On a relation between the Randic¢

*

index and the chromatic number

Xueliang Li, Yongtang Shi
Center for Combinatorics and LPMC-TJKLC
Nankai University, Tianjin 300071, China

Ixl@nankai.edu.cn, shi@nankai.edu.cn

Abstract

The Randi¢ index of a graph G, denoted by R(G), is defined as
the sum of 1/4/d(u)d(v) over all edges uv of G, where d(u) denotes
the degree of a vertex u in G. Caporossi and Hansen proposed a
conjecture on the relation between the Randi¢ index R(G) and the
chromatic number x(G) of a graph G: for any connected graph G of
order n > 2, R(G) > w + \/ﬁ (\/x(G) —14+n-— X(G)), and
furthermore the bound is sharp for all n and 2 < x(G) < n. We prove
this conjecture.
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1 Introduction

The Randié¢ index R(G) of a graph G was introduced by Milan Randié
[8] in 1975 as the sum of 1/4/d(u)d(v) over all edges uv of G, where d(u)
denotes the degree of a vertex w in (G. Recently many researches on the
extremal theory of Randi¢ index have been reported (see [6]).

A vertex coloring of a graph G is proper if any two adjacent vertices are
assigned different colors. The chromatic number x(G) of G is the minimum
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number of colors in a proper coloring of G. For terminology and notation
not given here, we refer to the book of Bondy and Murty [2].

Many papers [1, 3, 4, 7] have been written on the relation between the
Randi¢ index and other graph invariants, such as the minimum degree, the
radius, the diameter, the average distance, etc. Caporossi and Hansen [3] pro-
posed the following conjecture on the relation between the chromatic number
and Randi¢ index, which is also referred in [6].

Conjecture 1 [3] For any connected graph G of order n > 2 with chromatic
number x(G) and Randi¢ index R(G),

X(G;_2 + \/% <\/X(G)—1+n—x(G)).

Moreover, the bound is sharp for alln and 2 < x(G) < n.

R(G) >

This paper proves the conjecture.

2 Main results
First, we recall some lemmas that will be used in the sequel.

Lemma 1 [5] Let G be a simple graph with Randi¢ index R(G), minimum
degree 6, and maximum degree A. Ifv is a vertex of G with minimum degree,
then

Lemma 2 [7] If G is a graph of order n with minimum degree 6(G) = k,

then k(k—1) k(n—Fk)
2n-1) T VE(n—1) k<3
R(G) > PRV _ _
(n=p)(n—p-1) + p(pt+k—n) + p(n—p) if k> 2
2(n—1) 2k \/k(n—l) 2



where

5 if n = 0(mod 4)
|2] or[2] if n=1(mod 4) and k is even
| 2] if n = 1(mod 4) and k is odd
p={ "For %2 ifn=2(mod4) and k is even
5 if n = 2(mod 4) and k is odd
|2] or[2] if n=3(mod 4) and k is even
\ (2] if n = 3(mod 4) and k is odd.

n—2 n—1 n ntl nt2
From Lemma 2, we know that p € {“5=, *5~, 5, "5, "5~ }-

2 2

_ _n- n _ k=1 _ VEin—k—1
Lemma 3 Let g(n, k) = —% + D 5 = Forn >5,

g(n, k) is a decreasing function in k with § <k <n — 1.

Proof. Note that

dg(n, k) n_2 B n? N I 1 1
ok 8k*  8ky/k(n —1) n—
8k 4+ n/n—1—4k*/n—1 n? + 4k
- 8k2v/n — 1 - 8k/k(n — 1)

_ 1 2 2 2 2

- = <8k 4 (= ) —1—(n +4k:)\/E>.
Let h(n, k) = 8k* + (n? 41{2)\/ —1—(n>+ 41{:)\/_ We have 8hgz'f> —
16k — 8kv/n — 1 — 6v/k — - and & g,;;k =16 —8vn + g For
n>6 2 g,j;’“ < 16 — 8\/n — \/7 75 < 0. It is easy to verify that
%gOforn:E)and?)gkgll. Thus, for n > 5, we have

oh(n, k) n?

L < 8n—4nyn—1-—3vV2n — < 0.
ok V2n
We then have
24 2n)Vv2

h(n, k) < h(n, g) = on? — W <0.

Therefore, 22 (" M <0 for n > 5. |



Theorem 1 For any connected graph G of order n > 2 with chromatic num-
ber x(G) and Randié¢ index R(G), we have R(G) > f(x(G)), where f is de-
fined by f(z) = 22 + 2= (Vz — 1+ n — x). Moreover, the bound is sharp

n—1

for alln and 2 < x(G) < n.

