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ABSTRACT. Let G be an additive finite abelian group, and let S be a
sequence over G. We say that S is regular if for every proper subgroup
H C G, S contains at most |H| — 1 terms from H. Let ¢o(G) be the
smallest integer ¢ such that every regular sequence S over G of length
|S| > t forms an additive basis of G, i.e., every element of G can be
expressed as the sum over a nonempty subsequence of S. The constant
¢o(G) has been determined previously only for the elementary abelian
groups. In this paper, we determine cq(G) for some groups including the
cyclic groups, the groups of order even, the groups of rank at least five,
and all the p-groups except G = C), ®© Cp» with n > 2.

1. INTRODUCTION

Let G be a finite abelian group, p be the smallest prime dividing |G|, and
let r(G) denote the rank of G. Let S be a sequence over G. We say that S
is an additive basis of G if every element of G can be expressed as the sum
over a nonempty subsequence of S. Let ¢(G) denote the smallest integer ¢
such that every subset of G of cardinality at least ¢ is an additive basis of G.
In 1964, Erdés and Heilbronn [1] proposed the problem to determine ¢(G),
and it had been completely determined till 2009 through many authors’
effort (see [5], [2] and their references). For every subgroup H of G, let Sy
denote the subsequence of S consisting of all terms of S contained in H.
We say that S is a regular sequence over G if |Sy| < |H|—1 holds for every
subgroup H C G. Let co(G) denote the smallest integer ¢ such that every
regular sequence over GG of length at least ¢ is an additive basis of G. The
problem to determine co(G) was first proposed by Olson and then studied
by Peng ([10], [11]) in 1987, he determined co(G) for all the elementary
abelian groups. Let

|G|, if G is cyclic,
G : G
m(G) = %—{—p—l, 1fG:Cp@C@andp|%,
P
% + p — 2, otherwise.
2010 Mathematics Subject Classification. 11P70, 11B50, 11B75.

Key words and phrases. Additive basis, Regular sequence, 2-zero-sum free set.
1



2 W. GAO, D. HAN, G. QIAN, Y. QU, AND H. ZHANG

In this paper we determine co(G) for more groups and our main result

is the following.

Theorem 1.1. Let G be a finite abelian group, and let p be the smallest
prime dividing |G|. Then, co(G) = m(G) if one of the following conditions
holds.

2. PRELIMINARIES

Let G be an additive finite abelian group. A sequence S over G will be
written in the form
S=gqgi-...-g= Hg"g(s), with v, (5) € Ny for all g € G,
geG

and we call

¢
|S| =¢ €Ny the length and o(S) = Zgi = ng(S)g € G the sumof S.
i=1

geG
Let supp(S) = {g € G : v4(S) > 0}. Define

> (8)={o(T): 1#T| 5},
where T | S means T is a subsequence of S, and 1 denotes the empty
sequence.

We say that S is a zero-sum sequence if o(S) = 0.

We say that a subset A C G\ {0} is a 2-zero-sum free |A|-subset if A
contains no two distinct elements with sum zero.

Let A C supp(S) be a subset of the maximal cardinality such that A is
2-zero-sum free. Define

[supp™ ()] = |A].

Let D(G) denote the Davenport constant of GG, which is defined as the
smallest integer ¢ such that, every sequence S over G of length |S| > ¢
contains a nonempty zero-sum subsequence.

For every subset A of GG, denote by (A) the subgroup generated by A.
Let st(A) ={g € G: g+ A = A}. Then st(A) is the maximal subgroup H
of G with H + A = A. We need the following well known Kneser’s theorem.
For the detailed proofs, the readers can refer to [6, 8, 9].
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Lemma 2.1. (Kneser) Let Ay, ..., A, be finite nonempty subsets of an
abelian group, and let H = st(A; +---+ A,.). Then,

A+ + A > [A+ H| +- -+ A+ H| - (r = 1)|H].
Lemma 2.2. ¢o(G) > m(G) for every finite abelian group G.

Proof. 1f G is cyclic then m(G) = |G| by the definition. Let g be a generating
element of G and S = g/“/~!. Then S is regular and 0 & >_(S). Therefore,
(G) 2 IS +1=m(G).

If G =C,®Cg with p | %, where p is the smallest prime dividing
|G|, then m(G) = |%| +p—1. Let G = (e1) ® (ez) with ord(e;) = p and

|Gl

ord(ep) = %. Let S = e’l’_lef_l. Then, S is regular and 0 ¢ > (9).
Therefore, co(G) > [S] + 1 = m(G).
For all the other cases we have m(G) = ‘% +p—2. Let H be a subgroup

of G with |H| = %', and let g € G\ H. Take any p — 2 distinct elements
hy,--+ ,hy_o from H. Let S = (H\{0})U{g+h1, - ,9+ hp—2}. Then, S
is a subset of G and therefore is a regular sequence over G. But (—g+ H) N
>(S) = (. Therefore, co(G) > |S| + 1 = m(G). O

The following result is crucial in the proof of Theorem 1.1.

Lemma 2.3. Let G be a finite abelian group, and let p be the smallest
prime dividing |G|. Let S be a regular sequence over G of length |S| >
max{!%l + p —2,D(G)}. If Y2(S) # G then,

(1) st(>2(5)) = {0},
(2) st({0} U D (T)) = {0} and |{0} U D (T)| > |T| + 1 hold for every
nonempty subsequence T of S.

