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Abstract

The maximum local connectivity was first introduced by Bollobds. The problem
of determining the maximum number of edges in a graph with £ < £ has been studied
extensively. We consider a generalization of the above concept and problem. For
S C V(G) and |S| > 2, the generalized local connectivity r(S) is the maximum
number of internally disjoint trees connecting S in G. The parameter 7i(G) =
maz{r(S)|S C V(G),|S| = k} is called the mazimum generalized local connectivity
of G. In this paper the problem of determining the largest number f(n;&; < ) of
edges for graphs of order n that have maximum generalized local connectivity at
most £ is considered. The exact value of f(n; Ry < ¢) for k = n,n — 1 is determined.

For a general k, we construct a graph to obtain a sharp lower bound.

Keywords: (edge-)connectivity, Steiner tree, internally (edge-)disjoint trees, gen-

eralized local (edge-)connectivity.
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1 Introduction

All graphs considered in this paper are undirected, finite and simple. We refer to [7] for
graph theoretical notation and terminology not described here. For any two distinct ver-
tices z and y in G, the local connectivity kg (x,y) is the maximum number of internally dis-
joint paths connecting « and y. Then x(G) = min{kg(x,y)|z,y € V(G),z # y} is defined
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to be the connectivity of G. In contrast to this parameter, ®(G) = max{krg(z,y)|z,y €
V(G),x # y}, first introduced by Bollobés (see [4] for example), is called the mazimum
local connectivity of G. As we have seen, the connectivity and maximum local connec-
tivity are two extremes of the local connectivity of a graph. A invariant lying between
these two extremes is the average connectivity kK(G) of a graph, which is defined to be
K(G) = yevic) kel y)/ (3); see [3]. The problem of determining the smallest number
of edges, hi(n;% > r), which guarantees that any graph with n vertices and hi(n;% > )
edges will contain a pair of vertices joined by r internally disjoint paths was posed by
Erdos and Gallai; see [1] for details. Bollobas [4] considered the problem of determining
the largest number of edges, f(n;% < ¢), for graphs with n vertices and local connectivity
at most ¢, that is, f(n;® < ¢) = max{e(G)||V(G)| = n and R(G) < ¢}. One can see
that hi(n;k > 0+ 1) = f(n;®E <€) + 1. Similarly, let Ag(z,y) denote the local edge-
connectivity connecting x and y in G. Then A(G) = min{Ag(z,y)|z,y € V(G),x # y},
MG) = max{\g(2,y)|z,y € V(G),z # y} and X(G) = Y e yev(G) ka(z,y)/(5) are the
edge-connectivity, maximum local edge-connectivity and average edge-connectivity, respec-
tively. For the connectivity and edge-connectivity, Oellermann gave a survey paper on
this subject; see [34] for details. For more details on the average (edge-)connectivity,
we refer to [2]. The edge version of the above problems can be defined similarly. Set
g(n; X < 0) = max{e(G)||V(G)| = n and \(G) < £}. Let ha(n; X > r) denote the small-
est number of edges which guarantees that any graph with n vertices and hy(n;®% > 1)
edges will contain a pair of vertices joined by r edge-disjoint paths. Similarly, hy(n; X >
{+1) = g(n; XA < £) + 1. The problem of determining the precise value of the parameters
f;® < 0), glny X < 0), hy(n;® > 7), or ha(n; & > ) has obtained wide attention and
many results have been obtained; see [4, 5, 6, 18, 19, 20, 28, 29, 36].

Mader was one of the first authors that considered the ‘connectedness’ properties of
sets of vertices in a graph other than just 2-sets; see [29, 30]. In [30], he studied an
extension of Menger’s theorem to independent sets of three or more vertices. We know
that from Menger’s theorem that if S = {u,v} is a set of two independent vertices in
a graph GG, then the maximum number of internally disjoint u-v paths in G' equals the
minimum number of vertices that separate v and v. For aset S = {uy, ug,- -+ ,ur} (k > 2)
in a graph G, an S-path is defined as a path between a pair of vertices of S that contains
no other vertices of S. Two S-paths P; and P, are said to be internally disjoint if they are
vertex-disjoint except possibly for the vertices in S. If S is a set of independent vertices
of a graph G, then a vertex set U C V(G) with U N S = & is said to totally separate S
if every two vertices of S belong to different components of G \ U. Let S be a set of at
least three independent vertices in a graph G. Let u(G) denote the maximum number
of internally disjoint S-paths and p/(G) the minimum number of vertices that totally

separate S. A natural extension of Menger’ s theorem may well be suggested, namely: If



S is a set of independent vertices of a graph G and |S| > 3, then u(S) = ¢/(S). However,
the statement is not true in general. Take for example, the graph H; obtained from a
triangle with vertex set {vy, v9,v3} by adding three new vertices uq, us, u3 and joining v;
to u; by an edge for 1 <i < 3. For S = {vy,v9,v3}, u(S) =1 but p/(5) = 2. Mader [31]
proved that p(S) > 14/(S). Moreover, the bound is sharp. Lovész conjectured an edge
analogue of this result and Mader proved this conjecture and established its sharpness.
For more details, we refer to [30, 31, 33].

For a graph G = (V, E) and a set S C V of at least two vertices, an S-Steiner tree or
a Steiner tree connecting S (a Steiner tree for short) is a such subgraph T'(V', E’) of G
that is a tree with S C V’. Note that when |S| = 2 a Steiner tree connecting S is just
a path connecting S. Two Steiner trees T" and T" connecting S are internally disjoint if
ET)NET)=@and V(T)NV(T") = S. For S C V(G) and |S| > 2, the generalized
local connectivity £(S) is the maximum number of internally disjoint trees connecting S in
G. For an integer k with 2 < k < n, the k-tree-connectivity or generalized k-connectivity
is defined as ki (G) = min{x(S)|S C V(G),|S| = k}. Thus, ro(G) = k(G). We knew
this concept from [9] for the first time. There the authors obtained the exact value of
the generalized k-connectivity of complete graphs. From [12], we know that the concept
was introduced actually by Hager in his another paper, but we do not know whether his
this paper has been published, yet. Except for the concept of tree-connectivity, Hager
also introduced another tree-connectivity parameter, called the pendant tree-connectivity
of a graph in [12]. For the tree-connectivity, we only search for edge-disjoint trees which
include S and are vertex-disjoint with the exception of the vertices in .S. But pendant tree-
connectivity further requests the degree of each vertex of S in a Steiner tree connecting
S is equal to one. Note that it is a specialization of the tree-connectivity. For results on

the generalized connectivity or tree-connectivity, see [11, 13, 22, 23, 24, 25, 26].

Chartrand et al. [8] introduced the concept of the k-connectivity of a graph, which
is another generalization of the concept of the classical connectivity. Recall that there is
another equivalent definition of the connectivity. The connectivity of G, written k(G), is
the minimum size of a vertex set S C V(@) such that G'\ S is disconnected or has only one
vertex. Note that we find the above minimum vertex set without regard the number of
components of G'\ S. Two graphs with the same connectivity may have different degrees
of vulnerability in the sense that the deletion of a vertex cut-set of minimum cardinality
from one graph may produce a graph with considerably more components than in the
case of the other graph. For example, the star K, and the path P, (n > 3) are
both trees of order n + 1 and therefore connectivity 1, but the deletion of a cut-vertex
from K, produces a graph with n components while the deletion of a cut-vertex from
P, 11 produces only two components. For an integer k£ (k > 2) and a graph G of order

n (n > k), the k-connectivity ), (G) is the smallest number of vertices whose removal



from G of order n (n > k) produces a graph with at least & components or a graph
with fewer than k vertices. Thus, for k = 2, k5(G) = k(G). For more details about the
k-connectivity, we refer to [8, 10, 34, 35]. Note that the generalized k-connectivity (or
k-tree-connectivity) and k-connectivity of a graph are indeed different. Take the above

graph H; for an example. Clearly, r3(H,) =1 but x5(H;) = 2.

In [21], we generalized the above classical problems. Similar to the classical maximum
local connectivity, we introduced the parameter %, (G) = max{x(95)|S C V(G), |S| = k},
which is called the maximum generalized local connectivity of G. There we considered
the problem of determining the largest number of edges, f(n;%y < ¢), for graphs with n
vertices and maximum generalized local connectivity at most ¢, that is, f(n;Rx < {) =
max{e(G)||V(G)| = n and F(G) < £}. We also considered the smallest number of edges,
hy(n; Ry > r), which guarantees that any graph with n vertices and hy(n; %y > r) edges
will contain a set S of k vertices such that there are r internally disjoint S-trees. It is
easy to check that hy(n; Ry > 0+ 1) = f(n; R <)+ 1for 0 <l <n—[k/2] —1. In [21],
we determined that f(n;®s < 2) =2n—3forn >3 and n # 4, and f(n; 73 < 2) = 2n—2
for n = 4. Furthermore, we characterized graphs attaining these values. For a general ¢,
we constructed graphs to show that f(n;&s <€) > %2(n — 2) + § for both n and k odd,
and f(n;Fs < ) > “2(n — 2) + 1 otherwise.

We continue to study the above problems in this paper. The edge version of these
problems are also introduced and investigated. For S C V(G) and |S| > 2, the generalized
local edge-connectivity A(S) is the maximum number of edge-disjoint trees connecting S
in G. For an integer k with 2 < k < n, the generalized k-edge-connectivity [27] is defined
as \(G) = min{A(S)|S C V(G),|S| = k}. The parameter \,(G) = max{A(S)|S C
V(G),|S| = k} is called the maximum generalized local edge-connectivity of G. Similarly,
g(n; N, < 0) = max{e(G)||V(G)| = n and M\(G) < £}, and hy(n; A\, > r) is the smallest
number of edges, hy(n; Ay > r), which guarantees that any graph with n vertices and
ho(n; A > 1) edges will contain a set S of k vertices such that there are r edge-disjoint
S-trees. Similarly, ho(n; Ay > £+ 1) = g(n; A\ <€) +1for 0 <0 <n— [k/2] — 1.

The following result, due to Nash-Williams and Tutte, will be used later.

Theorem 1. (Nash-Williams [32], Tutte [37]) A multigraph G contains a system of £

edge-disjoint spanning trees if and only if
1G/2|| > (|2] - 1)

holds for every partition & of V(G), where ||G/Z| denotes the number of edges in G
between distinct blocks of .

The following corollary can be easily derived from Theorem 1.
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Corollary 1. Every 2(-edge-connected graph contains a system of £ edge-disjoint spanning

trees.

