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ON EDGE-TRANSITIVE CUBIC GRAPHS
OF SQUARE-FREE ORDER

GUI XIAN LIU AND ZAI PING LU

ABSTRACT. A regular graph is said to be semisymmetric if it is edge-transitive but
not vertex-transitive. In this paper, we give a complete list of connected semisym-
metric cubic graph of square-free order, which consists of one single graph of order
210 and four infinite families of such graphs.

1. INTRODUCTION

All graphs in this paper are assumed to be simple and finite.

A graph I' = (V, E') with vertex set V and edge set E is said to be vertez-transitive
or edge-transitive if its automorphism group Autl’ acts transitively on V and F,
respectively. A regular graph is said to be semisymmetric if it is edge-transitive but
not vertex-transitive. Recall that an arc in a graph I" is an ordered pair of adjacent
vertices. Then a graph I is said to be arc-transitive if I' is vertex-transitive and Autl’
acts transitively on the set of all arcs in I'.

The class of semisymmetric graphs was introduced by Folkman [7] who constructed
several infinite families of such graphs and posed eight open problems which spurred
the interest in this topic, see [5, 6, 10, 12, 15, 16, 17, 18] for example. This paper
deals with semisymmetric cubic graphs of square-free order.

It is well-known that a vertex- and edge-transitive graph of odd valency must be
arc-transitive. Thus an edge-transitive cubic graph is either arc-transitive or semisym-
metric. In arecent paper [14], the arc-transitive cubic graphs of square-free order were
classified. This motivates us to classify the semisymmetric cubic graphs of square-
free order, and thus we can get a complete list of edge-transitive cubic graphs of
square-free order. Our main result is stated as follows.

Theorem 1.1. Let I' = (V| E) be a connected semisymmetric cubic graph of square-
free order. Then I' is described in Table 1, where {u,w} € E and p is a prime.

A= Autl’ A, Ay r Remark

S7 S4XZQ DgXSg Example 3.1 ‘V’ = 210

Ln: 3 Zs Zs Example 3.2 |V|=6m, m > 91
PGL(2,p) Sa Doy Example 3.3 p=+11(mod 24)
PSL(2,p) Sa Doy Example 3.4 p = 423 (mod 48)

ZsxPSL(2,p) Ay D12 Example 3.5 p=+11(mod 24)

TABLE 1. Semisymmetric cubic graphs of square-free order.
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2. PRELIMINARIES

For a graph I' = (V| E) and a subgroup G < Autl’, we call I" a G-edge-transitive
or a G-vertex-transitive graph if G acts transitively on the edge set E or the vertex
set V, respectively. The graph I' is said to be G-semisymmetric if it is regular and
G-edge-transitive but not G-vertex-transitive.

Let I' = (V, E)) be a G-semisymmetric. Then G is a bipartite graph with bipartition
subsets, say U and W, being the G-orbits on V. For v € V| the vertex-stabilizer G,
acts transitively on the set I'(v) of neighbors of v in I'. Take an edge {u,w} € E
with v € U and w € W. Then each vertex of I' can be written as u® or w? for some
x,y € G. Thus two vertices u” and w? are adjacent in I' if and only if v and wbe !
are adjacent, i.e., yz~! € G,,G,. Moreover, it is well-known and easily shown that I"
is connected if and only if (G, G,) = G. Define a map by u* — G,z and w¥ — G,y.
Then it is easily shown that this map is an isomorphism from I” to a bipartite graph
defined as follows.

Let G be a finite group and L, R < G. The bi-coset graph B(G, L, R) is defined
with bipartition subsets [G : L] = {Lz | x € G} and [G : R] = {Ry | y € G}
such that Lz and Ry are adjacent if and only if yz=! € RL. Then, considering the
right multiplication on [G : L] and [G : R], the group G induces an edge-transitive
subgroup G of AutB (G, L, R). The following facts on bi-coset graphs are well-known,
see [5] for example.

Lemma 2.1. Let I' = B(G, L, R) be the bi-coset graph defined as above. Then

(1) I is G-edge-transitive;

(2) I is connected if and only if (L,R) = G, in this case, G = G when L N R
contains no non-trivial normal subgroups of G;

(3) I' is reqular if and only if |R| = |L|, and so I' has valency |L : (L N R)|.