Proof. Write S = gy -...-gp. Since S is regular, g; # 0 for all 1 <17 < /. Let
- . ' Gl o
A; = {0, g;} for every i € [1,£]. From [S| > max{—* +p—2,D(G)} = D(G),
we know that 0 € > (.5). It follows that
D(S)=Ar 4+ A

Let H =st(>_(95)). From > (S) # G, we know that H # (. Suppose that
H # {0}. Then by Lemma 2.1 and the fact that |Sg| < |H| — 1, we have

> ()= A+ H| + -+ A+ H| = (¢ = 1)|H]
> ((+2—[H|)|H| = (IG|/p+p— |H|IH|

> win ((161/p +— o). (G1/p+ 5~ G1/9) ) = (6],
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a contradiction. This proves that st(>_(5)) = {0}.
By renumbering if necessary we assume that 7" = ¢y - ... - g;, where
t=|T| €[1,4. Let
B=A +---+ A

and

C= (A1 +--+ Ay U{0}.
Then, B = {0} U Y (T) and > (S) = B + C. It follows that st(B) C
st(>-(S)). Therefore, st(B) = {0}.
Again by Lemma 2.1, we have [{0} UD (T)| = |A1 + -+ A > |A1] +
e A = (t=1) =T+ 1. O

Lemma 2.4. ¢y(G) < |G| holds for every finite abelian group.

Proof. Let S be an arbitrary regular sequence over G of length |S| = |G]|.
It follows from Lemma 2.3 that ) (S) = G. Hence, ¢o(G) < |G|. O

Lemma 2.5. ([13]) Let H and K be two finite abelian groups with 1 <
|H|||K|, and let G = H & K. Then, D(G) < |H| + |K| — 1.

We need the following well known results on Davenport constant.

Lemma 2.6. ([13]) Let p be a prime. Then,
(1) D(C, @ Cpd Cy) =3p—2;

(2) D(C,) = n.
(3) If G =C,, ® Cp, with 1 <ny | ny then D(G) = ny + ng — 1.

Lemma 2.7. If G is a finite abelian group then D(G) < m(G).

Proof. Let G =C,, &---®C,, with1 <ny|---|n,. Let p be the smallest
prime dividing |G|.

If r =1 then D(G) = |G| = m(G) by Lemma 2.6.

If r = 2 then D(G) = ny+ny—1 = g—l-nl—l by Lemma 2.6. Since p is the

smallest prime dividing |G|, we have m(G) < %‘jtp—l < ‘n—Gll—l—nl—l = D(G).

If r > 4 then by Lemma 2.5 we derive that D(G) < %%—nlng —1 taking

H=C, ®C,, and K =C,, ®---® C,, . Therefore, m(G) = % +p—2<
LS ning — 1 < D(G). Now it remains to check the case that

nin2

r=23.
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If p # ny then ny > p. Taking H = C,,, and K = C,,, & C,,, in Lemma 2.5,
we obtain that D(G) < % +nyg—1< |% +p—2 = m(G). So, we may
assume that

ny =ng =p.
Write ng = pu. In this case we want to prove that

D(G) < (3p — 2)u.

Let S be a sequence over G of length |S| = (3p — 2)u. We need to show
that S contains a nonempty zero-sum subsequence.

Let ¢ : G = C, ® C, ® Cp, — C, be the natural homomorphism with
ker(¢) = C,®C,®C, (up to isomorphism). To apply D(¢(G)) = D(C,) = u
on ¢(5) repeatedly, we can get a decomposition S = Sy -...- S5, -5 with

|S;| =€ [1,ul], 0(S;) € ker(p) for every i € [1,3p — 2].
Applying D(ker(y)) = D(C, ® C, & C,,) = 3p — 2 to the sequence o(5)) -
...~ 0(Ssp—2) we obtain that, there is a nonempty subset I C [1,3p — 2]
such that » .., 0(S5;) = 0. Now the sequence [],.;S; is a nonempty zero-
sum subsequence of S. This proves that D(G) < (3p — 2)u. Therefore,
D(G) < (3p —2)u < p*u < p*u+p—2=m(G). O

3. PROOF OF THEOREM 1.1 (1) AND (2)

Proof of Theorem 1.1 (1). The result follows from Lemma 2.2 and Lemma
2.4. O

To prove Conclusion (2) of Theorem 1.1 we need the following technical

result.

Lemma 3.1. If A is a 2-zero-sum free subset of 3 elements from an abelian
group, then either | > (A)\ {0} > 6 or A contains some element with order

two.
Proof. Let A ={a,b,c}. If a+ b+ c # 0 then the result has been proved in
[6, Proposition 5.3.2]. So we may assume that
a+b+c=0.
Clearly, a + b,a + ¢ and b + ¢ are pairwise distinct nonzero elements. So, it
suffices to prove that
{a,b,c}N{a+b,a+c,b+c} =0.

Assume to the contrary that, {a,b,c} N {a + b,a + ¢,b+ ¢} # (. By
renumbering we may assume that a € {a+b,a+ ¢, b+ c}, which forces that
a = b+ c. This together with a + b+ ¢ = 0 gives that 2a = 0. U
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Proof of Theorem 1.1 (2). Let n = |G|. From Conclusion (1) of this
theorem we may assume that
r(G) > 2.

By Lemma 2.2, it suffices to prove ¢o(G) < m(G). Let S be a regular
sequence over G of length |S| = m(G). We need to show that

> (9 =aG.

