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Abstract

Let G be a nontrivial connected graph with an edge-coloring ¢ : E(G) —
{1,2,...,q}, ¢ € N, where adjacent edges may be colored the same. A tree T
in G is a rainbow tree if no two edges of T receive the same color. For a vertex
subset S C V(G), a tree that connects S in G is called an S-tree. The minimum
number of colors that are needed in an edge-coloring of G such that there is a rain-
bow S-tree for each k-subset S of V(G) is called the k-rainbow index of G, denoted
by rzk(G). In this paper, we first determine the graphs of size m whose 3-rainbow
index equals m, m — 1, m — 2 or 2. We also obtain the exact values of rz3(G) when
G is a regular multipartite complete graph or a wheel. Finally, we give a sharp
upper bound for rz3(G) when G is 2-connected and 2-edge connected. Graphs G
for which rx3(G) attains this upper bound are determined.
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1 Introduction

We follow the terminology and notation of Bondy and Murty [1]. Let G be a nontrivial
connected graph with an edge-coloring ¢ : E(G) — {1,2,...,q}, ¢ € N, where adjacent
edges may be colored the same. A path of G is a rainbow path if no two edges of the
path are colored the same. The graph G is rainbow connected if for every two vertices u
and v of GG, there is a rainbow path connecting u and v. The minimum number of colors
for which there is an edge-coloring of G such that G is rainbow connected is called the
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rainbow connection number of G, denoted by rc¢(G). Results on the rainbow connections
can be found in [2, 3, 5, 6, 7].

These concepts were introduced by Chartrand et al. in [3]. In [4], they generalized the
concept of rainbow path to rainbow tree. A tree T in G is a rainbow tree if no two edges of
T receive the same color. For S C V(G), a rainbow S-tree is a rainbow tree that connects
the vertices of S. Given a fixed integer k£ with 2 < k& < n, the edge-coloring c of G is called
a k-rainbow coloring if for every k-subset S of V(G), there exists a rainbow S-tree. In this
case, G is called k-rainbow connected. The minimum number of colors that are needed
in a k-rainbow coloring of G is called the k-rainbow index of G, denoted by rxp(G).
Clearly, when k& = 2, rz5(G) is the rainbow connection number r¢(G) of G. For every
connected graph G of order n, it is easy to see that rzy(G) < ra3(G) < --- < raz,(G).

The Steiner distance d(S) of a subset S of vertices in G is the minimum size of a tree
in G that connects S. Such a tree is called a Steiner S-tree or simply a Steiner tree.
The k-Steiner diameter sdiamy(G) of G is the maximum Steiner distance of S among
all k-subsets S of G. Then there is a simple upper bound and a lower bound for ra(G).

Observation 1 ([4]). For every connected graph G of order n > 3 and each integer k
with 3 <k <n, k—1 < sdiamy(G) < rz(G) <n — 1.

They showed that trees are composed of a class of graphs whose k-rainbow index attains
the upper bound.

Proposition 1 ([4]). Let T be a tree of order n > 3. For each integer k with 3 < k < n,
rep(T) =n—1.

Before showing Proposition 1, they gave the following observation.

Observation 2 ([4]). Let G be a connected graph of order n containing two bridges e
and f. For each integer k with 2 < k < n, every k-rainbow coloring of G must assign
distinct colors to e and f.

For k = 2, rz5(G) = re(G), which has been studied extensively, see [6, 7]. But for & > 3,
very few results has been obtained. In this paper, we focus on £ = 3. By Observation 1,
we have rz3(G) > 2. On the other hand, if G is a nontrivial connected graph of size m,
then the coloring that assigns distinct colors to the edges of G is a 3-rainbow coloring,
hence rz3(G) < m. So we want to determine the graphs whose 3-rainbow index equals
the values 2, m, m — 1 and m — 2, respectively. The following results are needed.

Lemma 1 ([4]). For 3 <n <5, ras(K,) = 2.

Lemma 2 ([4]). Let G be a connected graph of order n > 6. For each integer k with
3<k<n, rz(G) > 3.



Theorem 1 ([4]). For each integer k and n with 3 <k <n,

—2, ifk=3andn > 4
mk(cn>:{n , if and n > 4;

n—1, ifk=n=3o0rd<k<n.
Theorem 2 ([4]). If G is a unicyclic graph of order n > 3 and girth g > 3, then

n—2, k=3andg>4;
n—1, g=3o0rd<k<n.

reg(G) = {

The following observation is easy to verify.

