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Abstract

The energy £(G) of a simple graph G is defined as the sum of the absolute values of all eigenvalues
of its adjacency matrix. This concept was introduced by I. Gutman in 1977. Recently, Aouchiche et
al. proposed a conjecture about tricyclic graphs: If G is a tricyclic graphs on n vertices with n = 20
or n > 22, then £(G) < E(PS66) with equality if and only if G = P66 where PS5 denotes the
graph with n > 20 vertices obtained from three copies of Cg and a path P, 15 by adding a single
edge between each of two copies of Cg to one endpoint of the path and a single edge from the third
Cs to the other endpoint of the P,_15. Li et al. [X. Li, Y. Shi, M. Wei, J. Li, On a conjecture
about tricyclic graphs with maximal energy, MATCH Commun. Math. Comput. Chem. 72(1)(2014),
183-214] proved that the conjecture is true for graphs in the graph class G(n;a, b, k), where G(n;a, b, k)
denotes the set of all connected bipartite tricyclic graphs on n > 20 vertices with three vertex-disjoint
cycles C,, Cp and Cy, apart from 9 subclasses of such graphs. In this paper, we improve the above
result and prove that apart from 7 smaller subclasses of such graphs the conjecture is true for graphs
in the graph class G(n;a,b, k).

1 Introduction

The energy £(G) of a simple graph G is defined as the sum of the absolute values of all
eigenvalues of its adjacency matrix. This concept was introduced [8] by Gutman in 1977. For
details about the graph energy, we refer the reader to two surveys [9,10] and the book [28]. A
lot of results have been obtained on the minimal and maximal energies in some given classes

of graphs, such as trees, unicyclic graphs, bycyclic graphs, etc.; see [1,2,5,7,13-27,30-33].
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The problem of finding the tricyclic graphs maximizing the energy remains open. Gutman
and Vidovié¢ [12] listed some tricyclic molecular graphs that might have maximal energy for
n < 20. Very recently, experiments using AutoGraphiX led the authors of [3] to conjecture
the structure of tricyclic graphs that presumably maximize energy for n = 6,...,21. For
n > 22, Aouchiche et al. [3] proposed a general conjecture obtained with AutoGraphiX.
First, let pg6o (see Figure 3) denote the graph on n > 20 obtained from three copies of Cg
and a path P,,_1g3 by adding a single edge between each of two copies of Cg to one endpoint

of the path and a single edge from the third Cg to the other endpoint of the P,_1g.

Conjecture 1.1 [3] Let G be a tricyclic graphs on n vertices with n = 20 or n > 22. Then
E(G) < E(PY) with equality if and only if G = PY%°.
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Figure 1: Tricyclic graph pSos,

Let G(n;a,b, k) denote the set of all connected bipartite tricyclic graphs on n vertices with
three disjoint cycles C,, Cy and Cj, where n > 20. In this paper, we try to prove that the
conjecture is true for graphs in the class G(n;a,b, k), but as a consequence we can only show
that this is true for most of the graphs in the class except for 9 families of such graphs. From
the definition of G(n; a,b, k), we know that a, b and k are all even. We will divide G(n;a, b, k)
into two categories Gr(n;a, b, k; 01, 02;¢.) and Grr(n;a,b, k; €1, 2, ¢3) in the following. We say
that H is the central structure of G if G can be viewed as the graph obtained from H by
planting some trees on it. Denote by Hj(n;a,b, k;¢1,02;0.) and Hrr(n;a,b, k; 1,0, 03) the
central structures of Gr(n;a, b, k; 1,02;¢.) and Grr(n;a,b, k; €1, 02, (3), respectively.
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Figure 2: Hy(n;a, b, k; €1, l2; L.).

