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EXTREMAL SKEW ENERGY OF DIGRAPHS WITH NO EVEN CYCLES
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ABSTRACT. Let D be a digraph with skew-adjacency matrix S(D). Then the skew energy of D is defined
as the sum of the norms of all eigenvalues of S(D). Denote by O, the class of digraphs of order n with
no even cycles, and by Oy n the class of digraphs in O, with m arcs. In this paper, we first give the
minimal skew energy digraphs in O, and O,,m with n —1 < m < %(n —1). Then we determine the

maximal skew energy digraphs in O, , and Op nt1, and in the latter case we assume that n is even.

1. Introduction

Let D be a digraph with vertex set V(D) = {v1,v2,...,v,} and arc set I'(D). Denote by v(D)
and (D) the numbers of vertices and arcs of the digraph D, respectively. Throughout this paper, we
always assume that D has no loops or multiple arcs or directed cycles of length 2, thus the underlying
graph D of D is simple. In other words, D is an orientation of a simple undirected graph. The skew-
adjacency matriz [I] of D is the n x n matrix S(D) = [s;;], where s;; = 1 if (v;,v;) € I'(D), s;5 = —1 if
(vj,v) € I'(D), and s;; = 0 otherwise. The characteristic polynomial of S(D), which is called the skew

characteristic polynomial of D, has the form
¢s(D,A) = ap(D)A"F.
k=0

Let {\1, A2, ..., \n} be the eigenvalues of S(D), which are just the roots of the equation ¢4(D,A) = 0.
Obviously, they are all pure imaginary numbers. The skew energy [I] of D, denoted by Es(D), is defined

as the sum of the norms of them, i.e.,
n

£(D) =3 IAll.

i=1
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For convenience, when we say walks, paths, cycles, degrees, matchings, etc. of a digraph, we mean the
same as those they are in its underlying graph, unless otherwise stated.

The concept of energy of a simple undirected graph was introduced by Gutman in [6], which has a
close link to chemistry and has been extensively studied. We refer the book [14] and a survey [7] to
the reader for details. There are situations when chemists use digraphs rather than graphs. One such
situation is when vertices represent distinct chemical species and arcs represent the direction in which
a particular reaction takes place between the two corresponding species. So it is hoped that the skew
energy will have similar applications as energy in chemistry.

Since Adiga, Balakrishnan and So in [I] proposed the concept of skew energy, many results have
been obtained, most of which are collected in a recent survey [I3]. One of the fundamental questions
that is encountered in the study of skew energy is which digraphs in a given class attain extremal skew
energy. Such results have been obtained for directed trees, unicyclic and bicyclic digraphs [T}, 10, 15].
All 1-, 2-; 3- and 4-regular graphs were characterized which have orientations such that the resultant
oriented graphs attain maximum skew energy [1I, 2, [4, 5]. Moreover, from Pfaffian theory (See Remark
23)), it can be found that the coefficients of skew characteristic polynomials of digraphs with no even
cycles have special forms, which motivates us to consider extremal skew energy of the digraphs with no
even cycles.

Let O,, be the class of digraphs of order n with no even cycles, and O, ,, be the class of digraphs in
O,, with m arcs. For any digraph D € O,, ;,,, since there are no even cycles in it, any two cycles in D
have at most one common vertex. So we have n — 1 < m < %(n —1). In this paper, we first give some
definitions and deduce some basic results in Section 2l Then in Section [B] we give the minimal skew
energy digraphs in O,, and Oy, with n —1 < m < %(n — 1). In Sections @l and Bl we, respectively,
determine the maximal skew energy digraphs in O, , and O, 41, and in the latter case we assume

that n is even.