Let I' = (V, E) be a connected G-semisymmetric cubic graph. Then, for an edge
{u,w} € E, the pair (G, G,,) is known by [9]. In particular, setting G, = G, NGy,
the following result holds.

Theorem 2.2. Let I' = (V, E) be a connected cubic G-semisymmetric graph of order
2n. Then |G| = |Gy| =3+ 2" and |G| = 3n - 2°, where {u,w} € E and 0 <i<7. In
particular, Gy, 15 a Sylow 2-subgroup of G if further n is odd.

Let U and V' be the G-orbits on V', and take a normal subgroup N <1 G. Suppose
that N is intransitive on both U and W. For v € V, we denote by v the N-orbit
containing v. Set U = {t | u € U} and W = {w | w € W}. The normal quotient
Iy is defined as the graph on U U W with edge set {{@,w} | {u,w} € E}. Then the
following lemma holds, see [8] or [16].

Lemma 2.3. Let I' = (V,E) be a connected G-semisymmetric cubic graph with
bipartition subsets U and W. Let N <G. Then one of the following statements holds.

(1) N is semiregular on both U and W, G induces a subgroup X of Autl'y such
that X = G/N and 'y is a connected X -semisymmetric cubic graph.
(2) N acts transitively on at least one of U and W.



3. EXAMPLES

In this section we construct the graphs involved in Theorem 1.1.

By [3], there is a unique semisymmetric cubic graph S210 of order 210, which has
automorphism group S;. We next construct this graph as the incidence graph of an
incidence structure.

Example 3.1. Consider the complete graph K7;. A k-matching in K7 is a set of k
edges such that no two have a vertex in common. Let U and W be the sets of 3- and
2-matchings in K7, respectively. Then |U| = |W| = 105. Define a bipartite graph I’
on UUW such v € U and w € W are adjacent if and only if w is contained in wu.
Then I' is an Sr-edge-transitive cubic graph of order 210, and so I' = S210 by [2, 3].

Malni¢ et al. [17] constructed an infinite family of semisymmetric cubic graph
from the Z,-cover of K33. Using bi-coset graphs, we reconstruct here some members
appearing in our main result.

Example 3.2. Let F' = (a1) x(ag) X - - - x(a;) with ¢t > 2 and (a;) = Z,, for 1 <i <t,
where p;’s are distinct primes with p; = 1 (mod 3). Then Aut(F') is abelian and has
a subgroup isomorphic to Z%. For each i, take an integer r; such that r? +r; + 1 =

0 (mod p;). Then Aut(F) has a subgroup (o, 7) = Z2 such that a? = a* and af = a:il
for 1 <i <t, where e; =1 or 2.

Let G = F:{o, ), the semidirect product of F and (o,7). Then G = Z,,:Z%, where
m = pipy - --pg. Take L = (o) and R = (at), where a = ajas - - - a;. Then the bi-coset
graph B(G, L, R) is a connected G-edge-transitive cubic graph of order 6m.

Lipschutz and Xu [15] constructed two infinite families of semisymmetric cubic
graphs from groups PSL(2, p) and PGL(2, p).

Example 3.3. Let G = PGL(2,p) for prime p with p = +11 (mod 24). Then G has
a Sylow 2-subgroup isomorphic to Dg, a subgroup isomorphic to S4 and a subgroup
isomorphic to Doy, see [1]. Take Sy =2 L < G and Doy = R < G. Then, by [15], the

. . . . . (p%2-1)
bi-coset graph B(G, L, R) is a connected semisymmetric cubic graph of order 25—,

Example 3.4. Let G = PSL(2, p) for a prime p with p = 423 (mod 48). Then G has
a Sylow 2-subgroup isomorphic to Dg, a subgroup isomorphic to S; and a subgroup

isomorphic to Doy, see [11, 11.8.27]. Take Sy = L < G and D9y = R < G. Then, by

p(p>-1)
2%

[15], B(G, L, R) is a connected semisymmetric cubic graph of order

Finally, we constructed a new family of edge-transitive graphs which are covers of
the graphs constructed as in Example 3.3.