Assume to the contrary that

> (8)#G.
By Lemma 2.3 we have
st() () = {0}
If there is some g € supp(S) such that 2g = 0, then 0 # g € st(>(5)) =
{0} since 33(5) = {0,g} + (X(Sg") U{0}) and g + {0} = {0,}, a

contradiction. So, every element g € supp(S) satisfies that

29 # 0.

Now we distinguish several cases.

Case 1. max{v,(S) +v_4(5) : g € G} < ¢. Let t > 0 be the maximal
integer such that S has a factorization

S—=A AT

with A; is a 2-zero-sum free 3-subset of G for every i € [1,1¢].
We fix a factorization of S above so that |[supp™(7T')| attains the maximal
possible value. Clearly,
|supp™ (T)] < 2.
We claim that
vo(T) +v(T) <1
holds for every g € G.

Assume to the contrary that v, (T)+v_,(T) > 2 for some h € G. We may
assume that v, (7") > 1. Since A is a 2-zero-sum free 3-set and |supp™ (7')| <
2, we can choose some x € A; such that neither x nor —z occurs in T'. We
assert that

Ayn{h,—h} #£0.

Assume to the contrary that A; contains neither h nor —h. Let A} =

(A1 \ {z}) U {h} and T" = Txh~'. Then we obtains a factorization

S=A\ Ay AT
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with A}, Ay, -+ | A; are all 2-zero-sum free 3-subsets of G but [supp™ (7”)| >
|suppt(7")], a contradiction. Therefore, A; N {h,—h} # 0. Similarly, A; N
{h,—h} # 0 for every i € [2,t]. It follows that
|7
[supp* (7]
Note that 3t+|T| = |S| > §. Therefore, t+%' > &. Hence, max{v,(S5)+
vy4(S):ge G} >t+ % > t+ % > 2. a contradiction. This proves the

6 )
claim. It follows that 7T is a subset of G and

T
max{vy(S) +v_,(S): g€ G} >t + Zt+|7’.

|T| = |supp(T)| = [supp™ (T)] < 2.
Let B; = {0} U > (4;) for every i € [1,t], and let B = {0} U > (T"). Then,
Bi+--+B+B=) ().
From Lemma 3.1 we get that |B;| > 7 for every ¢ € [1,¢]. Since st(>_(5)) =
{0}, by Lemma 2.1 we obtain that
|Bi+ -+ B+ B| > |Bi|+ -+ |B| + |B| =t > 6t + | B|.

Since |T'| = |supp(T')| < 2, T is a subset of G. It is easy to see that |B| >
2|T'|. Note that > (S) # G. So we have

n—1 >[>(9)|=|Bi+ - +B+B|>|Bi|+ -+ |B|+|B| -t
> 6t + |B| > 6t + 2|T| = 2|S| > n,

a contradiction.

Case 2. max{v,(S) +v_4(9): g€ G} > .
We first assume that

n € [2,11].
Since r(G) > 2 we have that

n € {4,8}.

If n =8 then G € {C3,Cy & Cy}. Since S contains no element of order
two, it follows that G = Cy @ Cy. Now |S| = m(G) = 5. Let a1, —x1, 9, —2
be the only four elements of order four in G. Then, v,(S) +v_,(S) > 3 for
some element g € {x1,22}. Let K = (g). By Lemma 2.3 [{0} U > (Sk)| >
|Sk|+ 1> 4 = |K]|. Therefore, {0} U> (Sk) = K and hence K = st({0} U
> (Sk)) Cst(D>(S)) = {0}, a contradiction.

If n = 4 then G = C5 & (5. Hence every term of S is of order two, a

contradiction.

From now on we suppose that
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(3.1) G = n >12.

Choose h € G such that |Sy,| attains the maximal possible value. Then

1Sg) > max{vy($) +v_,() : g € G} > "
Let
H = (h).
It follows that
|SH| > 3.
Let
g=g+H

for every g € G. We distinguish two subcases:

Subcase 2.1. For any two terms g;, go of S with g;¢»|S we have [{0} U
> (g1 32)| < 2. Then, for any two terms gy, g» of SS5;' we have g = gz and
2g1 = 0. Therefore, for any term gy of SS;" we have

{supp(5)) = (h, 90)-
Since S is regular, |(supp(S))| > [S] + 1 > 5. Therefore,

G = (supp(9)) = (h, o).
Since 29y € H = (h), we infer that |G| = 2|H| and G = Cy, @ C,, /2. Hence

we have
\a:nmm:g+y
Let
T = goSh-
Let t > 0 be the maximal integer such that ST~! has a factorization

ST 1= A, - AW

with A; is a 2-zero-sum free 3-subset of G for every i € [1,].
We fix a factorization of ST~! above so that |supp™(W)| attains the
maximal possible value.

Clearly,
lsupp™ (W) < 2.

Then S has a factorization

S=A---AWT
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where t > 0, A; is a 2-zero-sum free 3-subset of GG, and W is a subsequence

of S which contains no any 2-zero-sum free 3-subset of G. It follows that
n
t+ W+ |T|=|S| > 5

and
W|$\1/zl (%) (_Il)v—xl (S)x‘Z’IQ (5) (—.TQ)V_QQ (5)

for some distinct elements x1, x5 € G.

Let B; = {0} U > (A;) for every i € [1,t], C = {0} U > (W), and let
D = {0} U > (T). From Lemma 3.1 we get that |B;| > 7. It then follows
from Lemmas 2.1 and 2.3 that

n=12|Y (S)| 2 |Bi|+---+[B| +[C| +|D| —t 1
>Tt+ (W] +1)+2|T| —t—1=6t+2|W|+2|T| — |W|
=2|S| = [W|=n+2—|W]|.