2. Preliminaries

We first give some basic definitions. An r-matching in a graph D is a subset of r edges such that
every vertex of V(D) is incident with at most one edge in it. Denote by m(D,r) the number of all
r-matchings in D and set m(D,0) = 1. The matching polynomial of D is defined as

[n/2]

m(D,z) = > (=1)"m(D, k)a" 2.
k=0

For convenience, we use the so-called signless matching polynomial [I1] here as for undirected graphs,

Ln/2]
(2.1) m*(D,x) = Z m(D, k)z?*.
k=0

A digraph H is called a “basic digraph” if each component of H is a K5 or a cycle with even length

(or even cycle). An even cycle C in a digraph D is called evenly directed if for either choice of direction
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of traversal around C, the number of edges of C directed in the direction of the traversal is even.
Otherwise, such an even cycle is called oddly directed. Just like the Sachs Theorem for undirected
graph, Gong et al. [3] gave an important property about the coefficients of the skew characteristic

polynomial of a digraph.

Lemma 2.1. Let D be an unweighted digraph on n vertices with the skew characteristic polynomial

$s(D,A) =D (1) a X" = A" — g X" 4 apA" 2 e (1) an g A+ (—1) .
=0

Then a; =0 if i is odd, and
a; = 2:(—1)C+2C if i is even,
H
where the summation is over all basic directed subgraphs H of D having i vertices and c¢*, ¢ are respec-

tively the number of evenly directed even cycles and even cycles contained in H.

From this lemma, we find that the direction of an odd cycle has no effect on the coefficients of the
skew characteristic polynomial. Then for the skew characteristic polynomial of a digraph D € O,, if i
is odd, a; = 0; if 7 is even, a; only has a relevance to Ko, which bears on the matching number of D.

We can get the following corollary immediately.

Corollary 2.2. Let D be a digraph in O,,. Then its skew characteristic polynomial is of the form

[n/2]
¢s(D,N) = Y m(D,i) A",

i=0
Remark 2.3. The above result can be also deduced from the Pfaffian theory [16]. Recall that a Pfaffian
orientation of G is such an orientation for the edges of G under which every even cycle C' of G such
that G\ V(C) has a perfect matching has the property that there are odd number of edges directed in
either direction of the cycle C. Suppose that G has a Pfaffian orientation D with skew-adjacency matriz
S(D). Then the determinant of S(D) equals the square of the number of perfect matchings of G, i.e.,
det(S(D)) = m?(G,n/2). Moreover, if G contains no even cycles, then any orientation D of G is a
Pfaffian orientation of G. Now det(S(D)) = m*(G,n/2) =0 or 1, since two distinct perfect matchings
contain an even cycle. Next we consider the coefficients of the skew characteristic polynomial of D. Let

Dy be a subgraph of D on k vertices with skew-adjacency matrix Sy. Then
(=1 ap(D) = " det(Sk) = > m*(Dy, k/2).
Dy, Dy,

Obviously, if k is odd, then ap(D) = 0; otherwise, ax(D) = m(D,k/2).

Therefore, in the class O, the skew characteristic polynomial of a digraph is independent of its
directions, so is the skew energy. Then throughout this paper we can consider digraphs with arbitrary

directions. Since agx(D) = m(D, k), we get the next result.



40 Trans. Comb. 3 no. 1 (2014) 37-49 J. Li, X. Li and H. Lian

Lemma 2.4. Let Dy and Dy be two vertex-disjoint digraphs. Then
i=k

ask (D1 U Do) = Za2i(D1) - agk—2i (D).
i—0

The next property is given in [9].
Lemma 2.5. Let D be a digraph, and let e = (u,v) be an edge of D that is not on any even cycles of
D. Then
agk(D) = agk(D — €) + agg—2(D — u —v).

Furthermore, if e = (u,v) is a pendant edge with the pendant vertex v. Then
agk(D) = agk(D — v) + agk—2(D —u —v).
In [I0], Hou et al. obtained the following integral formula for the skew energy.

Lemma 2.6. Let D be a digraph in O,,. Then
L e 3]
_ L2
E(D) = —/OO Plog(l + E_l agx™")dx.

From Lemma 2.6] (D) is an increasing function in ag;(D), 0 < i < [§]. Consequently, for two
digraphs D1, Dy € Oy, if az;(D1) > az;(D2) for all 0 < i < [§], then E(D1) > E5(D2). If at least one
of the inequalities ag;(D1) > ag;(D2) is strict, then we have E5(D1) > Es(D3).