The graph class Hj(n;a,b, k;l1,02;¢.) (see Figure 2) is the set of all the elements of
G(n;a,b, k) in which C, and C} are joined by a path P, = uy---u2 (ug € V(Cyp)) with 44
vertices, Cj and C}, are joined by a path Py = vy ---v9 (v2 € V(C})) with ¢9 vertices. In

addition, the smaller part us - - - vy of Cy has £. vertices. When uy = vy, we have £, = 1.



The graph class Hrr(n;a,b, k; {1, 02,03) (see Figure 3) is also a subset of G(n;a,b, k). For
any H € Hrr(n;a,b, k;01,02,03), h has a center vertex v, Cy, Cp and C}, are joined to v by
paths Py = up---v (ug € V(Cy)), Po = ug---v (ug € V(Cy)), Ps = uz---v (ug € V(Cy)),

respectively. The number of vertices of Py, P> and Ps are 1, {5 and {3, respectively.

Figure 3: Hyr(n;a,b, k; 41,02, 03).

It is clear that

G(n;a,b,k) = Gr(n;a,b,k; €1,02;0.) U Grr(n;a,b, k; 0}, 05, 5).

Now we introduce two special graph classes H] and H3 as follows.

The graph class H] consists of graphs H with the following four different possible forms:
(i) H e Hi(n;a,4,k;l1,02;2), where a > 8, k > 8,2 <, <3,2< 1/l <3.
(i) H € Hi(n;a,b,k;ly,02;2), where a > 8, b > 6, k> 8,2 </ <3,2 </l <3 and
{1 = ¢ = 3 is not allowed.
(iii) H € Hi(n;4,b,k; 01,02;2), where b > 6, k> 6,2 < {; <3 and 2 < {5 < 3.
(iv) H € Hi(nsa,b,4;01,02;2), where 2 < {5 < 3.
Whereas H3 consists of graphs H with the following five different possible forms:
(i) H € Hir(n;a,b,k;2,09,03), where a > 8.
(i) H € Hrr(nya,b,k;3,3,3), where a >k > b > 8.
(iii) H € Hyr(n;a,4,k; 1,3, 03).
(iv) H € Hrr(nya, 4, k; 61,2, 03).
(v) H € Hir(nya,4,k;3,4,3), where a > k > 6.

In [29], the authors tried to find the graphs with maximal energy among the two categories
of G(n;a,b,k): Gr(n;a,b, k;l1,02;¢.) and Grr(n;a, b, k; 01, Lo, £3), respectively. Apart from two
classes Hi and H3, they obtained that pSos — Hir(n;6,6,6;n — 17,2,2) has the maximal
energy among all graphs in G(n;a,b, k) . Their main result is stated as follows, which gives

support to Conjecture 1.1.

Theorem 1.2 [29] For any tricyclic bipartite graph G € G(n;a,b, k) \ (H} UHS), E(G) <
E(PS’G’G) and the equality holds if and only if G = pgos,



In this paper, we try to improve the above result. Let us now introduce two graph classes
H7* and H3*. The graph class H}* consists of graphs H with the following three different
possible forms:

(i) H e Hi(n;a,4,k;l1,02;2), where a > 8, k> 8,2 < {1 <3,2</ly<3.

(i) H € Hi(n;a,b, k;l1,09;2), where a > 8, b > 6,k > 8, 2< /¢ <3,2</y <3 and
{1 = ¥5 = 3 is not allowed.

(iii) H € Hi(n;a,b,4;01,02;2), where 2 < 5 < 3.

Whereas H35* consists of graphs H with the following four different possible forms:

(i) H e Hrr(n;a,b,k;2,09,03) UHrr(n;a,6,6;2,05,05), where a > 8, ¢4 > 8, and 1 = 2 or
I3=20r6<a+{ <T7Tor6<k+/3<13.

(i) H € Hrr(nya,b,k;3,3,3), wherea >k >b>8,and a = 0 (mod 4) or k = 0 (mod 4).
(iii) H € Hyr(n;a,4,k;01,3,03), where /1 =2orlg=2o0r6 <a-+/¢; <Tor6<k+ /¢35 <13.
(iv) H € Hyr(n;a,4,k;61,2,03) UHrr(n;6,4,6;2,2,¢), where £ > 8, and ¢1 = 2 or {3 = 2 or
6<a+/l<Torb6<k+/¥<13.