Example 3.5. Let G = M xT, where M = (¢) = Zs and T = PSL(2, p) for prime
p with p = £11 (mod 24). Take Ay 2 L; < G and D1y 2 R < G. Set L; = P:(d)
for P = 72 and (d) & Z3. Let L = P:{cd). Then B(G, L, R) is a connected G-edge-
transitive cubic graph of order 2&-=1 24_1).

Remark The graphs in Examples 3.2 and 3.5 are semisymmetric, which will be
proved at the end of Section 4.
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4. THE PROOF OF THEOREM 1.1

In this section we always assume that I' = (V| F') is a connected G-semisymmetric
cubic graph of square-free order 2n. Then |G| = 3n -2 for ¢ < 7; in particular, |G| is
not divisible by 33 or r2, where r is a prime no less than 5.

Let U and W be the G-orbits on V. Then |U| = |W| = n is odd and square-free.
If G is unfaithful on one of U and W then it is easily shown that I' = K 3, and so I
is arc-transitive. If n = 3 then |G| is divisible by 9, and so G is unfaithful on both U
and W, hence I' = Kj 3 is arc-transitive.

Therefore, in the following, we assume further that G is faithful on both U and W,
in particular, |U| = |W| > 3. For a prime p, we use O,(G) to denote the maximal
normal p-subgroup of G. Then we have a simple observation as follows.

Lemma 4.1. O3(G) =1 and |O,(G)| =1 or p, where p is an odd prime.

Proof. This lemma is trivial for p > 5. Thus we let p = 2 or 3 in the following.
Note that O,(G) fixes both U and W set-wise. Since O,(G) < G, all O,(G)-orbits
on U has the same length which is a divisor of |U| = n. Thus each O,(G)-orbit on
U has length 1 or 3, and so either O,(G) = 1, or O3(G) = Z3 or Z3. If O3(G) is
transitive on one of U and W, then |U| = |W| = 3, a contradiction. Then O3(G)
acts intransitively on both U and W. By Lemma 2.3, O3(G) is semiregular on U,
and hence O3(G) = Zs. O

Lemma 4.2. Assume that G is soluble. Then one of the following holds.

(1) G has a cyclic normal subgroup of order n, and I' is arc-transitive.
(2) G = Z,,: 72 and I is constructed as in Example 3.2.

Proof. Let F' be the Fitting subgroup of G. Then F' = O,,(G)x ---x0,,(G) for
prime divisors py,--- ,p; of |G|. By Lemma 4.1, F' is cyclic, |F| is odd and square-
free. In particular, Aut(F) is abelian. Since G is soluble, Cq(F) < F, and so
Cq(F) = F. Thus G/F = Ng(F)/Cg(F) < Aut(F). Then G/F ia abelian. It is
easily shown that F' is semiregular on both U and W. For v € U U W, we have
FG,/F =G,/(FNG,) = G,. Then G, is abelian, and so G, = Z3 by [9].

(1) Assume first that F' is transitive on U. Then F' is transitive on W. Thus F
is regular on both U and W. Take an edge {u,w} € E with v € U and w € W.
Then each vertex of I' can be written uniquely as u* or w? for z,y € F. Define a
map 6 : V — V:u® — w® , w¥ — u¥ . Then 6 is a bijection on V. Moreover,
since F' is abelian, {u”,w?} € E if and only if {u,w” ¥} = {u,w¥ '} € E, ie.,
{uv"",w* '} € E. This says that # is an automorphism of I" interchanging U and .
Thus I is arc-transitive, and part (1) of this lemma follows.

(2) Assume that F'is intransitive on U. Then F' is intransitive on W. By Lemma
2.3, the quotient graph I'r is a X-semisymmetric cubic graph, where X = G/F is
abelian. Let u € U. Then both F:G, and F:G,, are normal in G.

Clearly, F:G, is not semiregular on U. By Lemma 2.3, F:G, is transitive on W.
Then it follows that F'G,, is regular on W. Then |W| = |FG,| = 3|F| and, since |W|

is square-free, |F'| is coprime to 3. Thus Iz has order 2% = 6, and so I'r = Ky .

Since X is abelian and I'r is X-semisymmetric, we have G/F = X = 72, and hence
G = F:Y, where Y & 73 with G, < Y. Set G, = (¢) and Y = (o,7). Then
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Gy = (aT) for some a € F. Since I' is connected, F:(o,7) = F:Y = G = (G, Gy) =
(0,a1) < {a,o0,7) = (a){o, 7). It follows that F' = (a), and so G = (a):(o, 7).