A subset S C V(G) is called (-edge-connected, if A\g(x,y) > ¢ for all  # y in S.

Kriesell [15] conjectured that this Corollary 1 can be generalized for Steiner trees.

Conjecture 1. (Kriesell [15]) If a set S of vertices of G is 2(-edge-connected, then there

1 a set of € edge-disjoint Steiner trees connecting S in G.

This conjecture has obtained wide attention and many results have been worked out;
see [14, 15, 16, 17, 38].

With the help of Theorem 1, we determine the exact value of f(n; & < £) and g(n; A\ <
0) for k = n,n — 1. The graphs attaining these values are also characterized. It is not
easy to solve these problems for a general k (3 < k < n). So we construct a graph class

to give them a sharp lower bound for a general k (3 <k <n —2).

To start with, the following two observations are easily seen.

Observation 1. Let G' be a connected graph of order n. Then

Observation 2. If H is a spanning subgraph of G of order n, then kx(H) < ri(G),
In [27], we obtained the exact value of \g(K,).

Lemma 1. [27] Let k,n be two integers with 3 <k <n. Then

Me(K) =1 — [k/2]

From Lemma 1, we can derive sharp bounds of \(G).

Observation 3. Let k,n be two integers with 3 < k < n, and let G be a connected graph
G of order n. Then 1 < \i(G) < n — [k/2]. Moreover, the upper and lower bounds are
sharp.

Proof. From the definitions of A\;(G) and \,(G) and the symmetry of a complete graph,
Me(Kp) = M(K,) = n— [£]. So for a connected graph G of order n it follows that

Me(G) < Xie(K,) = n—[%]. Since G is connected, Ay (G) > 1. So 1 < X\ (G) <n—[%]. O



One can easily check that the complete K, attains the upper bound and any tree T
of order n attains the lower bound. Combining Observation 3 with (1) of Observation 1,

the following observation is immediate.

Observation 4. Let k,n be two integers with 3 < k < n, and let G be a connected graph
G of order n. Then 1 < Ri(G) < n — [k/2]. Moreover, the upper and lower bounds are
sharp.

2 The case k=n

In this section, we determine the exact value of g(n; \; < ¢) for the case k = n. This is
also a preparation for the next section. From Observation 3, 1 < \,(G) < |5]. In order
to make the parameter g(n; A, < £) to be meaningful, we assume that 1 < ¢ < |5]). Let

us focus on the case 1 < /¢ < L%J and begin with a lemma derived from Theorem 1.

Lemma 2. Let G be a connected graph of ordern (n >5). If e(G) > (";") +¢ (1 <€ <

125%]) and 6(G) > €+ 1, then G contains { + 1 edge-disjoint spanning trees.

Proof. Let & =J/_, Vi be a partition of V(G) with |V;| =n; (1 <i<p), and &, be the
set of edges between distinct blocks of & in G. It suffices to show |E,| > (£ + 1)(p — 1)

so that we can use Theorem 1.

The case p = 1 is trivial, thus we assume p > 2. For p = 2, we have & = V| U V5. Set
[Vi| = n1. Then |Vo| = n—ny. If ny = 1 or ny = n—1, then |&| = |Eg[V1, Va]| > £+1 since
§(G) > €+1. Suppose 2 < n; < n—2. Then |&| = |Eg[Vi, V3| > (", )+~ (%) — (") =
—n?+mnny +€—(n—1). Since 2 < n; < n—2, one can see that |&| attains its minimum
value when ny = 2 or ny =n —2. Thus |&] > n—3+4+¢> (+ 1. So the conclusion is true

for p = 2 by Theorem 1.

Consider the case p = n. To have |€,| > (¢ + 1)(n — 1), we must have (") + ¢ >
(0 +1)(n — 1), that is, (n —2¢ — 3)(n —2) > 2. Since ¢ < [25*], this inequality holds.
The case p = n — 1 can be proved similarly. Since |&,_1| > (" 1) + ¢ — 1, we need the
inequality W +/0—1>{+1)(n—2), thatis, (n —2( —3)(n —3)+ (n—5) > 0.
Since ¢ < L%‘j and n > 5, this inequality holds.

Let us consider the remaining case p for 3 < p < n — 2. Clearly, |E,| > e(G) —

(s > () =320 (W), We will show that (")) +6—320 (W) > ((+1)(p—1),
that is, (”gl) +0—(+1)(p—1) >3 (). Actually, we only need to prove that
W —(l+1)(p—2)—1>max{d" (")} Since f(ni,ng, -+ ,n,) = >.b_, (r;)

achieves its maximum value when ny = ng = -+ = n,_; = l and n, = n —p + 1,
we need the inequality W —(+1)(p— > (D=1 + ("%, that is,
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(n—1)(n—2)—2({+1)(p—2)—2> (n—p+1)(n—p). Thus this inequality is equivalent
to(p—2)2n—p—20—3)>2. Since 1 </ < L"T_‘lj and 3 < p < n — 2, one can see that
the inequality holds. Thus, |E,] > ({4 1)(p — 1). From Theorem 1, we know that there

exist £ 4+ 1 edge-disjoint spanning trees, as desired. O

In [27], the graphs with rx(G) = n — [£] and \.(G) = n — [£] were characterized,

respectively.

Lemma 3. [27] Let k,n be two integers with 3 < k < n, and let G be a connected graph
G of order n. Then rk,(G) = n — [£] or \i(G) = n — [%] if and only if G = K, for k
even; G = K, \ M for k odd, where M is an edge set such that 0 < |M| < EL.

Note that k,(G) = M\.(G) = Fn(G) = X\,(G). From the above lemma, we can derive

the following corollary.

Corollary 2. For a connected graph G of order n, r,(G) = Fn(G) = \(G) = M\, (G) =
| 5] if and only if G = K, for n even; G = K, \ M for n odd, where M is an edge set
such that 0 < |[M| < 221

Let G,, be a graph class obtained from a complete graph K,_; by adding a vertex v

and joining v to ¢ vertices of K,,_;.

Theorem 2. Let G be a connected graph of order n (n > 6). If X\, (G) <€ (1 <0< |2]),
then

I

(")
e(G) < (n31)
(")
(3); if £=
with equality if and only if G € G, for 1 <0 < |%52]; G = K,, \ e where ¢ € E(K,) for
(= [22] and n even; G = K, \ M where M C E(K,) and |M| =25 for ¢ = |22] and

n odd; G = K, for{ = [%].

<%

+ ¢, l

+n—2, if {=|%2] and nis even;

+ 23 |22 and n is odd;
]

Proof. For 1 < ¢ < [254],if e(G) > (";") + (¢ + 1), then §(G) > ¢ + 1. From Lemma 2,
A(G) > €+ 1, which contradicts to A,(G) < £. So e(G) < (")) + € for 1 < ¢ <[22,
For ¢ = L”T_2J and n even, e(G) < (";1) + n — 2 by Corollary 2. By the same reason,
e(G) < (") + 252 for £ = [252] and n odd. If £ = [ 2], then for any connected graph G
An(G) < £ by Observation 3. So e(G) < (3).

Now we characterize the graphs attaining the upper bounds. Consider the case 1 <

¢ < |25%]. Suppose that G is a connected graph such that e(G) = (";') + £. Clearly,
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§(G) > (. Assume §(G) > £+ 1. Since e(G) = (";') + £, G contains ¢ + 1 edge-disjoint
spanning trees by Lemma 2, namely, \,(G) > ¢ + 1, a contradiction. So §(G) = ¢, and
hence there exists a vertex v such that dg(v) = (. Clearly, e(G — v) = (",'). Thus
G — v is a clique of order n — 1. Therefore, G € G,. For n even and ¢ = L”T_zj, let
e(G) = (";1) +n—2. Obviously, G = K, \ e, where ¢ € E(K,,). For n odd and ¢ = |22 ],
let e(G) = (") + 252, Cleatly, G = K,, \ M, where M C E(K,) and |[M| = !, For

(=12],if e(G) = (3), then G = K,,. O

Corollary 3. For 1 < (< [5] andn > 6,

) (n;l) +0, ifl1<i< L%J or ¢ = L”T_ﬂ and n is odd,;
FiFa <O =gnidn <O = ("3) +26, if £=["52] and n is even;
(5), if £= 3]

3 Thecase k=n—1

Before giving our main results, we need some preparations. From Observation 4, we
know that 1 < &,_1(G) < |2 ]. So we only need to consider 1 < ¢ < [%EL] In order to
determine the exact value of f(n;%,_; < ) for a general £ (1 < ¢ < |™L|), we first focus

2
on the cases ¢ = |+ | and [*51]. This is also because by characterizing the graphs with

Fno1(G) = |22 ] and [251], we can deal with the difficult case £ = [252].

3.1 The subcases / = VLTHJ and / = LnT_lJ

Let us begin this subsection with a useful lemma in [27].

Let S C V(G) such that |S| = k, and .7 be a maximum set of edge-disjoint trees in
G connecting S. Let 7 be the set of trees in .7 whose edges belong to E(G[S]), and %
be the set of trees containing at least one edge of Eg[S, S], where S = V(G) \ S. Thus,
T = 71 U Z (Throughout this paper, 7, 7, Z are defined in this way).

Lemma 4. [27] Let S C V(G), |S| =k and T be a tree connecting S. If T' € F, then T
uses k—1 edges of E(G[S])UEG[S, S|; If T € Z, then T uses k edges of E(G[S])UEG]S, S].

The following results can be derived from Lemma 4.

Lemma 5. Let G = K, \ M be a connected graph of order n (n > 4), where M C E(K,).
(1) If n is odd and |M| > 1, then A\, 1(G) < 2,

2 7

(2) If n is even and M| > 2, then X\,—_1(G) < %.

2
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Proof. (1) For any S C V(@) such that |S| = n — 1, obviously, |S| = 1 and e € E(G[S])U
Eq[S,S] for all e € E(G). Let | 71| = x and |.7| = y. Then |%| = y — . Clearly, |.7| <
(U2 | = 51 From Lemma 4, since (n — 2)| 95| + (n — 1)| %] < |E(G[S]) U E¢[S, 5]), it

follows that (n—2)z+(n—1)(y —z) < ()—1 Then A\(S) = |§|_y_m+ 1

n—1 —
n+1 1 n—l—l n+1
- T a1 So >\n 1(G) < R

(2) In this case, for any S C V(@) such that |[S| = n — 1, we have |S| = 1 and
e € E(G[S])U EglS, 9] for all e € E(G). Let | 7| =z and |7| = y. Then |%| =y — .
Clearly, |71] < L(n 2)J = |2 ] = %52, From Lemma 4, since (n —2)| 7| + (n —1)|.%| <

|E(G[S]) U Eg[S, S]], it follows that (n —2)z + (n — 1)(y — ) < (§) — 2. Then A(S) =

2
|<7|_y<—+——2(n—n_1)§g—ﬁ<%SO)\n_l(G)<g O
With the help of Lemmas 3 and 5 and Observation 1, the graphs with %, _1(G) = |2 |

can be characterized now.