We obtain the following theorem, whose proof will be given in Section 3.

Theorem 1.3 For any tricyclic bipartite graph G € G(n;a,b, k) \ (Hi* U H3*), £(G) <
E(PS’G’G) and the equality holds if and only if G = pEos,

2 Preliminaries

In the sequel, let P,, Cy, P? and Pﬁ’b be a path, cycle, the graph obtained by connecting
a vertex of the cycle C, with a terminal vertex of the path P,_,, the graph obtained from
cycles C, and Cj by joining a path of order n — a — b + 2, respectively. We refer to [4] for

graph theoretical notation and terminology not described here.
The following are some elementary results on the characteristic polynomial of graphs and

graph energy, which will be used later.

Lemma 2.1 [6] Let uv be an edge of a graph G. Then

B(G,A) = (G —uv,\) = ¢(G—u—v,A) =2 Y $(G=C,N),
Cep(uv)
where ¢(G, A) denotes the characteristic polynomial of G, and ¢(uv) is the set of cycles of G

containing wv. In particular, if uv is a pendant edge of G with the pendant vertex v, then

d(G,N) = XAp(G — v, A) — d(G —u—v, \).



Lemma 2.2 [29] Let uwv be an edge of a bipartite tricyclic graph G which contains three

vertex-disjoint cycles. Then

bQi(G) = bQi(G — UU) + bQi_Q(G —u — U) +2 Z (—I)H_éb%,l(G — Cl),
Crep(uv)
where (uv) is the set of cycles of G containing uv. In particular, if uwv is a pendant edge of

G with the pendant vertex v, then

bgi(G) = bgi(G - uv) + bQi_Q(G —u— ’U).

It is well-known [6] that if G is a bipartite graph, then the characteristic polynomial of G

has the following form
15
GG A) =) (=) b2,
i=0

|3

where by; > 0 for all ¢ = 1,---,[5]. For two bipartite graphs G; and G2, Gutman and

Polansky in [11] defined a quasi-order G; < G2 or G = G if by;i(G1) < b2;(G2) hold for all

i=1,2,---,[§]; moreover, G1 < Gz or G = G if ba;(G1) < b2i(G2) holds for some 7. The

above quasi-order implies the following quasi-order relation on graph energy

G1 <Gy = 5(G1) < E(Gg), G1 <Gy = 5(G1) < 5(G2).

From Sachs Theorem [6], we can obtain the following properties for bipartite graphs.

k
Lemma 2.3 [6] (1) If G1 and G2 are both bipartite graphs, then bor(G1UG2) = > by (Gy) -
i=0

bar—2:(G2).

(2) If Go, G1, Gy are all bipartite and G1 =< Ga, since byi(Go) > 0 and be;(G1) > byi(G2)
for all positive integer i, we have Go UGy < Gy U Ga. Moreover, for bipartite graphs G;, G,
i =1,2, if G; has the same order as G} and G; = G}, then G1 U G2 =< G| UG5,

Lemma 2.4 [11] Let n = 4k, 4k + 1,4k + 2 or 4k + 3. Then

P, =~ PBUP, o=PUP, 4> > Py, UP, o = Pop1UP, 2,1

= Py U Pn—2k:+1 == PsUP,_3>= P UP,_1.

3 Proof of Theorem 1.3

We are now in a position to prove our main result.



3.1 For (v) of the graph class H;
In [29], the authors obtained the following lemma.
Lemma 3.1 [29] For any graph H € H;1(n;6,6,6;01,2,03) \ pSos g < pSos,

Proposition 3.2 For any graph Hy € Hir(n;a,4,k;3,4,3) where a > k > 6, there exists a
graph Hy € Hir(n;6,6,6;01,2,03) such that Hy < Ha.