Observation 3. Let G be a connected graph and H be a connected spanning subgraph
of G. Then ra3(G) < raxs(H).

In Section 2, we determine the graphs whose 3-rainbow index equals the values m, m—1,
m — 2 or 2. In Section 3, we determine the 3-rainbow index for the complete bipartite
graphs K, , and complete ¢t-partite graphs K., as well as the wheel W,,. Finally, we give
a sharp upper bound of rz3(G) for 2-connected graphs and 2-edge connected graphs, and
graphs whose 3-rainbow index attains the upper bound are characterized.

2 Graphs with rz3(G)=m,m — 1, m — 2or2

From Lemma 2, if ra3(G) = 2, then the order n of G satisfies 3 <n < 5.

Theorem 3. Let G be a connected graph of order n. Then rxs3(G) = 2 if and only if
G = K5 or G is a 2-connected graph of order 4 or G is of order 3.

Proof. If n = 3, it is easy to see that rz3(G) = 2.

If n = 4, assume that G is not 2-connected, then there is a cut vertex v. It is easy to see
that a tree connecting the vertices of G — v has size 3, thus rz3(G) > 3, a contradiction.

If n =5, let V(G) = {v1,v9,v3,v4,05}. Assume that rz3(G) = 2 but G is not K.
Let ¢ : E(G) — {1,2} be a rainbow coloring of G. Since every three vertices belong
to a rainbow path of length 2, there is no monochromatic triangle. Now we show that
the maximum degree A(G) is 4. If A(G) is 2, then G is a cycle or a path, and it
is easy to check that ra3(G) is 3 or 4, a contradiction. Assume that A(G) is 3. Let
deg(v1) = 3 and N(v1) = {vg,v3,v4}. Then at least two edges incident to v; have the same
color, say c(vive) = c(vivg) = 1. Consider {vy,vq, v5}, {v1,v3,v5}, this forces c(vovs) =
c(vsvs) = 2. Consider {vy,v9,v3}, it implies that c¢(vovs) = 2, but now {vq, v3, v5} forms
a monochromatic triangle, a contradiction. Thus A(G) = 4. Suppose d(vy) = 4. If there
are three edges incident to vy colored the same, say c(vivy) = c(viv3) = c(vivg) = 1,
then consider the three vertices v, v3 and v4. Since these three vertices must belong
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to a rainbow path of length 2, without loss of generality, assume that c(vov3) = 1 and
c(vsvy) = 2. However then {vy, vy, v3} is a monochromatic triangle, which is impossible.
Therefore only two edges incident to v; are assigned the same color. Since G is not
K5, G is a spanning subgraph of K5 — e. Since d(v1) = 4, we may assume that G is a
spanning subgraph of K5 — vzvy. Let G’ = K5 — vgvy. Consider {vy,vs,v4}, v1v3 and
vivg must have different colors, without loss of generality, assume that c(viv3) = 1 and
c(vivg) = 2. By symmetry, suppose c¢(vjve) = 1 and c(vjvs) = 2. Then c(vqvg) = 2,
c(vgvs) = 1. Consider {vy,v3,v4}, {vs,v4,v5}, {v2,v3, 05}, then c(vvy) = 1, c(vzvs) = 2,
c(vgus) = 1, but now {wvy, vy, vs5} forms a monochromatic triangle, which is impossible.
Hence, rz3(G) > rax3(G') > 3, contradicting to the assumption. O

Theorem 4. Let G be a connected graph of size m > 3. Then
(1) rz3(G) = m if and only if G is a tree.
(2) rz3(G) = m — 1 if and only if G is a unicyclic graph with girth 3.
(8) re3(G) = m — 2 if and only if G is a unicyclic graph with girth at least 4.

Proof. (1). By Proposition 1, if G is a tree, then rz3(G) = n — 1 = m. Conversely, if
ra3(G) = m but G is not a tree, then m > n. By Observation 1, rz3(G) <n—1<m-—1,
a contradiction.

(2). If G is a unicyclic graph with girth 3, by Theorem 2, ra3(G) =n—1=m — 1.
Conversely, if rz3(G) = m — 1, then by (1), G must contain cycles. If G contains at least
two cycles, then m > n + 1. By Observation 1, rz3(G) < n—1 < m — 2, a contradiction.
Thus, GG contains exactly one cycle. If the cycle of G is of length at least 4, then by
Theorem 2, rax3(G) = n — 2 = m — 2, a contradiction. Thus, the cycle of G is of length
3, the result holds.

