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Abstract

Mock theta functions were first introduced by Ramanujan in his
last letter to Hardy. In the literature, Hecke-type double sums for the
classical mock theta functions play a very important role in proving
mock theta conjectures. In this paper, with the aid of some ¢-series i-
dentities, we establish the Hecke-type double sums for some new mock
theta functions. All the Hecke-type double sums are represented in
the form of f,p..(x,y,q) which is defined by Hickerson and Morten-
son. Meanwhile, we express these functions in terms of Appell-Lerch
sums and theta functions.
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1 Introduction

Throughout the paper, we use the standard g-series notation [GR04]. Let ¢
denote a complex number with |¢| < 1. Then for positive integers n and m,

(a;9)0 =1, (a;qQ)n:= 1:[(1 —aq"), (a;¢) := H(l —aq"),

(ar,a2, -, am; @Qn = (a1;¢)n(a2; Qn - - (Am: @),

(a1,a2, te 7am;Q)oo = (al;CI)oo(CL2QQ)oo te (am;Q)oo-

The (unilateral) basic hypergeometric series ¢ is defined as

1,02, ..., 0y - = (ay,ag,...,0:;Q)n ( o (n))l—i—s—r .
Tgbs( bi,...,bs ,q,x> '_Z (q, b1, (—=1)"q\> x".

— -5 053 q)n

Define
3@ q) = (2,4/, ¢ oc-
Let a and m be integers with m positive. Then

o0

Ja,m = ](qa’ qm)a ja,m = ](—Qa7 qm)7 Jm = Jm3m = H(l - qmz)
i=1

In this paper, we mainly focus on Hecke-type double sums

Y

Z (_ 1)H(m,n) qQ(m,n)JrL(m,n)
(m,n)eD

where H(m, n) and L(m,n) are linear forms, Q(m, n) is an indefinite quadrat-
ic form, and D is some subset of Z x Z such that Q(m,n) > 0 for all
(m,n) € D. The object of this paper is to find the Hecke-type double sums
for some new mock theta functions.

Mock theta functions were first introduced by Ramanujan [R27] in his
last letter to Hardy. These functions have certain asymptotic properties
as q approaches a root of unity which are similar to theta functions, but
they are not really theta functions. Historically, mock theta functions can
be represented by Eulerian forms, Hecke-type double sums, Appell-Lerch
sums, and Fourier coefficients of meromorphic Jacobi forms. Hecke-type
double sums for the classical mock theta functions have received a great
deal of attention in the literature, and this kind of representations plays a
very important role in the development of mock theta functions.
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In 1981, by means of Bailey’s lemma, Andrews [A86] established the
Hecke-type double sums for the fifth and seventh order mock theta functions.
For example, Andrews showed that

oo n

(1.1) Ifola) = 30— @)™ 3 (1Y,
n=0 j=—n

(1.2) Tl = (1~ g2 S (—1)ig 7,
n=0 j=—n

where the fifth order mock theta functions fy(¢) and fi(q) are given by

= i (_q and f1 i qn

n=0 !
Later, Hickerson [H881] introduced the universal mock theta function g(z, q)

n2 +n

n 7 7’L

where

o) = (”qum qq)>:z( q

—1,. :
n=0 T, Tr g, Q)n+l

n(n+1)

Then in view of the Hecke-type identities (1.1) and (1.2), Hickerson [H881]

proved

Js 10

(1.3) folq) = %125 —2¢°9(¢%, ¢"°),
Js 10

(1.4) fi(g) = %ﬁ’ —2¢°g(q*, ¢"°),

which are called “mock theta conjectures". Customarily, analogous identities
of (1.3) and (1.4) involving mock theta functions and theta functions are
referred to as "mock theta conjectures". Later, using the same method,
Hickerson [H882| proved three mock theta conjectures related to the seventh
order mock theta functions.

In 2012, in view of g-orthogonal polynomials, Andrews [A12] provided the
Hecke-type double sums related to some third order mock theta functions
and found two new mock theta functions. Later, the new Hecke-type double
sums for some third order mock theta functions were derived by Mortenson
[M13]. In 2018, some mock theta conjectures for the third order mock theta
functions were established by McIntosh [M18§].

In [GM12], it was shown that the mock theta functions with odd order
can be expressed by the universal mock theta function g(z, ¢). Similarly, the
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mock theta functions with even order are related to another universal mock

theta function gs(x, q) where

n (n+1)/2

; (T, 27 Qna

In [AH91|, Andrews and Hickerson presented the Hecke-type double sums
for the sixth order mock theta functions. The Hecke-type double sums for
two new sixth order mock theta functions were found by Berndt and Chan
[BCO7]. Meanwhile, they established some linear relations between these
two mock theta functions and Ramanujan’s mock theta functions.

In [HM14], Hickerson and Mortenson gave the following definition of
Hecke-type double sums.