Proof. Since we only consider connected graphs of order at least 2, we may
assume x(G) > 2 in the following.

If the claimed inequality fails, then let G be a graph with fewest vertices
such that R(G) < f(x(G)). Let k = 6(G). We begin by proving the following

claim:
Claim. k> x(G)—1.

Suppose to the contrary that k < x(G) — 1. Let v be a vertex with min-
imum degree k. If x(G —v) = x(G), then by Lemma 1, R(G —v) < R(G) <
f(x(G@)) = f(x(G —v)), which contradicts the choice of G. Now we suppose
X(G —v) < x(G). Hence G — v has a proper coloring with x(G) — 1 colors.
Since d(v) = k < x(G) — 1, there exists a vertex u such that the color of u
does not appeared on the neighbors of v. Thus v can be colored with that
color, which implies that G has a proper coloring with x(G) — 1 colors, a
contradiction. The claim is thus proved.

Note that f(z) is increasing in z for z > 2. Since f'(z) = t4+—F———=—

\/%, f'(z) > 0forallz > 2whenn > 3. Thus forn > 3, f(x(G)) < f(k+1).

If n =2, then G = K5, and it is easy to verify that f(x(G)) = f(k+1) since
X(K3) =2 and §(K3) = 1. Thus for n > 2, we have

k=1 VE+n—k—1
g Yhtn .

R(G) < f(X(@)) < f(k+1) = — =1

Case1l. k<

|3

By Lemma 2 and the Inequality (1), we have

k(k—1)  k(n—k) k—1 Vk+n—k—1
2(”_1)+ k‘(n—l)< > Vn—1




. \/n/2+1
However, since k < %, we have 2\\//_+71 < Y= <L Now,

k(k—1)  k(n—k) k—1 Vk4+n—k—-1

2n—1) " kn—1 2 Vn—1
_ (n—k-1k-vk) (k-1(n-k-1)
Ve —1) 2(n ~ 1)
_ (—k-DVE-1) (1 f+1> .
n—1 2vn — 1 ’

a contradiction.

Case 2. 5 <k<n-1

Let g(n,p) = ("_é’zﬁl_l) D 4 plethon) \%:np1 By Lemma 2 and (1), w

have

k—1+ﬂ+n—k—1
2 vn—1 )

By some elementary calculations, we have

q(n,p) <

n—2  nn+2) (n—2)2k—-n-2) n? —4

A P 8k RN ey
q(n’ngl): (n_g(;>£n1; 1)+(n—1)(28/2—n—1)+4 i(;in
q(mg) = ZEZ:?; n<2];/g_ . 1 k‘?:b—l)

q(n, n—2|—1) - ;(i)(_ni; A, 1>(28]2_ Ly 4 i(;i 1)
S T [

N

NOW we have q( 772) (n n_—|—2) = 0 Q< n, 51) - q(n7 nTH) = 07 Q<n7 Q) -
n—2 -1 7 < 0 and ¢(n, 5)—q(n, n_l

q( ) = ) = ——
2 \/k(nl %~ 3T ) N R

1 1 1 . . . . . n
T < 0 Slnce — 5 1S an 1mmcreasin funCtlon mox fOI" rel5,n— 1).
8(n—1) V-1 22 ) (2> )

[y

Therefore, g(n, %) is minimum among all the above five values. Thus, we

only need to prove ¢(n,%) > % + %, which contradicts (2). By
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some elementary calculations, we obtain that g(n, §) — % — % >0
for2<n <4and § <k <n—1. In the following, we assume that n > 5

and then
n _k—1_\/E+n—k—1

)= Vi1

~ n(n—2) n(2k—n)jL n? _l{:—l_\/EjLn—k—l
- 8(n—1) 8k 4 kn—1) 2 Jn—1

~ n(n—2)

=Sy T k)

> S g e

nn—2) n n? n? n—2
/A + - —1=0,

8n—1) 4 8(n—-1) 4(n-1) 2

where the inequality holds by Lemma 3 and g(n, k) is defined in Lemma 3.
Thus we have the require inequality R(G) > f(x(G)).

Note that the bound is sharp for all n and 2 < x(G) < n. For ex-
ample, if G is the complete graph K, on n vertices, then x(G) = n and

R(G) = f(x(G)) = 5. ]

Remark. Although the complete graph K, is a graph such that equality
holds in Theorem 1, more effort is needed to determine all the graphs for
which the equality holds.
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