This gives that
W1 > 3.
Write W = W, W, with Wy |a)™ (S)(—xl)"—ml (%) and W2|$;“2(S)(—$2)"—x2(s).
Without loss of generality we may assume that

|Wh| > [Ws| > 0.

Since |[Wp| > @ > %, by the maximality of Sy, there is some element

y|Sy such that y & (z1). Let U = Wiy and let 7" = Ty~! and we obtain a

factorization of S
S=A - AUWT.

Let C; = {0}U> _(U), Co = {0}UD (W), and D" = {0} U> (T"). Similarly
to above we obtain that
n—=1>> ()| > A+ + A + [Co| +|Co| + |D'| —t — 2

>Tt+ 21U+ [Wa| + 14+ 2|T'| —t =2 =23t + |U| + [Wa| + |T"]) — 1 — |y

=2|8| =1 Wy =n+1—|Wa.
This gives that

|[Ws| > 2.

By the maximality of Sy and |Sy| > 3, there is an element z|Sgy~! such

that 2 & (zq). Let V = 2Wy and T = T'27' = T(yz)~'. Then S has a

factorization

S=A---AUVT".
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Let C5 = {0} UY (V) and D" = {0} U > (T"). Similarly to above we
have
n=12]Y (S)] = [A|+--+ A +[Ci| +|Cy) + |D"| —t — 2
> 7t 20Ul 42V 42T —t—2=2|S| —2=n,
a contradiction.

Subcase 2.2. There are two terms ¢y, g2 of S such that g;¢5|S and
{0} U (91 92)| > 3. Let T = g192Sy. Now S has a factorization

S=A,---AWT

where t > 0, A; is a 2-zero-sum free 3-subset of G, and W is a subsequence
of S which contains no any 2-zero-sum free 3-subset of G. It follows that

3t + W[+ |7 = |s] =
and
W|x\1/zl(5)(_xl)v_gcl(S)x\émg (S)(—QZQ)V_”'C? (S)
for some distinct elements 1,z € G. Let B; = {0} U Y (A;) for every
i€ [l,t], C={0}ud (W), and let D ={0}U> (T). Then, By +---+ B;+
C+ D =>(9). Since st(>_(S5)) = {0}, by Kneser’s theorem we obtain that
n=12|Y (S) 2 |Bi|+--+[B| +[C| + D] —t — 1
>Tt+ ((W+ 1)+ @|IT|—3)—t—1=6t+2[]W|+2|T|+ (|T| —3—|W|)
= 2[5+ (IT] =3 = W) = n+(IT] =3 = [W]).
This gives that
W =[T|-2=3.

Write W = W, W, with Wi |2|™ (S)(—xl)"*fl (%) and W2|x\2/12(s)(—x2)"*12(5).

Without loss of generality we may assume that

|Wi| > [Wa| > 0.

Since |W;| > @ > %, by the maximality of Sy, there is some element

y|Sy such that y & (). Let U = Wiy and let 7" = Ty~! and we obtain a
factorization of S

S == Al v AtUWQT/.
Let C; = {0}U> (U), Cy = {0}U> (Ws), and D' = {0} U (T"). Similarly

to above we obtain that

n—1>Y () > |Bi|+ -+ B+ |Ch| +|Co| +|D| -t — 2

>Tt+ 22U+ [Wo| + 1+ 3|T'| —3—t—2=06t+2|Wy| + |Wa| +3|T| -5

=6t +2|W|+2|T|+ (IT| =5 — |Wa]) > n+ (|T| — 5 — |Ws]).
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This gives that

Wl > |T|—4> 1.
Therefore

|Wh| > 2,|Ws| > 1.

By the maximality of Sy, there is some element y|Sy such that y & (z2).
Let U = Wyy and let T" = Ty~ !. Again by the maximality of Sy and
|Sy| > 3, there is an element z|Syy~' such that z & (z;). Let V = 2
and 7" =T'27' = T(yz)~'. Then S has a factorization

S=A---AUVT".
Let C7 =40} U (U),C5 ={0}U> (V) and D" = {0} U > (T"). Similarly
to above we have
n—=121) (S)| 2B+ +[Bi| +|Ci| +|Cy| + |D"| —t —2
>Tt+2|U| + 2|V +3|T"| —3—t—2
=6t + 2]W| +2|T| + (|T| = 7) = 2[S| + (|T| = 7) > 2m(G) + (|T| = 7).
This gives that [T <n + 6 — 2m(G). Therefore,
n+1
6
If m(G) > 5 +1 then n < 11 follows from (3.2), a contradiction on (3.1).

Therefore,

(3.3) m(G) = =.

(3.2) < |Su| < n+4—2m(G).

It follows from (3.2) that n < 23. Since n is even, we have

(3.4) n <22

By (3.1), (3.3) and (3.4), to complete the proof of this subcase it remains

to consider the cases

(3.5) n € [12,22] and m(G) = g

Since r(G) > 2 we have that n ¢ {14,22}. So, it remains to check that
n € {12, 16,18, 20}.

If n € {12,20} then G = Cy & C; with ¢t = 6 or 10. Hence we get
m(G) = % + 1. This is not any case listed in (3.5).
If n = 18 then G = C5& 4. Now we have |S| > m(G) =9, |Sy| > 4, and

there are two terms g, go of S such that g, ¢»|SS5" and [{0}UY (77 %2)| > 3.
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Let T = ¢192Sy. Then |T| > 6 and |ST '] < 3. Let A= ST~!. Then S has
a factorization

S =AT.