Definition 1.1. Let z,y € C* := C\{0} and define sg(r) := 1 for » > 0
and sg(r) :== —1 for r < 0. Then

(15) fa,b,c(x, 1Y, q) = Z SQ(T)( 1>r+sxrysqa( >+b7’s+c(§).
sg(r)=sg(s)

Notice that

(16) fa,b,a(mvyvcn = fa,b,a(yaxaQ)'

Based on the Hecke-type double sums for some mock theta functions
given in [AH91, BCO7]|, we can rewrite these Hecke-type double sums in the
form of f,p.(x,y,q). For example, for the sixth order mock theta functions,

(1.7)
— (g; q 1
— Z ) = f1,2,1(q7 —q,q),
n=0 - q J1’4
(1.8)
B o) q q 1) q(n+1)2 - q 9 9
nz: )2n+1 2{—]1’4f1,2,1(q , —q 7Q)a
(1.9)
)Zn—lqn _ 1

(f1,5,1(q,q3,q2) - q4f175,1(q7,q9,q2)) -1,

o)=Y (“fq

1 ¢ 4*)n N Ji2
(1.10)
Vgla) = Z( qéqqi;n)jq T f151(q ¢, q%),

where (1.10) appeared in [CW20].
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In 2000, Gordon and McIntosh [GMO0O0] found eight eighth order mock
theta functions. Later, McIntosh [M07| studied three second order mock
theta functions. In [CGH19|, the Hecke-type double sums for these mock
theta functions were provided. For example, the following eighth order mock
theta functions have the Hecke-type double sums below.

q; 1
(11].) =—-1+2 g - J14f1,3,1(_q7_q27_Q>7
n=0 ’
> (n+1)
q q q
(1.12) E = —fi31(—¢*, —¢*, —q).

n—0 n+1 2J1,4

For the tenth order mock theta functions appearing in Ramanujan’s
lost notebook [R88|, Choi [C99, C00, C02, C07| established the Hecke-
type double sums for these functions, and proved eight linear relation-
s given by Ramanujan. For more on mock theta functions, one can see
[A81, AB18, AG&9, BHL11, G15, GM03, M12].

In [HM14], Hickerson and Mortenson provided the following definition
of Appell-Lerch sums.

Definition 1.2. Let =,z € C* with neither z nor zz an integral power of
q. Then

0o 7”)
($ 7%) - Z —q 1oy’

Then they expressed all the classical mock theta function in terms of
Appell-Lerch sums. For example,

(113) ¢6(Q) = 2m(Q7 q37_1)7
(1.14) ve(q) = m(1,¢°, —q),
- 3 J3 12
(1.15) o6(q) = —m(q,q°,q) — J1J14
— 1 Jg
(1.16) belg) = —g5m(1, ¢, q) +q2J J2
(1.17) Vo(g) = —2¢7'm(1,¢%,q) — %
(1.18) Vilq) = —m(d*, ¢%, q).

In this paper, with the aid of some g-series identities given by Liu [L131,
L132] and Chen and Wang [CW20], we find the Hecke-type double sums for
some new mock theta functions. The main theorems are stated as follows.
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Theorem 1.3. We have

(=% )1
1.19 _
( ) Z (612§ C]4)n J2,4 (

n=0

f1,2,1(q27 Q47 q4) + f1,2,1(q4, q67 q4)) .

Theorem 1.4. We have

(1.20)
00 2. .2 n%+n
=447 )nq 1
> ( (q2‘34> = 0T (frea(@® ¢, q") + ¢ fr2ald', 6% qh)) -
n=0 ’ n )

Theorem 1.5. We have

i (3 ¢*)n(=1)"g"+" S S (f1.21(¢,—4,9)
(121) n=0 (_Q7 Q)Qn (1 — q)*]l,4 34y ’ 9
2
+ qfio1(d® =4 q) + T

Theorem 1.6. We have

> . n+1
—q;q)2n4 1
E ( (a 22) = J1 s (29f1,5,1(q3; q5, q2) - f1,5,1(q7 q3, qg)

n=0

(1.22)
+¢* fi51(¢", 4" ¢%)) + 1.

Theorem 1.7. We have

(1.23)
o~ (407 nr2d™ 24 5 7 o4 1+ 2
- 4, + —q,—¢%, —
RZ:O (q;qQ)n—i—l J174f173’1(q 4,9 ) 2(]174 f1,3,1( q,—q Q)
1—¢?
+ 5

Let Mi(q), Ma(q), Ms(q), Ms(q), and Ms5(q) be the left-hand sides of
(1.19)-(1.23), respectively. Then based on the above results, we obtain the
following corollary.

Corollary 1.8. We have

(1.24) (1 —q)Ms(q) = — (¢6(q) + 216(q)) + 2,
(1.25) My(q) = 2tp6(q) — d6(q),
(1.26) Mi(g) = 51+ )Vala) + 2h(0) + 51— ).

Finally, we express these five functions in terms of Appell-Lerch sums
and theta functions.
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Corollary 1.9. We have

J2J
(1.27)  Mi(g) = m(¢®,¢'%, —1) — ¢ m(1,¢'2, —1) + 222
Ja4J04

<
+ q‘z—h’%”12 ,
2J34J0,12
(1.28)
J3 T 612 n JoaJ§ 1

(1+q2>M2(q) :m(q87q127_1) _m(17q12a_1)+ — — )
JoaJoa  2J24J0,12

(1.29)
(1 —q)Ms(q) = —2m(q,¢*, —1) — 2m(1,¢*, —q) + 2,
—3
J312 n J3

1.30 My(q) = m(q, ¢ q) — m(1, ¢, q) + ¢—= ,
(1.30) 1(q) =mlq, ¢’ q) —m(1,4¢°,q) qJ1J1,4 57

—2
J
(1.31)  Ms(g) = —¢~ ' (L +¢*)m(1,¢%,q) — 2m(¢* ¢°,q) — (1 + QQ)TZAB
Fo-g)
o\ 1)
This paper is organized as follows. In Section 2, we state some prelimi-
nary results. In Section 3, we prove Theorems 1.3-1.7 and Corollaries 1.8-1.9.

2 Preliminaries

Racall that Jacobi’s triple product identity is given by [GR04, Eq. (1.6.1)]

(2.1) 3 ()P = (2,9/2,4; 9) .

n=—oo

Throughout the paper, we use the following identities without mention.