Proposition 1. For a connected graph G of order n (n > 4), ®,_1(G) = [*] if and
only if G = K,, forn odd; G = K,, \ M for n even, where M is an edge set such that
0<|M|< 52

Proof. Consider the case n odd. Suppose that G is a connected graph such that %,,_1(G) =
"TH. In fact, the complete graph K, is a unique graph attaining this Value._Let G=K,\e
where e € E(K,). From (1) of Lemma 5 and Observation 1, %,_1(G) < \,_1(G) < Z£,
a contradiction. So G = K,,. Conversely, if G = K,,, then %,_1(G) > k,_1(G) = "TH by

Lemma 3. Combining this with Observation 4, we have &,_1(G) = 25

Now consider the case n even. Suppose that G is a connected graph such that
Fno1(G) = 2. If G = K, \ M such that |[M| > 2, then &, 1(G) < A\—1(G) < 2 by
(2) of Lemma 5, a contradiction. So G = K, \ M, where 0 < |M] < 22, Conversely, if
G = K, \ M such that 0 < [M| < "5, then ®,,_1(G) > k,-1(G) = § by Lemma 3. From

this together with Observation 4, we have Fn-1(G) = 5. O

Furthermore, graphs with A,_;(G) = |2} | can also be characterized.

Proposition 2. For a connected graph G of order n (n > 4), A\,_1(G) = |22 ] if and
only if G = K,, forn odd; G = K,, \ M for n even, where M is an edge set such that
0<|M| <232

Proof. Assume that G is a connected graph satisfying the conditions of Proposition 2.
From Observation 1 and Proposition 1, it follows that \,_i(G) > ,_1(G) = [Z£L].
Combining this with Observation 3, X,_1(G) = [*5']. Conversely, suppose A,—1(G) =
|2+L]. For n odd, if G = K, \ e where e € E(K,), then ®,_1(G) < X\,1(G) < “£L by



(1) of Lemma 5. So the complete graph K, is a unique graph attaining this value. For n
even, if G = K, \ M where M € E(K,) such that [M| > %, then A,_1(G) < |%*] by (2)
of Lemma 5. So G = K,, \ M, where 0 < [M] < 232, O

We now focus our attention on the case ¢ = L"T_lj Before characterizing the graphs

with A,_1(G) = [251], we need the following four lemmas. The notion of a second
minimal degree vertex in a graph G will be used in the sequel. If G has two or more
minimum degree vertices, then, choosing one of them as the first minimum degree vertex,
a second minimal degree vertex is defined as any one of the rest minimum degree vertices
of G. If G has only one minimum degree vertex, then a second minimal degree vertex is
as its name, defined as any one of vertices that have the second minimal degree. Note

that a second minimal degree vertex is usually not unique.

Lemma 6. Let G = K, \ M be a connected graph of order n, where M C E(K,).

(1) If n (n > 10) is even and |M| > 322 then A\,—1(G) < 5*;

(2) If n (n > 10) is even, n+ 1 < |[M| < 225 and there is a second minimal degree
vertez, say uy, such that de(uy) < "5, then A1 (G) < "52;

(3) If n (n > 8) is odd and |M| >n — 1, then \,_1(G) < 251

Proof. (1) For any S C V(G) such that |S| =n — 1, obviously, |S| = 1 and e € E(G[S])U
E¢[S, 8] for all e € E(G). Set S = V(G)\ v where v € V(G). Since G is connected graph,

it follows that de(v) > 1 and hence d,[a(v) < n—2. So |[MNK,[S]| > 22— (n—2) = 2
n—1\_n

and |E(G[S])| < (*,') — 2. Therefore, | 71| < (Qn—)2 2 =22 L < 22 pamely,

| 71| < %52 Let || = 2 and |7 | = y. Then |.%| = y—x. Since (n—2)|7;|+(n—1)|%| <

|E(G[S]) U Eg[S, S]], it follows that (n — 2)z + (n — 1)(y — z) < () — 2. Then

NS) =171 =y < 72y 4§ = sty < 22— iy <22 S0 X (6) < 2

(2) Let v be a vertex such that dg(v) = 6(G). Then dg(v) < dg(ui) < %5*. For

any S C V(G) with |S| = n — 1, at least one of u;,v belongs to S, say u; € S. Hence
A(S) < do(uw) < 5% < 252 S0 X, (G) < 152

(3) The proof of (3) is similar to that of (1), and thus omitted. O

Lemma 7. Let H be a connected graph of order n — 1.
(1) Ifn (n >5) is odd, e(H) > (",?), 6(H) > 252 and any two vertices of degree "3
are nonadjacent, then H contains ”T_?’ edge-disjoint spanning trees.
(2) If n (n > 7) is even, e(H) > ("}°) — %52, 6(H) > "5* and any two vertices of
n—4

degree 5= are nonadjacent, then H contains "7_4 edge-disjoint spanning trees.
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Proof. We only give the proof of (1), (2) can be proved similarly. Let &2 = [J!_, Vi be a
partition of V(H) with |V;| =n; (1 <i <p), and &, be the set of edges between distinct
blocks of & in H. It suffices to show [€,| > 25%(|2?| — 1) so that we can use Theorem 1.

The case p = 1 is trivial, thus we assume p > 2. For p = 2, we have & = V] U V5. Set
Vil =ni. Then |[Vo| =n—1—ny. If ny =1 or ny = n—2, then |&| = |Eq[Vi, Vo]| > %52
since 6(H) > “5%. Suppose 2 < ny < n — 3. Clearly, |&| = |Eg[V1,Va]| > (%) — (%) —

("_12_"1) = -—n?+(n—1)n; — (n—2). Since 2 < n; < n— 3, one can see that |&| attains
its minimum value when ny =2 or ny =n — 3. Thus |&| >n—4 > "7_3 since n > 5. So

the conclusion holds for p = 2 by Theorem 1.

Now consider the remaining case p with 3 < p < n—1. Since |E,| > e(H)—>""_, (T;) >
("3%) =327, (%), we need to show that (";%) — Y0 (%) > 253 (p — 1), that is, (",7) —

nSBp—1) > 3" (). Furthermore, we only need to prove that (" ) e

maz{>"_, ("l)} Since f(ni,na,---,n,) = > b, (%) attains its maximum value when
ny =ng =---=n,1 = 1and n, =n — p, we need the inequality (" 2) — "T( -1) >

() (p— 1)+( ;7). that is, (p—3)(n—p—1) > 0. Since 3 < p < n—1, one can see that the
inequality holds. Thus, |£,| > 252 (p — 1). From Theorem 1, there exist 252 edge-disjoint

spanning trees, as desired. O

The following theorem, due to Dirac, is well-known.

Theorem 3. [7](p-485) Let G be a simple graph of order n (n > 3) and minimum degree
0. If 0 > 5, then G 1s Hamiltonian.

Lemma 8. Ifn (n > 8) is odd and G = K,, \ M such that |M| =n — 2, then R,—1(G) >

n—1

5 -

Proof. Clearly, e(G) = (",') + 1. Let §(G) = r and v be a vertex such that dg(v) =
d(G) = r. Choose S = V(G) \ v. Then |S| = n — 1. We distinguish the following two

cases to show this lemma.
Case 1. 1 <4(G) < 252

If 6(G) = r = 1, then e(G — v) = ("), which implies that G — v is a clique of order

n — 1. Obviously, G — v contains "—_1 edge-disjoint spanning trees connecting S, namely,
Fn-1(G —v) > "5=. Therefore, ,,_ 1(G) > 2L as desired.

Suppose §(G) = r > 2. Since dg(v) < %51, it follows that dg,(v) > n—1— 2+ =

2=l Combining this with [M]| = n — 2, we have [M N E(K,[S])] <n—2 - 21 <228
namely, G[S] is a graph obtalned from a clique of order n—1 by deleting at most edges

So 0(G[S]) > n— 2 — 5= = = We claim that there exists at most one Vertex in G[S]

such that its degree is T or "—H Assume, to the contrary, that there exist two vertices
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in S, say wp, us, such that das)(u;) < 2 (j = 1,2). Then dg(u;) < 2£2, and hence

di,(uj) >n—1— nt3 — n=8  Therefore, |M| > dic, (V) + dicaay (u) + di,pan (u2) >

2 2
"T_l + 2. "7_5 = % > n — 2, a contradiction. So we conclude that there exists at
most one vertex in G[S] such that its degree is 5+ or . Since 6(G[S]) > %5+, from

Theorem 3 G[S] is Hamiltonian and hence G[S] contains a Hamilton cycle, say C. Let
S = {uy,ug, - ,up_1} such that vu; € E(G) (1 < j <r). Clearly, vu; € M (r+1<j <
n—1). Then the vertices uy, us, - - - , u, divide the cycle C into r paths, say Py, Py, -+, P,;
see Figure 1 (a).

Figure 1. Graphs for Lemmas 8 and 9.

Now we find a Steiner tree connecting S with its root v in G, say 7', such that G;[5]
satisfies the conditions of (1) in Lemma 7, where G; = G\ E(T). If there exists a vertex

us € S of degree "T_l in G[9] such that ugs € {uy,ug, - ,u,} and e(Ps_1) = e(Ps) = 1,

then there exists a vertex w; € {41, Upso, -+ ,u,_1} such that usu, € E(G[S]) since

deps)(us) = 25+ and r < %21, Then u, is an internal vertex of some path, without loss

of generality, let v, € V(P,) (1 < ¢ < r,q # s—1,s). For each path P, (1 <i <),
we choose one edge e; € F(P;) (1 <i < r) to delete. Since wu; is an internal vertex of
P,, it follows that, after deleting the edge e, from P,, there exists an edge e in P, that
is incident with u; such that e, and e lie in different sides of u; in F,. Then the tree
T = (vurUvugU- - -ou, U (P \er) U(P\e2) - (P \ ey) Uusuy) \ € is our desired tree. Set
G1 = G\ E(T). Observe that §(G1[S]) > 22 and there is at most one vertex of degree

2= in G4[S]. Combining this with e(G1[S]) = e(G) — (n — 1) = (";1) —(n—2)= ("52),

G1[S] contains 253 spanning trees by (1) of Lemma 7. These trees together with the tree

T are "T_l internally disjoint trees connecting S, namely, %, _1(G) > ”T_l, as desired.

