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Abstract

A complex adjacency matrix of a mixed graph is introduced in the present paper,
which is an Hermitian matrix and called the Hermitian-adjacency matrix. It incorpo-
rates both adjacency matrix of an undirected graph and skew-adjacency matrix of an
oriented graph. Some of its properties are studied. Furthermore, properties of its char-
acteristic polynomial are studied. Cospectral problems among mixed graphs, including
mixed graphs and their underlying graphs, oriented graphs and their underlying graphs,
are studied. We give equivalent conditions for a mixed graph (especially oriented graph)
that share the same spectrum with its underlying graph. As a consequence, we reconfirm
a conjecture which was proposed by Cui and Hou in [8]. We also show that the spectrum
of the Hermitian matrix of a mixed graph is invariant when changing the value of any its
cut edge (if any).

Correspondingly, an energy of a mixed graph is introduced and called the Hermitian
energy. It incorporates both the energy of an undirected graph and the skew energy of an
oriented graph. Some of its bounds are given. Especially, the mixed graphs with optimal
upper bound of Hermitian energy are characterized. An infinite family of mixed graphs

attaining the maximum Hermitian energy is constructed. Moreover, the Hermitian energy
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of a mixed tree is showed to be equal to the energy of its underlying tree. Finally, the

integral formula for Hermitian energy of a mixed graph is given.
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1 Introduction

In this paper we only consider graphs without multiedges and loops. A graph G is denoted
by G = (V, E), where V is the vertex set and E CV x V' \ {(u,u)|u € V'} is the edge set. A
graph G = (V, E) is said to be mized if (u,v) € E does not always imply (v,u) € E, see for
example [23]. In a mixed graph G = (V, E), an edge (u,v) € E is undirected (resp.directed)
if (v,u) is also in E (resp. (v,u) is not in E) and it is also denoted by u <> v (resp. u — v).
For undirected edge (u,v), it is identical with (v,u) and we just count it one time. For
convenience, we denote it by u ~ v not matter it is oriented or not. Hence, in a mixed graph
some of edges are oriented, while others are not. For a mixed graph G, the underlying graph
Gy of G is a simple undirected graph. Clearly, mixed graphs conclude both possibilities
of all edges oriented and all edges undirected as extreme cases. A mixed graph G is called
mixed bipartite (resp. mized tree) if its underlying graph Gy is a bipartite graph (resp.
tree). A subgraph of a mixed graph is called mized walk, mixed path or mized cycle if its
underlying graph is a walk, path or cycle, respectively. However, the terms of order, size,
number of components, degree of a vertex, distance, we mean that they are the same as in

their underlying graphs. For undefined terminology and notations we refer the reader to [4].

The Hermitian-adjacency matrix of a mixed graph G of order n is the n x n matrix
H(G) = (hge), where hyy = —hg, = 1 if v — vy, where i is the imaginary number unit and
hie = hg = 1 if v, < vy, and hgy = 0 otherwise. The spectrum Spy(G) of G is defined as the
spectrum of H(G). It is easy to see that H(G) is an Hermitian matrix, i.e. its conjugation
and transposition is itself, that is H = H* := H'. Thus all its eigenvalues {1, Ag, ..., \,,} are
real, and the singular values of H(G) coincide with the absolute values {|A1], [A\2], ..., |An|} of
its eigenvalues. Consequently, the energy of H(G), which is defined as the sum of its singular
values [19], is also the sum of the absolute values of its eigenvalues. We call the energy of

H(G) as the Hermitian energy of the mixed graph G, denoted by £y (G). In this paper,



we are interested in studying properties of the spectrum and the Hermitian energy of mixed

graphs.

2 Basic properties

First we give two examples of mixed graphs and their Hermitian-adjacency matrices and

Hermitian energies.

Example 2.1 Let G be the mized graph of order 3 on left of Figure 2.1, then its Hermitian-

adjacency matrix can be chosen as

The characteristic polynomial of H(G) is A3 — 3\ +2, the eigenvalues of H(G) are {—2,1,1},
corresponding eigenvectors are (—i,—1,1)7, (21, —1,1)7,(0,1,1)”, and £ (G) = 4.

VA7

Figure 2.1 Mixed graphs in Examples 2.1 and 2.2

Example 2.2 Let G be the mized graph of order 4 on right of Figure 2.1, then its Hermitian-

adjacency matrix can be chosen as

0 -1 -1 1

i 0 1 0
H(G) =

1 1 0 -1

1 0 i 0



The characteristic polynomial of H(G) is \*—5)\2+4, the eigenvalues of H(G) are {—1,1,—2,2},
corresponding eigenvectors are (—i,—2,1,0)”, (1,0, —i,2)7,(-1,0,i,1)7, (—i,1,1,0)”, and

En(G) = 6.