— 2.J2 J: J3 — JoJ?
Jo1 =22 Jia=2L Ja=-2X Jg=28
0,1 Jl ) 1,2 J2 ) 1,2 J12JZ’ 1,3 J1J6 )
I/ J2J3J10
1,6 Tods’ 1,6 T TuTe

Meanwhile, we need the following identity:
j(ziq) = jlg/z;9) = —wj(z 7" ).

To prove the main results, we need the following identities given by Liu
[L131, L132].
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Lemma 2.1 (|[L131, Theorem 1.7|[L132, p. 2089]). For
max{|uab/q|, [ual, [ubl,[c], |d]} <1,

(2.2)
(ug.ab/ i), (go, afs, v uab
(ua ub; q)os ¢, d’7 g

(1 —ug®)(u,q/a,q/b;q)n n?_sn ", ug®, v
— _ b n 5 ) 9 . ]
Z 1—U<(],U(Z Ub q) ( ua) q 3¢2 ¢, d)Qaq

Lemma 2.2 (|L132, Eq. (3.14)]). For any nonnegative integer n,
", aq", B n non (qa/c;q)n
( ) 3¢2 ( ¢, d y 4, Q> ( C) q 2 (C, q)n

X 302 < " Ogn’ qu{/BC §Q7Q5/C> .

Chen and Wang [CW20] established the following identities.
Lemma 2.3 (|[CW20, Lemma 2.2]). For any nonnegative integer n,
(2.4)

o [T ag"™t, qfc (g)” (ac, q;@)n

M ad, ¢fc’! ¢/ (q*/c,q;q)n

(1= ag¥) (e, q/c,q/d; q);
% (=1 (1—a)(q,ac,ad;q);

(cd)j 2
X|{—] qg = .
q

Lemma 2.4 ([CW20, Lemma 2.3]). For any nonnegative integer n,

oo (" )
= (%)n (1 _ qn) (( 2//(]07(](]); x ((C(‘ic‘ i)Q)‘é‘dCf(Z)z12z ;)q

n o (1 2; 1)( /c q/d q) cd)i 7j2273j
Y T e i), >

Next, in view of the above lemmas, we establish the following two lemmas
which are the basis in the proofs of the main theorems.

Lemma 2.5. We have

(2.6) MS%(Q/G, a/b, q . ab)

(a,6;¢) oo ¢. d'T7q
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e
(c +d) +¢*(q — 2) — cdg
: ( <q—c>< —d)(1—q)
— ¥ Y)(c/a:d/a;q); =
" Z (1— qJ D —=d¢)(a/c,q/d; q); (ed) ™ a > '
Proof. Setting v =1 and v = ¢ in (2.2) yields
(2.7)
(¢,ab/¢; )0 g/a, q/b, ¢ ab
(a,b;q)oo 32 ( e, da'? )
B M o (70 )
_ 1+Z (1+q" aQ/bvag) ,4/¢ @)n  (abe)g

" q", dlq . ¢
X3¢2< d, Q/C’q’C)’

where we use (2.3) with a = 1 and 5 = ¢ to obtain the second equality.
Then substituting (2.5) with ¢ = ¢*/d and d = ¢*/c into (2.7), we com-
plete the proof. ]

Lemma 2.6. We have

(ug, uab/q; ) o g/a, q/b, ¢ uab
(2.8) (ua ub: q) 302 ( )

07 d 7Q7 q
_ Z ") (q/a, q/b,uq/c,uq/d; q),

1—u)(ua ub, ¢, d; q)y,

( abcd)nan—Sn

n

_ 275—1 - . . X 2 e
XZ (L —ug¥ N (ug™" ¢/q,d/q; q); (cd) ™ g=52

(1 —ug=)(q,uq/c,uq/d; q),

Proof. Replacing v by ¢ in (2.2), we arrive at

(2.9)
(ug, uab/q; q)o 5 q/a, q/b, ¢ . uab
(ua ub; q)os O ° ¢, d’7 gq

(1 —ug®)(u,q/a,q/b;q), ,, n2=3n o ugt,
_Z o9 >(—uab)q 233¢2 K I g;q,q

(1 —u)(q,ua,ub; q), c,

o0

(1 B uq )(u> q/a, Q/ba UQ/C> ) Q)
(1 —u)(q, ua, ub, ¢; q)n

( abc)n n%—2n
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", ug", d/qg = o
X3¢2( d, UQ/C’q’Q/C>’

where we obtain the second equality by using (2.3) with & = v and = q.
Then utilizing (2.4) with a = ug™!, ¢ = ¢*/d, and d = ¢*/c in (2.9), we
complete the proof. O]

In addition, we need the following properties.

Lemma 2.7 (|[HM14]). For z,y € C*,

(2.10) fane(®,Y,0) = fape(—2°¢", =", ¢*)
— 2 fape(—22*, =2, ¢*)
— Yfape(—72¢" T, —y?¢*, ¢*)

+ 2y fap (22T 27T Y,

qa+b+c _ seih
(2'11> fa,b,c(mayacﬁ = - Ty fa,b,c(q ot /x,q ot /y7Q)a
(2.12) fabe(®,9,9) = =y fape(d’z, ¢y, q) + j(z; ).

Recall the following relation between Hecke-type double sums and Appell—
Lerch sums obtained by Hickerson and Mortenson [HM14].

