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Abstract

A tree in an edge-colored graph G is said to be a rainbow tree if no two edges
on the tree share the same color. Given two positive integers k, £ with k > 3, the
(k, £)-rainbow index rxy(G) of G is the minimum number of colors needed in an
edge-coloring of G such that for any set S of k vertices of G, there exist £ internally
disjoint rainbow trees connecting S. This concept was introduced by Chartrand et
al. in 2010. It is very difficult to determine the (k, ¢)-rainbow index for a general
graph. Chartrand et al. determined the (k, 1)-rainbow index of all unicyclic graphs
and the (3,/)-rainbow index of complete graphs for ¢ = 1,2. We showed that
for every pair of positive integers k,¢ with k > 3, there exists a positive integer
N = N(k,£) such that ray (K,) = k for every integer n > N, which settled down
a conjecture of Chartrand et al. In this paper, we use probabilistic method and
bipartite Ramsey numbers to obtain similar results of the (k,¢)-rainbow index for
complete bipartite graphs. For complete multipartite graphs, we get similar results
for most cases, however, since there is no any result on the multipartite Ramsey
numbers in general, we can only get a value that differs by 1 from the exact value
for some cases.
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1 Introduction

All graphs in this paper are undirected, finite and simple. We follow [2] for graph
theoretical notation and terminology not defined here. Let G be a nontrivial connected



graph with an edge-coloring ¢ : E(G) — {1,2,--- ,t},t € N, where adjacent edges may
be colored the same. A path of GG is said to be a rainbow path if no two edges on the path
have the same color. An edge-colored graph G is called rainbow connected if for every
pair of distinct vertices of G there exists a rainbow path connecting them. The rainbow
connection number of G, denoted by rc(G), is defined as the minimum number of colors
that are needed in order to make G rainbow connected. The rainbow k-connectivity of
G, denoted by rcgx(G), is defined as the minimum number of colors in an edge-coloring
of G such that every two distinct vertices of G are connected by k internally disjoint
rainbow paths. These concepts were introduced by Chartrand et al. in [5, 6]. Recently,
a lot of results on the rainbow connections have been published. We refer the reader to
[16, 17, 3, 4] for details.

Similarly, a tree T in G is called a rainbow tree if no two edges of T have the same
color. For S C V(G), a rainbow S-tree is a rainbow tree connecting the vertices of S.
Suppose {11,T5, -, Ty} is a set of rainbow S-trees. They are called internally disjoint
it E(T;) N E(T;) =0 and V(T;) V(T;) = S for every pair of distinct integers i, j with
1 < i,j < ¢ (note that these trees are vertex-disjoint in G \ 5); see [14, 15] for more
knowledge about this. Given two positive integers k, ¢ with k£ > 2, the (k,{)-rainbow
index rxp(G) of G is the minimum number of colors needed in an edge-coloring of G
such that for any set S of k vertices of GG, there exist ¢ internally disjoint rainbow S-trees.
In particular, for ¢ = 1, we often write ra(G) rather than rxy,(G) and call it the k-
rainbow index. It is easy to see that raq(G) = reg(G). So the (k, £)-rainbow index can be
viewed as a generalization of the rainbow connectivity. In the sequel, we always assume
k> 3.

The concept of (k,¢)-rainbow index was also introduced by Chartrand et al.; see [7].
They determined the k-rainbow index of all unicyclic graphs and the (3, ¢)-rainbow index
of complete graphs for £ = 1,2. In [3], we investigated the (k, £)-rainbow index of complete
graphs. We proved that for every pair of positive integers k, ¢ with k& > 3, there exists
a positive integer N = N(k, /) such that rz; ,(K,) = k for every integer n > N, which
settled down the two conjectures in [7].

In this paper, we apply the probabilistic method [1] to study a similar question for
complete bipartite graphs and complete multipartite graphs. It is shown that for £ > 4,
1o (K ) = k4 1 when n is sufficiently large; whereas for k = 3, ray (K, ,) = 3 for
¢ =1,2 and ray(K,,) = 4 for ¢ > 3 when n is sufficiently large. Moreover, we prove
that when n is sufficiently large, rag o(Kyxn) = k for k < r; rog o(Kpsn) = k+ 1 for k > r

™\ rkq2 r\rkq2
and ¢ > (Z’)L%]]; TTo(Kpxn) =k or k+1for k> rand ¢ < (Z)L%]] At the end of this

paper, we totally determine the (3, ¢)-rainbow index of K, for sufficiently large n. Note
that all these results can be expanded to more general complete bipartite graphs K,
with m = O(n®) and complete multipartite graphs K, ... n, With ny <ng <--- <n,
and n, = O(n{), where o« € R and a > 1.