By Corollary 22] Lemma and Eq. (2], we have

(2.2) £(D)—2/+wil (D, 2)d
: ] _ﬂ' 0 22 ogm ,r)ax.

Now we list some useful properties of the signless matching polynomial m™ (D, x), which is valid for

digraphs as well as undirected graphs, and already appeared in [12].

Lemma 2.7. Let Dy and Dy be two vertex-disjoint graphs. Then
mT(Dy U Dy, 2) = m™(Dy,x) -m™ (Do, x).
Lemma 2.8. Let e = uv be an edge of a graph D. Then we have
m™(D,z) =m™(D —e,z) + 2*m™ (D — u — v, z).
Lemma 2.9. Let P; denote a path on t vertices. Then
m*Y(P,,x) = mT(P_1,z) + 2*m™ (Pi_s,z), for anyt > 1.
The initials are m*(Py,x) = m*(Py,x) =1, and we define m™ (P-1,z) = 0.

We end this section with some notations. Denote by P,, C,, S, the directed path, cycle, star of
order n with arbitrary directions, P! the unicyclic digraph obtained by connecting a vertex of Cy with
a leaf of P,_,, and Pf’s the digraph obtained from two cycles Cp and Cj joined by a path P,_y_sio.
Let Spm € Opm,n—1<m<n—-1+ L"T_IJ, be the digraph obtained from S,, by attaching m —n +1
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edges to different pairs of pendant vertices, such that the pendant vertices of S, is of degree no more
than 2 in the digraph S, ,,. Clearly, S, ,—1 = 5,. We give the following underlying undirected graph

of Sy n42 for example.

V-
n—9

S’mn+2

FIGURE 1. The underlying undirected graph of S, ;2.

3. Minimal skew energy digraphs with no even cycles

For directed trees, the skew energy has the following property [I].
Lemma 3.1. The skew energy of a directed tree is the same as the energy of its underlying tree.
Corollary 3.2. For all trees in Oy, 5,1, the directed star S,, has the minimal skew energy.
Now we can get the next two theorems.
Theorem 3.3. Let D be a connected digraph in O,. If D 2 S, then E;(D) > Es(Sy).
Proof. By Lemma [2.5]
agk(D,z) = ag(D — e,z) + agk—2(D —u —v,z) > ak(D — e, ).

Thus (D) > &(T), where T is the connected tree obtained from D by deleting some edges. Then by
Corollary B2 E(T') > &4(Sy,), and the equality holds if and only if D = S,,. O

Theorem 3.4. Let D be a connected digraph in Oppm, n —1 < m < %(n —1). If D 2 Spm, then
Es(D) > Es(Snm)-

Proof. We prove it by induction on m. If m = n — 1, by Corollaryl3.2] the result holds. Suppose that
the result holds for digraphs Dy € Oy, ;,—1. We now consider D € Oy, n <m < %(n —1).
Case 1. There are no pendant vertices in D. Then there must be a cycle C' C D which has only

one vertex of degree more than 2. So there is an edge uv in C with d(u) = d(v) = 2. By Lemma 23]
a%(D) = a%(D — uv) + a2k_2(D —Uu— ’U).
Since m > n, there exists a triangle v/v'z on S, ,, such that v’ and v" have degree 2. Then

agk(Snm) = a2k (Snm—1) + a2k—2(Sn—2,m—3)-
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Clearly, D —uv, D —u — v are connected, and D —uv € Oy, py—1, and D —u —v € Op_2,,,—3. By the
induction hypothesis, agx(D — uv) > agk(Snm—1), a2k—2(D —u —v) > agg—2(Sp—2.m—3). Thus we get
that ag,(D) > agk(Sn,m). Then E5(D) > E(Sn,m), with equality if and only if D = S,, .

Case 2. There is a pendant edge uv in D with pendant vertex v. Then by Lemma 2.5]

az(D) = agw(D —v) + agk—2(D — u —v).