Let B={0}U> (A),and D = {0} U > (T). Then, B+ D = > (S5). So
by Lemmas 2.1 and 2.3, we have that

1> () = Bl +|D| = 1> |Al+ 1+ (3|T| - 3) — 1= [S| +2|T| -3 > 18.

Therefore > (S) = G, a contradiction.

If n = 16 then G € {C3,C3 & Cy, CF, C2® Cs}. Since m(G) = %, we may
assume that G # Cy & Cg. Therefore, G € {Cy,C3 & Cy,C3}. If G = Cf
then every term of S is of order two, a contradiction. So, G = C% & C, or
G = Cf. Since max{vy(S) + v_y4(5) : g € G} > = = 8 we have that
Vg(S) +v_y(S) > 3 for some element g of order 4. Let K = (g). By Lemma
2.3 {0} U D (Sk)| > |Sk| +1 > 4 = |K]|. Therefore, {0} U > (Sk) = K
and hence K = st({0} U > (Sk)) C st(D>.(S)) = {0}, a contradiction. This
completes the proof. O

4. PROOF OF THEOREM 1.1 (3) AND (4)

In this section we shall prove Conclusions (3) and (4) of Theorem 1.1 by

employing group algebras as a tool.

Let G = @ Cy, with 1 < nq|ng|...|n,, and let K be a field. The group
=1

(2

algebra K|[G] is a vector space over K with K-basis {X9 | g € G} (built
with a symbol X'), where multiplication is defined by

(;%Xg) (;%Xg) =3 (D anbyn) X

geG  heG

More precisely, K[G] consists of all formal expression of the form f =
> gec CgX? with ¢, € K. For more detailed background information, we
refer the readers to [6, 7, 8].

Choose a prime ¢ so that ¢ = 1 (mod n,.). Consider the group algebra
[F,[G]. For any a € F,[G], denote by L, the set of elements g € G such that
a(a — X9) = 0 holds for some a € F,.

Lemma 4.1. 1. For any a € F[G], L, is a subgroup of G.

2. Ifa#0 and L, = G, then a = ) a,X9 with 0 # a, € F, holds for all
geG

g€ G.

3. Let S = g1-... g be a sequence over G. If there exist ay,...,a; € F

I
such that o = [[(a; — X%) # 0 and L, = G, then G\ {0} C >_(95).

=1
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Proof. Conclusion 1 and 2 has been proved in [4, Lemma 3.1]. Here we only
l

give a proof of Conclusion 3. Let 0 # o = [[(a; — X9) = > a,X?. By
=1 gelG

Conclusion 2, a, # 0 for all g € G. This implies that g € > (S5) for all

g € G\ {0}. Therefore, G \ {0} C > (9). O

Lemma 4.2. ([4]) Let S be a sequence of elements in G of length | >
n.(1+logny---n,_1). Suppose that S contains at least one non-zero term.
Then, one can find a subsequence T =gy -...- gy of S of length t < n,(1+
logni--n.—1)—1 and ay,...,a; € IFy such that

a=(a—X") - (a; — X)) #0
and all terms of ST are in L.

Proof. The lemma has been proved in [4, Lemma 3.2]. But there is some
typo in [4], in which log n/log m has to be replaced by log(n/m). O

Let a # 0 be a real number, and let » > 3 be an integer. Define the
following function on r variables ¥, ..., y, by

yl...yr yl...yr

+a_2_2yr(1+10gy1"'yrfl)_ a2

fa(yh s 7y?") =

Lemma 4.3. Ify; > a > 3 for alli € [1,r] then, fo(y1,...,y,) > 0 provided
that one of the following conditions holds.

(1) r = 5;

(2) r € {3,4} and a > 17.

Proof. First, we compute the partial derivatives of f,(y1, ..., y.). By straight-

forward calculations, we have

aa ce Yy r r o Yr— r
Jo _ WU qy ¥ s Yr MY gy gy s Y gy >
Dy a*y; Yi Y a? Yi

for1 <i<r—1, and

of, T
8_; — %(a—1)—2—210g<y1"'yr71)'

It is easy to see that g(x) = %(a—1) —2—2logx is increasing when z > a”.
(1). If r > 5, then

—-1)—2-21 Yy
n ) ) og(y1 - Yr-1)
>a"*a—1)—-2-2(r—1)loga
> a*(a—1)—2—8loga > 0.

dfa Y Y
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So we have
fayr, ooy yr) > fala,...;a) =a" 3 (a—1)+a—2—2a(l +loga™ )
>a*(a—1)+a—2—2a—8aloga
=a(a*(a—1)—2—8loga)+a—2>a—2>1.
(2). If a > 17 and r € {3,4}, then

Ofa _y1---yr1
(4.1) 3y T(a—l)—2—2log(y1~~yr_1)

>a—3—4loga >0
since f(z) = © — 3 — 4logx is an increasing function of x > 17. We get
fa(yla --~7y7“) > fa(av XX CL) = aT72(a - 1) +a—-2- 2&(1 + logaril) > a(a -
1)+a—2—2a—4aloga, since f,(a,...,a) = a"*(a—1)+a—2—2a(1+loga" ')
is an increasing function of r > 3. By (4.1), we obtain that
fa(yr, - y0) 2 fala,a,a) = ala —3 —4loga) +a—2>a—2215
as desired. This completes the proof. Il

Proof of Theorem 1.1 (3) and (4). Suppose that G = C,,, & --- & C,,,
where 1 < ny|na|...|n,. By Lemma 2.2 and Conclusion (2) of Theorem 1.1,
it suffices to prove that co(G) < m(G) = %‘ + p — 2 for p > 3. To do this,

let S be a regular sequence over G of length |S| = % + p — 2. We need to
prove that > (5) = G.