(3). If G is a unicyclic graph with girth at least 4, by Theorem 2, rz3(G) = n—2 = m—2.
Conversely, if rz3(G) = m — 2 and m > n + 2, then by Observation 1, rz3(G) <n—1<
m — 3, a contradiction. Thus, m < n + 1. If m = n, then G is a unicyclic graph. By
Theorem 2, the girth of G is at least 4. If m = n+1, and there are two edge-disjoint cycles
Ch and (Y of length g; and gy such that g; > g, then if g; > 4, we assign g; — 2 colors
to C'1, go — 1 new colors to C5 and assign new distinct colors to all the remaining edges,
which make G 3-rainbow connected, hence rz3(G) < m — 3, a contradiction. Therefore
g1 = go = 3. In this case, we assign each cycle with three colors 1, 2, 3, and assign new
colors to all the remaining edges, then G is 3-rainbow connected, thus rz3(G) < m—3. If
these two cycles are not edge-disjoint, we can also use m — 3 colors to make G 3-rainbow
connected, a contradiction. O



3 The 3-rainbow index of some special graphs

In this section, we determine the 3-rainbow index of some special graphs. First, we
consider the regular complete bipartite graphs K, ,. It is easy to see that when r = 2,
ras(Ks o) = 2 and, logically, we can define ras3(K;,) = 0.

Theorem 5. For each integer r with r > 3, ros(K,,) = 3.

Proof. Let U and W be the partite sets of K., where then |U| = |W| = r. Suppose that
U={uy, - ,u.} and W =A{wy, -+ ,w.}. If S CU and |S| = 3, then every S-tree has
size at least 3; hence ra3(K,,) > 3.

Next we show that rz3(K,,) < 3. We define a coloring ¢: E(K,,) — {1,2,3} as follows.
L, 1<i=j<m

cluw;) =<2, 1<i<j<r; (3)
3, 1<y3<i<r.

Now we show that c is a 3-rainbow coloring of K, ,. Let S be a set of three vertices of
K, ,. We consider two cases.

Case 1. The vertices of S belong to the same partite set of K,,. Without loss of
generality, let S = {u;,uj,ux}, where ¢ < j < k. Then T = {uwj, uw;, upw;} is a
rainbow S-tree.

Case 2. The vertices of S belong to different partite sets of K,,. Without loss of
generality, let S = {u;, uj, wy}, where i < j.

Subcase 2.1. k <i < j. Then T' = {u;wy, u;w;, ujw;} is a rainbow S-tree.

Subcase 2.2. i <k <j. Then T = {u;wg, ujwy} is a rainbow S-tree.

Subcase 2.3. i < j < k. Then T = {uww;, uw;, ujwy} is a rainbow S-tree. H

With the aid of Theorem 5, we are now able to determine the 3-rainbow index of
complete t-partite graph K;..,.. Note that we always have ¢t > 3. When r = 1, ra3(Kyx1) =
ras(Ky), which was given in [4].

Theorem 6. Let Ky, be a complete t-partite graph, where r > 2 and t > 3. Then
res(Kix,) = 3.

Proof. Let Uy, Uy, --- , Uy be the t partite sets of Ky, where |U;| = r. Suppose that
Ui = A{ui, - ,uyy. If S CU; and |S| = 3, then every S-tree has size at least 3, hence
ras(K,,) > 3.

Next we show that rzs(Kyx,) < 3. We define a coloring ¢: F(K;x,) — {1,2,3} as
follows.

—_

c(Uugiup;) =42, 1<i<j<r; (4)
3, 1<7<i<r,



where 1 <a < b<t.

We now show that ¢ is a 3-rainbow coloring of K;,. Let S be a set of three vertices of
Ktxr-

Case 1. The vertices of S belong to the same partite set. Without loss of generality,
let S = {1, Ua2, Uaz}. Then T = {ug1upg, Ugolpg, Uaztpz } IS & Tainbow S-tree.

Case 2. Two vertices of .S belong to the same partite set. Without loss of generality,
let S = {wai, taj,upr}. If kb < i < j, then T = {wq;Upk, Uaillpj, UgjUp; } 1S & rainbow S-
tree. If 1 < k < j, then T = {wgitpk, Ugjups } s & rainbow S-tree. If i < j < k, then
T = {UgiUpi, UgjUpis UgjUpk ;1S & Tainbow S-tree.

Case 3. Each vertex of S belongs to a distinct partite set. Let S = {uq;, upj, ter },
a<b<ec.