If Sy, m has no pendant edges, then m must be %(n — 1), but any digraph D € On%(n_l) has no
pendant edges, a contradiction. So there must be a pendant edge /v’ in S,, ,,, with pendant vertex v'.
Then

a2k(5n,m) - a2k(5n,m - 'U/) + a2k(5n,m - u/ - U/)
= agk(Sn—1,m-1) + agp—2((m —n+1)Py).

First we consider the digraph D —u — v. Clearly, there are m — n + 1 cycles in D. For the x cycles
which contain the vertex u with 1 < z < m — n + 1, there are at least one edge left for each cycle
in D —u — v, and the edges belonging to different cycles in D are now in different components. For
the other m — n + 1 — x cycles, there are at least three edges in each cycle. So D — u — v contains
(m —n+ 1)P, as a subgraph. Then agx_2(D —u —v) > agg_o((m —n + 1) Py).

Since D —v € Op_1,m—1, if D — v contains no pendant vertex, then by the proof of Case 1, we have
agr(D — v) > agk(Sp—1,m—1). Thus we get that ag(D) > agk(Spm). Then (D) > E5(Sy,m), with
equality if and only if D = S, ,,,. If D — v contains a pendant vertex, then the problem is changed
into comparing ag,(D — v) with agg(Sp—1,m—1). We repeat the above analysis until we get a digraph
D’ which contains no pendant vertex. Since m > n, the digraph D’ exists. Then we know from the
procedure that ag,(D) > agi(Sp,m), that means E(D) > Es(Spm)-

The theorem is thus proved. ]

4. Maximal skew energy unicyclic digraphs with no even cycles

For undirected paths, Gutman and Polansky in [8] gave the following partial order relation:
Lemma 4.1. Let n =4k, 4k + 1, 4k + 2, or 4k + 3. Then
Py >=P,UP, o> PiUP, 4> > Py, UP, op > Popy1 UP, o1
= Por 1 UP, o111 >+ >=P3UP, 3>PUP,_1,

where the graphs G > G5 means the energy of G; is more than or equal to that of G3. By Lemma
B the skew energy of digraphs have the same partial order relation, which is useful in our proof.
By the definition of O,, ;,, O, is the class of connected digraphs with n vertices that contain an

odd cycle Cy as a subgraph, 3 </ < n.



Trans. Comb. 3 no. 1 (2014) 37-49 J. Li, X. Li and H. Lian 43

Theorem 4.2. If n is odd, the digraph with mazimal skew energy in Oy, is Cp. If n =0 (mod 4),
the digraph with maximal skew energy in Oy, is Pf;o, ly=n/2+1. If n =2 (mod 4), the digraph with

mazimal skew energy in O, ,, is P, 61 =n/2 orn/2 + 2.

Proof. Let D be a digraph in O, ,, that contains the odd cycle Cy. We first prove that (D) < &(PY)
by induction on n.

It is trivial that the result holds for n — ¢ = 0 and n — ¢ = 1. For n — ¢ = 2, if D % P,
D must have a pendant edge uv with pendant vertex v. Clearly, D — v = PfH. By Lemma 23]
agr (D) = agr(D —v) + agg_o(D —u —v), ag(PL) = a%(PfH) + agg_2(Cy). Since D — u — v is acyclic
with ¢ vertices, asg_o(D —u—v) =m(D —u—wv, k—1) <m(Py, k—1) <m(Cp, k — 1) = agx_2(Cy).
Thus the result holds for n — ¢ = 2.

Let p > 3 and suppose that the result is true for n — ¢ < p. Now we consider n — £ = p. Since D is

unicyclic but not a cycle, D must have a pendant edge uv with pendant vertex v. By Lemma 2.5]
agk(D) = agk(D —v) + ag—2(D —u —v).
1 _ ¢ 4
azge(Py) = aw(Pyq) + age—2(F, )

By the induction hypothesis, agx(D —v) < a%(Pf_l). If D — u — v contains the cycle Cy, then by the
induction hypothesis, we have agy_o(D —u—wv) < a%_g(Pf_Q). If D —u — v does not contain the cycle
Cy, then it is acyclic, ag_2(D —u—v) =m(D —u—v, k—1) <m(P,_2, k—1) <m(P’ 5,k —1) =
ask_o(P’_,). Therefore, we get that £(D) < E(PL).