Lemma 2.8 ([HM14, Eq. (1.7)]). For z,y € C*,
(213) f1,2,1(x7 Y, Q) = ](ya q)m (qu/yQ’ qga _1)
+ j(z;m (¢Py/2*, ¢°, —1)
__ ylsi(=a/yd)i(ePry; )
Josi(—ay?/z;¢3)j(—qx? /y; ¢°)

Lemma 2.9. We have

J2J
(2.14) Froa(@ q q*) = Joam(q®, ¢'%, —1) + “52
Jou
_ o Jau?
(2.15) Froa(d, ¢ q) = —q 2 Joum(1,¢'2, —1) + ¢ 22202

2Jo12
Proof. In (2.13), replace ¢ by ¢* and set x = ¢* and y = ¢*. Noticing that
j(q* ¢*) = 0, we find
fraa(@® q' q") = i(a" aYm(e?, 4%, —1) + 5 (g% ¢Hym(d®, ¢', —1)
" Thi(=a7")i(d" 6"
Jo125 (=4 ¢'2)5(—q* ¢'2)
T3 T

2J2J2J%
which implies (2.14). Next, in (2.13), replace ¢ by ¢* and set z = ¢* and

- J2,4m<q87 q127 _1> +

y = ¢°. Then upon simplification, we deduce (2.15). O
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3 Proofs of the main results

In this section, we prove Theorems 1.3-1.7 and Corollaries 1.8-1.9. We claim
that Y =0if k < j.

Proof of Theorem 1.3. Setting (a,b,c,d,q) — (—1,0,—q,q,q¢*) in (2.6)
and simplifying, we derive

2 n —52+3j
q Z q
X - .
(1—(1 (1—-¢%72) 1—q2J)>

Jj=2
Notice that

¢ n q—j2+3j
“ (1 —¢¥2)(1 - ¢¥)

¢ e AR A A e A
:1_q2_q ‘ 1—q@2 1 g¢¥

7j=2
B 7 g n-1 EREA - no 5243542
1— ¢ j:11_q2j ] — g
n —n2+n
- Zq_ﬁﬂ + ! on’
Jj=1 1—q
Since
n 1 n—1 -1
52 52 52
(3.2) Zq]ﬂ—§<2qff+2q]]>
j=1 J=0 j=-n
1 - o —n’—n
=52 q ,
j=—n
we have
¢’ 2\ ¢
(3.3) +(1=q7)
1—¢? — (1 —¢%~ 2)(1—612J)
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Then substituting (3.3) into (3.1) yields

(3.4)
i (=¢% ¢*)ng™ "
2. 4
= (@%q)n
2J24 Z < 3n2+n q3n2—n + q3n2+3n . q3n2—3n) Z q—jQ—j
_ j=—n
C 2
+ 1+ q2n 3 -1 nq2n2—4n N —
sy o0+ ) 0
1 0 n o0 n—1
n, 3n2+n —j2—j n, 3n%—n —j2—j
<o (e S S § )
24 \n=0 j=—n n=1 j=—n+1
e n—1
1 n n?+3n —j°— n n?—3n —j%—j
g (e S § )
2,4 n=0 j=—n j=—n+1
1 o - . 1
+ 1nq2n —2n 1+q4n R lnq2n T
2J274 nz:( ) ( ) J24 nzjl( ) J24
Based on (2.1), we have
n_ 2n%—2n n n_ 2n%+2n
DEDET T+ = Y (e =1 =,
n=1 n=-—00
> 1 & 2 Joq—1
_1n2n2:_ _1n2n_1 — )
S = (3 o 1) < 2

So, substituting the above two identities into (3.4), we obtain

(35) io: (_QQ;QQQ)ZQ

— (%)

2J24<ZZ 2331) [yngin e

n=0 j=—n  n=-—o00 j=n-+1

2J24<ZZ Z_il) n3n+3n]_]+%

n=0 j=—n  n=—o00 j=n+1

n?—n

Observe that

(3.6) (Z S Z _il) gt

n=0 j=—n  n=—o00 j=n+1

= > -3 | (gt

n+j>0 n+7<0
n—j>0 n—j<0
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Then letting r = s (mod 2) and setting n = (r+s)/2 and j = (r —s)/2 in
(3.6), we derive

(3.7) (Z > - Z _531) Jrgén =i

n=0 j=—n n=—o00 j=n+1

o D DR D EC ks

r,5>0 r,5<0
r=s (mod2) r=s (mod 2)

r+s r2+52+4r5+s
= >, sg(=1)7Fg e

sg(r)=sg(s)
r=s (mod 2)

_ r+s 2r242524+8rs+2s 2r24+2524+8rs+6r+8s+4
s9(r) (=1 (q —q

sg(r)=s9(s)
= fi21(d* " q") — ¢* fr2.1(d%, "%, ),

where we obtain the penultimate step by considering the even and odd cases
of r and s, and the last step follows from (1.5). From (1.6) and (2.11), it
can be seen that

froa(@ d' qY) = = fr21 (. ¢ ") + Jaa.
Substituting the above identity into (3.7) yields
(3.8)

(Z Z Z _Z ) n ?m it = 2f1,2,1<q q q ) J2,4-

n=0 j=—n  n=—00 j=n+1

Similarly,

(3.9) <Z Y- Z i1> g4

n=0 j=—n  n=—o0 j=n+1

r+s 7‘2+52+4rs+27‘+43
= > sg(-1)Tg e

sg(r)=sg(s)
r=s (mod 2)

= hi2a(d", 6% 0") — ¢ fr2a(a", ¢, 0).
From (1.6) and (2.12), it can be seen that
fi2a(d",¢%,¢") = —d° fr21(a", ¢, ¢").
So, combining the above identity and (3.9), we derive

(3.10) (ZZ Z E) )t ]_j_2f121(q ¢°, q").

n=0 j=—m  n=-—o00 j=n-+1



14 S.-P. Cui, H.-X. Du and N. S. S. Gu

Finally, substituting (3.8) and (3.10) into (3.5), we complete the proof.