Subcase 3.1 i = j = k. Without loss of generality, let S = {ua1, upr, uer }, then
T = {ua1Up1, Ua1Upz, UpaUer } 18 & rainbow S-tree.

Subcase 3.2 i = j # k. Without loss of generality, let S = {ua, upr, ue2}, then
T = {ug1up1, Up1Uea } 1S a rainbow S-tree.

Subcase 3.3 i # j # k. Without loss of generality, let S = {uga1, up2, ues}, then
T = {Ua1Ue1, Uer Up2, Upaliez } 1S a Tainbow S-tree. O

Another well-known class of graphs are the wheels. For n > 3, the wheel W, is a graph
constructed by joining a vertex v to every vertex of a cycle C), : vy, v9, -+ ,Up, Upi1 =
v1. Given an edge-coloring ¢ of W,,, for two adjacent vertices v; and v;;1, we define an
edge-coloring of the graph by identifying v; and v;; to a new vertex v' as follows: set
c(vv') = c(vvig1), c(vi—1vV") = c(vi1v;), c(V'via) = c(vip1vi42), and keep the coloring for
the remaining edges. We call this coloring the identified-coloring at v; and v; ;. Next
we determine the 3-rainbow index of wheels.

Theorem 7. Forn > 3, the 3-rainbow index of the wheel W,, is

2, n=3;
3, < 6;
ras(Wy) = (5)
4, <n < 16;
5, n>17
Proof. Suppose that W,, consists of a cycle C,, : v,vs, - ,v,, 0,41 = v; and another

vertex v joined to every vertex of C),.
Since W3 = Ky, it follows by Lemma 1 that rz3(W3) = 2.

If n =6, let S = {v1,v2,v4}. Since every S-tree has size at least 3, rx3(Ws) > 3. Next
we show that rz3(Ws) < 3 by providing a rainbow 3-coloring of Wy as follows:



1, if e€ {vvy, vug, vovs3, V56 };
cle) = < 2, if e€ {vvg, VU5, V3V, V1VG}; (6)

3, if ee {vvs, vug, V405, V1V }

If n =5, since |W5| = 6, by Lemma 2, rz3(W;) > 3. Then we show that rz3(W;s) < 3.
We provide a rainbow 3-coloring of W5 obtained from the rainbow 3-coloring of Wg by
the identified-coloring at vs and wvg.

If n =4, by Theorem 3, rz3(W,) > 3. Then we show that ra3(W,) < 3. We provide
a rainbow 3-coloring of Wy obtained from the rainbow 3-coloring of Wj by the identified-
coloring at vs and vg, v4 and vs, respectively.

Claim 1. If 7 <n <16, rz3(W,) = 4.

First we show that rz3(W;) > 4. Assume, to the contrary, that rzs(W7) < 3. Let
c: E(W;) — {1,2,3} be a rainbow 3-coloring of W7. Since d(v) =7 > 2 x 3, there exists
A C V(C,) such that |A] = 3 and all edges in {uv : u € A} are colored the same. Thus,
there must exist at least two vertices v;,v; € A such that de,(v;,v;) > 2 and a vertex
v € C7 such that vy ¢ {vi_1,vi41,vj-1,v,1}. Let S = {v;,v;,v,}. Note that the only
S-tree of size 3 is T" = vv; U vu; U vy, but ¢(vy;) = ¢(vv;), it follows that there is no
rainbow S-tree, which is a contradiction. Similarly, we have rz3(W,,) > 4 for all n > 8.

Second, we show that rz3(Wi6) < 4, which we establish by defining a rainbow 4-coloring
¢ of Wi shown in Figure 1. It is easy to check that ¢ is a rainbow 4-coloring of Wig.
Therefore, rz3(Wie) = 4.

17}7 4

Wia

Figure 1. 3-rainbow coloring of Wig and Wiy

When 13 < n < 15, we provide a rainbow 4-coloring of W5, Wiy, Wi3 from the rainbow
4-coloring ¢ of Wig by consecutively using the identified-colorings at v; and vy, v12 and
v13, Vg and vg.

When n = 12, we define a rainbow 4-coloring of Wi, shown in Figure 1.

7



When 7 < n < 11, we provide a rainbow 4-coloring of Wiy, Wi, Wy, Wy, W7 from the
rainbow 4-coloring ¢ of Wiy by consecutively identified-colorings at vy and wvs, v4 and vs,
v7; and vg, v19 and vi1, v1; and vqs.