Except the above case, we also have the following five cases to consider. For each case,
we choose one edge ¢; € E(F;) (1 <1i <r) to delete that satisfies the following conditions:

O if there is no vertex of degree "T_l in G[S], then e; (1 <7 <) is chosen as any edge
in P

O if there exists a vertex u, of degree "T_l in G[S] such that us € {u,11, Upyo, + ,Up_1},
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then e; (1 <i < r) is chosen as any edge in P;;

O if there exists a vertex ug of degree "T_l in G[S] such that us; € {uy,ug, -, u.},
e(Ps_1) > 2 and e(P;) > 2, then e,_; is the edge that is incident with wus_1, e is the edge

that is incident with ugyq, and e; (1 <@ < 7r,i # s — 1, s) is chosen as any edge in F;;

O if there exists a vertex ug of degree "T_l in G[S] such that us, € {uy,ug, -+, u.},
e(Ps_1) > 2 and e(P;) = 1, then e,_; is the edge that is incident with u, 1, and e; (1 <
i <ri# s—1)is chosen as any edge in P;;

O if there exists a vertex ug of degree "T_l in G[S] such that us € {uy,ug, -, u},
e(Ps_1) = 1 and e(Ps) > 2, then ey is the edge that is incident with ugyq, and ¢; (1 < i <

r,i # s) is chosen as any edge in P;;

Then T' = vuyUvusU- - - vu,U(Py\e1)U(Py\e2) - - - (Pr\e,) is a Steiner tree connecting S.
Set G1 = G\ E(T). One can also check that §(G4[S]) > 252 and there is at most one vertex
of degree =2, Combining this with e(G;[5]) = e(G) — (n —1) = (";') = (n —2) = ("}?),
G1[S] contains 253 spanning trees by (1) of Lemma 7. These trees together with the tree

T are "T_l internally disjoint trees connecting S, namely, %, _1(G) > ”T_l, as desired.
Case 2. 2 <§(G) <n-—1.

Let S = V(G)\v = {uy, - ,u,_1}. Without loss of generality, let S; = {uy, ug, -+, u,.}
such that vu; € E(G) (1 < j < 7). Then =} < r <n—1,and S, = S\ S =
{trs1, Upsa, -+ U1 }. Since dg(v) = 0(G) > 254, it follows that |S)| = r = §(G) > 2
and [Sy| = n—1—r < n—1-"H = 223 Foreach u; € Sy (r+1 < j < n—1), u; has at most
225 neighbors in Sy and hence |Egluj, Si]| > 2 — 225 = 3 since dg(u;) > 6(G) > 2EL.
Clearly, the tree T" = vu; U vuy U - - - U vu, is a Steiner tree connecting S;. Our idea is
to seek for n — 1 — r edges in Eg[S1, S2] and combine them with 7" to form a Steiner
tree connecting S. Choose the one with the smallest subscript among all the vertices of
Sy with the maximum degree in G[5], say u}. Then we search for the vertex adjacent to
u) with the smallest subscript among all the vertices of ) with the maximum degree in
G[S], say uf. Let e; = uju]. Consider the graph G; = G \ ey, and pick up the one with
the smallest subscript among all the vertices of Sp \ v} with the maximum degree in G4[5],
say uh. Then we search for the vertex adjacent to u), with the smallest subscript among all
the vertices of Sy with the maximum degree in G;[S], say uj. Set ex = ujuly. We consider
the graph Gy = G\ e; = G\ {e1, ea}. Choose the one with the smallest subscript among
all the vertices of Sy \ {u},u)} with the maximum degree in G3[S], say uj, and search
for the vertex adjacent to uj with the smallest subscript among all the vertices of S;
with the maximum degree in G5[S], say uj. Set ez = uju}. We now consider the graph
Gz =Gy \ e3 =G\ {e,e9,e3}. Foreach u; € S5 (r+1<i<n-—1), we proceed to find

4,65, ,en_1_p in the same way. Let M’ = {ej,es, -+ ,e,1_} and G,,_1_, = G\ M.
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Then G,—1-,[S] = G[S]\ M’ and the tree T = vuy UvugU---Uvu, Uey Uea U+ -Uep_q—p
is our desired tree. Set G’ = G'\ E(T') (note that G'[S] = G,,_1-.[5]).

Claim 1. For each u; € S (1 < j <7), dersy(uy) > 252

Proof of Claim 1. Assume, to the contrary, that there exists one vertex u, € S; such
that des)(u,) < 252, By the above procedure, there exists a vertex u, € Sp such that
when we pick up the edge e; = u,u, from G;_1[S] the degree of u, in G;[S] is equal to
23 That is dg,s)(up) = %52 and dg, ,15(u,) = 251 From our procedure, |Eg[ug, Si]| =
|Eq, ,[ug, S1]]. Without loss of generality, let |Eg[u,, S1]| = ¢ and u,u; € E(G) for
1 < j <t; see Figure 1 (b). Thus u, € {uy,us,---,u;}. Recall that |Eg[u;, S]] > 3 for
each u; € Sy (r+1 < j <n—1). Since u, € Sy, we have t > 3. Clearly, u,u; ¢ E(G)
and hence uqu; € M for t +1 < j < r by our procedure, namely, |Ex, an[tq, S1]| =7 —t.
Since dg,_,js)(u,) = "5, by our procedure dg, ,s(u;) < "5 for each u; € Sy (1 < j < ¢).
Assume, to the contrary, that there is a vertex u, (1 < s < t) such that dg, ,19(us) >
2l Then we should choose the edge uqu, instead of e; = uqu, by our procedure, a
contradiction. We conclude that dg, [s(u;) < "T_l for each u; € Sy (1 < j <t). Clearly,

there are at least n — 2 — %=1 edges incident to each u; (1 < j < t) that belong to

2
M U{ej,es, -+ ,e;,1}. Since i <n —1—r, we have 22:1 A, (uj) > (n—2 = 254t —
(i—1) > 25%t—(n—1—r) and hence | M| > dK7L[M}(U)+Z;:1 di, i) (ug) 4| Ex, i [tg, S1]| >
(n—1—71)+23—(n—1—7)+ (r—t) =r+ 255 >l 1 305 — 9 7 which

2
contradicts to |M| =n — 2.

From Claim 1, dgrs)(u;) > "5* for each u; € Sy (1 < j <r). Foreach u; € S5 (r+1 <
j < n=1), dos () = dagsi(u;) — 1 = deluy) =1 2 3(G) — 1 = 252 So 3(C/[S]) > %52,
Combining this with e(G'[S]) = e(G) — (n — 1) = ("}?), G'[S] contains 52 spanning
trees by (1) of Lemma 7. These trees together with the tree 1" are "T_l trees connecting
S, namely, &,_1(G) > "T_l, as desired. O

Lemma 9. Ifn (n > 10) is even and G = K,\M such that |M| = 225 and de(ur) > %52,

then %p_o(G) > "7_2, where uy s a second minimal degree vertex in G.

Proof. 1t is clear that e(G) = (";°) +2 = (",') — %52 Let 6(G) = r and v be a
vertex such that dg(v) = §(G) = r. Let S = V(G) \ v = {uy,us, - ,u,_1}. Without
loss of generality, let S; = {uy,uq,--- ,u,} such that vu; € E(G) (1 < j < r). Then
Sy =S\ S1 = {w41, U492, -+ ,up_1} such that vu; € M (r+1 < j <n—1). We have

the following two cases to consider.

Case 1. 1 <4(G) < ”7_2

If de(v) = §(G) = 1, then e(G —v) = (",') — %52, which implies that G — v is a

2 2
graph obtained from a clique of order n — 1 by deleting "T_z edges. From Corollary 2,
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Fn-1(G —v) = "5, Therefore, %,_1(G) > "3%. Suppose §(G) > 2. Since §(G) < "33,

it follows that dg,n(v) > n—1— 22 = 2 and hence |[M N K,[S]] < n — 3. Since

de(uy) > 52 where u; is a second minimal degree vertex, we have 6(G[S]) > 252,

First, we consider the case 0(G[S]) > 4. We claim that there are at most two vertices

of degree % in G[S]. Assume, to the contrary, that there are three vertices of degree %

in G[S], say u1,u2,us. Then de(u;) < 222 for j = 1,2,3 and hence dg,u(u;) > %52

Therefore, M| > dg,a(v) + Z?Zl di, ) (uj) > 5 +3 - "7_4 = % =2n—6 > 3"2_6,

a contradiction. From the above, we conclude that there exist at most two vertices of

degree £ in G[S]. Since §(G[S]) > 2 > 21, from Theorem 3 G[S] is Hamiltonian and

hence G[S] contains a Hamilton cycle, say C. Then the vertices uy, ug, - - - ,u, divide the

cycle C into r paths, say Pi, Py, -, P,; see Figure 1 (a).

Now we find a Steiner tree connecting S with its root v in G, say T, such that G;[S]
satisfies the conditions of (2) in Lemma 7, where G; = G\ E(T). If there exist two adjacent
vertices us, u, € S of degree 7 in G[S] such that s, u, € {uy,ug, - ,u,}, then p=s+1
and Py = usuey1 (1 <5 <7 —1). Since dgis)(us) = 5 and r < "T_z, it follows that there
exists a vertex u; € {Upy1, Upsa, -+, Uy_1} such that usu, € E(G). It is clear that u,; is an
internal vertex of some path, without loss of generality, let u; € V(B,) (1 < g <r,q # s).
For each path P; (1 < i <r), we choose one edge ¢; € E(P;) (1 <i <r) to delete. Since
uy is an internal vertex of P, it follows that, after deleting the edge e, in F,, there exists
an edge e; in P that is incident with u; such that ¢, and €] lie in different sides of u; in P
Then the tree T' = (vu; UvugU- - - vu, U(Pr\e1)U(FP\e2) - - - (P \ e, )Uusuy) \ e is our desired
tree. Set G; = G\ E(T). Observe that 6(G1[S]) > 5% and there is at most one vertex

2
of degree "5* in G4[S]. Combining this with e(G1[S]) = e(G) — (n — 1) = ("?) — 52,

2 2 2
G1[S] contains "T_A‘ spanning trees by (2) of Lemma 7. These trees together with the tree

T are "7_2 trees connecting S, namely, %,_1(G) > "T_z, as desired.