[

Proof of Theorem 1.4. Setting (u,a,b,c,d,q) — (¢*, —1,0,—¢,¢,¢*) in
(2.8) yields

(3.11) Z q q nq
n=0
1 > 2
- - 1 — 4n+22_1n3n—n
(_qQ)JzA;( (1)
: N (g
x[1+(1=gH1=¢")) = : .
( = (1 =gv2)(1 = q9*?)
Next
(3.12)

n

(14 ¢¥)g 7" +%
— (1 —¢%2)(1 — q¥*?)

J
1— qu n (1 +q23)q j2+35 n (1 + q2j)q—j2+3j+4
j=1 J=1
1-¢? (¢ (1+ qzj)q‘j2+3j S (L4 g5 2) g9+
=1+ 1+ ¢2 Z 1—qY—2 _Z 1—qY—2
7=1 Jj=2
— n+1 n —n’4n
=1- Uinl'ol i Zq’ﬂﬂj + (1+¢*)¢  (1+¢")g
1+q poo 1— ¢ 1 — gint2
_ 1—q Z _j H+ )(1+q2n+2)q7n +n
1+q 1+q)(1_q4n+2)

Then substituting (3.12) into (3.11), we obtain

(3.13)
i (—¢% *)ng” "
~ ()
1 - n 3n2—n 3n2+7n+4 3n2+3n+2 . —j24j
S (g - g gt 3
(1 +q )J2,4 n—0 j=1
1 o0

+ m Z(l + q2n+2>(1 . q4n+2)(_1>nq2n2
" n=0

1 - n _3n2+45n = —j24j - n _3n2+7Tn
i (S S - Sy
) n

=—1 j=1 n=0
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qu—] +]+22 n3n+3n+22 —j2+j

+ Z(l +¢*"?)(1 - q4”+2)(—1)”q2”2> .

n=0
Notice that

0o n+1
(3.14) Z (_1>nq3n2+5n+2 Z q—j2+j
n=-—1 j=1
o] n+1
_ Z(_l)nq3n2+5n+2 Z q7j2+]
n=0 7j=1
_ Z( n 3n +5n+2 Z q—] 245 + Z n 2n +4n+2
n=0
n n mn — n n2
S S
n=0 n=1
Then substituting (3.14) into (3.13) yields
(3.15)
i (—¢% ¢*)ng™ "
= (@)

1 o0

_ 1 — 2nF2) (1) 3n2+on+2 —j%+i
T S0 e Zq

2(]2 > 3 243 _ 1 e 2
4+ — n n n P45 _ —1)" 2n
(1+q2)J2,4nZ Zq 1—|—q )J24Z( ) 1

1 - 2
4 1+ 2n+-2 1 — An+2 —1)" 2n )
A+ ) s HZ:O( ") (1 =" (=1)"q

Observe that

(3.16)
+ Z )™ — i(l + ) (1 - q4”+2)(—1)”q2"2>
n=0
- (1 Do Ay
(L+q*)Joa \ 2 =

+Z(1 + q2n+2)<_1)nq2n2+4n+2>

n=0
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3 < e 24 an+42 e 24 6n+4
— - _ Tl, n n n n 13 1
(1+q )J2.4 (2; T3 Z
SIS S
2 2

n=1
S B e TR
(1 + qz)JQA e — o0 2 n—1
1 = 2 1
- 1— 2n -1 n_2n 4 7

where we use (2.1) to derive the last step.

Then combining (3.2), (3.15), and (3.16), we derive

> n?4n
—¢* ¢ nq
3.17)
( S
1 - 2 i o .
. 1 — 2n+2 —1)" 3n?+5n+2 —j2—j
20+ P Z( ST 2
2 o0 n
q n _3n2+3n —j2—j
+ —1 7
(1+q%)Jaa nz:%< J'a jz_:nq
1 - .1
- - - 1— 2n —1)" 2n + .
2(1+ ¢2)Joy ;( ¢")(=1)"q 1t
Next, we find that
(3.18)
P e (G D i WA
n=0 j=—n
:Z 1)rg3n*+n Z q—j—a_z Jrginin Z g
n=1 j=—n+l j=—n+1
= Z " 3” +n (Z q—J -j _ q—n2+n)
n=1 P—
-1 —n—1
n _3n’4n —j2—5
—Z(—l)q?’ + qu j
n=-—00 j=n+1

SO IRD ol ol ISITEEE RS e e

q
n=0j=—n  n=—o0 j=n-+1 n=1
oo

= 2f1,2,1(q2, q", q4) —Joa—1— Z(l + QQn)(—l)nq2n2

n=1

I
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where the last step follows from (3.8).

Similarly,
(3.19) Z(_l)nq3n2+3n Z q_j2_j
n=0 j—fn

S103SED O Sy ISR

n=0j=—n  n=-—oo0 j=n+1

= f1,2,1(q47 q67 q4)7

where the last step follows from (3.10).