Now we prove that if n is odd, £(P!) < £,(C,). Let the vertex of degree 3 in C; be v, and one of

its neighbors in Cy be u. Choose any edge u'v’ in C,,. Then we have
asi(Ph) = ao(Pa) + asy—2(Pr—2 U Py_y).
agk(Cn) = agk(Pn) + agk—2(Po—2).

By Lemma BTl agy,_o(Pr—2 U Po_¢) < agr_2(Pu_2). Then ag,(PY) < agk(Cy). Thus E(D) < E(PY) <
Es(Ch).

If n is even, Cy, ¢ Oy p, and £ — 2, n — £ are both odd, then we compare agr(PY) for different £. By
Lemmaldl if n =0 (mod 4), 3 < ¢ < n, agk_2(Pr—2UP,_y) is maximal if and only if £ —2 = n — ¢, that
isl=5+1. Ifn=2(mod4),3 <l <n, agp_2(P—2UP,_,) is maximal if and only if £/ —2 =n —£+2,
that is £ = § +2 or 3.
The proof is thus complete. U

5. Maximal skew energy bicyclic digraphs of even order with no even cycles
By the definition of Oy, O ny1 is the class of connected digraphs with n vertices that contain

exact two odd cycles Cp, Cy as subgraphs, 3 < /,s < n. We first compare the skew energy of a digraph
D with that of P5*.
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Lemma 5.1. Let D be a digraph in Oy, ny1 with exact two odd cycles Cy, Cs, where n is even and
3<l,s<n. Then (D) < E(PL*).

Proof. We consider the following two cases.

Case 1. If (', and Cs have no common vertices, then Cy and Cy are connected by a path P. We
choose an edge uv on P satisfying that u is the vertex joining P with C}, and v is the neighbor of u
on P, such that D — uwv contains two components that are unicyclic digraphs. Then we choose an edge
u'v' of Py_y_si9 0n P5* such that P5® — /v’ contains two components with the same valencies of those
of D — uv. By the proof of Theorem 2] we thus have

agk(D) = ag(D —uv) + agg—o(D —u —v)

< agk(Pfi’s —u'v') + agk_g(Pfi’s —u =)= agk(Pfi’s).

Then &(D) < E(PL*).

Case 2. If Cy and C; have a common vertex, since n is even and ¢, s are odd, there is at least a tree
planted on the cycles, without loss of generality, we suppose that at least one tree is planted on Cs.

Denote by D — u the digraph obtained from D by deleting the vertex u together with all the edges
incident with it. Then D — u contains at least two components. Let the component containing Cy — u
be Ay, and the other components be A;. Then we denote the digraph D[A; Uu| by By, and the digraph
D[As U] by Bs. If v(Bg) = ng, then ng > s+ 1. Let D’ be the digraph obtained by joining the vertex
u on By with the leaf of P; ;. Then we give an example of the underlying undirected graphs of the

above digraphs.

v v
04 D
v2 v2
D D’
vy I
}2
Ay As
vl
u
u
Vo
Bl BQ

FIGURE 2. An example of the underlying undirected graphs of D, D', Ay, Ay, By, Bo.
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Let the neighbors of u on Cy be v; and vy. Then by Lemma 23]

agk(D) = agk(D — ’LL’U1) + agk_g(D — U — Ul),

agk(D') = agk(D' — uvl) + agk_g(D, —u—vp).