2 Results for complete bipartite graphs

This section is devoted to the (k, ¢)-rainbow index for complete bipartite graphs. We
start with a lemma about the regular complete bipartite graphs K, ,,.

Lemma 2.1. For every pair of positive integers k,{ with k > 3, there exists a positive
integer N = N(k, (), such that rvgo(K,,,) < k+1 for every integer n > N.

Proof. Let C' = {1,2,--- k + 1} be a set of k + 1 different colors. We color the edges

of K, , with the colors from C randomly and independently. For S C V(K,,,) with

|S| = k, define A(S) as the event that there exist at least ¢ internally disjoint rainbow

S-trees. If Pr[ (N A(S) ]> 0, then there exists a required (k + 1)-edge-coloring, which
s

implies ray o(Kpn) < k+ 1.

Assume that K,, = G[U, V], where U = {uy,us, -+ ,u,} and V" = {vy,ve, -+ ,v,}.
We distinguish the following three cases.

Case 1: S CU.

Without loss of generality, we suppose S = {uy, us, - - - ,ux}. For any vertex v; € V, let
T'(v;) denote the star with v; as its center and E(T'(v;)) = {ujv;, ugv;, - - - , ugv; }. Clearly,
T'(v;) is an S-tree. Moreover, for v;,v; € V and v; # v;, T'(v;) and T'(v;) are two internally
disjoint S-trees. Let 7y = {T'(v;)|v; € V,1 < i < n}. Then 7; is a set of n internally
disjoint S-trees. It is easy to see that p;:= Pr[T’ € 7; is a rainbow S-tree]= (k+1)!/(k+1)*.
Define X, as the number of rainbow S-trees in 7;. Then we have

PriA(S)] < PriXy <£-1] < (zg)(l — )" <L = py )

Case 2: SCV.

Similar to Case 1, we get Pr[A(S)] < n‘~1(1 — py)" 1,

Case 3: SNU #£0, SNV £ ).

Assume that U' = SNU = {ug,, Ugy, -+ U, } and V= SNV = {vy,,0,,, -+ , vy},

where x;,y; € {1,2,--- ,n},a>1,b>1and a+b = k. For every pair {u;,v;} of vertices
with u; € U\ U" and v; € V \ V', let T(u;v;) denote the S-tree, where V(T (uv;)) =
SU{w;, v} and E(T(uv;)) = {wvi, Wity , UiUy,, - - -, WUy, , Uity , Villgy, - - -, Vily, }. Clearly,

for i # j, T'(u;v;) and T'(u;v;) are two internally disjoint S-trees. Let 75 = {T'(w;v;)|u; €
U\U,v; € V\V'}. Then 75 is a set of n — d (maz{a,b} < d < k) internally disjoint
S-trees. It is easy to see that py :=Pr[T€ 75 is a rainbow tree]=(k+1)!/(k+1)**1. Define

Xs as the number of rainbow S-trees in 75. Then we have
PriA(S)] < PriXs <(—-1] < (Z:f)(l )L < (] ekt

Comparing the above three cases, we get Pr[A(S)] < n*~1(1 —py)"*=! for every set



S of k vertices in K, ,. From the union bound, it follows that
Pr((AS)] = 1-Pr[|JA(S)]
S s
> 1-Y PrlA(S)]
s

- (2}:) nlL(1 — py)nk-tH

Z 1 — 2knk+f*1(1 - p2)nfk7€+1

v

Since lim 1 — 28p*He=1(1 — po)"F=tF1 = 1, there exists a positive integer N = N(k, /)

n—oo

such that Pr[ () A(S) ] > 0 for all integers n > N, and thus rzy (K, ,) < k + 1. O
s

