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Abstract

We show that some classical determinants in the theory of symmetric
functions can be interpreted in terms of recurrent sequences. Conversely
we generalize determinantal expressions of Schur functions, by taking sev-
eral recurrent sequences having same characteristic polynomial, or by pro-
longing sequences to negative indices. Finally, we give some recurrent se-
quences associated to plethysm of symmetric functions, for example with
characteristic polynomial having roots the same powers of the roots of the
original characteristic polynomial.
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1 Introduction and Notation

A sequence T = {T},},>0 is (linear, homogenous) recurrent of order k if there
exists constants ¢y, . .., ¢ such that, for n > k (we normalized the coefficient of
T, to 1),

T, +ciln_ 1+ +cpdn_=0.

The polynomial z* + ¢12*~1 + .-+ + ¢;, is called the characteristic polynomial
of the recurrent sequence. Factorizing it totally, we can write the character-
istic polynomial as R(z,A) = [],c.(z — a), where A is the “alphabet” of the
roots. One can now interpret functions of the 7T},’s as symmetric functions in A.
The interplay of the theory of symmetric functions and the theory of recurrent
sequences provides us a powerful tool (cf. [3] and [4]).

In this paper, we shall mostly treat the case of determinants whose entries
are elements of different recurrent sequences having same characteristic poly-
nomial. First we show that such determinants are proportional to Schur func-
tions. Thus, one can use symmetric functions to manipulate such determinants,
and vice versa. As an application, we derive some determinantal formulas in
the theory of symmetric functions, some classical and some others new (The-
orem 2.2, Corollaries 2.4 and 3.2). Noting that recurrent sequences can be
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extended to negative indices, we then obtain new determinantal expressions of
Schur functions, by prolonging the sequence of complete functions to negative
indices (Proposition 4.6). Finally, we exhibit recurrent sequences with char-
acteristic polynomials [](z — affl ---aln), where product on all permutations
[h1,...,hy] of a given vector (Theorem 5.1). The coefficients of such charac-
teristic polynomials can be interpreted as plethysm of elementary symmetric
functions with monomial functions.

We first need some conventions. We shall follow [4] rather than [5].

Let A, B be two alphabets, the complete symmetric function S?(A — B), the
elementary symmetric function A*(A —B) and the power sum t%(A) are defined

N el = b2)
i(A —B)st — LLbEB 1—bz
2,5 (A =B = S
i i HaEA(l +ClZ)
;A (A =B)e" = [Tpen(1+02)°
and .
Y A) =) a
ach

We extend the definition by putting S*(A) = A*(A) = 0 for i < 0. With these
conventions,

k k
R(z,A) =Y S(—A)z"" = (—1)'A"(A)z* ",
i=0 i=0
We use the exponential notation m* to denote the vector (m,m,...,m) €

ZF. For any I = (i1,...,in),J = (j1,-..,4n) € N, S;/1(A) denote the skew
Schur functions on the alphabet A defined by

SJ/I (A) = ‘Sjs*irJrSir(A”lgr,sgn'
When I = 07, they are called Schur functions and one writes S;(A) instead of

S.]/On (A) .
In the following, we will fix a positive integer k and an alphabet A of order k.

2 Recurrent Sequences and Schur Functions

Let T(®) = {T,E")}nzo (1 <4 < k) be k recurrent sequences with the same
characteristic polynomial R(x,A). We denote by M (A) the following matrix

Tél) T1(1) T2(1)
TéQ) T1(2) TQ(Q)

To(k) Tl(k) T2(k)



For any J = (j1,...,jk) € N¥ let M;(A) be the sub-matrix of M(A) taken on
columns j1 + 1,72 +2,...,jr + k.
The following lemma is immediate.

Lemma 2.1 Let T = {T,(Li)}nzo
same characteristic polynomial R(
independent if and only if

1 <1 < k) be k recurrent sequences with the

(
x,A). Then, T, T . T® are linearly

1 1 1

1 . 1)
7(2) T1(2) ... T,§2_)1

A = det(Mye (A)) = £0.
TCRPRC ™,

Now, we have

Theorem 2.2 Let T = {T,(Li)}nzo (1 <i<k) bek recurrent sequences with
the same characteristic polynomial R(z,A). For any J € N¥, we have

(1) (1) (1)
le Tj2+1 Tijr(k*l)
(2) (2) (2)
le J2+1 Jrt+(k—=1)
det(M(A)) = — 5;(A) - A.
(k) (k) (k)
le Tj2+ Jr+(k—=1)

Especially, when T T@) . T® are linearly independent, we have
S(A) = det(My(A))/A.