Claim 2. Ifn > 17, ras(W,) = 5.

First we show that rz3(WWy7) > 5. Assume, to the contrary, that ras(Wy;) < 4. Let
c: E(Wi;) — {1,2,3,4} be a rainbow 4-coloring of Wy;. Since d(v) = 17 > 4 x 4,
there exists A C V(C,) such that |A| = 5 and all edges in {uv : u € A} are colored
the same, say 1. Suppose that A = {v;,, vy, Vig, Viy, Vig }, Where i3 < iy < iz < iy < i5.
There exists &k such that de,, (v;,,v;,,,) > 3, where 1 <k < 4. Let S = {v;,, Vi, Vip, s}
Since dc,, (i, Viy,,) > 2 and de,, (Vi Vi, ) = 2, the only possible S-tree is the path
P = Vig 11 Vig o Vig 13 Vig g4 Vigys
appear in P and every edge of the path must have a distinct color. By symmetry, we
consider two cases. If c(v;,,, v, ,) = 1. Suppose c(v;, ,,Vi,,,) = 2, c(v;,, 4Vi,,,) = 3. There
exists a vertex vy, where c(vvg) = 2 or 3, such that d(vy, A) > 3. It is easy to see that

where addition is performed modulo 5. Thus color 1 must

there is no rainbow {vo,vi,,,, vs,,, }-tree. If c(v;,,,vi,,,) = 1. We can also find such a

vertex vy such that there exists no {w, }-tree, which is a contradiction.

Vigtos Vigys
To show that rx3(W,,) <5 for n > 17, define a rainbow 5-coloring of W), as follows:

7, e=wvv; and i = j (mod 5), 1 < j < 5;
cle) = { (7)
1+ 3, €=UVt
It is easy to see that ¢ is a 5-rainbow coloring of W,,. Therefore, ra3(W,) = 5 for
n > 17. O

4  The 3-rainbow index of 2-connected and 2-edge-
connected graphs

In this section, we give a sharp upper bound of the 3-rainbow index for 2-connected
and 2-edge-connected graphs. We start with some lemmas that will be used in the sequel.

Lemma 3. Let G be a connected graph and {Vy,Va, -+, Vi} a partition of V(G). If each
Vi induces a connected subgraph H; of G, then rxs3(G) <k —1+ Zle ras(H;).

Proof. Let G’ be a graph obtained from G by contracting each H; to a single vertex.
Then G’ is a graph of order k, so rz3(G’') < k — 1. Given an edge-coloring of G’ with
k — 1 colors such that G’ is 3-rainbow connected. Now go back to G, and color each
edge connecting vertices in distinct H; with the color of the corresponding edge in G'.
For each i = 1,2,--- |k, we use rz3(H;) new colors to assign the edges of H; such that
H; is 3-rainbow connected. The resulting edge-coloring makes G 3-rainbow connected.
Therefore, 725(G) < k — 14 S5 ras(H,). O



To subdivide an edge e is to delete e, add a new vertex x, and join x to the ends
of e. Any graph derived from a graph G by a sequence of edge subdivisions is called a
subdivision of GG. Given a rainbow coloring of G, if we subdivide an edge e = uv of G by
xu and zv, then we assign xu the same color as e and assign zv a new color, which also
make the subdivision of G 3-rainbow connected. Hence, the following lemma holds.

Lemma 4. Let G be a connected graph, and H be a subdivision of G. Then raxs(H) <
ras(G) + [V(H)| = [V(G)].

The ©-graph is a graph consisting of three internally disjoint paths with common end
vertices and of lengths a, b, and ¢, respectively, such that a < b < ¢. Then a+b+c =n+1.

Lemma 5. Let G be a ©-graph of order n. If n > 7, then rx3(G) < n — 3.

Proof. Let the three internally disjoint paths be Py, P», P; with the common end vertices
u and v, and the lengths of Py, P, P3 are a, b, ¢, respectively, where a < b < c.

(1). b>3. Then ¢ > b >3, a > 1. First, we consider the graph ©; witha=1,b=3
and ¢ = 3. We color uPv with color 3, uP,v with colors 2, 3, 1, and uP3v with colors 1, 3, 2.
The resulting coloring makes © rainbow connected. Thus, rz3(0;1) < 3 = |V(0;)] — 3.
For a general ©-graph G with b > 3 and n > 7, it is a subdivision of ©1, hence by Lemma
4, res(G) < rx3(07) + |[V(G)| = [V(01)] < |V(G)| — 3.