We proceed with the definition of bipartite Ramsey number, which is used to derive
a lower bound for ruzy (K, ,). Classical Ramsey number involves coloring the edges of a
complete graph to avoid monochromatic cliques, while bipartite Ramsey number involves
coloring the edges of a complete bipartite graph to avoid monochromatic bicliques. In [13],
Hattingh and Henning defined the bipartite Ramsey number b(t, s) as the least positive
integer n such that in any red-blue coloring of the edges of K(n,n), there exists a red
K(t,t) (that is, a copy of K(t,t) with all edges red) or a blue K(s,s). More generally,
one may define the bipartite Ramsey number b(t1,to, -+ , 1) as the least positive integer
n such that any coloring of the edges of K(n,n) with k colors will result in a copy of
K (t;,t;) in the ith color for some i. If t; = ¢ for all i, we denote the number by by (t). The
existence of all such numbers follows from a result first proved by Erdés and Rado [11],
and later by Chvdtal [8]. The known bounds for b(t,t) are (1 + o(1)) £(v/2)"! < b(t,t) <
(14 0(1)) 2" log ¢, where the log is taken to the base 2. The proof of the lower bound
[13] is an application of the Lovisz Local Lemma, while the upper bound [9] is proved
upon the observation that, in order for a two-colored bipartite graph K,,, to necessarily
contain a monochromatic Ky, it is only necessary that one of m and n be very large.
With similar arguments, we can obtain the bounds for by (t) as (1 + o(1)) é(\/E)t“ <
br(t) < (1+0(1)) k1t log, t.

Lemma 2.2. For every pair of positive integers k,{ with k > 4, if n > bi(k), then
Txk,E(Kn,n) >k +1.

Proof. By contradiction. Suppose ¢ is a k-edge-coloring of K,, ,, such that for any set S
of k vertices in K, ,, there exist ¢ internally disjoint rainbow S-trees. From the definition
of bipartite Ramsey number, we know that if n > by (k), then in this k-edge-coloring c,
one will find a monochromatic subgraph K. Let K, , = G[U,V] and U’, V' be the
bipartition of the monochromatic Ky, where U’ C U, V' C V and |U'| = |V'| = k. Now
take S as follows: two vertices are from V' and the other k — 2 (> 2) vertices are from



U’. Assume that T is one of the ¢ internally disjoint rainbow S-trees. Since there are
k different colors, the rainbow tree T' contains at most k + 1 vertices (i.e., at most one
vertex in V' \ ). It is easy to see that T possesses at least two edges from the subgraph
induced by S, which share the same color. It contradicts the fact that 7" is a rainbow
tree. Thus rzg (K, ) > k+ 1 when k£ > 4 and n > by (k). O

From Lemmas 2.1 and 2.2, we get that if k¥ > 4, ray(K,,,) = k + 1 for sufficiently
large n. What remains to deal with is the (3, ¢)-rainbow index of K, .

Lemma 2.3. For every integer £ > 1, there exists a positive integer N = N ({) such that

3 ifl=1,2,
rase(Knn) = { 4 if0>3

for every integer n > N.

Proof. Assume that K, , = G[U,V] and |U| = |V| = n.

Claim 1: If { > 1, ras(K,,,) > 3; furthermore, if £ > 3, rag (K, ,) > 4.

If S ={x,y,2} C U, then the size of S-trees is at least three, which implies that
r230(Kp,) > 3 for all integers ¢ > 1. If S = {z,y, 2}, {x,y} C U,z € V, then the number
of internally disjoint S-trees of size two or three is no more than two. Thus we have
r3.0(Kp,) > 4 for all integers ¢ > 3.

Combing with Lemma 2.1, we get that if £ > 3, there exists a positive integer N =
N(¢) such that rz3(K,.,) = 4 for every integer n > N.

Claim 2: If ¢ = 1,2, then there exists a positive integer N = N(¢) such that
res(Kp,) = 3 for every integer n > N.

Note that 3 < rasq1(K,,) < r232(K,,). So it suffices to prove raso(K,,) < 3.
In other words, we need to find a 3-edge-coloring ¢ : E(K,,) — {1,2,3} such that for
any S C V(K,,) with |S| = 3, there are at least two internally disjoint rainbow S-
trees. We color the edges of K, , with colors 1,2,3 randomly and independently. For
S ={z,y,z} CV(K,,), define B(S) as the event that there exist at least two internally

disjoint rainbow S-trees. Similar to the proof in Lemma 2.1, we only need to prove
Pr[ B(S) ] = o(n™?), since Pr[ B(S) |> 0 and rx3 (K, ,) < 3 for sufficiently large n.
S

We distinguish the following two cases.
Case 1: x,y, z are in the same vertex class.