Assume to the contrary that

> (8)#G.
By Lemma 4.3, we can deduce that |S| > n,(1 + logn; ---n,_1). Then by

Lemma 4.2, one can find a subsequence T" = ¢; - ... - g of S with ¢t <

n,(1+logni...n,—1) —1and ay,...,a; € F; such that
a=(ag— X)) (ag— X)) #0

and all terms of ST ! are in L,.

Since S is regular, again by Lemma 4.3 we have
Ny -+ Ny

p2

Together with Lemma 4.1, we get that |L,| = L%‘ for some prime divisor

Lo|—1>[Sp.| > ST} > %W—Q—Qnramgnl Cnp) >

pp of |G| with p < p; < p? It follows that L, as a subgroup of G must be
isomorphic to the group of the following form

@ Oni @ Omo/pn

i=1,iio

where 1 < g5 <.
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Let Ly = @ Cpy with 1T < my]---|m.
j=1
We claim that
ms(1+logmy - ms 1) <n,(1+logny---n, ).

If1<ig<r—1, then

M) S nT(]- -+ lognl Ce nr_1>‘

ms(1+logmy -+ -mg_1) =n,.(1+log
Y4

If ig = r, then
ms(1+logmy---ms_1) <mg(1+logng---n._1) <n.(l+logny---n,_q).

This proves the claim.

By lemma 4.3, we get [ST~| > n,(1+logny -+ - n,_1) > mg(1+logmy - - - m,_1).
Since ST~! is a sequence over L,, by lemma 4.2, we can find a subse-
quence Sy = hy - ... hy, of ST~ with u < my(1+logm;---ms_1) — 1 and
b1, ..., by, € Fy such that

B=(by—X") (b, — X™) #0
and all terms of ST~1S[ " are in Ls, where Lg denotes the set of elements
g € Ly such that 3(a — X9) = 0 holds for some a € F},.
Since S is regular, by Lemma 4.3 we have

|Lsl =1 > [(ST™)r,| > |ST7S

> =2 (L logny - mey) — (1 + logmy )

>

This implies |Lg| = ‘% = |L,|. Hence Lg = L,. Since 8 =[], (b; — X™),
we deduce from Lemma 4.1 that {0} U > (S1) = Lg = L,. Therefore,
L, = Lg=st({0}U> (S1)), a contradiction to Lemma 2.3. This completes
the proof. O

5. PROOF OF THEOREM 1.1 (5)

Let p be a prime. In this section we shall prove Conclusion (5) of Theorem
1.1 by using group algebras as in Section 4.
Let G = @ Cpri = @Pei), where Cpn; = (e;) for 1 <i<rand1<n; <
i=1

i=1
<o,

Consider the group algebra IF,[G] over [F,. As a vector space over F,,
[F,|G] has a basis

r

{TIa-x)-

=1

ki € [0,p" —1] for all i € [1,7“]},
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see for example [6]. So any o € F,[G] can be written uniquely in the form
Q=30 Opy,g (L= X (1= X gy
For any sequence S = g; - ... g; over G, let

l

[1es) = - x.

i=1

Let ¢ € G and a € F,. Since 1 is the only exp(G)-th root in F,, the
element a — XY is invertible in [F,[G] if and only if a # 1. Thus it follows
that

.....

L, ={g € G : there is an a € F, such that a(a — X7) =0}
={geG:a(l-X9) =0}

Lemma 5.1. ([11]) Let S be a sequence over G. Then Lyys) = G if and
only if TI(S) = o [1_,(1 — X)P" 1 for some o € F,. In particular, if
S| = >0 (p™ — 1), then [1(S) = o[],_,(1 — X%)P" =1 Furthermore, if
o #0 then G\ {0} C > (9).

Lemma 5.2. ([6, Proposition 5.5.8], [12]) Let S be a sequence over G of
length |S| > > (p™ — 1)+ 1. Then
i=1

[]s)=o.

Let a be a real number and let » > 2 be an integer. Define

r

fa(yh ey yr) — gli=1 yi—1+a_2_2(ayi_1)_2(ayi_1)_(ay1—1_1)_a22:1 yi_2_{_3’
i=1 =2
where yy, ..., y, are real variables.

Lemma 5.3. Let p > 3 be a prime, and let r > 2 be an integer. Let

ni,...,n, be positive integers.

(1) If r > 3, then fy(n1,...,n,) >0.

(2) If r =2 and ny > ny > 2, then f,(ny,ne) > 0 except for the case p =3
and ny = 2, in which case fy(ni,ng) = —4 < 0.