(2). a=1,b=2. Thensincea+b+c=n+12>8 ¢ > 5. Consider the graph
O, with a =1, b = 2 and ¢ = 5. We rainbow color uP;v with color 4, uP>v with colors
1,3, and uPsv with colors 2,3,4,2,1. Thus, raz3(0s) < 4 = |V(0,)| — 3. For a general
O-graph G with @ = 1, b = 2, ¢ > 5, it is a subdivision of ©,, hence by Lemma 4,
ra3(G) < ras(02) + [V(G)| — [V(0,)] < [V(G)| = 3.

(3). a=2,b=2, Then since a+b+c¢c =n+1> 8, ¢ > 4. Consider the graph
O3 with a = 2, b = 2 and ¢ = 3. We rainbow color uPyv with colors 3,2, uPv with
colors 2,1, and uPsv with colors 1,2,3. Thus, rz3(03) < 3 = |V(03)| — 3. For a general
O-graph G with a = 2, b = 2, ¢ > 4, it is a subdivision of ©3, hence by Lemma 4,
res(G) < ras(03) + [V(G)| = [V(O3)] < [V(G)] = 3.

Every ©-graph with n > 7 is one of the above cases, therefore rx3(G) < n — 3. m

A 3-sun is a graph G which is defined from Cg = v, v9, - - - , vg, v1 by adding three edges
Valy, VaUg and v4vg.

Lemma 6. Let G be a 2-connected graph of order 6. If G is a spanning subgraph of a
3-sun, then rxs(G) = 4. Otherwise, rxs(G) = 3.

Proof. Since G is a 2-connected graph of order 6, G is a graph with a cycle Cy =
vy - - - Ugv1 and some additional edges.



If G is a subgraph of a 3-sun, then since every tree connecting the three vertices
{v1,v3,v5} must have size at least 4, which implies that rz3(G) > 4. On the other
hand, ra3(G) < rz3(Cs) < 4. Therefore, ra;(G) = 4.

If there is an edge between the two antipodal vertices of Cg, then by Lemma 5, rz3(G) =
3.

If G contains the edges viv3 and vyvg, then it contains O3, defined in Lemma 5, as a
spanning subgraph, thus rz3(G) = 3.

If G contains the edges vivs and vyvy, we give a rainbow 3-coloring ¢ of G: c(vivq) =
c(vgvs) = 1, c(vavg) = c(vavy) = c(v1v5) = c(v5v6) = 2, c(v3v4) = c(v1v6) = 3. O

Let H be a subgraph of a graph G. An ear of H in G is a nontrivial path in G whose ends
are in H but whose internal vertices are not. A nested sequence of graphs is a sequence
{Go, Gy, - ,Gy} of graphs such that G; C Gi11, 0 < i < k. An ear decomposition of a
2-connected graph G is a nested sequence {Gy, Gy, - - - , Gy} of 2-connected subgraphs of G
such that: (1) Gy is a cycle; (2) Gy = G;_1UP;, where P;is an ear of G;_1 in G, 1 < i < k;
(3) Gxr = G. We call an ear decomposition nonincreasing if £(Py) > (Py) > -+ > £(Fy),
where ¢(P;) denotes the length of P;.

Theorem 8. Let G be a 2-connected graph of order n > 4. Then rx3(G) < n — 2, with
equality if and only if G = C,, or G is a spanning subgraph of 3-sun or G is a spanning
subgraph of K5 — e or G is a spanning subgraph of K.

Proof. Since G is 2-connected, G contains a cycle. Let C be the largest cycle of G, then
|C| >4, ra3(C) < |V(C)| —2. Let Hy = C, Hy, Hs, -+ , H,_jy(c)+1 be subgraphs of G,
each is a single vertex, then by Lemma 3, rz3(G) < n — |[V(C)| + ras(Hy) <n — 2.

If G = C, then by Theorem 1, rz3(G) =n — 2.

If G # C, then G contains a nonincreasing ear decomposition {Go, G1,---,Gy}. Let
H, = CU Py, then H, is a ©-graph. We choose Hsy, Hs, -+, H,_|v(m,)+1 as subgraphs of
G with a single vertex each, then by Lemma 3, ra3(G) < n — |V (Hy)| + rzs(Hy).

If |V(H,)| > 7, then by Lemma 5, ra3(H;) < |V(H;)| — 3, hence rz3(G) < n — 3.

If |V(Hy)| = 6, we consider three cases.