Except the above case, we also have the following five cases to consider. For each case,
we choose one edge e; € E(P;) (1 <i <r) to delete that satisfies the following conditions:

O if there is at most one vertex of degree %, then e; (1 < i < r) is chosen as any edge
in P;.

0 if there exist two adjacent vertices u,,u, € S of degree § in G[S] such that u, €

{uy,ug, -+ ,u,} and uy € {Upy1, Upg, ++ ,Up_1}, then ey is the edge that is incident with

ust1, and e; (1 < i <r,i# s) is chosen as any edge in Pj;

0 if there exist two adjacent vertices us, uy € S of degree % in G[S] such that u, €
{Ups1,Upro, -+ sup_1} and w, € {ug,us, -+ ,u,}, then e;,_; is the edge that is incident

with w1, and e; (1 <i <7 i#t— 1) is chosen as any edge in P;;

[ if there exist two adjacent vertices us, u; € S of degree § in G [S] such that us, u; €
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{Ups1, Upio, -+ s un_1}, then e; (1 <4 <7) is chosen as any edge in P;;

[ if there exist two nonadjacent vertices ug, u; € S of degree "T_l in G[5], then e; (1 <

i <) is chosen as any edge in Pj;

Then T = vuy UvugU- - - vu, U(Py\ er)U(Py\e2) - - - (P \ e,) is a Steiner tree connecting

S. Set Gy = G\ E(T). Obviously, §(G1[S]) > "5* and there is at most one vertex of

degree =%, Combining this with ¢(G1[S]) = e(G) — (n—1) = ("52) — 222 ([95] contains

"T_A‘ spanning trees by (2) of Lemma 7. These trees together with the tree T" are "T_z trees

connecting S, namely, &, 1(G) > "7_2, as desired.
Next, we focus on the case that 6(G[S]) = 252 and 6(G[S]) = 25, If 6(G[S]) = 5,
then there exists a vertex, say uy, such that dgg)(u1) = ”7_4. Since the degree of a second

minimal degree vertex is not less than "7_2, we have u; € S;. Thus dg(uy) = "7_2 and

uy € S1. If 6(G[S]) = 52, then there exists a vertex, say uy, such that deys)(ur) = 52 and

Uy € Sl, or dg[g](ul) = nT—2 and Uy € Sg. Thus dg(ul) = % and Uy € Sl, or dg(ul) = nT—2
and u; € S3. We only give the proof of the case that dg(u;) = § and u; € Si. The other

two cases can be proved similarly.

Suppose dg(uy) = 5 and u; € Si. Similar to the proof of Lemma 8, we want to find
out a tree connecting S with root v, say 7. Let G; = G \ E(T). We hope that the
graph G [S] satisfies the conditions of (2) in Lemma 7. Then there are 5% spanning trees
connecting S in G1[S], and these trees together with the tree T" are ”7_2 internally disjoint
trees connecting S, namely, &,_1(G) > 2. Let S| = Sy \ uy and S’ = S{ U S,. Let us

focus on the graph G[S]]. If r = 2, then G[5’] is a graph obtained from a clique of order

n—2 by deleting one edge since dg,nj(u1) = 252 and dg,()(v) = n— 3 and [ M| = 2228,

Without loss of generality, let Ng(v) = {uy,us}. Clearly, G[S’] contains a Hamilton path
P with usy as one of its endpoints. Then T = vu; Uvus U P. Set Gy = G\ E(T'). Thus
6(G119") =46(G[S])—2>n—4—2=n—6 > 2. Combining this with dg,[s(u1) = 252,
n—2
R
drc,py(v) > % and |M| = 228 G[S] is a graph obtained from the complete graph K,_»

by deleting at most “5* edges and hence 0(G[S']) > n —3 — 252 = 222 Tt is clear that

there exist at least two vertices of degree n — 3 in G[S'], and there is also at most one

the result follows by (2) of Lemma 7. We now assume r > 3. Since dg, n(u1) =

vertex of degree “52 in G[S']. Without loss of generality, let u;,,u;, be two vertices of

degree n — 3.

If w;y, uyy, € S7, without loss of generality, let u;, = us and u;, = u,, then the tree T' =
vuU- - -Uvu,Utgtly 1 U- - -UuzuT,JranA; UuruH%Hu - -Uu,u,_1 is a Steiner tree connecting
S; see Figure 2 (a). Set G; = G\ E(T). Observe that dg,s)(w1) = %52, dayjs)(u2) >

n—3-2% = =2 and dg, 5 (u,) = (n—3)—(n—1—r—25%) = r—242-4 > =2 Foru; € S,

(r+1<j<n—1),dgs(u;) > "5+ and there is at most one vertex of degree 5% in G [S].

So 6(G4[S]) > “5* and there is at most one vertex of degree “5* in G[S], as desired. If
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Figure 2. Graphs for Case 1 of Lemma 9.

u;, € S) and w;, € Sp, without loss of generality, let u;, = us and u;, = u,_1, then the tree
T =vuU- - -Uvu, Uugt, 1 U- - -UuzuH% Uun_luH%H U- - Uty—1Up—o Uy, is our
desired tree; see Figure 2 (b). Set Gy = G\ E(T). One can see that 6(G,[S]) > 25* and
there is at most one vertex of degree 2> in 7 [S], as desired. Let us consider the remaining
case u;,, u;, € Sy. Without loss of generality, let u;, = u,—1 and u;, = u,_5. The tree T' =
vurU- - - Uou, Uty oty U- - ~Uun_2ur+n774 Uun_lurJranz;Hu Uy 1 U —3UUoUy o Uy 1 Uy
is our desired tree; see Figure 2 (c). Set Gy = G\ E(T'). One can see that 6(G;[S]) > 25*
and there is at most one vertex of degree ”7_4 in G1[S]. Using (2) of Lemma 7, we can get

Fn-1(G) > "T_z, as desired.
Case 2. 5§ <4(G) <n—1
Recall that S7 = {uy,u2, -+ ,u,} with vu; € E(G) (1 < j <r)and Sy =S\ S =

{trg1, Urgo, -+ up_1}. Obviously, [Si| =7 =6(G) > §and [Sy| =n—1—-r<n—-1-% =
"T_z. For each u; € Sy r+1<j7<n-1), u; has at most %‘ neighbors in S
and hence |Eglu;, Si]] > 2 — 22 = 2 since dg(u;) > 6(G) > 2. Clearly, the tree

T = vuy Uvus U~ - - Uou, is a Steiner tree connecting S;. Our idea is to seek for n —1 —r
edges in Eg[Si, ;] and combine them with 7" to form a Steiner tree connecting S. We
employ the method used in Case 2 of Lemma 8. Choose the one with the smallest subscript
among all the vertices of Sy with the maximum degree in G[S], say u}. Then we search
for the vertex adjacent to u} with the smallest subscript among all the vertices of S; with
the maximum degree in G[S], say u}. Let e; = wju]. Consider the graph G; = G \ ey,
and pick up the one with the smallest subscript among all the vertices of Sy \ v} with
the maximum degree in G;[S], say ). Then we search for the vertex adjacent to uj with
the smallest subscript among all the vertices of S; with the maximum degree in G1[S],
say uh. Set ey = uhuy. We consider the graph Go = G1 \ e; = G \ {e1,e2}. For each
uj € Sy (r+1<j <n-—1), we proceed to find es, eq,- - ,€,_1_, in the same way. Let
M = {ej, ez, - ,ep_1-»} and G,_1_, = G\ M'. Then G,_;_,[S] = G[S] \ M’ and the
tree T' = vuy Uvus U+ - -Uvu,Uey Uea U - -Ue,_1_, is our desired tree. Set G' = G\ E(T)
(note that G'[S] = G,,—1-,[5]).
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Claim 2. For each u; € 51 (1 < j <7), ders)(u;) > TA‘ and there exists at most one

vertex of degree 2% in G'[S].

W~

n—

Proof of Claim 2. First, we prove that for each u; € Sy (1 < j < 7), derg)(u;)

Assume, to the contrary, that there exists one vertex u, € S; such that deis)(u,)

| nNo

>
<TL

~ ‘
(=]

By the above procedure, there exists a vertex u, € S; such that when we pick up the edge
e; = upu, from G;_1[S] the degree of u, in G;[S] is equal to "T_G. That is dg,s)(up) = "T_G
and dg, 5(up) = “5*. From our procedure, |Eg[ug, Si]| = |Eq,_, [ug, Si]|. Without loss
of generality, let |Eg[uy, S1]| =t and u,u; € E(G) for 1 < j < ¢; see Figure 1 (b). Thus
up € {uy,ug, -+ ,u}. Recall that |Eglu;, Si]| > 2 for each u; € Sy (r+1<j <n-—1).
Since u, € Sy, we have t > 2. Observe that u,u; ¢ E(G) and hence u,u; € M for

t+1 < j <r by our procedure, namely, |Ex, a[tq, Si]| = r —t. Since dg, ,1g(up) = "7_4,

by our procedure dg, js)(u;) < “5* for each u; € Sy (1 < j < ). Assume, to the
contrary, that there is a vertex u, (1 < s < t) such that dg, ,(s)(us) > “52. Then we
should choose the edge u,us instead of e; = uqu, by our procedure, a contradiction. We
conclude that dg, ,s)(u;) < "T_A‘ for each u; € S; (1 < j <t). Clearly, there are at least
n—2—"—;4 edges incident to each u; (1 < j <t) that belong to MU{ey, eq,- - ,e;_1}. Since
i <n—1-—r, we have 22:1 drc,py(ug) > (n—2—"52)t—(i—1) > %t—(n—2—r) and hence
| M| > dKn[M( DESE 1§i(f<n[21;4 1)+ B g, Si]| = (n=1=r)+5t—(n—2—r)+(r—t) =

r+l+22> 2414 =2 which contradicts to |M| = 228,

Next, we consider to prove that there exists at most one vertex of degree "7_4 in
G'[S]. Assume, to the contrary, that there exist two vertices of degree “5* in G'[S], say
Uy, u,. By the above procedure, there exists a vertex u, € Sy such that when we pick
up the edge ey = uyuy from Gy_1[S] the degree of u, in Gy[S] is equal to 252, that is
da,(s) (uy) = "7_4. By the same reason, there exists a vertex u, € Sy such that when we
pick up the edge e; = uyu, from G,;_1[5] the degree of u, in G;[S] is equal to %, that is,
de,is)(up) = 25* and de,_,(5)(up) = “52. Without loss of generality, let ¢ < i. From our
procedure, |Eglug, S1]| = |Eq,_,[ug, S1]|- Without loss of generality, let |Eq|ug, Si]| =t
and u,u; € E(G) for 1 < j < t; see Figure 1 (b). Thus u, € {uy,us, - ,u}. Recall
that |Eglu;, S1]| > 2 for each u; € Sy (r+1 < j < n—1). Since u, € Sy, we have
t > 2. Then uyu; ¢ E(G) and hence uyu; € M for t +1 < j < r by our procedure,
namely, |E, u[ug, S1]| = r —t. Since dg, ,(s)(up) = %52, by our procedure dg, ,(s)(u;) <
=2 for each uj € 51 (1 < j < t). Assume, to the contrary, that there is a vertex
us (1 <'s <t)such that dg, [)(us) > 5. Then we should choose the edge uqu, instead
of e; = uqu, by our procedure, a contradiction. We conclude that dg, (u;) < 252 for
each u; € S; (1 <j <t). lf uy € {uy,---,us}, without loss of generality, let u, = uy,
then dg,a(u1) + ZE o, y(u;) = (n—2 —dg, ysj(wr)) + (n —2 = 22)(t - 1) —
(i=1) > (n—2 - dgg(w)) + 2520t — 1) = (i = 1) > (n—2 — 254) + 252 — 1) -

