wn-6 Wn=1

(5) G° where n is even and n > 10. (6) G° where n is odd and n > 11.

Figure 4: Some C>g-saturated graphs.

Claim 1 Let n and m be two integers such that n > 6, sat(n,C>¢) < m < ex(n,C>¢) and

m ¢ {ex(n,C>6) — 1}, if n =0 (mod 4);
{ex(n,C>¢) — 2,ex(n,C>¢) — 1}, if n=1 (mod 4).

Then there exists a C>¢-saturated graph on n vertices with size m.

Proof. Firstly, we consider the case 6 < n < 9. For K; with 2 <t <5, choose one vertex
of K; as the root vertex. When n = 6, let Gy = K4 - K3, Go = H(6,6,2) and G3 = K5 - K».
When n =7, let Gy = D(2,2), Gy = K4 - K4 and G3 = K5 - K3. Clearly, for both cases, G;
is C>¢-saturated for each i € [3]. By Theorem [1.2(3),

9, if n =6;

e(Gy) = sat(n,C>¢) = { 1 P

By Theorem [L.1}(4),

5n — 8
2

e(Gz) = e(G2) + 1 =e(G1) +2 = L J = ex(n,C>q).
When n = 8, let G be the graph shown in Figure [4(1). We have e(G1) = 12 = sat(8,C>¢).

11



Let Go = D(2,3), Gs = H(8,6,2) and G4 = K5 - K4. Then
G(Gg) = B(Gz) +1= G(Gl) +2=14= ex(n,ng) -2

and e(Gq) = 16 = |258| = ex(n,C>¢) by Theorem (4) When n = 9, the graphs
G1, Go and G5 are shown in Figure [ff2), Figure [4[3) and Figure [4(4), respectively. Let
Gz = D(4,2), G4 = H(9,6,2) and Gg = K5 - K5. We obtain e(G1) = 13 = sat(9,C>¢),
e(Giy1) = e(G;) + 1 for each i € [4], e(G5) = 17 = ex(n,C>6) — 3 and e(Gg) = 20 =
525 | = ex(n,C>g). So Claimholds for 6 <n <9.

U1 U3

D(a,2,1).

Figure 5: A C>¢-saturated graph D(a,2,1).

Next we consider the case n > 10. The graphs shown in Figure [45) and Figure [4(6)
are constructed by Ma et al. [9]. These graphs are C>g-saturated and satisfy e(GY) =
sat(n,C>g). Let i be an integer with 1 <4 < 253 and Gi, = {G% 1\ wiu; }U{wv1, wive}. So
e(GL) = e(Gi7 1) +1. For each 1 < < 253 each block of G, is isomorphic to Ky or D(r, s)
with 7, s > 2, and for any K-block of G? and block B’ with BN B’ # (), B is isomorphic to
D(r,s) and BN B’ is not a center of B’. By Proposition G is C>g-saturated. Let v1 be
the root vertex of Gil foreach1 <i < "T_?’ and choose one vertex of K5 as the root vertex.
We see G}:T_?)J = D(n —5,2). Let HY = GTLLnT_?)J. When i is odd and 1 < i < 2|%7], let
HE = [(HSY = {ug, wigr, wi, wir1}) \ {wisov1, wipove}) U{wirow;ys}] - K5. When i is even
and 1 <4 <2[2:7] let HY = (H. 1\ {wip1wis2}) U {wit1v1, wi4102}. That is

3

-
2
I[I K5, ifi=1 (mod 2);

i) Dln—2i-821)

n 4

2
D(n—2i—-5,2) - [[ K5, if i =0 (mod 2).

The graph D(a,2,1) is defined in Figure [5| for some integer a on a + 6 vertices, where each
vertex in {uy,ug,...,uqt+2} has degree 2. By Proposition H} is C>¢-saturated for each
1 <4 <2[27]. Wesee e(H}) = e(H., 1) + 1. Let 7, s be two integers with r,s > 2. Let

12



one of the centers of D(r,s) be the root vertex of it. Set

( LLJJ

4
D(3,2)- [I Ks, ifn=0 (mod4);
S
70 _ HQL"T”J _ D(4,2)- [] Ks, ifn=1(mod4);
" " |25
D(5,2)- [I Ks, ifn=2(mod4);
122
L D(2,2): ][ K5, ifn=3(mod4).