Without loss of generality, assume that {z,y, 2z} C U. For any vertex v € V, let T'(v)

denote the star with v as its center and E(T'(v)) = {xv,yv, zv}. Clearly, 73 = {T'(v)|v €
_3x2x1 _ 2
=533 = o
Define X3 as the number of internally disjoint rainbow S-trees in 73. Then we have

V'} is a set of n internally disjoint S-trees and Pr[T€ 73 is a rainbow tree]

Pr[B(S)] = Pr[X; < 1] = (21— %)nil +(1-2)"=0(n3).

bt



Case 2: x,y,z are in two vertex classes. Without loss of generality, assume that
{z,y} CU and z € V.

Subcase 2.1: The edges xz,yz share the same color. Without loss of generality, we
assume c(zz) = c(yz) = 1. For any vertex v € V \ {z}, if {c(av),c(yv)} = {2,3},
then {zz,zv,yv} or {yz,zv,yv} induces a rainbow S-tree. So Pr{{zz,zv,yv} induces a
rainbow S-tree] = Pr{{yz,zv,yv} induces a rainbow S-tree] = 2. If there do not exist
two internally disjoint rainbow S-trees, then we can find at most one vertex v € V' \ {z}

satisfying {c(zv), c(yv)} = {2,3}. Thus

— n—1\ 2 2\"? 2\"!
Pr] B(S)|c(zz) = c(yz) ] = ( ) ) ‘9 (1—5) + (1—§>

_ 2n+5 (7 e

-5
Subcase 2.2: The edges xz,yz have distinct colors. Without loss of generality, we
assume c(xz) = 1,c¢(yz) = 2. For any vertex v € V \ {z}, if {c(zv),c(yv)} = {2,3},
then {zz,zv,yv} induces a rainbow S-tree, and so Pr[{zz,zv,yv} induces a rainbow
S-tree] = 2. Moreover, if {c(zv),c(yv)} = {1,3}, then {yz,zv,yv} induces a rainbow
S-tree, and so Pr[{yz,zv,yv} induces a rainbow S-tree] = 2. If there do not exist two

9
internally disjoint rainbow S-trees, then we can not find two vertices v,v" € V' \ {z}

satisfying {c(zv), c(yv)} = {2,3} and {c(xv'), c(yv’)} = {1,3}. Thus
e ) = (15-) R () G) (3-8

()

From the law of total probability, we have

PriB(S)] = Prlcaz)=clyz) |- Pr[ B(5)|c(zz) = c(yz) |
+Pr c(zz) # c(yz) | - Pr] B(S)|c(xz) # c(yz) |

TR0

3 9 9

< m <g>“ — o(n ).

Thus, there exists a positive integer N = N(¢) such that ras2(K,,) < 3, and then
1231 (Kyn) = ras (K, ,) = 3 for all integers n > N. The proof is thus complete. O

By Lemmas 2.1, 2.2 and 2.3, we come to the following conclusion.



Theorem 2.4. For every pair of positive integers k,{ with k > 3, there exists a positive
integer N = N(k, ), such that

3 ifk=30=12
1Tk e(Knn) =4 4 ifk=30>3
k41 ifk>4

for every integer n > N.

With similar arguments, we can expand this result to more general complete bipartite
graphs K, ,, where m = O(n®) (i.e., m < Cn® for some positive constant C'), & € R and
a> 1.

Corollary 2.5. Let m,n be two positive integers with m = O(n®), a € R and o > 1. For
every pair of positive integers k,{ with k > 3, there exists a positive integer N = N (k, (),
such that
3 ifk=3,0=1,2
T2k o(Kmn) = 4 ifk=30>3
E+1 ifk>4

for every integer n > N.

3 Results for complete multipartite graphs

In this section, we focus on the (k, ¢)-rainbow index for complete multipartite graphs.
Let Ky, denote the complete multipartite graph with r > 3 vertex classes of the same
size n. We obtain the following result about rzy ¢(K,xp):

Theorem 3.1. For every triple of positive integers k,l,r with k > 3 and r > 3, there
exists a positive integer N = N(k,{,r) such that

k ifk <r
. r (é]z
P (Kpxn) = kork+1 ifk>r < (2{];J
T E 2
kt1 ikaT,€>(2)LL]]

for every integer n > N.

Proof. Assume that K,, = G[V4,Vs,...,V,] and V; = {v;1, 02, -+ ,vin}, 1 < i <r. For
S C V(K,xn) with |S| = k, define C'(S) as the event that there exist at least ¢ internally
disjoint rainbow S-trees.