2

n—2-—r)= 22t—n+3+rsincei§n—1—r. Since t > 2 and r > we have
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| M| Edkn[M}(?f)+d o (W) D25 diyan () +| B, g, S1l| > (n—1—r)+ (252t —n+
B4r)+(r—t) =544 r 42> 2 pn g 9> 3 which contradicts to | M| = 38,
If uy ¢ {u,-- ,ut} then uy € {ut+1= Cour} and dic, () + ijldKn[M}(uJ> 2
(=2 — dg, s (1) + (0 —2— 22)t — (1= 1) > (n— 2 — day g5 (1)) + 22t — (i — 1) >
(n—2-2)+ 22t — (n—2—7) = 22(t+1)—n+3+rsince i <n—1—r. Since t > 2 and
r > g, we have |M| > di, (v () +dic, v (wy) + 327 die,, M](u]) (| Ercapanug, S1]|—1) =
(n— 1 ) F 2 (1) 3+ (r—1—t) = r 14 oA 2 > 0y 20l e gy
which contradicts to | M| = 325, The proof of this clalm is complete.

From Claim 2, des)(u;) > 25* for each u; € S; (1 < j < r) and and there exists

at most one vertex of degree %‘ in G'[S]. For each u; € Sy (r+1 < j <n-1),

ders)(uy) = dapg)(uj) — 1 = dg(u;) =1 > 6(G) — 1 > 222 So §(G'[S]) > 22 and
there exists at most one Vertex of degree ">* in G'[S]. Combining this with e(G'[S]) =

e(G) — (n—1) = (";?) — 252, G'[S] contains 25* spanning trees by (2) of Lemma 7.

These trees together with the tree T are "T_z trees connecting S, namely, &,_1(G) > “5=

D\’I\D

as desired.

. . . _ 1
After above preparations, we now characterize the graphs with %,_1(G) = |"5=].

Proposition 3. For a connected graph G of order n (n > 11), ®,_1(G) = |22 ] if and
only if G = K, \ M and M C E(K,) satisfies one of the following conditions:

o1 <|M|<n-—2 forn odd;
2 < |M| <n forn even;

e n+ 1< |M| <325 and dg(ur) > 52 where uy is a second minimal degree vertex

in G for n even.

Proof. For n odd, if G is a connected graph of order n such that %, _1(G) = "T_l, then we
can consider GG as the graph obtained from a complete graph K, by deleting some edges.
Set G = K,, \ M where M C E(K,). From Proposition 1, |[M| > 1. Combining this with
(3) of Lemma 6, 1 < |M| <n — 2. For n even, if G is a connected graph of order n such
that %,_1(G) = 252, then we let G = K,, \ M, where M C E(K,). From Proposition
1, M| > 4. Combining this with (1) of Lemma 6, 2 < |M| < 225 Furthermore, for
n+1 < [M] < 25 we have dg(u;) > 52 by (2) of Lemma 6, Where uy is a second
minimal degree vertex. So § < |M| <n, orn+1 <|M| < % and dg(uy) > "T_z

Conversely, assume that G is a graph satisfying one of the conditions of this proposition.
Then we will show %,_1(G) = |25 ]. For n odd, G = K,,\ M and M C E(K,) such that
1 <|M] < n—2. In fact, we only need to show that %,_1(G) > [ ] for |[M| =n — 2.
It follows by Lemma 8. Combining with Proposition 1, %, 1(G) = [%2]. For n even,

2
G =K, \ M and M C E(K,) such that 2 < [M| < n, orn+1 < [M] < 225 and

2
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dg(uy) > "T_z where u; is a second minimal degree vertex. Actually, for § < |[M| < n,
we claim that dg(uy) > "7_2, where u; is a second minimal degree vertex. Otherwise, let
de(uy) < ™51, Let v be a vertex in G such that dg(v) = 6(G). From the definition of the
second minimal degree vertex, dg(v) < dg(ur) < 5% and hence dg, (1) (v) > dg,jan(ur) >
n—1— 22 = 22 Therefore, |M| > dg,m(v) + di,a(u1) > n+ 2, a contradiction.

So we only need to show that %,_i(G) > |22 | for [M] = 228 and dg(u;) > 252 where
up is a second minimal degree vertex. It follows by Lemma 9. From this together with
Proposition 1, %,—1(G) = [*5]. O

Furthermore, graphs with A,_;(G) = |22 | can also be characterized.

Proposition 4. For a connected graph G of order n (n > 11), X\,_1(G) = [*5] if and
only if G = K, \ M and M C E(K,) satisfies one of the following conditions.

o 1 <|M|<n-—2 forn odd;
o§§|M| <n forn even;

e n+1< M| <328 and dg(ur) > 52 where uy is a second minimal degree vertex

in G for n even.

Proof. Assume that GG is a connected graph satisfying the conditions of Proposition 4.

From Observation 1 and Proposition 3, it follows that X\,_1(G) > %,—1(G) = [“5].

Combining this with Proposition 2, X,_1(G) = [%51]. Conversely, if X\,_1(G) = [*5],
then from Lemma 6 we have G = K, \ M for n odd, where M is an edge set such that
1 <|M|<n—-2;G= K,\M for n even, where M is an edge set such that § < |M| <n,

orn+1< M| <25 and dg(ur) > 52 O

3.2 The subcase 1 < /(< |%2]

Now we consider the case 1 < ¢ < [22].

Lemma 10. Let H is a connected graph of order n—1 (n > 12). Ife(H) = ("}?) +2( —
m—1)(1<¢< L”T_5J) and 0(H) > ¢ and any two vertices of degree ¢ are nonadjacent,

then H contains { edge-disjoint spanning trees.

Proof. Let & =|J/_, Vi be a partition of V(G) with |V;| =n; (1 <i<p), and &, be the
set of edges between distinct blocks of &2 in G. It suffices to show |E,| > (] 2] — 1) so

that we can use Theorem 1.

The case p = 1 is trivial, thus we assume p > 2. For p = 2, we have & = V| U V5. Set
[Vi| = ny. Then |Va| = n—1—ny. If ny = 1,2, n—2,n—1, then |&| = |Eg[Vi, Va]| > £ since
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0(H) > ¢ and any two vertices of degree ¢ are nonadjacent. Suppose 3 < n; < n—4. Then
&| = |Ea[Vi, Vo)l = (")) +20—(n—1)— (") = ("5, ™) = —n+(n—1)ny +20— (2n—3).
Since 3 < n; < n — 4, one can see that |&| attains its minimum value when n; = 3 or

ny =mn —4. Thus |E| > n —9+2¢ > (. So the conclusion holds for p = 2 by Theorem 1.

Consider the case p = 3. We will show |5 > 20. Let & = V; UV, U V3 and
Vil = n; (i = 1,2,3) where ny + ny +n3 = n — 1. If there are two of ny, no, ng that
equals 1, say ny = ny = 1, then |E3] > 20 since §(H) > ¢ and any two vertices of degree
¢ are nonadjacent. If there is at most one of ny,ns, ng that equals 1, then we need to
prove that [&| > (%) + 20— (n—1) — SO () = 2¢. Since f(ny,ng,n3) = SO ()
attains its maximum value when n; = 1, ny = 2 and n3 = n — 4, we need the inequality
("52) +20—(n—1)— (”54) —1 > 2/¢. Since n > 12, the inequality holds. So the conclusion
holds for p = 3 by Theorem 1. For p = n — 1, we will show |€,_1| > ¢(n — 2) so that we
can use Theorem 1. That is (",?) +2¢ — (n— 1) > ¢(n—2). Thus we need the inequality
(n—2—20)(n—4) —n > 0. Since ¢ < [252], the inequality holds. For p = n — 2, it
suffices to prove |€,_s| > ((n — 3). Clearly, |€,—2| > (";%) + 20— (n—1) =1 > {(n — 3).
Thus we need the inequality (n —2 —2¢)(n —5) —4 > 0. Since £ < ["5°], this inequality
holds.

Let us consider the remaining case p with 4 < p < n — 4. Clearly, we need to
prove that 1§ > (7%) + 20— (n— 1) ~ X0, (§) > flp 1), that is, U200 ¢

20— (n—1)—Llp+ € > >" (%), Since f(ni,no, - ,n,) = o, (%) achieves its

maximum value when n; =ng = --- =n,_; = 1 and n, = n — p, we need the inequality
W +30—(n—1)—tp > %. It is equivalent to (2n—20—p—4)(p—3) > 4.
One can see that the inequality holds since ¢ < ”T_5 and 4 < p <n —4. From Theorem

1, we know that there exist ¢ edge-disjoint spanning trees. O

Lemma 11. Let G be a connected graph of order n (n > 12). If e(G) > (";%) +2¢ (1 <

< |%2]), 0(G) > £+ 1 and any two vertices of degree { 4+ 1 are nonadjacent, then

Proof. The following claim can be easily proved.
Claim 3. A(G) > n —4.

Proof of Claim 3. Assume, to the contrary, that A(G) < n—>5. Then (n—2)(n—3)+4( =
2¢(G) < nA(G) < n(n —5), which implies that 4/ 4+ 6 < 0, a contradiction.