Proof.  Fix parameter n. For any Hy € Hrr(n;a,4,k;3,4,3), we choose a graph Hs €
Hrr(n;6,6,6;¢1,2,03) such that ¢ = a — 3 and ¢35 = k — 3 (see Figure 4). It suffices to show
that Hy < Hy. From Lemma 2.2, we have

H,

Figure 4: Graphs for Proposition 3.2

boi(H1) = boi(Hy —uivr) + boj—o(Hy —ur —vy)

= bm(Pa’HHSUPG)+bgZ 2(P, +1UPk+1UP5)
bai(Ha) = boi(Ha — ugva) + bai—o(Ha — ug — v2)

= sz(Pgl S tyr0 U C6) + baia(Pp 4 U P 4 U Ps)

Since ¢(Pg; A) = A6 —6M* + 6% and ¢(Cg; A) = A6 — 611 +9A? — 4, it follows that P§ < Cg.
Similarly, ¢(Pd;A) = A% — 3A3 + 2X and ¢(Ps; \) = A5 — 403 + 3\ yields P4 < P5. Because
l{i=a—3and¥l3=k—3,wehavea+k+3=01+¥3+9,a+1=F¢+4and k+1=/35+4.

Since P¢ Pl Pz 4 Pk+1 =< Pg 44 and Pafk+3 P€1+€3+9, we have H; < Hy by Lemma 2.3.
]

Remark 1. Proposition 3.2 indicates that the energy of any graph in Hj;(n;a, 4, k;3,4,3) is
not larger than the energy of a graph in H;;(n;6,6,6; 41,2, ¢3) with /; = a—3 and /3 = k—3.
From Lemma 3.1, H < PS% for any graph H € Hjr(n;6,6,6;/¢1,2,(3) satisfying H # pgoso,
So we exclude the possibility of any graph in (v) of the graph class H; posses maximal energy
among all the tricyclic graphs and hence (v) of the graph class H3 can be deleted in Theorem
1.3.



3.2 For (iii) of the graph class H;

Now we focus our attention on (ii7) of the graph class H3. For H € Hrr(n;a,4, k; 61,3, 43),
one can see that there is no restrictive conditions on the parameters a, k, 1, £3. In this section,
we shall show that if /1 > 3, 3 > 3, a+¢; > 8 and k + f3 > 14 then H < PS’G’G for any
H € Hir(n;a,4,k;01,3,¢3). Therefore, we narrow the scope of this graph class by putting
extra conditions /1 = 2orf3 =2orb5<a+¥f <T7orb<k+¥l3 <13, which is stated as
(7i7) of the graph class H4* in Theorem 1.3.

Lemma 3.3 For any graph Hy € Hir(n;a,4,k;01,3,03) where {1 > 3, 3 >3, a+4{; > 8
and k + 03 > 14, there exists a graph Ho € Hyr(n;6,4,6;¢,,3,05) such that Hy = Ho.

Proof.  Fix parameter n. For any Hy € Hyr(n;a,4,k;41,3,03), we choose a graph Hy €
Hir(n;6,4,6;0,,3,05) where ¢) = a+ ¢ — 6 and ¢4 = k + {3 — 6 (see Figure 5). Since
k + €5 > 14, it follows that ¢5 > 8. So we only need to show that H; < Hy. From Lemma

2.2, we have

bai(Hy) = boi(Hi —wivy) + boi—o(H1 — ug — v1)

bai(H2) = bai(Ha — ugva) + bai
= by P665UP5 + boi_

( ) 2(

= by(Py 5UP5)+b2z 2(Pyy, - 2qu+,£3 5 UCY)
( ) 2(Hy — ug — v9)
( ) 2(

6
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Figure 5: Graphs for Lemma 3.3.