Finally, substituting (3.18) and (3.19) into (3.17), and then utilizing
(2.1), we complete the proof. O
Proof of Theorem 1.5. Setting (u,a,b,c,d,q) — (¢°, 4,0, —¢q, —¢*, ¢*) in
(2.8) yields

IS YE

n ( 1) q —j242j5
x [ 14+2(1+ 1+ .
( q ) q ; 1+q2] 1)(1+q2j+1)
Note that

] L (g
L+20+4 0+ 0 Y g m gy o
2 [t @ (T + o)

1 -1 " —1Vgi°+2 — 1) g t+2+2
_ 14914 2: ( )qA ~(=1)q
1 —q p= 1 + q2]—1 1 + q2]+1

14+q ! (2221 —g2+21+2
SEREAI PR
1—g¢q 1+ g2+ 1+q27“

=0

1 -1 n ) ) —1)" —n241
=1 + 2 +q (Z(_l)]+1q_]2+1 . q + ( ) q )

2n+41
= I+gq I+g¢q

1 -1 i . . 2 2(1 _1nfn2
L (Z<_1)J+lq_f+l+q>_ L 2+ g1y

L—q (I—q)(1+¢*n)

2

_14q 412 2(1+q)(=1)"¢"
ST R (S
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Then substituting the above identity into (3.20), we have

(3.21)
(1—-q) f: (43 ¢°)a(=1)" g™ "
~ (—=4;q)2n
= - . . 9
== D (@R YT () = 3
Jia =5 =, Tia,
1 - 2 - . .9
— j_ Z(l + q2n+1)2(_1)nq3n +n Z (_1)]+1q,J 42
14 =,

where we use (2.1) to obtain the last step.
Observe that

(3.22)
(g1 Y (1
n=0 j=-n
* n -1 —n—1
Z n Sn +n Z (_1)jq—j2 . Z (_1)nq3n2+n Z (_1)jq—j2

n=0 j=—n n=-—00 j=n+1

r 'r2 +32+47‘s+7‘+s
> sgtr) (=g e

59(r)=sg(s)
r=s (mod 2)

= fl,?,l(_qga _q37 q4> - C]4f1,2,1(—q9> _q97 q4)

Meanwhile, replacing a, b, ¢, x, and y by 1, 2, 1, ¢, and —¢ in (2.10),
respectively, and then using (1.6), we obtain

f121(0,=¢,9) = fioa1(—=¢*, =, ") — ¢" fraa (=", =", ¢").

Thus, combining (3.22) and the above identity, we derive

(3.23) E:O+Q%HX—D%%H"§:G-)*J—fud ~4,q).

Similarly, we deduce

n

n 3n2+3n Z (_1>jqu2

j=—n

(3.24)

n 3n2+3n Z (_1>jqu2

j==n

)
[e%s) n

n=
—n—1

. Z n 3n +3n Z (_1)jq—j2

n=-—00 j=n+1
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r 'r2+32+4'rs+37‘+3s
= ) sg(n)(-1)q 2

sg(r)=sg(s)
r=s (mod 2)

= f1,2,1(—q5, —6157 Q4) - C]6f1,2,1(—q11, —qll, q4)
- f1,2,1(q27 _q2’ Q)7

where we derive the last equality by using (1.6) and (2.10).

Finally, in view of (3.21), (3.23), and (3.24), we complete the proof. [
Proof of Theorem 1.6. Setting (u,a,b,c,d,q) — (¢*,—1,—¢,0,q,¢*) in
(2.8), we obtain

(3.25)

oo

> — =07 d (1= (=1)"g

n=0 (q7 q )n n=0

n

e e ]

j=1

Next, we have

n

(14 ¢%)q 2"+
I1+(1-¢ H(1—g¢q Z q )q
]:1

@1 (1 — ¢¥ 1)
n —2j24j ~2j24j+1
=1+(1-q ") <1q_ ;;1 - C{ _1;;)
j=1
n—l 25231 n 2524+
=1+(1—-qh (Z ql _J qzj+1 - Z ? _]q2j+1>
n—1 . ' Y ” q—2n2+n
=(1—-q j 0(1 P (1 — Q)m
PN =S g n
=(1—q ).Z_q ’ “F(l—CI)W
Ji” ) —2n*+n
=g ) Y a P (= (g g
j=—n

Then substituting the above identity into (3.25) yields that
(3.26)

§ q q 27lq

|
—~
—_

n n _3n%4n —252—j
—q2 +1)2(_1) q3 + Z q 2j2—j

" n=0 j=—n
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o0 o

a 2+l nn*+2n 1 2n+1\2 n, n?
7n 2 /=1 Tz 2 2 (-1)
1 < 2 - o
= - 1 — q2n+1 2(1 nq3n +n quj —j
(]1,2 n:O( ) ( ) Jz_n
1 & )
4+ — 1— q2n+1 -1 nqn
T Z( (1)
1 = n . .
=7 D@+ g (=gt Y g
1,2 '
" n=0 j=—n
20 n
+ J—q ()" Y g 4,
1,2 ;
= n=0 j=—n

where we utilize (2.1) to derive the last equality.
Observe that

(327) Z(l + q4n+2)(_1)nq3n2+n Z q—2j2_j
n=0 j=—n
C -~ —1 —n—1
n 3n%+n 92 32 o
N S I W
n=0 j=—n n—=—00 F—

r2+s2+10rs+4s
4

S sglr)(-1)Fg

sg(r)=sg(s)
r=s (mod 2)

= f1,5,1(q, q37 q2) - q4f1,5,1(q77 qga qz)-

Meanwhile,

n

(328) 22(_1>nq3n2+3n Z q—2j2—j
n=0

j=-n
_ i(_l)nq3n2+3n i q—2j2—j _ Zl (_1)nq3n2+3n nzl q—2j2—j
n=0 j=—n n=—00 j=n+1

= fis1(¢*. 0", ¢*) — ° f151(¢", 4", ¢°).

From (1.6) and (2.11), it can be seen that

fisi(d, ¢ ) = = fis1(d*, 0%, %)

Thus, combining the above identity and (3.28), we find

o0 n

(329) Z(_l)nq3n2+3n Z q—2j2—j — f17571(q3,q5,q2)‘

n=0 j=—n
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Therefore, substituting (3.27) and (3.29) into (3.26), we prove the theorem.