Clearly, D —u —v; = (A; —v1) U Ay, and D' —u —v; = (A; —v1) U P; ;. Since Ay is a forest with
ng — 1 vertices, we have agy,_2(A2) < agg—2(Pny—1) < agp—2(Py;, 1), by Lemma ] agy o(D —u—wv1) <

n

agk—o(D" — u — v1). Furthermore,

aok(D —uvy) = agk(D — uvy — uvy) + asg—o(D — uvy — u — v9),
= ag(A1U Bz) + agk—2((A1 — v2) U Ag).

agk(Dl — uvl) = a%(Al U PTZ) + a2k_2((A1 — Ug) U PTi2—1)'

Since By is a unicyclic digraph with the cycle Cs, ag(B2) < a(Py5,). And agg_2(A2)
< agk—2(Pny—1) < agk—2(P), _1). Then by Lemma 2.4 we have ag,(D — uvi) < ag(D' — uvy).

Thus we know that ag (D) < agx(D’), which means that E(D) < E;(D’). Then by the proof of Case
1, we have &(D) < &(D') < E,(PY).

The lemma is thus proved. ]

Then we compare the skew energy of PL* for different ls.

Lemma 5.2. Let s,{ be odd integers with s > £ > 3, where n is even and n > s+ £+ 2. Then
E(PYY) < E((PYH?).

Proof. By Lemma 2.5 we can easily get that

gk (P2) = agr(PS) 4 agk_2(Pr—o U Py _g) 4+ agk—4(Pr_a U Ps_o U P, _4_y),
ok (P22) = agi(P2) + age—2(PrU Py_g_o) + agp_a(Pr U Ps_a U Py 4 5).

Since n is even, s, £ are odd, we have f —2, s—2, n—¢, n—{¢—2areoddandn—s—¢, n—s—£{—2
are even. From Lemma [Tl agx_2(Pr—2UP,_y) < agg—o(PpUP,_y_o),forn—~£—2>s>{>{—2. And
(—2<tlin—s—C>n—s—{—2. Then asg_4(Pr—sUPs_oUP,_s_y) < asp_s(PrUPs_oUP,_s 4 5).
Therefore, ag,(Py’) < ase(P*™?). Then we have &(P5Y) < &,(P52). O
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For convenience, we introduce the following notations, which will be used in our next proof.

Y_1+\/1+4x2 Y_l—\/1+4a:2
1— 2 ) 2 = 2 )
2 2
x4+ 1-Y5 x4+ 1-Y]
A1:Y2722, Ay = s,
1"‘1' Y2 +x

By = Ay + 2” AJY; 2 — 2 TR A Ay,
By = Ay + 27 A3Y; % — 2 T2 AL Ay P2,
C1 = A1+ 227 AT 2 + 2 ARV — 2 T2 A A Y - R A Ay Y
_x2sA%A2Y1—2s _ szA%A2Y1_2£ + x2s+2£—4A1A%Y1—25—26+47
Cy = Ay + 2332A§Y2_2 + x4A%Y2—4 _ 3328_2A1AQY2_2S+2 _ x2£—2A1A2Y2—2£+2
—$23A1A§Y2_2s o ZEMAlA%YQ_% + :1323+2£—4A%A2Y2_25_23+4.
It is easy to verify that Y; + Yo =1, V1Ys = —22, A1 Ay = 1_;"’%.

Lemma 5.3. For s,/ > 3, n > s+ {, the signless matching polynomial of P,, P! and Pﬁ’z have the

following forms:

Proof. By Lemma [2.9] we know that m™(P,,z) satisfies the recursive formula f(n,z) = f(n —1,2) +
22 f(n — 2,z). Therefore, the form of the general solution of the linear homogeneous recursive relation
is f(n,z) = Fi(x)(Y1(2))" + Fa(x)(Ya(x))". By some elementary calculations, together with the initial
values
m*(Py,z) =1+ 2%, mT(P3,z) =1+ 222,

we can easily obtain that Fj(z) = A;(x), i = 1,2. From Lemmas [27] and 2.8, we deduce that

mT (Pt x) = mt (P, ) + 2?m™ (Pr_g, 2)ym™ (P,_y, x),

mT (P, ) = mT (PL z) 4+ 2?m™ (Py_g, x)m T (P_,, x).
Then by means of some elementary calculations, we can get the above formulas for m™* (P!, x) and
mt (P ). O

Before giving the following results, we state some knowledge on real analysis, for which we refer to

7.