Proof. Let S(A) be the infinite matrix

and S;(A) be the sub-matrix of S(A) taken on columns j; +1,j2+2,...,jr + k.
Consider the product M(A)S(—A)S;(A). Since To?, W ... (1 < i < k) are
recurrent sequences with characteristic polynomial R(z, A), the elements in n-th
column of M (A)S(—A) are all null for n > k. Hence,

det (M(A)S(—A)Ss(A)) = det (M(A)S(~A)),., det (Ss(A)rxk),



where M}« denote the k x k sub-matrix of M taken on the first k rows and k&
columns. Therefore,

det Mj(A) = det(M(A)S;(0))
= det (M(A)S(—A)S(A))
= det (M(A)S(_A))kxk -det Sy(A)gxk
= det M(A)pxr - det S(—A)gxk - det S7(A)kxk
= A-S;(A). |

As a corollary, we derived the classical definition of Schur functions (see [5,
Section 1.3] and [8, Section 7.15]).

Corollary 2.3 Let V(A) be infinite Vandermonde matriz

and Vj(A) be the determinant of the sub-matriz of V(A) taken on columns
g1+ 1,jo+2,....jr+ k. For any J € N*, we have

Va(A) = 55(A) Vo (A).
If all elements of A are distinct, Vyr (A) # 0 and hence,
Sy(A) =V;(A)/Vor (A).
Proof. Clearly, for any a € A,
a4+ SH(—A)a" " 4+ S (—-A)=S"(a—A) =0, n>k.

Hence, 1, a,a?, ... is arecurrent sequence with characteristic polynomial R(z, A).
By Theorem 2.2, we get the result immediately. |

Corollary 2.4 Let T = {Tn}n>0 be a recurrent sequence with characteristic
polynomial R(x,A). For any I,J € N*, we have

Ti1+j1 E1+j2+1 o T%1+jk+(k—1)
Tiytji+1 Tiytjote Tiytji+k
Titijiri—1) Tigrjork - Tigjut2k—1)
Ty Ty -+ Tk

= Si(A)-S,(A) | TP !

Te1 Ty - Top-y



Proof. By Theorem 2.2, we have

S[(A) . SJ(A) . det(Tr+s—2)1§r,sgk
Sr(A) - det(Thy (s45.)—2)1<r,s<k
(A) -

= Sr(A) - det(T(r4,)+s—2)1<r,s<k

det (T j, )4 (stis)—2)1<r,5<k
= det(Ti, 4/, +(r+s-2))1<r,5<k L

Corollary 2.5 We have
det(Vi, +j,+r+s—2(A))1<r,s<k = S1(A)Sy(A) det(Prys—2(A))1<r,5<k-

Proof. Since 1,a,a?,... (a € A) are recurrent sequences with characteristic
polynomial R(z,A), so does their sum 1g(A),11(A),.... This fact also results
from the formulas of Newton relating power sums and elementary symmetric
functions, which first appeared in Newton’s book Arithmetica universalis. (See
also [6, 10].) |

Notice also that det(¢,4s—2(A))1<rs<i is the discriminant of A, i.e. the
square of the Vandermonde Vjx (A).

Corollary 2.6 Let I,.J be two vectors in N¥ and O =r* C I, then
Sr-n(A)Sy1n0(A) = Si(A)S(A),

where J+O0=[j1+7r...,Jk+r], I-0O=[i1r—7r...,ip —7].
FEspecially,

Sy+o(A) = S(A) - Sp(A) = Ss(A) - (AF(A))".