The adjacency matrix of an undirected graph G of order n is the nxn matrix A(G) = (a5),
where a;; = aj; = 1 if v; ~ v; and a;; = 0 otherwise. The spectrum Spa(G) of G is defined
as the spectrum of A(G). Since A(G) is symmetric matrix, all its eigenvalues, denoted by

{p1, 2, ..., pn}, are real.

The energy of graph G (see the survey of Gutman, Li and Zhang [11] and the book of Li,
Shi and Gutman [16].) is defined as

Ea(G) = |-
=1

In theoretical chemistry, the m-electron energy of a conjugated carbon molecule, which usually
represented by a simple undirected graph, computed using the Hiickel theory, coincides with

the energy that defined here. We can see that:

Remark 2.3 If G is an undirected graph, then A(G) = H(G), Spa(G) = Spy(G) and
Ea(G) =Eu(G).

The skew-adjacency matrix [2] of an oriented graph G of order n is the n x n matrix
S(G) = (ske), where spg = —sg = 1 if vy — vy, and sy = 0 otherwise. The spectrum
Sps(G) of G is defined as the spectrum of S(G). Since S(G) is a skew-symmetric matrix, the
eigenvalues of S(G), denoted by {si,s2,...,s,}, are purely imaginary numbers. The skew

energy of oriented graph G is defined by Adiga et al. in [2] as
Es(G) = |sl.
=1

For an oriented graph G, we have H(G) = iS(G). Furthermore, if X € C" is an eigen-
vector corresponding to an eigenvalue A of S(G), then S(G)X = A\X, ie., iS(G)X = i\X,
then H(G)X = (i\)X. Therefore, X € C™ is an eigenvector corresponding to the eigenvalue
(i\) of H(G) and vice versa. Thus, Spu(G) = iSps(G) for any oriented graph G. We then
have E5(G) = > y_1 |\l = Dy liXe| = Ea(G). Therefore,



Remark 2.4 If G is an oriented graph, then H(G) = iS(G),Spu(G) = iSps(G) and
€ (G) = €s(G).

From above, we find that Hermitian-adjacency matrices (resp. Hermitian energies) of
mixed graphs incorporate both adjacency matrices (resp. energies) of undirected graphs and
skew-adjacency matrices, neglecting the factor i, (resp. skew energies) of oriented graphs.
Thus, for convenience, we simply refer the spectrum and the Hermitian energy of H(G) as

the spectrum and energy of a mixed graph G, respectively.

Thus, the study of Hermitian-adjacency matrices and energies of mixed graphs is mean-
ingful. In fact, we shall see that we can obtain information about the cospectral problem
between skew-adjacency matrices of oriented graphs and adjacency matrices of their under-

lying graphs by using results of Hermitian-adjacency matrices of mixed graphs.

Denote the characteristic polynomial of H(G) of a mixed graph G as:

B(GN) =N+ N e\ 24 e,

Let G; = (V1, E1) and Go = (Va, E3) be two mixed graphs with disjoint sets of vertices
V1 and V3, respectively. Then the union G of G; and Gy is defined by V(G) = V4 |J V2 and
E(G) = E1|J E2 and denoted by G = G1 + G2. We immediately have the following result.

Theorem 2.5 If a mized graph G is o union of mized graphs G1,Ga,...,Gy, then

o(G;N) = [[2(Ge N,
/=1

Hence the spectrum of G is the union of the spectrums of Gy, £ =1,2,... k.

The value of a mixed walk W = vivovg - --vp is (W) = highas - - h_1)¢. A mixed walk
is positive or negative if h(W) =1 or h(W) = —1, respectively. Note that for one direction
the value of a mixed walk or a mixed cycle is «, then for the reversed direction its value is a.
Thus, if the value of a mixed cycle is 1 (resp. —1) in a direction, then its value is 1 (resp. —1)
for the reversed direction. In these situations, we just termed this mixed cycle as a positive
(resp. negative) mixed cycle without mentioning any direction. A graph is positive (resp.
negative) if each its mixed cycle is positive (resp. negative). An elementary graph is a mixed

graph such that every component is an edge or a mixed cycle, and every its edge-component



is defined to be positive. A (real) spanning elementary subgraph of a mixed graph G is an
elementary subgraph such that it contains all vertices of G and all its mixed cycles are real.

The rank and the corank of a mixed graph G are, respectively,
r(G)=n—-c¢s(G)=m-—-n+c,

where n, m and c are the order, size and number of components of G, respectively.

We can see from definition that we need to check every mixed cycle to make sure whether
a mixed graph is positive or not. Our next result shows that we can reduce the number of

checks.