Lemma 5.4. For any real number X > —1, we have

<log(1+X) < X,
T x Slosl+X)<

Lemma 5.5. Let s,0 be odd integers with s > £ > 3, s > £ + 4, where n is even and n > s+ £. Then
E(PY) < E(Py2R).
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Proof. From Eq. (22), we get that

‘S‘S(Pnsl) - gS(P;_Z’“_z)

2 [t ] +(pot
= _/ —lo - (8—25:2) dx
0o mt (P, " x)

2 [T mT (Pt x) — mH (P2 )
= — — log [ 1+ P dz.
mJo T m*t (P, """ x)

Since m™ (P, z) > 0 and m™(P5~ 22, 2) > 0 for all z, we have

m+(Prf’Z,:E) _m+(P£_27£+2,33) — m+(P£7é7x) 1> -1
m+(P7§_27£+2, x) m+(P£—27£+2’ x) .

Therefore, by Lemma [5.4]

| 14 m (Pt x) — mH (P2 ) - mT (P x) — mt (P2 )
og — < — .
m+ (Pri 2,54—27 x) m+ (PnS 27f+27 x)

We assume m™* (P52 ) = O (2)(Y1(x))" + C4(x)(Yz(x))". Then

Cl = A1+ 227 AT 2 + 2t ARy — 2270 A A Y20 — 22 A Ay YR
—:E28_4A%A2Y1_2s+4 o $2Z+4A%A2Y1—22—4 + x2s+2£—4A1A§Y1—2s—2£+4’
O = Ay + 222 A3V, 2 4 2t ASY, — %70 A AV 25H0 — 22 A Ay, 22
—x23_4A1A§Y2_28+4 _ x2£+4A1A§Y2—2Z—4 + x2s+2z_4A%A2Y2_25_2€+4.
Thus we get that
AC, =C, —C
_ _x28—2A1A2y'1—2S+2 _ x2£—2A1A2Y1—2£+2 _ :E2SA%AQY1_2S + x25—6A1A2Y1—23+6
—$2£A%A2Y1_2Z + x2£+2A1A2Y1—2£—2 + x23_4A%A2Y1_25+4 + x2£+4A%A2Y1_2£_4

— (Y14 _ x4)(yv12f+4—2s _ $2Z+4_2s)(33‘28_6A1A2Y1_2Z_2 + l‘2s_4A%A2Y1_2Z_4).

47

By our definition, we know that Y7 = @ > |x| >0, 20 +4 — 25 < 0. Therefore Y;* — z* >

2044-2s . 20+4—2s _ o 2241-Ys . 22241414422 __a?
0, Yl x < 0. And A; = YZiia? (Y2 +a2) > 0, AjAs = 1422 > 0, then

x28_6A1A2Y1_2£_2 + :1725—414%1425/1_2[_4 > 0 for all z. From the above analysis, we finally get that

ACy <0.
By a similar method, we can get that ACy = Cy — C% < 0. Thus for any z and all even n,

mT (P x) — mT (P22 1) = ACLY + ACLYS < 0.
Then

< 0.

log [ 1+ m+(P,f,f,x) - m+(PfL—2,é+2,x) - m*(Pﬁ’g,;p) _ m+(P,§_2’Z+2’;E)
m+(P,§—2,2+2’ ;1;) m+(P{?_2’Z+2, 33)
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Therefore,
58(]35,5) - 58(P5_2’£+2)
9 [too q + Pg,Z o+ Pns—2,€+2
— _/ — log 142 (P, ) 7_71“52 @) dx < 0.
The lemma is thus proved. ]

So for any digraph D in O, 41 with exact two odd cycles Cy, Cs, 3 < £,5 < n, n even, by Lemma
B &£,(D) < E(P2®). Then by using Lemma 52 repeatedly, & (Ps) < £,(Pg "), where s/, ¢ are odd,
s'>s, V' >(, s+ =n. Finally, we use Lemma 5.5 repeatedly, and then deduce the following result.