Proof. Expanding S™(A — A) = 0,m > 0, one sees that {S™kT1H(A)}, 5
is a recurrent sequence with characteristic polynomial R(z,A). Taking T, =
S—k+1+n(A) in Corollary 2.4, we reach the conclusion. |

Remark. More generally, the factorization lemma given in [4, Prop 9] implies
that
S1_0(A)Ss+0(h — B) = Si(A — B)S,(A),

and
Sy+0(A—B) = S;(A)Sp(A - B),

where O = m”, m being the order of B.
3 Mixed Determinants

Theorem 3.1 Let X be an arbitrary m X (m + k) matriz and Y,Z be k X
(m + k) matrices such that each row is a recurrent sequence with characteristic



polynomial R(x,A). Write X = [X1,X5], Y = V1,Y2] and Z = [Z1, Zs] such
that Xo,Y1, 71 are square matrices. If

X: Xo
|
we have det(Z1) # 0 and
X1 Xo X1 Xo |
vy /’ 7 7 ’—det(Yl)/det(Zl)

is independent of X .
Proof. Write

SO(—A) SY(—A) ... SmETETL(_A)

A B 0 SO(—A) - SMTRT2(—A)
[0 C]: : ’

0 0 SO(—A)

where A, B and C are k X k, k x m and m X m matrices respectively.
Noting that each row of Y is a recurrent sequence with characteristic poly-
nomial R(x,A), we have

X, Xo| _ | X X2| |A B
ii 21 | oY 0 C
| X4A X1B+ X,C
o YiA 0
= — det(XlB + XQC) det(YlA).
Similarly,
X1 Xe | get(X1B + X20) det(Z4 A).
VARA
By hypothesis, det(X1B + X2C') # 0 and det(Z; A) # 0. Hence,
X; Xo Xi Xo|
vy / 7 7| = detv)/ det(2). I

Combining Theorems 2.2 and 3.1, we have

Corollary 3.2 Let T = {Tn}n>0 be a recurrent sequence with characteristic
polynomial R(x,A). Suppose that

r11 12 v L1 m+k
Iml Tm2 Tmm+k
W:=1| T, T o Ty £ 0.
Ty > - Ttk
Te—r Tk - Thogom—1)



Then, for any I € N* we have

T11 T12 T T1m+k
Tm 1 Tm 2 e Tm m+k
1
W . T, Tijgr - T%1+m+(k—1) = S1(A),
Tivt1 Tiy42 -+ Tistm+k
Tive-1) Tirr - Titmt20—1)
and thus, the left-hand side is independent of 11, %12, , Tm m+k-

Remark. As pointed by Lascoux, Corollary 3.2 can also be derived from the
factorization lemma already mentionned. In fact, one can take the rows of the
matrix X to be successive powers of z1, T9, .., ., and the recurrent sequence to
be S™(A — B), with B of order less than k. Now, subtracting X = {z1,...,zm}
in the last k& columns, one transforms it into ([4, Lemma 8])

Srio(A — B —X) = S;(A)Sq(A — B — X)

with 0 = (m + k — 1)*, which is a special case of the factorization lemma.

4 Sequences with Negative Indices
In this section, we will assume that all elements of A are non-zero.

Lemma 4.1 (Wronski) Let AV ={1/a:a € A} and

B= (DAY = (-1 T e

ach
Then the sequence
Sn=BST"FAY) ,n<0 & S,=S8"(A),n>0,
i.e.,

L BS3(AY), BS2(AY), BSH(AY), 3,0,0,...,0,1,SY(A), S2(A), . ..
——

k—1
is a recurrent sequence with characteristic polynomial R(x,A).

This lemma is due to Wronski [9]; see Lascoux [4] for more informations about
Wronski and symmetric functions.



For I,J € ZF, define

Sik'i‘jl Sik+j2+1 o 8ik+jk+k—1
Sip_1+j1-1 Sik_1+4js o S itk—2
A=
Sivtir—(k-1)  Siytja—(k—2) " Sy

We shall write A ; instead of Agx ;.

Ay, j can be seen as the extension of Schur functions to negative indices.
This extension is needed when interpreting Schur functions as characters of the
linear group rather than of the symmetric group.

For I = (iy,ig,...,ik),J = (j1,J2,- - -,jk) € ZF, define

711(72‘1,...,71@), Iw:(ik,ikfl,...,il) and AJ/I:A7[W7.].

Noting that columns of A; can be seen as elements of recurrent sequences
with the same characteristic polynomial R(x,A), by Theorem 2.2, we have

Lemma 4.2 Form € Z and J € ZF, Ay .o = Ay - (AF(A)™.
Proposition 4.3 For any I,J € N*¥ and I C 0O = rF,

Ay=S5A), Auytoyr = Su+oy1(A),

and

A_y= S (AY).
Proof. From the definition of S,,, it’s easy to see that

Ay =S85(8), Ayt =Susoyyr(A).