Case 1. |V(C)| = 6. Then ¢(P;) = 1. Hence {(Py) = 4(P2) =---=4(P) =1,Gis a
graph of order 6. By Lemma 6, rx3(G) = 4 if and only if G is a spanning subgraph of a
3-sun.

Case 2. |V(C)| = 5. Then ¢(P;) = 2. Let u and v be the end vertices of P;.
If do(u,v) = 1, then we can find a cycle larger than C', contradicting the choice of C.
Otherwise, do(u, v) = 2, it is the graph ©3 defined in Lemma 5, then rzs(H;) = rx3(03) <
3= |V(Hy)| — 3, thus rz3(G) < n — 3.

Case 3. |V(C)| = 4. Then ¢(P;) = 3. Let u and v be the end vertices of P,. Either
de(u,v) =1 or do(u,v) = 2, we can always find a cycle larger than C', a contradiction.
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If [V(H,)| = 5, there are two cases to be considered. If |V(C)| = 5, then ¢(P) = 1,
hence G is a graph of order 5. By Theorem 3, rx3(G) = 3 = n — 2 except for K5, whose
3-rainbow index is 2. If [V(C)| = 4, then ¢(P;) = 2. Let u and v be the end vertices of
Py. Note that do(u,v) = 2. If ¢(P;) = 1, then G is a graph of order 5. If ¢(P) > 2,
let v’ and v’ be the end vertices of P,, then {u/,v'} = {u,v}, otherwise, we can find a
cycle larger than C. Let H{ = H; U P, then H] is a graph consisting of 4 internally
disjoint paths of length 2 with common vertices v and v. We assign the edges of the four
paths with colors 12, 21, 31, 13, the resulting coloring makes Hj rainbow connected, thus,
ras(Hy) < 3 = |V(H])| — 3. Let H), H, - - s H, vy 41 be subgraphs of G, each is a
single vertex, then by Lemma 3, rz3(G) < n — |V(H])| + ras(H;) < n — 3.

If |V(Hy)| =4, then |V(C)| =4, {(P) = 1, G is a graph of order 4, by Theorem 3,
res(G) =2=mn—2.

Therefore, rx3(G) = n — 2 if and only if G = C,, or G is a spanning subgraph of 3-sun
or GG is a spanning subgraph of K5 — e or GG is a spanning subgraph of Kj. m

Now we turn to 2-edge-connected graphs. We call an ear is closed if its endvertices are
identical, otherwise, it is open. An open or closed ear is called a handle. For a 2-edge-
connected graph G, there is a handle-decomposition, that is a sequence {Gg, G1,- -, G}
of graphs such that: (1) Gy is a cycle; (2) G; = G;—1 U P;, where P; is a handle of
Gi1in G, 1 <1 <k; (3) Gy = G. Similar to Theorem 8, we give an upper bound of

) U1 U1 V4 U6
V6
1 3 2
VU3 Vg vy U2 U3 U5 v7
F: F. F:

3 4 5

2-edge-connected graphs.

(%1 v
¥ o1
2
3 V4 Vs
F:

V2
3
2
v
F

1 2

Figure 2. Graphs with rz3(G) =n — 2

Theorem 9. Let G be a 2-edge-connected graph of order n > 4. Then rax3(G) < n — 2,
with equality if and only if G is a graph attaining the upper bound in Theorem 8 or a
graph in Figure 2.

Proof. Let C' be the largest cycle of G. If |[V(C)| > 4, then ra3(C) < |[V(C)| — 2.
Otherwise, all cycles of G are of length 3. Since n > 4, there are at least two triangles
C7 and C5 with a common vertex v. Let F} = Cy} U (s, we rainbow color F; with
three colors, see Figure 2(1), thus rx3(Fy) < 3 = |V(F1)| — 2. Let Hy = C or [,
Hy, Hs,- -+, Hy_|v(my)+1 be subgraphs of G with a single vertex each, then by Lemma 3,
res(G) <n—|V(Hy)| +rxs(Hy) <n—2.
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Figure 3. Graphs with rz3(G) <n —3

Now we determine the graphs that obtain the upper bound n — 2.
If G = C, then by Theorem 1, ra3(G) =n — 2.
If G # C, then G contains a handle-decomposition {Gy, Gy, -+ ,Gr}. Let H; C G,

Hy, Hs, -, Hy_v(m,)+1 be subgraphs of G with a single vertex each, then by Lemma 3,
if we show that rz3(H;) < |V (H;)| — 3, then we have rz3(G) < n — 3.