(B)re?
L

-

kS

Clatm 1: rxy(K,«,) > k; furthermore, if & > r, £ >
k+ 1.

, then rag (Kpxn) >

Rk

]



Let S C Vi. Then the size of S-trees is at least k, which implies that ray o(K,xpn) > k
for all integers ¢ > 1. If k > r, we can take a set S of k vertices such that [S'NV;| = [£] or
[£7 for 1 <i < r. Let H denote the subgraph induced by S". We know |E(H)| < (5)[£]2

Let T ={T,T5,--- ,T,} be the set of internally disjoint S’-trees with k or k — 1 edges.
Clearly, if T' € T is an S'-tree with k — 1 edges, then |[E(T)NE(H)|=k—-1;if T € T
r\rkq2
is an S’-tree with k edges, then |E(T) N E(H)| > |£]. Therefore, ¢ < (Z)L%]] (note that
the bound is sharp for r = 3, k = 3). Thus we have rzy (K, «,) > k + 1 for k > r and
r\rkq2

Claim 2: If k < r, then there exists an integer N = N (k, ¢, ) such that rzg ¢( Ky xn) <

k for every integer n > N.

We color the edges of K., with k colors randomly and independently. Since k < r,
no matter how S is taken, we can always find a set V; satisfying V; NS = (). For any
vij € Vi, let T'(v;;) denote the star with v;; as its center and E(T'(v;;)) = {vi;s|s € S}.
Clearly, 7y = {T'(vij)|vi; € V;} is a set of n internally disjoint S-trees. Similar to the proof
of Case 1 in Lemma 2.1, we get Pr[C(S)] = o(n™*). So there exists a positive integer
N = N(k,¢,r) such that Pr[ C(S) ] > 0, and thus rzy(K,,) < k for all integers
n > N. i

It follows from Claims 1 and 2 that if & < r, there exists a positive integer N =
N(k,£,r) such that rzy (K, «,) = k for every integer n > N.

Claim 3: If k > ¢, then there exists a positive integer N = N(k,¢,r) such that
1Tk o(Krxn) < k+ 1 for every integer n > N.

Color the edges of K., with k41 colors randomly and independently. We distinguish
the following two cases.

Case 1: SNV, = for some 4.
We follow the notation T'(v;;) and 7y in Claim 2. Similarly, 7 is a set of n internally

disjoint S-trees and Pr[C(S)] = o(n™*).
Case 2: SNV; £ @ for1 <i<r.

We pick up two vertex classes Vi, V5. Suppose V) = SN V) = {014y, U1y, + , V1s, }
and V5 = SN Vy = {vgy,,vay,, -+ , U2y, }, where z;,y; € {1,2,--- ,n}, a > 1,0 > 1.
Note that a +b < k — r + 2. For every pair {vy;,ve;} of vertices with vy; € V3 \ V/ and
ve; € Vo \ V3, let T'(vy;v9;) denote the S-tree, where V(T (v1;v9;)) = S U {vy4,v2;} and
E(T(v1;v9;)) = {w1v2;  U{vv|v € Vi U{vyv|v € S\Vy}. Clearly, for i # j, T(vy;v9;) and
T'(v1;v9;) are two internally disjoint S-trees. Let 75 = {T'(vy;v9;)|v1; € VI\V{, ve; € Vo\ V5 }.
Then 75 is a set of n — d (maz{a,b} <d <a+b<k—r+2) internally disjoint S-trees.
Similar to the proof of Case 3 in Lemma 2.1, we get Pr[C(S)] = o(n™").

Therefore we conclude that there exists a positive integer N = N(k, ¢, r) such that
Pr[ (N C(S) ] >0, and thus rzy (K, «,) < k + 1 for all integers n > N.
S

8



r\rkq2
It follows from Claims 1 and 3 that if & > r, ¢ > (2{%, 1&g o(Krxn) = k+ 1 and
r\rkq2 "
ifk>nr/t< (2{%, 1@k o(Krxn) = k or k+ 1 for sufficiently large n. The proof is thus
complete. ' O

“2

3

Note that if k > r > 3,0 < &)

LE

Theorem 3.1. However, the next lemma shows that when £k = r = 3, / <

, we cannot tell ray (K, x,) = k or k+ 1 from

™\ rkq2
(Q)M _ 3

[

r23.0(Kpnn) = 3 for sufficiently large n.