[
Proof of Theorem 1.7. Setting (u,a,b,c,d,q) — (¢*,—¢73,0,0,¢%, ¢*) in
(2.8), we derive

(3.30)
i (=4 ¢*)nr2g™
— (G0 )nn
1 oo
= E Z(l + q2n+1>(1 + q2n+3>(1 _ q4n+4)(_1)nq4n2+4n
" n=0

x Z(l + q2j+1>q72j273j

7=0
n

1 - n n n n _4n2+4n —2§2—j
:rz (14 @) (1 + @mH3)(1 — gim+) (—1)ngn™+4 Zq 2j2—j+1

n=0 j=-—n
1
+ Z(l + q2n+1)(1 + q2n+3)(1 B q4n+4)(_1)nq2n2+n‘
n=0
Then considering the first sum on the right-hand side of (3.30), we have

o)

(3_31) Z(l + q2n+1)(1 + q2n+3)(1 q4n+4) n 4n +4n Z q72‘7 —j+1
n=0 j=—n
o n oo
Z n 4n +4n Z 72j27j+1 Z n 4n +6n+1
q
j=—n n=0
n o0 n
« Z q—2] —j+1 1+q Z n 4n +10n+5 Z —252—j+1
j=—-n n=0 j=—n
o n
. Z n 4n2+12n+8 Z —2j2—j+1
j=—n
oo o0
_ 22 n 4n +4n Z q—2] —j+l 1 +q Z n 4n +6n+1
n=0 j=—n n=0
[e.e] n
« Z q72] —j+1 _ 1 _|_q Z n 4n +10n+5 Z —2j2—j+1
j=—n n=0 j=—n
o0
2
—q— Z(l + q2n)(_1)nq2n +3n+1
n=1

For the first term on the right-hand side of (3.31),

n

(3.32) zz 1yrgintin 3 g

j=—n
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n=0 j=—n  n=—o0 j=n+1

_ Z sg(/r‘)(_ 1) r—;s qr2+s2+6r;+3r+53+2

sg(r)=sg(s)
r=s (mod 2)

=qfi31(¢°, 4", ") — ¢’ fr31(d", 4", ¢")
=2q¢f131(¢°, 4", q"),

where the last identity follows from (1.6) and (2.11). Next, we treat the
second and third terms on the right-hand side of (3.31). Notice that

(3.33)
(1+¢%) D (~1)rgtnaonst 3 =2t
n=0 j=—n
.~ n
— (14 4% Z(_l)nq4n2+10n+5 Z q—2j27j+1
n=0 j=—n
o) n—1
=(1 +q2) (Z (— 1)nq4n +2n—2§%—j Z Z )" 4n —on—2j —J>
n=lj=—n+1 n=1 j=—n+1
= (]_ + q2) (Z (_1)nq4n2+2’n—2j2_j . Z(]_ + q2n)(_1)nq2n2+n
n=1j=-n n=1
0o n—1
SIS <>>
n=1 j=—n-+1

n=0 j=—n  n=—o00 j=n-+1

— (1 +q2) (Z( n 2n tno Z n 2n2+3n>

T S T2 52 T8 T S
:(1+q2)< ST sgln)(—1)FTTEEE
g(

sg(r)=sg(s)

r=s (mod 2)

_ Z 6n+5 1)nq2n2+n>
=(1+¢% (f1,3,1(q37 ¢, q") — ¢ frzi(d', ¢, ¢

. Z 6n+5 1)nq2n2+n>
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1+ n n _2n°+n
q <f131( +J14_2Z 6+5 1) q22+>,

where the last step follows from [CGH19, Eq. (2.36)]:

fis1(=¢, =% —q) = 2f13.1(¢* ¢, ¢*) — 2¢° fr31(¢"", ", ¢") — J1a-

So, substituting (3.32) and (3.33) into (3.31) yields

o

(3.34) Z(l + q2n+1>(1 + q2n+3>(1 o q4n+4)(_1>nq4n2+4n Z q72j27j+1
n=0 i—n
1+ ¢%)J 7
=2¢f13.(¢",4",4") + fraa(—=a,—¢* —q) + %
— (1 —+ q2) (1 _ q6n+5>(_1)nq2n2+n —q
n=0
) (L @R (=1,

n=0

Finally, combining (3.30) and (3.34), we derive

(3.35)
i q; n+2q
n—=0 n+1

1
=7 (2Qf131(q g, q") + fisi(—q,—a* —q) +
1,4

(1 + q2)J1,4
2

1 - n TL2 T n2 n n2 T n2 n
+E<Z(_1) <q2 HIH 22 g anP kil | 24T +6> —q>.

n=0
Since
Sy (g ) 2 3 (1t gy,
n=0 n=—00
n n2 n 712 n
Z(_l) (q2 FInHL 207 +6)
n=0
_ Z n 2n +3n+1 Z(_l)nq2n2+3n+1
n=1

I
Sk

Y

substituting the above identities into (3.35), we complete the proof. O]

Proof of Corollary 1.8. First, applying (1.7), (1.8), and (1.21) yields
(1.24), and using (1.9), (1.10), and (1.22), we prove (1.25).