From Claim 3, n — 4 < A(G) < n — 1. Our basic idea is to find out a Steiner tree T’
connecting S = V(G) \ v, where v € V(@) such that dg(v) = A(G). Let Gy = G\ E(T).
Then we prove that G[S] satisfies the conditions of Lemma 10 so that G1[S] contains
¢ edge-disjoint spanning trees. These trees together with the tree T" are £ 4+ 1 internally
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disjoint trees connecting S, which implies that &,,_1(G) > ¢+1, as desired. We distinguish

the following four cases to show this lemma.

If A(G) = n — 1, then there exists a vertex v € V(G) such that dg(v) =n — 1. Let
S =V(G)\v={uy,ug - ,u,_1}. Then the tree T = wjv UugvU---Uu,_1v is a Steiner
tree connecting S. Set Gy = G\ E(T). Since §(G) > £+ 1 and any two vertices of degree
¢ + 1 are nonadjacent, it follows that §(G1[S]) > ¢ and any two vertices of degree ¢ are

nonadjacent. From Lemma 10, G;[S] contains ¢ edge-disjoint spanning trees, as desired.

Consider the case A(G) = n — 4. We claim that §(G) > ¢ + 4. Otherwise, let 6(G) <
(+3. Then there exists a vertex u such that dg(u) < £43. Then 2[(",) +2(] = 2¢(G) =
> wev(c) Uu) < da(u) + (n—1)A(G) < (€+3) 4+ (n—1)(n —4), which results in ¢ < 5, a
contradiction. So §(G) > £+ 4. Since A(G) = n — 4, there exists a vertex v € V(G) such
that dg(v) =n —4. Let S =V(G) \ v = {uy, -+ ,u,_1} such that vu,_ 1, vu,_o, v, 3 ¢
E(G). Pick up u; € Ng(up—1),u; € Ng(tn—2), ur € Ng(u,—3) (note that u,, uj, uj, are not
necessarily different). Then the tree T' = vu UvugU- - -Uvt,— g Uttty Uttty — o Uttty 1 18
our desired tree. Set G; = G\ E(T). Since §(G) > £+4, one can check that §(G1) > (+4

and there is at most one vertex of degree ¢ in G1[S], as desired.

If A(G) = n — 2, then there exists a vertex of degree n — 2 in G, say v. Let S =
G\v =
Let dg(un—1) = x. Without loss of generality, let Ng(u,—1) = {u1,---,u,}. Since
d(G) > ¢+ 1, it follows that © > ¢+ 1 > 2. First, we consider the case x > 3. We claim
that there exists a vertex, say u; (1 < ¢ < z), such that dg(u;) > ¢ + 3. Assume, to the
contrary, that dg(u;) < ¢+2 for each u; (1 < j < x). Then (n—2)(n—3)+4( = 2¢e(G) <
de(up—1)+da(v)+327_, dG(uj)jLZ;;?H da(uj) < z4+(n—=2)+(l+2)z+(n—2—2x)(n—2)
and hence z < %. Since x > 3, it follows that n + ¢ — 11 < 0, which contradicts
to n > 12. So there exists a vertex, say u; (1 <14 < x), such that dg(u;) > ¢+ 3. Then
the tree T' = vuy Uvug U -+ - U vu,_o U, ju; is our desired tree. Set G; = G\ E(T).

Since 6(G) > £+ 1 and any two vertices of degree ¢ 4+ 1 are nonadjacent, one can check

{uy,ug, -+ ,u,_1} such that w,_; is the unique vertex with w, v ¢ E(G).

that 6(G1[S]) > ¢ and any two vertices of degree ¢ are nonadjacent, as desired. Next, we
consider the case x = 2. Since ¢ 4+ 1 < z, it follows that ¢ = 1 and hence dg(u,_1) = 2
and Ng(u,—1) = {u1,us}. Let p be the number of vertices of degree 2 in G. We claim
that 0 < p < 3. Otherwise, let p > 4. Then 2(",%) +4 = 2¢(G) = > wev(c) ) <
2p+(n—p)(n—2) and hence p < #2=20_ Since p > 4, it follows that n < 6, a contradiction.
So 0 < p < 3. If p =3, then there are three vertices of degree 2, say vy, v9,v3. Let
G1 = G\ {v1,v2,v3}. Since the three vertices are pairwise nonadjacent, |V (G1)| =n — 3
and e(G1) = (7)) +2—-6 = (",°) —4 > (",°), a contradiction. So we can assume
0 < p < 2. If p= 2, then there are two vertices of degree 2, say vy, vo. Let G; = G\{v1, v2}.

Then (G is a graph obtained from a clique of order n — 2 by deleting 2 edges and hence
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Fn_o(G1) > L"T_2J — 2 > 2, that is, GG; contains two edge-disjoint spanning trees, say
T],T5. Let Ng(vi) = {uy,us}, the trees T; = T Uvu; (i = 1,2) are two internally
disjoint Steiner trees connecting S = V(G) \ ve, which implies that %,_1(G) > 2, as
desired. So we now assume 0 < p < 1. Consider the case p = 1. If dg(u,_1) = 2, then
dg(uj) > 3 for each u; (1 < j < n —2). Recall that Ng(u,—1) = {us,us}, certainly
we have dg(u;) > 3 (j = 1,2). Then the tree T' = vuy Uvug U -+ - U vUp_o U ugtt,_q is
a Steiner tree connecting S = V(G) \ v. Set Gy = G\ E(T). Clearly, dg,s)(u1) > 1,
deyis)(Un—1) = 1 and wyu,—1 ¢ E(G1[S]). In addition, the degree of the other vertices in
G1]5] is at least 2, as desired. Suppose dg(u,—1) > 3. Let u; be the vertex of degree 2 in
V(G)\{v,up—1}. If u; € Ng(upn—1), then there is another vertex u; € Ng(u,—1) such that
dc(uj) > 3 since p = 1. Then the tree T' = vuy Uvug U - - - Uvt,—o Uu,u,—q is our desired
tree. Set G1 = G\ E(T). Obviously, dg,s)(w:) = 1, days)(w)) > 1, days)(tn-1) > 2,
wiu; ¢ E(G1[S]) and the degree of the other vertices in G4[S] is at least 2, as desired.
If u; ¢ Ng(un—1), then there exists a vertex u; € Ng(u,—1) such that dg(u;) > 3 and
wu; ¢ E(G). Thus the tree T = vuy Uvug U - - - Uvu,_o U uju,—q is our desired tree. Set
Gy =G\ E(T). Clearly, dg,s1(wi) = 1, deyjs)(we) > 1, days)(tun-1) > 2, uu; ¢ E(G1[S])
and the degree of the other vertices in G1[S] is at least 2, as desired. For the remaining case
p =0, we choose a vertex u; € Ng(u,—1) and the tree T' = vuy Uvug U- - - Uvu,—o Ui,y
is our desired tree. Set G; = G \ E(T). Clearly, 6(G1[S]) > 1 and there is at most one

vertex of degree 1, as desired.

Let us consider the remaining case A(G) = n — 3. Then there exists a vertex of degree
n — 3, say v. Let p be the number of vertices of degree £+ 1. Since (n —2)(n —3) +4¢ =
2¢(@) < p(l+1)+(n—p)(n—3), it follows that p < 22=25 Consider the case ¢ > 2. Since
p < %, if p > 2 then ¢ <1, a contradiction. So 0 < p <1 for 2 < ¢ < [%2]. Let
V(G)\ v = {u1,ug, - ,up_1} such that vu,_1,vu,_o ¢ E(G). Without loss of generality,

let dg(un—1) > dg(un—2). For the vertex v € V(G), we choose £+ 1 vertices in Ng(v) and

the following claim can be easily proved.

Claim 4. For ¢/ > 2 and any ¢ + 1 vertices in Ng(v), there exists one of them, say u;,
such that dg(u;) > €+ 4.

Proof of Claim 4. Assume, to the contrary, that for any ¢ + 1 vertices in Ng(v), say
Uy, Uz, - U, da(uy) < 0+3 (1< j<{+41). Then (n —2)(n —3) + 4 = 2¢(G) <
((+1)(0+3)+ (n—£—1)(n—3) and hence (¢ — 1)(n —3) <> +3. Son —3 < L3 =
0+1+ ﬁ </+5< "TJ“E’, which contradicts to n > 12.

First, we consider the case u,,_1u,_o € F(G). Recall that 0 < p < 1for2 </ < L"T_E’J,
that is, there is at most one vertex of degree ¢ + 1 in G. If dg(u,—2) = £ + 1, then
dg(tn_1) > dg(u,—2) = {+2 and hence there exists a vertex u; € Ng(uy,—1)\t,_2 such that
dg(u;) > €+4 by Claim 4, where 1 < i < /+1. Then the tree T = vuy UvugU- - -Uvu,_3U
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Uily—1 U Uy 1U,_o is & Steiner tree connecting S = V(G) \v. Let G; = G\ E(T'). Observe
that de,(s)(tun—1) > dg(un—1) —2 > £, dey(s)(tn—2) = dg(un—2) — 1 = £ and u,_ou,_1 ¢
E(G1). In addition, dg,g)(u;i) > de(u;) —2 > €+ 2 and dg,(g(u;) > da(u;) =1 >0+1
for each u; € V(G) \ {un—1, un—2,u;,v}. Thus §(G1[S]) > ¢ and any two vertices of degree
¢ are nonadjacent, as desired. If dg(u,_o) > €+ 2, then dg(up—1) > dg(un_—o) > €+ 2.
From Claim 4, there exist two vertices, say w;, u;, such that u; € Ng(up—1) \ Up—2, u; €
Ne(tn—2) \ un—1, dg(u;) > €+ 4 and dg(u;) > ¢+ 4 (note that u;, u; are not necessarily
different). Then the tree T = vuy Uvug U - - - Uvtly—3 U uty,—1 Uuju, o is our desired. Set
G1 =G\ E(T). One can see that G1[5] satisfies the conditions of Lemma 10. Next, we
consider the case u,_1u, o ¢ E(G). Then dg(u,—1) > dg(u,—2) > ¢+ 1. From Claim 4,
there exist two vertices, say u;, u;, such that u; € Ng(tn—1) \ tn—2, u; € Ng(tn_2) \ tp_1,
de(u;) > 0+4 and dg(u;) > €44 (note that u;, u; are not necessarily different). Thus the
tree T' = vuy Uvug U+ - - U vy, 3 U uit,—1 Uuju,_o is our desired tree. Set G; = G\ E(T)
and S = V(G) \ v. One can check that §(G1[S]) > ¢ and there is at most one vertex of
degree ¢, as desired. Similar to the proof of the case A(G) = n — 2, we can prove that

the conclusion holds for ¢ = 1. The proof is now complete. O

3.3 Results for the maximum generalized local (edge-)connectivity

Let H,, be a graph class obtained from the complete graph of order n — 2 by adding two
nonadjacent vertices and joining each of them to any ¢ vertices of K, 5. The following

theorem summarizes the results for a general /.