. ak 6,6 a 6 .
Since P, = P ., Pa+€1 g = pS oty 2 and Plc+£3 5 = Pk+€3—2’ it follows from Lemma

2.3 that Hy < Hs, as desired. |

Lemma 3.4 For any graph Hy € Hyr(n;6,4,6;¢1,3,03) where {3 > 8, there exists a graph
Hy € Hir(n;6,4,6;2,3,¢) such that H; < Ho.

Proof.  Fix parameter n. For any H; € Hyr(n;6,4,6;/1,3,03), we select a graph Hy €
Hir(n;6,4,6;2,3,0) where £ = {1 + {3 — 2 (see Figure 6). Since ¢; > 2 and (3 > 8, it follows
that £ > 8. We only need to show that H; < Hs. Using Lemma 2.2, we have
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Figure 6: Graphs for Lemma 3.4.

bai(H1) = boi(H1 —urvy) + boj—o(Hy — ug — v1)

= bgi(PSL% U P54) + bgi_g(P2+4 U Pg+4 U 04)

bai(Hz) = boi(Ha — ugv2) + bai—o(Ha — ug — v2)

= bgi(P§f5 U P54) + bgifg(C(; U Pg6+4 U 04)

From Lemma 2.3, we need to prove P€61 e Pg 1 <CsU P(g_ 4 Clearly, we have

boi (PP g UPL ) = boj(CoUPy_oUPY ) +bojo(PsUP,_3UP) )

ij(CG U P£6+4) = sz(C6 UFP,_oU Pg63+4) + b2j—2(06 U Py, —3U Péi-&-S)

By Lemma 2.3, it suffices to show Ps U PZ"; w4 = CgU Pzﬁ3 +3- We can easily obtain the

following equalities.

bor(Ps U Pp 1 4)

bar(Ce U P 5)

bor(Ps U Pp g U Py) + byy_o(Ps U P L)

bor (P5 U Pp 3 U Py) 4 bor_a(Py U PLU P o) + bor—a(Ps UPE o)

boy (Ps U PP L3 U P) 4 bop_o(PyUPLUPY 5) +bor_a(PsUPL UPY)
+bor—6(Ps U Py)

boy(P5 U Pp 3 U Py) 4 bop_o(Py U PLU P o) + bor—a(Ps UPE UPy)
+bop (P2 U Py U Pg) + bor—s(P1 U Pé’;,)

bor(Ps U Py g U Py) + byy—o(PyUPLUPY o)+ byr—a(P3U P, UP)
+bor—6(P2 U PLUPY) + byy—s(PLUPY,_1 U Py) + bar_10(PL U Py, _y)

bor(Ps U Py, 3) + bar—2(Py U Pp i 5) + 2bor_6(Pp 3)

bar(Ps U Pp3) + bar—2(Py U PLU PP o) + bar—a(PLU PP )
+2b9r—6(Pp, 4 3)

bor (Po U PS_3) + bor—2(PyU Py U PS 5) + by _a(PsUPLUPS )
+bor—6(FPo U Pg+1) + 2b2r76(PZ63+3>

boy (Ps U PP 3) + bor—a(Py UPLU P o) +bor_g(PsUPLUPE )



+bor—6(Py UPLUPY) + bor_g(PoaUPY_1) + 2bor—6(Pp 1 3)

= by (PsUPY 3) +bor—a(PaUPLUPY o) +bor_g(PsUPLUPY )
+bor—6(P2 U P UPY) + byys(PLUPLUPE_y) + bar—10(P,_1)
+2b2,—6(Ff, 43)

= by (PsUP) 3) +bora(PLUPLUPY o) +bor_g(PsUPLUPY )
+bor—(P2 U Py U Pgi) + by —sg(PLUPL U Pg,,,l) + er—lO(ngz uUpp)
+bor—12(Pp_3) + 2bar—6(Pp 4 3)

One can easily see that P U PLZ 44 = CgU PZG3 43, which implies H; < Hs. The result

follows. |

Lemma 3.5 For any graph Hy; € Hir(n;6,4,6;2,3,0) where { > 8, there exists a graph
Hy € Hir(n;6,6,6;2,2,¢") such that Hy < Ho.