Let one of the centers in H(t,6,2) be the root vertex for each integer ¢ > 6 and one vertex
of K5 be the root vertex. Denote by KZ the graph obtained from identifying a vertex of
K5 and a vertex of Ko, that is e(KJ) = 11 and |[V(K: )| = 6. Let one vertex of K3 of

1257)
degree 4 be the root vertex. When n = 3 (mod 4), let E! = ( [[ Ks)- H(7,6,2) and
|25

el
F? = ( [[ Ks)- Ks. In [1I], Woodall proved that the graph ( [[ Kj) - K, _yn-1) s
4
C>¢-saturated and has ex(n,C>¢) edges. It follows that e(F?) = ex(n,C>¢) and

e(F) +2=e(F)) +1=e(F%) = ex(n,C>).

n

When n = 2 (mod 4), let

1252 L5 ] 127
Fi=(]] K5)-H(6,6,2), and F = ( [ K5) Ka=( ][] Ks5)- Ko
We have e(F!) = e(F.=1) + 1 for each i € [4] and e(F}}) = ex(n,C>¢).

125 1272

When n =0 (mod 4), let F} = H(8,6,2)- [[ Ks,and F? = K;- [[ Ks, we see
e(FH) = e(FY) 4+ 1 = e(F2) — 2 = ex(n,C>g) — 2.
When n =1 (mod 4), let

125 L5 L=
Fp=(]] Ks)-H(9,6,2), Fp =( [[ Ks)- K&Ky, and Fp = [] K.
We see e(F2) = e(F}) + 1 = e(F3) — 3 = ex(n,C>6) — 3. By Proposition we can verify
that F! is C>¢-saturated for each i € [4]. [

Next we prove that above necessary condition for the existence of C>g-saturated graphs

of order n and size m is also sufficient.
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Claim 2 Whenn =0 (mod 4) orn =1 (mod 4), there is no C>¢-saturated graph G with n
vertices such that e(G) = ex(n,C>6) — 1 and when n =1 (mod 4), there is no C>¢-saturated
graph G with n vertices such that e(G) = ex(n,C>¢) — 2.

Proof. By contradiction, suppose G is C>g-saturated and

e(G) € { {ex(n,C>6) — 1}, if n =0 (mod 4);

{ex(n,C>6) — 2,ex(n,C>¢) — 1}, ifn=1 (mod 4).
Firstly, we conclude that G has at least two blocks. Otherwise, suppose G has only one
block, by Proposition and n > 6, then G = D(r,s) where r,s > 2 and r+s+3 =mn, or
G = H(n,6,2). When G = H(n,6,2), we have e(G) = 2n — 2, and when G = D(r,s), we
have e(G) = 2n — 3. If n =1 (mod 4) and e(G) = ex(n,C>¢) — 2, by Theorem [1.1[4), then
e(G) = [%2| —2 and [9%5] —2 ¢ {2n —2,2n — 3} for n > 6. Thus we may assume that

2 2
e(G) = ex(n,C>6) — 1. If G = H(n,6,2), then e(G) = 2n — 2, but for n > 6,

gn_2¢{ {1%8] —1},  ifn=0 (mod 4);

{1°%2] -1}, ifn=1 (mod4).
This implies G = D(r,s). But for n > 6,

Qn_3¢{ {Lgmz_s — 1}, if n =0 (mod 4);