Theorem 4. Let G be a connected graph of order n (n > 12). If 7,—1(G) < (1 < <
|2£L]), then

(") +2  if1<e< |5
(")2)+n—=2, if (=|"2] and nis odd;
e(G) < ("2) +n—4, if (=|"52] and n is even;
) () +n—2 if £=[%1] and nis odd;
(") + 552 if (=2 and nis even;
L (2): if t= ")

with equality if and only if G € H,, for 1 < (< L"T_sj, G = K, \ M where |M| =n—1
for € = [252] and n odd; G € H, for{ = ["52] and n even; G = K,,\ e where e € E(K,)

2

for € =22] and n odd; G = K, \ M where |[M| =% for { = [25}] and n even; G = K,

2

for ¢ =21

Proof. For 1 < ¢ < [22], we assume that e(G) > (",?) +2( + 1. Then the following

claim is immediate.
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Claim 5. §(G) > ( + 1.

Proof of Claim 5. Assume, to the contrary, that 6(G) < ¢. Then there exists a vertex
v € V(G) such that dg(v) = §(G) < ¢, which results in e(G—v) > e(G)—{ > ("52) +0+1.
Since 1 < ¢ < | %52, it follows that %,_1(G — v) > ¢+ 1 by Theorem 2, which results in
Fn—1(G) > ¢+ 1, a contradiction.

From Claim 5, 6(G) > ¢ + 1. If any two vertices of degree ¢ + 1 are nonadjacent,
then %, 1(G) > ¢+ 1 by Lemma 11, a contradiction. So we assume that v; and vy
are two vertices of degree ¢ + 1 such that vjve € E(G). Let Gy = G\ {v1,v2} and
V(G1) = {ur,uz, -+ ,un_s}. Then e(Gy) > e(G) — (20 + 1) = (",?) and hence G, is a

clique of order n — 2. Furthermore, G; contains L”T_2j > ( + 1 edge-disjoint spanning

trees, say 17,T5,--- ,T;,,. Without loss of generality, let Ng(vi) = {ui, ug, -, ug, v2}.
Choose S = {uy,ug, -+ ,up_o,v1}. Then the trees T; = T/ Uvju; (1 < i < 0) together
with Ty = T, Uvvy Uvou, are £ + 1 internally disjoint trees connecting S where
u; € Ne(va)\v1, which implies that ,_1(G) > (+1, a contradiction. So e(G) < (%) +2¢
for 1 < ¢ < [%52|. From Proposition 3, e(G) < (";?) +n—2 for £ = |25*| and n odd, and
e(G) < (",?) +n—4for ¢ = 23] and n even. From Proposition 1, e(G) < (*}') +n—2
for ¢ = [%52] and n odd, and e(G) < (") + 52 for £ = | 251 ] and n even. If £ = |2,
then for any connected graph G it follows that %,_1(G) < ¢ by Observation 4 and hence

e(@) < (")

2

Now we characterize the graphs attaining these upper bounds. For ¢ = L"T“J, if

e(G) = (5), then G = K,. For { = [*'] and n odd, if ¢(G) = ("51) + n — 2, then
G = K, \ e where ¢ € E(K,). For ¢ = [25}] and n even, if e(G) = (") + %52, then

G = K, \ M where [M| = 2. For { = |252] and n odd, if ¢(G) = (";?) + n — 2, then

2 2
G = K,,\ M where |M| =n — 1. Suppose that e(G) = (",?) +n—4for £ = |"5%] and n
even. From Proposition 3, G is a graph obtained from a complete graph K, 5 by adding
two nonadjacent vertices and adding "T_A‘ edges between each of them and the complete

graph K,,_o, that is, G € H,,.

Let us now focus on the case 1 < ¢ < |22]. Suppose e(G) = (";%) + 2(. Similar
to the proof of Claim 5, we can get §(G) > ¢. Furthermore, we prove that 6(G) = /.
If §(G) > 0+ 2, 0or 6(G) = ¢+ 1 and any two vertices of degree ¢ 4+ 1 are nonadjacent,
then %,,—1(G) > £+ 1 by Lemma 11, a contradiction. If there exist two vertices of degree
¢+ 1, say vy and vy, such that vivy € E(G), then G; = G\ {v1,v2} is a graph obtained
from a complete graph of order n — 2 by deleting an edge. For n odd, from Corollary
2 we have B, »(G1) = [%52] = 252 > (+ 1 since £ < [252] = 222, For n even, from

2 2

Corollary 2, it follows that &, _o(G1) > L"T_zj —1= "7_4 > (+ 1 since £ < VLT_E)J - "T—G_
We conclude that Gy contains ¢+ 1 edge-disjoint spanning trees, say 17,75, -+ ,T,, . Set

Ng(v1) = {ug,ug, -+ ,up,vo}. Then the trees T; = T! Uvju; (1 < i < /) together with
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Topr = T}, Uviva Uviuy are £+ 1 internally disjoint trees connecting S = V/(G) \ v,
where u; € Ng(vq) \ v1, which implies that %,_1(G) > £+ 1, a contradiction. So 6(G) = £.
If there exist two vertices of degree ¢, say vy, vy, such that vjvs € E(G), then we set
Gi =G\ {v1,v5}. Thus |[V(G1)| =n —2 and e(G1) = (",°) + 1, a contradiction.

So we assume that any two vertices of degree ¢ are nonadjacent in GG. Let p be the

number of vertices of degree . The following claim can be easily proved.
Claim 6. 2 < p < 3.

Proof of Claim 6. Assume p > 4. Then 2(",?) +4( = 2¢(G) = > vev(c) Av) <pl+(n—
p)(n — 1) and hence p < #2=98_ Since p > 4, it follows that 4n — 40 — 4 < 4n — 4( — 6,
a contradiction. Assume p = 1, that is, G’ contains exactly one vertex of degree ¢, say
vi. Set Gy = G\ v;. Clearly, e(Gy) = e(G) — ¢ = ("}?) + {. Since F,—1(G) < ¢, it
follows that %, 1(G1) < %,_1(G) < £. From Theorem 2, GG; is a graph obtained from
a clique of order n — 2 by adding a vertex of degree ¢, say vy. Since p = 1, we have
dg(v1) = £, dg(v2) = £+ 1 and vjvy € E(G). Observe that Gy = G\ {vy, 02} is a

clique of order n — 2. Thus G5 contains L"T_QJ > ¢+ 1 edge-disjoint spanning trees, say
171,15, --- ,T;,,. Without loss of generality, let Ng(vi) = {va, u1,ug, - -+ ,us}. Then the
trees T; = viu; UT] (1 < i < 0) together with Ty = Ty, Uwvivs U voy, form £ 41
edge-disjoint trees connecting S = V(G) \ va, where u; € Ng(v2) \ v1. This implies that

Fn—1(G) > €+ 1, a contradiction.

From Claim 6, we know that p = 2,3. If p = 3, then G contains three vertices of
degree 0, say v1,vq,v3. Set G = G \ {v1,v2,v3}. Then |V(G1)| = n — 3 and e(Gy) =
(ng2) +20—30 = (";2) — 0> ("53) since 1 </ < L"T_ﬂ, a contradiction. If p = 2, then
G contains two vertices of degree £, say vy, vy. Set G; = G\ {vy,v9}. Since vy and vy are
nonadjacent, it follows that e(Gy) = e(G) — 2¢ = ("52) and hence G is a complete graph

of order n — 2, which implies that G € H,,. O

The following corollary is immediate from Theorem 4.

Corollary 4. For 1 << "] and n > 12,

4

(ngz) +2¢, if 1<6< L"T_SJ, or l = L"_3J and n is even;
("5%) + % +1, if 0= |"%2] and n is odd;
f(n;En—l S g) = (ngl) /Lf g = LnT_lj and n ZS even;
(") + % —1, if £=["3] and n is odd;
[ (3): if (="

Now we focus on the edge case.
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Theorem 5. Let G be a connected graph of order n (n > 12). If A\,_1(G) < { (1 < <
[25L]), then

(") +20,  if1<e< |55
("2 +n—2, if £=[%2] and n is odd;
e(G) < (") +n—4, if (=|2%2] and nis even;
T (Y -2, if 0= (%] and nis odd;
(n;l) + 22 if (=" and nis even;
L (3), if =",

with equality if and only if G € H, for 1 < ¢ < ["2]; G = K, \ M where |M|=n—1
for 0= "2 and n odd; G € H,, for ¢ = |52 and n even; G = K, \ e where e € E(K,)
for ¢ =" and n odd; G = K, \ M where |M| =% for { = |"5*| and n even; G = K,

for € =22

Proof. Since A,—1(G) < £ (1 < ¢ < [%52]), it follows that En 1(G) < Me ( ) </
and hence e(G) < (";?) + 2¢ by Theorem 4. Suppose e(G) = ("5) + 2. Since
+

Fn_1(G) < A\1(G) < {, we have G € H,, by Theorem 4. For ¢ = [2] [221] and

|n=3

5~ ], respectively, the conclusion holds by Propositions 2 and 4.

0

Corollary 5. For 1 </(< L”T“J andn > 12,

("57) +2¢, if 1< <[22, or 0= |22 and nis even;
("7 +20+1, if £=|"52] and nis odd;
g A <O =3 (")) +4, if (=[] and nis even;
(") +20—1, if ¢=|22] and n is odd;
@), if 0= [252]

Remark. It is not easy to determine the exact value of f(n;%, < ) and g(n; A\, < ¢) for
a general k. So we hope to give a sharp lower bound of them. We construct a graph G
of order n as follows: Choose a complete graph Kj_; (1 </ < L L]). For the remaining
n — k + 1 vertices, we join each of them to any ¢ vertices of Kj_;. Clearly, &, 1(G) <
Mo1(G) < Land e(G) = (*;) + (n—k+1)0. So f(n; Ry, < 0) > (*;") + (n—k+1)¢ and
gny g < 0) > (k21) + (n — k + 1)¢. From Theorems 4 and 5, we know that these two

bounds are sharp for k =n,n — 1.
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