Moreover,

Sjk(AV) Sjkfl‘i’l(Av) Sj1+kfl(AV)
Sjk*l(AV) SIk—1 (AV) e Slerk*Q(AV)
Sye(AY) =
Sie—(k—1) (AV) Sik—1—(k—2) (AV) .- St (AY)
SHAY)  SETNAY) e SRe0eD(AY)
SIFL(AV) 572 (AV) s Sk (R=2)(AV)
Sitk=1)(AVY)  gi2t(E=2)(AV) ... Sk (AY)
Sk Sojpokrr 0 Sy
1| Skt Sk 0 S
T
S_ji—ok+1 S—ji—oky2 - S_j—k
1
= ﬁAf.I+(fk)k
1
= ﬁ(Ak(A))_kAfJ:AfJ- i

Proposition 4.3 allows us to transform Theorem 2.2 into:

Theorem 4.4 Let T = {Trgi)}nez (1 <i<k) bek recurrent sequences with
the same characteristic polynomial R(xz,A). For any J € ZF, we have

(1) (1) (1) (1) (1) (1)
;7 T Tjk+(k—1) h Iy o T(k—l)
(2) (2) (2) (2) (2) (2)
;7 T Tjk+(k—1) T Iy o T(k—l)
= Ay
(k) (k) (k) (k) (k) (k)
le sz+1 T Tjk-',-(k—l) Ty Ty Tt T(k—l)




Proof. Taking M € N sufficient large such that J 4+ 0 € N* [0 = M*, we have

det(Tj(:J)rs_l)lgr,sgk = S;o(A) det(TSTJQJrs—ﬂlSnsSk
= Ao det(TETJ)vHs—l)lSnSSk
= SO(A)A, det(T) o )i<rs<k
= Ay det(Ts(i)lhgr,sgk .
Corollary 2.4 can be transformed into:

Corollary 4.5 Let T = {T,}nez be a recurrent sequence with characteristic
polynomial R(x,A). For any I,J € ZF, we have

T+ Titjot1 T Tyt jrh—1
Tik—l"t‘jl_l Tik—l"t‘jZ T nk—l‘f‘jk"‘k—Q
Titji—k—1)  Tiygjo—(h—2) - T+
To Ty e T
T 4 Ty oo Thoa
— A A
T gy1 Togye -+ To

Taking T,, = S, in Corollary 4.5, we have

Proposition 4.6
1. For any I,J € ZF, let B =mF € ZF, then one has :

Arg=Ar-Aj=A7A;; and Am-A_g=1.

2. For any I, J € N*,
Ay =S85(A)SI(AY),

Especially, for I C O =rk
Ser+oy/1(A) = S5(A)So/r(A).

For example, for k£ = 3, the following determinants, corresponding to J =
[—1,1,4],[-2,0,3],[—3, —1, 2], are proportional to the Schur function Sy 2,5(A),
up to a power of 3 = A3(AY).

SYA) S(A) SS(A)|  [SP(A) S*A) SP(A)| |SP(A) S3(A) S*(A)

1 SYA) S%(A)], 0 1 SYA), 0 0 1
1 StAY S2(AY StAY
A3(4) 0 0 AS( (A)) ASl(A) 0 A3'((A)) AS( (A)) ASl(A)

10



5 Recurrent Sequences and Plethysm

Since the beginning of the theory of polynomials, one has looked at transforma-
tions of the type [T,c,(x—a) — [[,ca(@—a?), or more generally, [, ., (z—a) —
[I,ca(x —a”), for fixed 7, and tried to describe the coefficients of the trans-
formed polynomial in terms of those of the original one. Following Littlewood,
this transformation is called plethysm (with a power sum) [5].

We shall consider here plethysm with a monomial function (more generally,
we allow negative exponents).

Let A = {a1,as,...,ar} be an alphabet of order k, with all a; # 0, and
let H € Z*. Define A" to be the alphabet whose letters are all the different

monomials obtained by permutation from a’l“ .- -aZ", i.e.