Lemma 3.2. For{ < 3, there exists a positive integer N = N () such that rxs (K pn) =
3 for every integer n > N.

Proof. Assume that K, ,, = G[Vi, Vs, V5] and |Vi| = |Va| = |V5] = n. Note that 3 <
1231 (Kpnn) < 12392(Kpnn) < ress(Kpn,). So it suffices to show rzs3(Kynn) < 3. In
other words, we need to find a 3-edge-coloring ¢ : E(K,, ) — {1,2,3} such that for any
S = {u,v,w} C V(K,,n), there are at least three internally disjoint rainbow S-trees.
We color the edges of K,,, , with the colors 1,2, 3 randomly and independently. Define
D(S) as the event that there exist at least three internally disjoint rainbow S-trees. We
only need to prove Pr[D(S)] = o(n~?), since Pr[ () D(S) |> 0 and rx33(Kyp,p) < 3 for
S

sufficiently large n. We distinguish the following three cases.
Case 1: u,v,w are in the same vertex class.

Without loss of generality, assume that {u,v,w} C Vj. For any vertex z € V5 U V3,
let T1(z) denote the star with z as its center and E(71(2)) = {zu, zv, zw}. Obviously,
Ts = {T1(2)|z € Va2 U V5} is a set of 2n internally disjoint S-trees and Pr[Te 7g is a
rainbow tree]=2. So,

Pr{D(S)] < (3)(1 - 22 < 4n?(5"> = o(n™?)

Case 2: u,v,w are in two vertex classes.

Without loss of generality, assume that {u,v} C V; and w € V5. For any vertex
z € Vi, let Ty(z) denote a star with z as its center and E(Ty(z)) = {zu, zv, zw}. Clearly,
T; = {T»(z)|z € V3} is a set of n internally disjoint S-trees and Pr[Te€ 77 is a rainbow
tree]=2. So,

PrD(S)] < (5)(1 = )" <n?(5)" " = o(n?)

2 9

Case 3: u,v,w are in three vertex classes.

Assume that v € Vi, v € V5 and w € V3. For e € {uwv,vw,wu}, define E, as the
event that e is not used to construct a rainbow S-tree. Clearly, Pr[D(S)] < Pr[Ey,] +
Pr(Ey,| + Pr[Ey.].

Subcase 3.1: The edges uv, vw, wu receive distinct colors.

9



Let p. = Pr[E.|uv,vw, wu receive distinct colors| for e € {uv, vw, wu}. Without loss
of generality, we assume c(uv) = 1, c¢(vw) = 2, c(wu) = 3. If wv is not used to construct
a rainbow S-tree, then for any vertex u’ € Vi\{u}, v" € Va\{v}, {c(u'v), c(u'w)} # {2,3}
and {c(v'u), c(v'w)} # {2,3}. So puy < (1 — 2)**2. Similarly pu, < (1= 2)*2, puu <
(1 —2)>"2. Thus

Pr[D(S)|uv, vw, wu receive distinct colors] < puy + Pow + Puw < 3(%)2"_2

Subcase 3.2: the edges uv, vw, wu receive two colors.

Let p, = Pr[E.|uv,vw,wu receive two colors| for e € {uv, vw,wu}. Without loss of
generality, we assume c(uv) = c(vw) = 1, c(wu) = 2. If uv is not used to construct a
rainbow S-tree, then either

o for any vertex u’ € Vi\{u}, v' € Vo\{v}, {c(u'v), c(v'w)} # {2,3} and {c(v'u), c(v'w)}
# {2,3}; or

e there exists exactly one vertex v’ € V4 \ {v} satisfying {c(v'u), c(v'w)} = {2,3}, and
at the same time, for any vertex v’ € Vi \ {u}, w’ € V3 \ {w}, {c(u'v), c(u'w)} # {2,3}
and {c(w'u), c(w'v)} # {2, 3}.

So, 1, < (32 ("7) 25"
Similar to py,, we have p, < (1 —

2. Similanly. i, < (52 (73002
)#*=2. Thus

©OINo|~

Pr[D(S)|uv, vw, wu receive two colors| < pl, + ply, + Py < (20 +1)(5)*2

Subcase 3.3: The edges uv, vw, wu receive the same color.