If |V(C)| > 4 and P, is an open ear, we come back to Theorem 8. If |V(C)| = 3 and
P, is an open ear, then a cycle is of length larger than C, a contradiction.

If |[V(C)] > 4 and P, is a closed ear, then G; is a union of two cycles C; = C and
Cy = P;. If both of the cycles are of length at least 4, we rainbow color each cycle C;
with [V(C;)| — 2 colors, which makes G} 3-rainbow connected. So we assume that Cy is of
length 3. If C} is of length 5, we rainbow color G by 4 colors, see Figure 3(1). If C} is of
length greater than 5, then it is the subdivision of the graph in the case of |V(C})| = 5.
For all the above three cases, we have rax3(Gy) < |V(Gy)| — 3. Let H; = Gy, it follows
that rz3(G) <n — 3.

So it remains the case that |V(C})| = 4, [V (Cy)| = 3, we denote this graph by Fj, see
Figure 2(2). Then F; is a subdivision of F, so ra3(F2) < 4. On the other hand, consider
S = {wvy, v5,v6}, every S-tree has size at least 4, hence rz3(Fy) = 4 = |V(F,)|—2. Observe
that P is a closed ear of length at most 4, then Gy = Fy, U P,. If {(P,) = 4, then G
contains two cycles of length 4. If /(P,) = 3, we rainbow colors Gy with |V(G2)| — 3
colors, see Figure 3(2-5). For the above two cases, rz3(Gs) < [V (Gq)| — 3. Let H; = Ga,
it implies that rz3(G) < n — 3. If {(P,) = 1, then P, must be an edge joining the
vertices of (7, there are two graphs, denoted by F3 and Fj. Similar to F5, we have
reg(F3) = |V(F3)| — 2. For Fy, ras(Fy) < rxs(Fy) < 4. On the other hand, suppose
ras(Fy) < 3. Consider {vy,vs3,v5}, {v1,v3,v6}, we have that c(vsvs) = c(v4v5), which
implies that there is no rainbow {vy, vs, vg }-tree or {vy, vs, vg}-tree, a contradiction. Hence
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ras(Fy) =4 = |V (Fy)| — 2. Observe that P is of length 1, G3 = F3 U Py or Fy U Ps, we
can rainbow color G3 by 3 colors, see Figure 3(6). Let H; = G35, then rz3(G) < n — 3.

If [V(C)| = 3 and P, is a closed ear, then ¢(P;) = 3. Thus Gy = F}, it is easy to
get rx3(Gr) = |V(G1)| — 2. If P, exists, then it must be a closed ear of length 3, there
are two cases for the graph Go. If Gy is as Figure 3(7), then rz3(Gy) < |V(G2)| — 3,
let H; = Go, thus ra3(G) < n — 3. If Gy is as Figure 2(5), we prove that its 3-rainbow
index is |V (G2)| — 2. From Figure 2(5), we have that rz3(Gse) < 5. If ras(Ga) < 4,
let ¢ : E(G) — {1,2,3,4} be the rainbow 4-coloring of G5. Consider {vy,v4,v6} and
{v1, vy, v7}, we have c(viv3) # c(vsvg), c(v1v3) # c(vsvr). If c(vsvg) = c(vsvr), suppose that
c(vsvg) = 1, ¢(vyvs) = 2, consider {vy,vg,v7}, we may assume c(vsvs) = 3, c(vgvr) = 4.
Consider {wvg, v, v7}, {v1,v2, 06}, {v1,v2,v4}, {v1,04,06}, we have c(vovs) = 2, c(v1v2) =
4, c(vzvy) = 4,c(vqvs) = 1, but then there is no rainbow tree connecting {vy, vg, v7}.
If c(vsvg) # c(vsvr), then c(vivs) # c(vavs), let c(vivs) = 1, c(vavs) = 2, c(vsvg) =
3, c(vsvg) = 4. Consider {vy, vy, v6}, then the colors 2 and 4 must appear in the triangle
v3v4v5. Consider {vg, vy, v7}, then the colors 1 and 3 must appear in the triangle vzvsvs,
which is impossible. So we consider Ps, if it exists, then it must be a close ear, there are
two cases, no matter which case presents, we can give a rainbow coloring with |V (G3)|—3
colors, see Figure 3(8-9). Let Hy = G3, then ra3(G) < n — 3.

Combining all the above cases, rz3(G) = n — 2 if and only if G is a graph attaining the
upper bound in Theorem 8 or a graph in Figure 2. O
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