Theorem 5.6. let n be an even integer, if n = 0 (mod 4), the digraphs with mazimal skew energy in

Onnt1 18 Pf’é_z, C=n/2+4+1. If n =2 (mod 4), the digraphs with mazimal skew energy in Op pi1 is
oLy

Pn 5 e — Tl/2.

REFERENCES

[1] C. Adiga, R. Balakrishnan and W. So, The skew energy of digraph, Linear Algebra Appl., 432 (2010) 1825-1835.

[2] X. Chen, X. Li and H. Lian, 4-Regular oriented graphs with optimum skew energy, Linear Algebra Appl., 439 (2013)
2948-2960.

S. Gong and G. Xu, The characteristic polynomial and the matchings polynomial of a weighted oriented graph, Linear
Algebra Appl., 436 (2012) 3597-3607.

S. Gong and G. Xu, 3-Regular digraphs with optimum skew energy, Linear Algebra Appl., 436 (2012) 465-471.

S. Gong, W. Zhong and G. Xu, 4-Regular oriented graphs with optimum skew energies, European J. Combin., 36
(2014) 77-85.

I. Gutman, The energy of a graph, Ber. Math.-Statist. Sekt. Forsch. Graz, no. 103 (1978) 1-22.

I. Gutman, X. Li and J. Zhang, Graph Energy, in: M. Dehmer, F. Emmert-Streib (Eds.), Analysis of Complex
Network: From Biology to Linguistics, Wiley-VCH Verlag, Weinheim, 2009, 145-174.

| I. Gutman and O.E. Polansky, Mathematical Concepts in Organic Chemistry, Springer-Verlag, berlin, 1986.

©

o

==

=)

[9] Y. Hou and T. Lei, Characteristic polynomials of skew-adjacency matrices of oriented graphs, Electron. J. Combin.,

18 (2011) 156-167.

[10] Y. Hou, X. Shen and C. Zhang, Oriented unicyclic graphs with extremal skew energy,
http://arxiv.org/pdf/1108.6229v1.pdfl

[11] B. Lass, Matching polynomials and duality, Combinatorica, 24 (2004) 427-440.

[12] J. Li, X. Li and Y. Shi, On the maximal energy tree with two maximum degree vertices, Linear Algebra Appl., 435
(2011) 2272-2284.

[13] X. Li and H. Lian, A survey on the skew energy of oriented graphs, |http://arxiv.org/pdf/1304.5707v4.pdf.

[14] X. Li, Y. Shi and I. Gutman, Graph Energy, Springer, New York, 2012.

[15] X. Shen, Y. Hou and C. Zhang, Bicyclic digraphs with extremal skew energy, Electron. J. Linear Algebra, 23 (2012)
340-355.

[16] R. Thomas, A survey of Pfaffian orientations of graph, Proc. Int. Congress of Mathematicians, ICM, Madrid, Spain,
2006, pp. 963-984.

[17) V. A. Zorich, Mathematical Analysis, MCCME, Moscow, 2002.

Jing Li
Department of Applied Mathematics, Northwestern Polytechnical University, Xi’an, Shaanxi 710072, China


http://arxiv.org/pdf/1108.6229v1.pdf
http://arxiv.org/pdf/1304.5707v4.pdf

Trans. Comb. 3 no. 1 (2014) 37-49 J. Li, X. Li and H. Lian

Email: jingli@nwpu.edu.cn

Xueliang Li
Center for Combinatorics and LPMC-TJKLC, Nankai University Tianjin 300071, P.R. China

Email: 1xl@nankai.edu.cn

Huishu Lian

Center for Combinatorics and LPMC-TJKLC, Nankai University Tianjin 300071, P.R. China
Email: 1hs68030@126.com

49



	1. Introduction
	2. Preliminaries
	3. Minimal skew energy digraphs with no even cycles
	4. Maximal skew energy unicyclic digraphs with no even cycles
	5. Maximal skew energy bicyclic digraphs of even order with no even cycles
	References