Proof. First, we compute the partial derivatives of f,(v1,...,y,) at the point

(nq,...,n,). By calculations, we have
o, =P logp(p T p 1) —p = 1) 2 p(p—-2) = 1>0,
and for 2 <4 < r we have that
Oy _ nie AU
50 =" Hog p(p=i= ™ (p = 1) = 2p) > p(p = 3) 2 0

if either » > 3, or r = 2 and ny > nq > 2.
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(1). If r > 3, then fy(n1,...,n.—1,n.) > fp(1,...;1). Thus it remains
to prove that f,(1,...,1) > 0. It is easy to see that g(r) := f,(1,...,1) =
p " 2(p—1) — (2r — 2)p + 2r is an increasing function of r, since ¢'(r) =
(p—1)(pr2logp —2) > 0 when p > 3 and r > 3. So we get f,(1,...,1) >
9(3) =(p—2)(p—3) >0 as desired.

(2). If p > 5, then we have

fp(nlanQ) — pn1+n2—2(p o 1) _ 2pn2 _pn1 _pn1—1 +p+ 5 Z p+ 5> 0.
By calculations, we obtain that
(i) f3(2,n9) = —4 for all ny > 2, and

(i) fs(ni,n2) > f3(3,3) = 80 > 0 for any two integers ni,ns with
ng > ny > 3. This completes the proof. O

Lemma 5.4. Let p be a prime, and nq,...,n, be positive integers. Let

G = @ Cyni. If either r > 3, orr = 2,n5 > ny > 2 and (p,nq) # (3,2),
i=1

then we have

G
p
Proof. By Lemma 2.2, it suffices to prove that co(G) < m(G) = |%| +p—2.

To do this, let S be a regular sequence over G of length |S| = % +p—2. We
need to prove that Y (S) = G. Since |S| > D(G), by Lemma 2.7 we have

0ed (9).

Assume to the contrary that

> (8)#G.

Then by Lemma 2.3, we have st(> (S5)) = {0}. Let Sy be the maximal
subsequence of S such that [[(So) # 0. By Lemma 5.2, we have that

r

|So| < >o(p™ —1). If |So] = D> (p™ — 1), then by Lemma 5.1 we have
i=1 i=1

G\ {0} C >°(Sp). It follows from 0 € 3 (S) that > (S) = G, a contradic-

tion. Therefore,

Sl < S = 1) — 1.
=1

Let H = Lyy(s,) and T' = 5SSy~ t. By the maximality of Sy, we know that
every term of T belongs to H and T is a regular sequence over the subgroup
H of G. By Lemma 5.3 we obtain that

G ! _ G
|H|—1z|SH|z|s—so|z']7'+p—2—z<pm—1)z'p—'.
=1
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Together with Lemma 5.1, we deduce |H| = %‘. Since H is a subgroup of
G with |H| = %, H must be isomorphic to the group of the following form

T

where 1 <5 <.

Since n; < ny < --- < n,, we can easily deduce that

r

(5.1) D(H)—1= Y =1+ @' -1

i=1,ii0
<Y -4 -1
=2

Let S be the maximal subsequence of T" such that [[(S;) # 0. By Lemma
5.2, we have |S;| < D(H)—1. If |S;| = D(H) — 1 then by Lemma 5.1 we get
{0} UD=(S1) = H. Therefore, H = st({0} U (S1)). But |H| = |G|/p > p?,
a contradiction to Lemma 2.3. Therefore,

51| < D(H) —2.
Let Ty = TS;' = 5(SpS1)~! and let N = Lyy(s,). By the maximality of

S1 we have that T3 is a sequence over N. By (5.1) and Lemma 5.3 we obtain

that |T1| > % — 1. If N = H then by Lemma 5.1 we have, {0} U> (S;) =

H =st({0} U > (S1)), again a contradiction to Lemma 2.3. Therefore,
N+ H.

But [N| —1 > |T| — |Si| = |Ti| > |G|/p* — 1. This forces that |N| =
|G|/p?. On the other hand, using Lemma 2.3, we have [{0} U > (T1)| >
ITy| +1 > |G|/p* = |N|. Hence {0} U >(Ty) = N, which implies that
N = st({0} U Y (T1)). But |[N| = |G|/p? > 1, a contradiction to Lemma
2.3. U

In what follows, by using group algebras and the method used in Section
3 we determine ¢o(G) for G = C32 @ Csn with n > 2.

Lemma 5.5. Let G = Cs2 @ Csn with n > 2. Then
Co(G) = 3n+1 + 1.

Proof. Let S be a regular sequence over G of length |S| = m(G) = 3" +1.
We need to show ) (S) = G. Assume to the contrary that,

> (8)#G.
Note that |S| > D(G). So we have
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(5.2) 0€) (9)

Let Sy be the maximal subsequence of S such that [[(S;) # 0. Clearly,
|S1| < D(G)—1 =9—143"—1 = 3"+7.If |S1| = 3"+7 then G\{0} C > (S1)
by Lemma 5.1. It follows from (5.2) that > (S) = G, a contradiction. So we
have

|S1] < 3" +6.
Let H = Lyys,)- Since S; is maximal, every term of SS; ' is in H. Note
that S is regular. We have
|H| —1>|Sy| >9S5 >3 +1—(3"+6)=2x 3" —5.
Hence
3" > |H| >2x3" -5,

It follows from n > 2 that

|H| = 3"
This implies
H = C5 @ Csn or Cyo @ Cr.
Therefore,
D(H) < 3"+ 2.
We show next that
(5.3) co(H) <2x3"—5,

which implies that Y (Sy) = H, a contradiction to lemma 2.3. Thus it
follows from Lemma 2.2 that c¢y(G) = 3" + 1 completing the proof.