Lemma 2.6 Let G be a mized graph, then G is positive if and only if every mized chordless

cycle of G is positive.

Proof. The necessity is obvious. Sufficiency. We shall show every mixed cycle is positive.
If the result is not true, then there exists a mixed cycle that is not positive. Then there
exists a mixed cycle C' in G of least length such that h(C) # 1. By hypothesis, C' contains
a chord viuy. Suppose that mixed cycles C' = viva ... vpuius ... uqv1, C1 = v1v2... U101
and Co = ujuz...uqviuy in clock direction. By the choice of C, C7 and Cy are chordless
and hence positive. Suppose the value of the walk W7 = viv2...vpuq is a. Then hy,y, = a.
Thus, the value of the walk Wy = wjug...uqv is @ Therefore, h(C) = a - @ = 1, which

contradicts to our hypothesis. The result thus follows. |

Now we will give two results which similar with those of adjacency matrices [3].

Theorem 2.7 Let H be the Hermitian-adjacency matriz of a mized graph G. Then

det H = Z(—l)r(G,)'M(G,)QS(G’)’
G/

where the summation is over all real spanning elementary subgraphs G' of G and £(G') denotes

the number of negative mized cycles of G’.

Proof. The proof is similar with that of Proposition 7.2 in [3]. Consider a term sgn(m)hi r1h2x2 -

in the expansion of det H. This term vanishes if, for some k € {1,2,--- ,n}, hy - = 0; that

is, if vpv, is not an edge of G. In particular, the term vanishes if 7 fixes any symbol. Thus,

: hn,wn



if the term corresponding to a permutation 7 is non-zero, then 7 can be expressed uniquely
as the composition of disjoint cycles of length at least two. Each cycle (k) of length two cor-
responds to the factors hyphg, and signifies v ~ vy. Each cycle (pgr---t) of length greater
than two corresponds to the factors hpghgr - - - hyp, and signifies a mixed cycle vpvg - - - vvp
in G. Consequently, each non-vanishing term in the determinant expansion gives rise to an
elementary mixed graph G’ of G, with V(G’') = V(G). That is, G’ is a spanning elementary
subgraph of G.

The sign of a permutation 7 is (—1)"e¢, where N, is the number of even cycles (i.e. cycles
with even length) in 7. If there are ¢, of length ¢, then the equation ) fc; = n show that the

number N, of odd cycles is congruent to n modulo 2. Hence,
r(G') =n— (N, + N.) = N, (mod 2),

so the sign of 7 is equal to (—1)"(¢").

Each spanning elementary subgraph G’ gives rise to several permutations 7 for which
the corresponding term in the determinant expansion does not vanish. The number of such
7 arising from a given G’ is 2°(") since for each mixed cycle-component in G’ there are
two ways of choosing the corresponding cycle in 7. Furthermore, if for some direction of a
permutation 7 a mixed cycle-component has value i (or -i), then for the other direction the
mixed cycle-component has value —i (or i) and vice versa. Thus, they cancel each other in
the summation. Similarly, if for some direction of a permutation 7 a mixed cycle-component
has value 1 (or —1), then for the other direction the mixed cycle-component has value 1 (or

—1) too.

Thus each G’ contributes (—1)T(G/)+£(G/)25(Gl) to the determinant and the result follows.

We shall now obtain a description of all the coefficients of the characteristic polynomial
of a mixed graph G, in terms of some small elementary subgraphs of G. We shall suppose,
as before, that

B(G5N) = A"+ e N A ity

Theorem 2.8 The coefficients of the characteristic polynomial of a mixed graph G are given



(—1)ka _ Z<_1)T(Gl)+£(Gl)25(G,)v
G/
where the summation is over all real elementary subgraphs G' of G with k vertices and £(G")

denotes the number of negative mized cycles of G'.

Proof. The proof is similar with that of Proposition 7.3 in [3]. The number (—1)*¢; is
the sum of all principal minors of H(G) with k rows and columns. Each such minor is
the determinant of the Hermitian-adjacency matrix of an induced subgraph of G’ with k
vertices. Any elementary subgraph with k vertices is contained in precisely one of these
induced subgraphs, and so, by applying Theorem 2.7 to each minor, we obtain the required

result. ]

As well as giving explicit expressions for the coefficients of the characteristic polynomial,
Theorem 2.8 throws some light on the problem of cospectral mixed graphs. The fact that
elementary subgraphs are rather loosely related to the structure of a mixed graph helps to
explain why there are many pairs of non-isomorphic mixed graphs having the same spectrum,
see examples of undirected graphs [10]. Now we consider the problem of what mixed graphs

share the same spectrum with their underlying graphs.