Let M be the center of F:G,. Then M <1 G, and so M < F by the choice of
F. Thus FG, = Mx(N:G,) with F' = M xN. Note that NG, is a Hall subgroup
of FG,. It follows that NG, is a characteristic subgroup of FG,, and so NG, is
normal in G as F'G, < G. Clearly, NG, is neither semiregular nor transitive on U.
Again by Lemma 2.3, NG, is transitive on W. Recall that F'G, is regular on W.
Then FG, = NG,, and so M = 1, that is, FG, = (a):(o) has trivial center. Choose
integers ki, ko, - -+ , k; such that 1 = 22:1 k; H#ipj. Set a; = a®ILi#Pi for 1 < i <t
Then a; has order p;, a = ajas - - - a; and (a) = (a1) X {as)x - - - x{a;). Noting that each
(a;) isnormal in (a):(0), we have af = ;" for some integer r;. Clearly, r; # 1 (mod p;)
as (a):(c) has trivial center. Since o has order 3, we have a = a° = aﬁa;g - ~a:?. It
follows that r? +r; +1 = 0 (mod p;) for 1 <i < t.

Note that the above argument is available for F'G,,. Then FG,, has trivial center.
Note that FG,, = (a):(at) = (a):(7). Arguing similarly as above, we have af = a;"
some integer s; with s? + s; + 1 = 0 (mod p;), where 1 <1 < t.

Note that for each i the equation 2+ +1 = 0 (mod p;) has exactly two solutions.
Thus we may choose s; = r; or r? with the restriction that 7 & {o,07'}. Then I is
a G-edge-transitive graph constructed as in Example 3.2. U

For the case where G is insoluble, by [2, 3, 18|, we can prove the following.

Lemma 4.3. Assume that G is insoluble. Let {u,w} € E. Then either
(1) G, Gy, Gy and Autl’ are listed in Table 2, in particular, I is either arc-
transitive or isomorphic one of the graphs given in Examples 3.1, 3.3 and 3.4,
where p is a prime; or
(2) G = Z3xPSL(2,p) for a prime p with p = +£11 (mod 24), and I' is a graph
constructed in Example 3.5.

G Gy Guw Autl’ Remark Symmetric
Ag S4 S4 PT'L(2,9) Tutte’s 8-cage Yes
Se SuxZo SyxZs PT'L(2,9) Tutte’s 8-cage Yes
PSL(2,p) Di2 Do PGL(2,p) p= 411 (mod 24) Yes
PSL(2,p) S4 S4 PGL(2,p) p=+7(mod 16) Yes
A7 S4 (Z% XZg).ZQ S7 S210 (See [3]) No
S7 S4XZ2 SgXDg S7 S210 No
PSL(2,p) Ay D2 PGL(2,p) p=+£11(mod 24) No
PGL(2,p) S4 Doy PGL(2,p) p=+11(mod 24) No
PSL(2,p) S4 Doy PSL(Q,p) p = +23 (mod 48) No

TABLE 2. Graphs having almost simple automorphism group.

Proof. Let M be the largest soluble normal subgroup of G. If M is transitive on one
of U and W, then G = MG, for some v € UUW, and so G is soluble, a contradiction.
Thus M is intransitive on both U and W. By Lemma 2.3, M is semiregular on both
U and W and Iy is a connected X-semisymmetric cubic graph, where X = G/M
is the subgroup of Autl’y; induced by G. By the choice of M, we know that X has
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no soluble normal subgroups. For v € V, we denote by v the M-orbit containing v.
Let {u,w} € E with v € U and w € W. Then, by [18, Corollary 1.3], we have the
following table, where p is a prime.