Proof.  Fix parameter n. For any H; € Hr(n;6,4,6;2,3,¢), we choose a graph Hy €
Hir(n;6,6,6;2,2,¢") where ¢/ = £ —1 (see Figure 7). It suffices to show that H; < Hy. From

Figure 7: Graphs for Lemma 3.5.

Lemma 2.2, we have

bai(H1) = boi(Hi —wivr) + boi—o(H1 —ug — v1)

( )
= b2i(PrSi16 U Cg) + baj—o(Ps U PP, U PY)
boi(Ha) = bai( )
= boi(PY% U Cp) + byi—a(Ps U PS5 U Cp)

Hy — ugva) + bai—2(Ha — ug — v2)

2(
2(
2(
2(
From Lemma 2.3, we need to prove P€6 LU P < P€6+3 U Cg. Clearly, we have

+

boj(Ples U Py) = baj(Pfyy U Ps) + bajo(Ply U Py U Py)
where

boj(PP g UPs) = boj(PPyyUPsUP)+boj_o(PPyy U Ds)
= byj(PPy3 U Ps UPL) + byj (PP UPyU P+ byj_s(PPy U Ps)



= boj(PPy3 U PsUPL) +byjo(PPgUPyUPL) +byj a(PPy UPsUPy)
+b2j—6( P U Ps)

= boj(PP g UPsUP) +bojo(Ply UPyUPy) +boj_a(PEy UPsUPy)
+boj_6(Pf U Py U Py) + byj_s(PP U Py)

= boj(PP g UPsUP) +bojo(PPy UPyUPy) + boyj_g(Ply UP3UPY)
+bo;j—6(PP U Py U Pp) +boj (PP 1 UPLUPL) + baj_10(PP o U Py)

and

bgj_g(Pgﬁ_M UPU Pl) = bgj_z(P£6+3 UubPLUPU Pl) + sz_4(P€6+2 UbPu Pl)

Similarly, we have
by (PPy3 U Cg) = baj (PP 3 U Ps) + baj_2(Ppy 5 U Py) + 2baj_6(Pp, )

where

b2j(Plis U Ps) = baj(PlisUPsUPy) +byja(PligUPy)

= boj(PP g UPs UP) +boj_o(PPy UPyUP) +byj_a(PPq U Py

= boj(PP g UPsUP) +boj_o(PPy UPyUPy) +boyj_a(Ply UP3UPY)
+b2j-6(Pfyy U P2)

= boj(PP g UPsUP) +boj_o(Ply UPyUP) +boj_s(PPy UP3UP)
+b2j—6(PF U Py U Py) + baj—s(PS 1 U Py)

= boj(PP g UPsUP) +bojo(Ply UPyUPy) +boj_g(PEy UP3UPy)
+b2j—6(PP U Py U Py) + baj_s(PP 1 UPLUP) + byj_10(Pf;)

= boj(PP g UPsUP) +boj_o(Ply UPyUP) +boyj_g(Ply UP3UPY)
+b2j—6(PF U Py U Py) + baj—s(PS 1 U P UP;) + baj_10(PP_5 U Pp)

+boj12(P) 3)
and

bgj_Q(PEGJr:)) U P4) = ij_Q(P56+3 U Pz U Pl) + ij_4(P56+3 U P2)

Since bQT(PEGJrg) = bQT(PfJr2 UP)+ bgr,g(PfH), it follows that PZG+2 Uup < Pf+3 and hence

PEGJr4 U P54 =< PE6+3 U Cg by Lemma 2.3. So H; < Hs. The proof is now complete. |

The following proposition is immediate by Lemmas 3.3, 3.4 and 3.5.