23
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Next, we have [CGH19, Eq. (2.39)]

fisi(=* =@, —q) = fi31(d°,d", ¢") — & frs1(¢", 4", ¢*)
- 2f1,3,1(q5) q7) q4)7

where the second step follows from (2.11). Hence, based on (1.12) and the
above identity, we derive

q
(3.36) Vilg) = J—f1,3,1(q57q77q4)-
1,4
Therefore, using (1.11), (1.23), and (3.36), we derive (1.26). O

Proof of Corollary 1.9. Using (1.19), (2.14), and (2.15), we obtain (1.27).
Then substituting (2.14) and (2.15) into (1.20), we derive (1.28). Next,
using (1.13), (1.14), and (1.24), we prove (1.29). Applying (1.15), (1.16),
and (1.25) yields (1.30). Finally, substituting (1.17) and (1.18) into (1.26),
we deduce (1.31). O

Acknowledgements

We would like to thank the referee for valuable comments and suggestions.
This work was supported by the National Natural Science Foundation of
China (Grant Nos. 12171255 and 12001309), the Foreign Youth Exchange
Program of China Association of Science and Technology, the Natural Sci-
ence Foundation Youth Fund of Qinghai (Grant No. 2022-ZJ-972Q)), and
the Natural Science Foundation of Tianjin (Grant No. 19JCYBJC30100).

References

[A81] G. E. Andrews, Mordell integrals and Ramanujan’s “lost" notebook,
Analytic number theory (Philadelphia, Pa., 1980), pp. 10-18, Lec-
ture Notes in Math., 899, Springer, Berlin-New York, 1981.

[A86] G. E. Andrews, The fifth and seventh order mock theta functions,
Trans. Amer. Math. Soc. 293 (1986), 113-134.

[A12] G. E. Andrews, g-orthogonal polynomials, Rogers—Ramanujan i-
dentities, and mock theta functions, Proc. Steklov Inst. Math. 276
(2012), 21-32.

[AB18| G.E. Andrews and B. C. Berndt, Ramanugjan’s Lost Notebook, Part
V, Springer, New York, 2018.



Hecke-type double sums and mock theta functions 25

[AG89| G. E. Andrews and F. G. Garvan, Ramanugjan’s “lost” notebook VI:
The mock theta conjectures, Adv. Math. 73 (1989), 242-255.

[AH91| G. E. Andrews and D. Hickerson, Ramanugjan’s “lost" notebook VII:
The sixth order mock theta functions, Adv. Math. 89 (1991), 60—105.

[BCO7] B. C. Berndt and S. H. Chan, Sizth order mock theta functions,
Adv. Math. 216 (2007), 771-786.

[BHL11] K. Bringmann, K. Hikami and J. Lovejoy, On the modularity of
the unified WRT invariants of certain Seifert manifolds, Adv. in
Appl. Math. 46 (2011), 86-93.

[CW20] D. Chen and L. Wang, Representations of mock theta functions,
Adv. Math. 365 (2020), 107037.

[C99] Y. S. Choi, Tenth order mock theta functions in Ramanugjan’s lost
notebook, Invent. Math. 136 (1999), 497-569.

[CO0| Y. S. Choi, Tenth order mock theta functions in Ramanujan’s lost
notebook. II, Adv. Math. 156 (2000), 180-285.

[C02] Y. S. Choi, Tenth order mock theta functions in Ramanugjan’s lost
notebook. IV, Trans. Amer. Math. Soc. 354 (2002), 705-733.

[C07] Y. S. Choi, Tenth order mock theta functions in Ramanugjan’s lost
notebook. III, Proc. Lond. Math. Soc. (3) 94 (2007), 26-52.

[CGH19] S. P. Cui, N. S. S. Gu and L. J. Hao, On second and eighth order
mock theta functions, Ramanujan J. 50 (2019), 393-422.

[G15] F. G. Garvan, Universal mock theta functions and two-variable
Hecke—Rogers identities, Ramanujan J. 36 (2015), 267-296.

[GRO4] G. Gasper and M. Rahman, Basic Hypergeometric Series, 2th ed.,
Cambridge University Press, Cambridge, 2004.

[GMO00] B. Gordon and R. J. McIntosh, Some eighth order mock theta func-
tions, J. London Math. Soc. (2) 62 (2000), 321-335.

[GMO03] B. Gordon and R. J. McIntosh, Modular transformations of Ra-
manujan’s fifth and seventh order mock theta functions, Ramanujan
J. 7 (2003), 193-222.



26 S.-P. Cui, H.-X. Du and N. S. S. Gu

[GM12| B. Gordon and R. J. McIntosh, A survey of classical mock theta
functions, in “Partitions, q-series, and modular forms”, Dev. Math.

23 (2012), 95-144.

[H881] D. Hickerson, A proof of the mock theta conjectures, Invent. Math.
94 (1988), 639-660.

[H882] D. Hickerson, On the seventh order mock theta functions, Invent.
Math. 94 (1988), 661-677.

[HM14] D. R. Hickerson and E. T. Mortenson, Hecke-type double sums,
Appell-Lerch sums, and mock theta functions, I, Proc. Lond. Math.
Soc. (3) 109 (2014), 382-422.

[L131] Z.-G. Liu, A g-series expansion formula and the Askey—Wilson poly-
nomials, Ramanujan J. 30 (2013), 193-210.

[L132] Z.-G. Liu, On the q-derivative and q-series expansions, Int. J. Num-
ber Theory 9 (2013), 2069-2089.

[M07] R. J. McIntosh, Second order mock theta functions, Canad. Math.
Bull. 50 (2007), 284-290.

[M12] R. J. Mclntosh, The H and K family of mock theta functions,
Canad. J. Math. 64 (2012), 935-960.

[M18] R. J. Mclntosh, New mock theta conjectures Part I, Ramanujan J.
46 (2018), 593-604.

[M13] E. T. Mortenson, On three third order mock theta functions and
Hecke-type double sums, Ramanujan J. 30 (2013), 279-308.

[R27]  S. Ramanujan, Collected Papers, Cambridge University Press, 1927;
Reprinted, Chelsea, New York, 1962.

[R88] S. Ramanujan, The Lost Notebook and Other Unpublished Papers,
Narosa, New Delhi, 1988.