X Xz X Autly Remark Symmetric
Ag S4 S4 PTL(2,9) Tutte’s 8-cage Yes
Se SuxZo SyxZs PTL(2,9) Tutte’s 8-cage Yes
PSL(2,p) Dai2 D12 PGL(2,p) p=+11(mod 24) Yes
PSL(2,p) S4 S4 PGL(2,p) p= 47 (mod 16) Yes
A7 S4 (Zé XZg).ZQ S7 S210 No
S7 S4XZ2 SgXDg S7 S210 No
PSL(2,p) Ay D2 PGL(2,p) p=+£11(mod 24) No
PGL(2,p) S4 Doy PGL(2,p) p=+£11(mod 24) No
PSL(2,p) S4 Doy PSL(Q,p) p = +23 (mod 48) No

If M =1 then part (1) of this lemma holds. Thus we assume next M # 1. Note
that M is semiregular on both U and W. Then |M]| is square-free and odd. Let U
and W be the sets of M-orbits on U and W, respectively. Then n = |U| = |U||M| =
|W||M| = |W|; in particular, |[M| is coprime to |U| = [W|.

Take a normal subgroup Y <1 G of G such that M <Y and Y/M = soc(X). Then
Y is transitive on both U and W. Since M has square-free order, Aut(M) is soluble.
Since Y/Cy (M) = Ny(M)/Cy (M) < Aut(M), we know that Y/Cy (M) is soluble.
Since soc(X) is a nonabelian simple group, we have MCy (M)/M = soc(X), and so
Y = MCy (M) and Cy(M)/(M N Cy(M)) = soc(X). Note that M N Cy (M) lies in
the center of Cy (M) and M N Cy (M) has odd order. Checking the Schur multiplier
of soc(X) (refer to [13, Theorem 5.14]), We conclude that either M N Cy (M) = 1, or
MNCy (M) = Zs and soc(X) = Ag. The latter case yields that |G| = 3n-2" is divisible
27, which is impossible as n is square-free. Then Y = MCy (M) = M xCy (M) and
T := Cy(M) = soc(X). Moreover, T is transitive on both U and W.

It is easy to see that T is a characteristic subgroup of Y, and hence T is normal in
G. Clearly, T is not semiregular on both U and W. By Lemma 2.3, T' is transitive on
one of U and W. Then there is some v € V such that T} is transitive on v. Consider
that action of M xT;. Then both M and T} act transitively on v, and hence both of
them induce regular permutation groups on v, refer to [4, Theorem 4.2 A]. It follows
that T; has a normal subgroup of odd index |v| = |M|. Noting that T; = soc(X)s,
we conclude that X = PSL(2,p), M & Z3, v € U, Ty, = X, = Ay, T, = 73 and
G =Y = MxT. Moreover, we have Dy, =& T = T, for w € W. It follows that, for
{u,w} € E with w € U and w € W, G, = P:(cd) = Ay and G, = T, = D1, where
73> P <T,ce M and d € T have order 3. Thus I" is isomorphic to a graph given
in Example 3.5, and part (2) of this lemma follows. O

Proof of Theorem 1.1. By the foregoing argument, it suffices to show that the graphs
given in Examples 3.2 and 3.5 are semisymmetric.

Let I' be a given in Examples 3.2 or 3.5. Let A" be the subgroup of A := Autl’
which preserves the bipartition of I". Then |A : A*| < 2 and I" is A*-edge-transitive.
Note that I" has order more than 6. Then AT is faithful on both bipartition subsets
of I'. Let {u,w} be an edge of I'.
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Suppose first that I' is given as in Example 3.5. Then A" > Z3xPSL(2,p). By
Lemma 4.3, the only possibility is AT = Z3xPSL(2,p). Then A, = A} and A, = A].
Thus A, and A, are not conjugate in A, and so I" is not A-vertex-transitive. Then
At = A= Autl', and so I' is semisymmetric.

Now let I' be a graph given in Example 3.2. Then A" has a cyclic semiregular

subgroup, whose order is m := ‘—g' = pi1p2 - - - Py, Where p;’s are distinct primes with

pi = 1(mod 3). Checking the groups in Lemma 4.2 and 4.3, we conclude that either
At = A 2 7,73 or A is soluble and I is arc-transitive. Suppose that the latter
case occurs. By [14], we have A = Dg,,:Z3 and AT = Zs,,:Z3. On other hand, by
the construction of I, AT has a subgroup of order 9m which has trivial center. Thus
AY = Zs,,:7Zs has trivial center, which is impossible. Thus the former case holds, that
is, A= AT = 7Z,,:7Z2. Then Theorem 1.1 follows.
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