Proposition 3.6 For any graph Hy € Hir(n;a,4,k; 01,3,03) where {4 > 3, {5 > 3, a+{; > 8
and k + €3 > 14, there exists a graph Hy € Hyr(n;6,6,6;2,2,0) = PSS such that Hy < Ho.



3.3 For (ii) of the graph class H}

Proposition 3.7 For any graph Hy € Hyr(n;a,b,k;3,3,3) where a > k > b > 8, a =
2 (mod 4) and k = 2 (mod 4), there exists a graph Hy € Hir(n;a,b, k;2,0,03) such that
Hy < Hy.

Proof.  Fix parameter n. For any Hy € Hr(n;a,b,k;3,3,3), we choose a graph Hy €
Hir(n;a,b, k;2,3,4) (see Figure 8). It suffices to show that H; < Hs. From Lemma 2.2, we

Figure 8: Graphs for Proposition 3.7.

have

boi(Hy) = bai(Hy — ugvr) + bai—o(Hy — up — v1)
= bZz(Pairk+3 U Pyy1) + baim2(Pyyq U Py U G)
boi(Ha) = bai(Ha — ugvz) + bai—o(Hz — ug — v3)
= by(P, a+k+3 U P2yy) + boia(Ca U PELy UGh)
Applying Lemma 2.3, we only need to show that P¢ ; U P,f v <Cy U P,f Lo

From Lemma 2.2, we have

boj(PE 1 UPEL) = boj(CoUPE UP) +boj_o(Pai UPE)

= boj(Co UPF UPy) +boj_o(Py1 UCKLUPy) + byj—y(Pa—1 U Pp_q)

= by;(C, UPk+1UP1)—|—b23 2(Pam1 UCLU Py)
+b2j—4(Pa—2 U Py—1 U Py) + boj_6(Pa—3 U Py_1)

boj(Ca U Plys) = bgj(CaU P UPL) +byj2(Co U Ch)

= by (Ca UPF UPy) +baj_o(PyUCk) + baj—a(Pa2UCy)
+2(=1)"2bg;2-(Ch)

= by(C, UP,CHUPl)quQJ 2(P, UC) + baj—a(Pa—2 U Py)
+bgj—6(Pa—z U Pi_a) + 2(=1) " 3byj_y g (Pacz + 2(—1)"* Fbyj_2_a(Cy)



Since a = 2 (mod 4) and k = 2 (mod 4), it follows that 2(—1)1+§b2j_4_k(Pa,2) > 0 and
2(—1)1+%b2j_2_a(0k) > 0. Furthermore, P,_3U P,_1 < P,_5 U Pj._5 since both a and k are
even. One can easily see that Py ; U Plf+1 < Cy U P,f+2. Furthermore, we have H; < Hs.

The proof is now complete. |

Remark 2. From the above proposition, for any graph H € Hjs(n;a,b,k;3,3,3) where
a>k>b>8and a= 2 (mod4) and k = 2 (mod 4), H can not posses the maximal energy
in G(n;a,b, k). So the remaining caseisa >k >b> 8 and a= 0 (mod 4) or k = 0 (mod 4),
which is stated as (i7) of the graph class H5* in Theorem 1.3.

3.4 For (i), (iv) of the graph class H; and (iii) of the graph class H}

In this section, we mainly discuss (7), (iv) of the graph class H3, and the graph class (iii) of

‘Hj is discussed in Remark 4.

Lemma 3.8 For any graph Hy € Hir(n;a,b,k;2,09,03) where a > 8, lo, 03 > 3, b+ lo > 8
and k + 03 > 14, there exists a graph Ho € Hir(n;a,6,6;2, 05, 05) such that Hy < Hs.

Proof.  Fix parameter n. For any graph Hy € Hjj(n;a,b, k;2,05,03) where {5,035 > 3,
b+ /¢y > 8 and k + ¢3 > 14, we choose a graph Hy € Hyr(n;a,6,6;2,0,,¢5) such that
Uy =10 +b—6and 5 = 3+ k — 6 (see Figure 9). Clearly, ¢5 > 8. It suffices to show that
Hy, < Hy.