To prove (5.3), let S’ be a regular sequence over H of length |S’| =
2 x 3" — 5. We need to show that > (S’) = H. Assume to the contrary that,

> (8 #H.
Since |S'| =2 x 3" —5 > m(H), by Lemmas 2.3 and 2.7 we obtain that
st() () = {0} and 0 € Y (S).
Let Sy be the maximal subsequence of S’ such that [[(S2) # 0. Similarly

to above we derive that |S;] < D(H) —2 < 3™
Let Hy = Lyy(s,)- Similarly to above, we have

H|—1>18, >9SS >2x3"—5—-3"=3"_5,
Hy 2

This implies that
|Hy| = 3™,
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Choose a subgroup K of H with |K| = 3" such that |S}| is maximal.
Since S is regular, we have that |S},| < |K|—1 < 3" —1. By the maximality
of Sk, 3" —5 < Sy, | < |Sk|. Therefore,

3" —5< | <3"—1.
Let g =g+ K for every g € H.

Since |H| = 3""! we can always choose two terms g, g» of S’ not in K
such that g;g5|S" and [{0} U > (g1 g2)| > 3. We distinguish two cases.

Case 1. 3" — 1> |5 | > 3" — 3.

Take a subsequence W;|S% with |[Wi| = 3" — 3. Let T = ¢1¢9oW; and
Ty, = S'T~!. Then we have

|T|=3"—1
and
Ty = ST =2%x3"-5—-3"+1=3"—4>5.
Subcase 1.1. v (T1) +v_,(T1) <2 forall g € H.
Since |T1| > 5, T} contains a 2-zero-sum free 3-subset A of H. Let

W =8T"1A"
Then
W1 > 2.
Now S’ has a factorization
S = AWT.

Let B={0}U> (A), C ={0}uU> (W), and let D = {0} U > (T). Then,
B+C+D=>(5). Since st(>_(S")) = {0} and S’ is regular, by Kneser’s
theorem we obtain that
[H|=1> > ()] > |B|+|C| +|D| -2
>T7T+(W|+1)+@|T|—-3) -2
>74+3+3" —6-2>3"" = |H|,
a contradiction.

Subcase 1.2. v (T7) +v_,(71) > 3 for some g € H.

Since S’ is regular over H, there is some term y of W; such that y & (g).
Otherwise |[57,,| > 3" > [(g)|, which is a contradiction. Let T5 = Ty~ L.
Then

Ty = 3" — 2
and
STy =2%x3"—5—3"4+2=3"—3.
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Since v, (T1) +v_,(T1) > 3, there is a subsequence A; = g°(—g)® of T} with
a+0b=3. Let

A=Ay
and
W= STy AL
Then
W' > 2.

Now S’ has a factorization
S, = A,W/TQ.
Let B={0}U> (A"), C={0}U> (W), and let D = {0} U > (T3). Then,
B+C+D=>(5). Since st(>_(S")) = {0} and S’ is regular, by Kneser’s
theorem we obtain that
[H|=1>1) (S =Bl +[C|+|D| -2
>2(JA1| + 1)+ (W' + 1)+ (3T — 3) — 2
>8+3+3" —9—-2=3""=|H|
a contradiction.
Case 2. 3" — 5 < |9 | < 3" —4.
Take a subsequence W1|S} with |[Wi| = 3" — 5. Let T = ¢19oW; and
T, = S'T~!. Then we have
|T| =3"—-3
and
Ty =|S'T | =2x3"-5-3"+3=3"-2>T7.
Subcase 2.1. v,(T}) +v_,(T1) <2 for all g € H.
Since |T1]| > 7, there are two 2-zero-sum free 3-sets A; and Ay of H such
that A; Ag|Ty. Let W = S'T'A Ay, Then |[W| > 1.
Now S’ has a factorization
S/ = AlAQWT
Let B; = {0} U > (4;) for i € {1,2}, C = {0} U > (W), and let D =
{0} U (T). Then, By + By +C + D = > (5). Since st(>_(5")) = {0} and
S’ is regular, by Kneser’s theorem we obtain that
[H| = 1> Y ()] > |Bi| +|Bs| +|C| + |D| — 3
>T7T+7+(W|+1)+@|T|—3)—3
>T74+74+24+3"" —12-3> 3" = |H|,

a contradiction.
Subcase 2.2. v,(11) + v_,(T1) > 3 for some g € H.
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Since |T1| = 3" — 2, there are two elements yy, y> & (g) such that y,ys|77.
Otherwise, |5}, > [T1] =1 = 3" =3 > [Si|. This contradicts to the
maximality of S-.

Since vy (T1) + v_y(T1) > 3, there is a subsequence A; = g%(—g)® of Ty
with a +b=3 and a,b > 0. Let

A= Ay
and
W'=ST A"
Then
W'| > 2.
Now S’ has a factorization
S = AW'T.

Let B={0} U (A4), C={0}u> (W’), and let D = {0} U > (T'). Then,
B+C+D=>(5). Since st(>_(S")) = {0} and S’ is regular, by Kneser’s
theorem we obtain that
[H|=12[) ()] = |B|+|C| +|D| -2
>3(JA |+ 1)+ (W' +1)+ BT —3) —2
>12+3+3" —12-2> 3" = |H|,

a contradiction. O

Proof of Theorem 1.1 (5). If G = C, & C,,, then ¢o(G) = m(G) =2p —1
by a result of Peng [10]. For the other cases, the result follows from Lemma
5.4 and Lemma 5.5. U

We end this section with the following
Conjecture 5.6. c¢y(G) = m(G) for all finite abelian groups.
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