AT ={a"al? - -a}* : (r1,72,...,71) is a permutation of H}

Suppose T(*) = {T,E")}nez (1 < i < k) be k recurrent sequences with the
same characteristic polynomial R(z,A). For any I,.J € Z*, denote

(1) (1) (1)
le*il Tj2*i1+1 e Tjk—il-i-(k—l)
(2) (2) (2)
U o le—iz—l sz—i2 e Jr—iz+(k—2)
I =
(k) (k) (k)
le*ik*(kfl) ja—ik—(k=2) Tjk_ik

Now we have

Theorem 5.1 Let A be of order k, and I,J,H belong to ZF. Then the se-
quence {U(jinm) 1} nez 15 a recurrent sequence with characteristic polynomial
R(z, AT).

Proof. Firstly, we consider the case that all elements of A are distinct.
By Theorem 4.4,

(1) (1) (1)
T*il T7i1+1 e T—i1+(k—1)
T | ™  .oT®
Ugsnmy1 = Dytnm - ’ ’ )
(k) (k) (k)
Tfir(kq) Tfik.f(k72) T T—ik

Hence, we only need to prove the assertion holds for Aji,m. Similarly to

11



Corollary 2.3, we have Ay g = Vipnm (A)/Vor (A).

j h j ho+1
aJ11+n 1 a_{2+n 2+

Jji+nhy Jjo2+nha+1
a3y a3

Now,
Jrtnhp+(k—1)
ay

Jrt+nhi+(k—1)
ay

Vienma(A) =

j j jtnhp+(k—1
aiﬁrnhl aernthrl a.}7€k+" k4 )

_ Z (71)inv(a)a(.]+nH+p)"
ceSy

— Z (_1)inv(0')a(J+p)°(aH°)n-
ceBy
where a”’ denote a{l aéQ ~~~a§;’“, Sy, is the permutation group on {1,2,...
inv(o) is the inversion number of permutation o, and

p=1(0,1,...

kY,

(j17j27 s 7jk)g = (ja(l)ij(Z)a s 7ja(k))a ok — 1)

Noting that {(af”)"},cz are recurrent sequences with characteristic poly-
nomial R(z,A™), so does their linear combination Vi, m(A).

Since A ;,, multiplied by some power of AF(A), is a polynomial, the assertion
remains true when the elements of A are not all distinct. |

Corollary 5.2 Suppose 0 < m < k, I,J,H € Z™, then {W(j4nm)/1}nez is a

Trecurren sequence w1l cnaracreristic pO ynomw £L‘, 5 where
i ith characteristic pol jal R(z, AF"), wh

(1) (1) (1)
le*il sz*ilJrl o ij—il-i-(m—l)
(2) (2) (2)
Wi = Ji—iz—l Tja=ia L (o)
(m) (m) (m)
J1—im—(m—1) J2—tm—(m—2) ij—im

and HT = (0,...,0,h1,...,hy,) is the embedment of H in Z*.

Proof. Let IT,JT be the embedment of I,.J respectively. Take Theorem 5.1
with I, J*, H* and the recurrent sequences being

Sn_k 1<i<k—m,
T =

T=R™) e < <k |

Suppose {an, }nez is a sequence which satisfies a linear recurrence of order k.
In [2, 7], it has been shown that for any h and b the subsequences {apntb}nez
also satisfy a linear recurrence of order k. In fact, it is the case that taking
m=1and H=~h,I =0,J =b in Corollary 5.2.

12



Taking H = (1,1,...,1) € Z™ in Corollary 5.2, we derive that {W;1nm)/1 }nez
satisfy a linear recurrence of order (7’;), which is Proposition 4.3 in [3].
Write e, = (0,...,0,1,0,...,0) € N*. For 0 < a < k, let
——

Jo=(0,...,0,1,...,1,—a).
——

[e3%

By Theorem 5.1, {A j_ 4 ne, }nez is a recurrent sequence with characteristic poly-
nomial R(z,A). When n > 0, Ay, tne, is the hook function Sya ,—q(A).
Furthermore,
AJa-l‘nek = (_1)aAnek,aa nez

and for n > 0,
Anek,a = Snek,a(A) and A—nekfa = Sn€a+1 (AV)

They are the entries of the n-th power of the companion matrix of the polynomial
R(z, A) (see [1, 4]):

ANA) —A%(A) - (“DFTZARTIA) (-1)FTAR(A)
1 0 0 0
0 0 1 0
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