Chy

Figure 9: Graphs for Lemma 3.8

From Lemma 2.2, we have

boi(Hy1) = boi(Hy —wvr) + boi—o(Hy —up — v1)
= boi(Py", U Ca) + baia(Paci UPLyyy 5 UPE L, o)
boi(Ha) = boi(Hay — ugvg) + bai—o(Hy — ug — v2)
6,6
= by(P,°,UCy) + bai_2(Py—1 U P22+4 U PK(ZJA)



Because ¢}, = lo+b—6 and ¢5 = l3+k—6, we have th+4 = lo+b—2 and 4+4 = l3+k—2.
Therefore, Pé’2+b_2 = P£6,2+4, P(ZkQ+k—2 = P€6{;+4 and Pgﬁl = PS’_6a. Lemma 2.3 yields H; = Ho,
as desired. 1

Lemma 3.9 For any graph Hi € Hrr(n;a,6,6;2,0,03) where {3 > 8, there exists a graph
Hy € Hir(n;a,6,6;2,2,0) such that Hy < Hs.

Proof. Fix parameter n. For any graph Hy € Hyr(n;a,6,6;2, 09, (3) where {3 > 8, we choose
a graph He € Hyr(n;a,6,6;2,2,¢) such that £ = 5+ ¢35 — 2 (see Figure 10). Since ¢5 > 2 and
l3 > 8, it follows that £ > 8. It suffices to show that Hy < Ho. From Lemma 2.2, we have

05 ¢
- Q Ll
@jm—o 0 S
) 1 O
log & e
Ca Cq
Q

Hl Hg
Figure 10: Graphs for Lemma 3.9

bai(Hy) = boi(Hy —ugvr) + boi—o(Hy —up — v1)
= byu(P%® U C,) + by o(Pyq U Pz62+4 U P463+4)
bai(Ha) = boi(Hay — ugvg) + bai—o(Ha — ug — v2)

= b2i(P,?’,6a UCy) + bai—2(Py—q U Pg6+4 U Cs)
Similarly to the proof of Lemma 3.4, we can obtain PZGZJr4 U Pgﬂ =< PEJr4 U Cg. From
Lemma 2.3, we have H1 < Ho, as desired. |

Proposition 3.10 For any graph Hy € Hyr(n;a,b,k;2,09,03) where a > 8, ¢ > 3, {3 > 3,
b+0y > 8 and k+ {03 > 14, there exists a graph Hy € Hir(n;a,6,6;2,2,¢) such that H; < Ha.
Similarly to the proof of Proposition 3.10, we can derive the following result.

Proposition 3.11 For any graph Hy € Hir(n;a,4, k; 41,2, 03) where 1 > 3, {3 >3, a+{1 >
8, k + {3 > 14, there exists a graph Hs € Hyr(n;6,4,6;2,2,0) such that Hy < Hs.

Remark 3. From the above propositions, for (i) of the graph class H3, the remaining graph
classes under consideration are Hyr(n;a, b, k; 2, o, £3) UH1(n; a,6,6;2,2,¢), where a > 8, £ >



8,and fa =2o0rl3 =2o0r 6 <b+/¥; <7or6 <k+/3 <13; for (iv) of the graph class H3, the
remaining graph classes under consideration are Hyr(n;a, 4, k; ¢1,2,03) UHr1(n;6,4,6;2,2,7),
where / > 8, and /1 =2or¥l3=2o0or6<a+/4 <Torb6<k+/¢3<13.

Remark 4. For any H € Hy(n;4,b, k; l1,02;2) whereb > 6,k > 6,2 < ¢ <3and2 < ly <3,
one can see that H € Hy(n;a,b,4;01,02;2) where 2 < f5 < 3. This observation suggests that
the graph class (iii) of H7 is a subset of the graph class (iv) of H7}, thus omitted and deleted

in Theorem 1.3.
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