Let p = Pr[E.|uv, vw, wu receive the same color| for e € {uv, vw, wu}. Without loss
of generality, we assume c(uwv) = c(vw) = c(wu) = 1. If uv is not used to construct a
rainbow S-tree, then one of the three situations below must occur:

o for any vertex w' € V3 \ {w}, {c(w'v), c(w'u)} # {2,3}, and at the same time, there
exists at most one vertex v’ € V; \ {u} satisfying {c(u'v), c(v'w)} = {2,3} and at most
one vertex v' € V5 \ {v} satisfying {c(v'u), c(v'w)} = {2, 3}.

e there exists exactly one vertex w' € V3 \ {w} satistying {c(w'v), c(w'u)} = {2, 3},
and at the same time, there exists at most one vertex s € (V4 \ {u})U (V2 \ {v}) satisfying
{c(sv),c(sw)} = {2,3} or {c(su), c(sw)} = {2,3}.

e there exist at least two vertices wy,wq in V3 \ {w} satistying {c(w;u), c(w;v)} =
{2,3} for i=1,2, and at the same time, for any vertex v’ € Vi \ {u}, v/ € Vi \ {v},
{c(u/'v), c(uv'w)} # {2,3} and {c(v'u), c(v'w)} # {2, 3}.

o, < (P (T) (TG (AT 0 (- ()

2(1y=2] . (2)22. Obviously, pll, = plh, = pl Thus,

Pr[D(S)|uv, vw, wu receive the same color] < pll, + pli, + pll, < 3(3n* +1)(§)*" 2

u

10



By the law of total probability, we obtain

. 2 _

Pr[D(S)] = g Pr[D(S)|uv, vw, wu have distinct colors]

+= - Pr[D(S)|uv, vw, wu receive two colors|

D(S)|uv, vw, wu share the same color]
2n—2 2n—2 2n—2
2 7 1 7
~@2n+1)( < —-33n*+1) ( =
) +3(n+)(9> +5 (n+)<9)

Therefore there exists a positive integer N such that Pr[ [ D(S) | > 0 for all integers
S
n > N, which implies rzs 3(K,, ) < 3 for n > N. O

—

1
_.p
+9 T

2 3
9

= o(n?).

IA
NoRIEN|

From Theorem 3.1 and Lemma 3.2, the (3, ¢)-rainbow index of K,,, is totally deter-
mined for sufficiently large n.

Theorem 3.3. For every pair of positive integers {,r with r > 3, there exists a positive
integer N = N({,r) such that

3 ifr=3,0=123
Tx3,6<Kr><n) = 4 Zf?" = 3,€ > 4
3 ifr>4

for every integer n > N.

With similar arguments, we can expand these results to more general complete mul-
tipartite graphs Ky, ny ... n, With ny <ny <--- <mn, and n, = O(n{), where a € R and

a > 1.

r

Theorem 3.4. Let ny < ny < --- < n, be r positive integers with n, = O(n$), a € R
and o > 1. For every triple of positive integers k,{,r with k > 3 and r > 3, there exists
a positive integer N = N(k,{,r) such that

k ifk<r

: (5%
Txk,€<Kn1,n2,--~,nr) - kork+1 ifkz2rt< L%g
r\rkq2
k+1 Uk2n€>@&ﬂ
r\rk12
for every integer ny > N. Moreover, when k = r = 3, { < (2)&]} = 3, there exists a

positive integer N = N (€) such that rxs (K, nyns) = 3 for every integer ny > N.

11



4 Concluding remarks

In this paper, we determine the (k, £)-rainbow index for some complete bipartite graphs
Ky with m = O(n®), @ € R and o« > 1. But, we have no idea of the (k,¢)-rainbow
index for general complete bipartite graphs, e.g., when m = O(2"), is rag (K, ) equal
tok+1or k42 7 it is still an open problem that rc,(K,,,) = 3 or 4 for sufficiently large
m,n; see [12].

It is also noteworthy that we use the bipartite Ramsey number in Lemma 2.2 to show
that ray, > k + 1 for sufficiently large n. But, unfortunately the multipartite Ramsey
number does not always exist; see [10]. Instead, we analyze the structure of S-trees
in complete multipartite graphs and give some lower bounds for ra(K,,). Since these
bounds are weak (they do not involve coloring), we can not tell rzg o(K,xpn) =k or k + 1

r\rkq2
when k£ > r and ¢ < (2)LL]W , except for the simple case k = 3; see Lemma 3.2. An answer
to this question would be interesting.
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