{1252 -1},  ifn=1 (mod4),
a contradiction to the assumption of G. Therefore GG has at least two blocks. By Proposition
each block B of G satisfies B = D(r,s) or B = H(t,6,2) or B = K}, where r,s > 2,
t>6and 2 < k < 5. We contract a block B of G to a vertex and denote the resulting
graph by G1 = G /B. We first consider the case e(G) = ex(n,C>¢) — 1 with n = 0 (mod 4)
orn =1 (mod 4). If n = 0 (mod 4), then e(G) = [?58| — 1 = 2210 and ¢(Gy) =
e(G) —e(B) < ex(n —|B| + 1,C>¢), which follows that

_ 5(n—|B|+1)=5 - 5n—5|B| _ 5/B|-10
sn—10 _ | Sn=|BIH)=5 | _ sn10 _ Sn-BIB| _ SBZ10. |B| =0 (mod 4);
- 5(n—|B|+1)-8 - 5(n=|B|+1)=9 _ 5|B|-6
e(B) > 5n210_L(” \2|+) J:5”210_ (n \2|+) = ‘2‘ , |B| =2 (mod 4);
Sn—10 _ L5(n—\32|+1)—8J = o0 _ 5("_‘32'“)_8 = 5‘32‘_7, |B| =1 or 3 (mod 4).

Thus we have B 2 K}, for any k € {2,3}, B 2 D(r,s) for any r,s > 2, and B % H(t,6,2)
for any ¢t > 6. Therefore every block of G is isomorphic to K4 or K5. We may assume that
G = (ﬁ Ky) - (ﬁ K5) with n =3z 4+ 4y + 1 and e(G) = 6z + 10y = 22510 yielding 3z = 5,
which contradicts the fact that x is an integer. Therefore, there is no C>¢-saturated graph
G with e(G) = ex(n,C>6) — 1 when n = 0 (mod 4). If n = 1 (mod 4), then e(G) = 247
and e(G1) = e(G) — e(B) < ex(n — |B| + 1,C>¢), which follows that

_ 5(n—|B|+1)—5 _ 5(n—|B|+1)=5 _ 5|B|-7 _
5n27_ Lsin :BQ:JFJ 8J - 5n27_ 5E” 32+1; 5 = 5:32 N |B| =1 (mod 4);
_ —|B|+1)— - —|Bl+1)— - =
e(B) > 5n27_ n | J:5n27_ n d = 2B |B| = 3 (mod 4);
_ 5(n—|B|+1)—8 _ 5(n—|B|+1)—8 _ 5|B|—4
577,27_L(n |2|+) J:5"27— (n \2\+) = |2‘ , |B| =0 or 2 (mod 4).

14



We have B 2 Ky, for any 2 < k < 4, B 2 D(r,s) for any r,s > 2 and B 2 H(t,6,2) for
x

any t > 6. Therefore every block of G is isomorphic to K35, impling that G = [[ K5 with

n =4z +1 and e(G) = 10z # 227, a contradiction.

Next we consider the case e(G) = ex(n,Cx¢)—2 = [ 252 |2 = 2229 with n = 1 (mod 4).

In this case e(G1) = 252 — e(B) < ex(n — |B| 4+ 1,C>¢), yielding

_ 5(n—|B|+1)—5 — 5(n—|B|+1)—5 5/B|—9 _
5n29_t(n|2|+) J_5n9_(”‘2‘+) —‘2‘ . |Bl =1 (mod 4);
e(B)>{ 51=9 _ |5oIBHD8| _ 509 _ SolBLD-9 _ BB g = 3 (mod 4);

= p) - 2 2
5n2—9 . 5(”-\32\“)_8 - 5‘32‘_6, |B| =0 or 2 (mod 4).

2
5n—9 LS(n—IBIH)—8
2 2

Thus, we have that B is not isomorphic to any one of { K9, K3, K4, D(r,s), H(t,6,2)} where
xX

r,s > 2 and ¢t > 6. That is G = [[Ks with n = 4z + 1 and e(G) = 10z # 252 a

contradiction. Therefore, there is no C>g-saturated graph with e(G) = ex(n,C>¢) — 1 when

n=0or 1 (mod 4), or e(G) = ex(n,C>¢) — 2 when n =1 (mod 4). [
This completes the proof of Theorem |
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