If G is a positive mixed graph, then

(_1)T(G/)+E(G/)2S(G’) _ (_1)T(G”)25(G’) _ (_1)7"(0’[])23(ng)

for every elementary subgraph G’ of G. Then ®(G;\) = ®(Gy; A), ie.,
Theorem 2.9 If G is a positive mized graph, then Spp(G) = Spu(Gy).
Note that we will give an equivalent condition for a mixed graph to be positive in Theorem
4.1.

As another application of Theorem 2.8, we investigate a class of mixed graphs which at

least half of their coefficients of their characteristic polynomials are zero.

Theorem 2.10 If G is a mized graph of order n without real mized odd cycles, then
(1) all its coefficients of coqq are equal to zero;
(2) its spectrum is symmetry about zero;

(8) car. = (—1)*by and by > 0 for all possible integer k.



Proof. 1f G is a mixed graph of order n without real mixed odd cycles, then there exists
no any real elementary subgraphs with odd number of vertices in G, which means that all
its coefficients of c,qq are equal to zero by Theorem 2.8. It follows that the characteristic

polynomial of G has the form
D(GN) = N+ e\ 2 e\ = 2Tp(N?),

where ¢ = 0 or 1, and p is a polynomial function. Thus the spectrum of G is symmetry
about zero. Hence if \; is an eigenvalue of H(G) with multiplicity k, so is —A;. It follows
that the characteristic polynomial is a power of A times a product of terms of the form A2 —A?.
Assume O(G; \) = AN [[(A2 = A2) := A%'(\?), where a is the largest possible integer. Hence
the roots of the polynomial p/(\) are real and positive, then its coefficients alternate in sign.

Remark 2.11 The converse of Theorem 2.10 is not true, see the mized graph G in Example
2.2 for example. We can see that G satisfies conditions (1),(2) and (3), but it has two real

mized odd cycles.

Since a mixed bipartite graph contains not mixed odd cycles and hence not real mixed

odd cycles, we immediately have:

Corollary 2.12 Let G be a mized bipartite graph, then (1) all its coefficients of coqq are
equal to zero; (2) its the spectrum is symmetry about zero; (3) cor = (—1)¥by, and by, > 0 for

all possible integer k.

A generalized orientation ¢ of an undirected graph G is to specify an orientation (or
direction) according to ¢ to each edge in a subset S of E(G). It is called orientation of G
if S = E(G) and the resulting graph is called oriented graph. Tt is called trivial if S = 0.
Thus a mixed graph can be viewed as a resulting graph of a generalized orientation ¢ of its
underlying graph. For an oriented graph, its mixed odd cycle is never real. Thus, the class
of oriented graphs is another special class of mixed graphs containing not real mixed odd

cycles. Therefore,

Corollary 2.13 If G is an oriented graph, then (1) all its coefficients of coqq are equal to
zero; (2) its spectrum is symmetry about zero; (3) car. = (—1)*by and by, > 0 for all possible

integer k.



The next result gives a characterization of an undirected graph without even cycles.

Theorem 2.14 Let G be an undirected graph, then G has no even cycles if and only if
Spr(G?) = Spr(G??) for any generalized orientations ¢1 and ¢z of G that G** and G??

contain not real mized odd cycles.

Proof. The proof is similar to the proof of Theorem 4.2 in [7]. Necessity. If G has no even
cycles and ¢1 and ¢g are two arbitrary generalized orientations of G that G®* and G?? contain
not real mixed odd cycles. Then each real elementary subgraph with even number of vertices
in G% (j = 1,2) is comprised by matching, i.e. disjoint edges. Thus for any possible odd
number 2k + 1, we have copy1(G?') = cop11(G®?) = 0 and for any possible even number 2k,
we have
con(GP) = Z(_l)r(Gi)H(G’l)QS(G’l) — Z(_l)T(G’l) — Z(_l)T(G’z)
Gl Gy Gy

= (1) EHUEE2(E) g (GP),
G4

where G| and GY are k matchings of G®* and G2, respectively. Thus, ®(G?'; \) = &(G?2; \)
and hence Spy(G?) = Spy(G?2).

Sufficiency. Note that G® contains no real mixed odd cycles for any orientation ¢. We
will proof by contradiction if there is an undirected graph G with finite even cycles such that

Spr(G?) = Spy(G??) for any orientations ¢; and ¢s.

Let C be an even cycle of least length, say 2¢ in G. By Theorem 2.8, the first 2¢ coefficients

of the characteristic polynomial of H(G?) for an orientation ¢ are
cr = mp(G?) when k <20 and ¢y = moe(G?) — 2 Z h(C"), (2.1)

0(Cry=2¢

where my(G) is the number of matchings in G covering k vertices and the sum is taken over
all mixed cycles C’ in G of length 2¢. Let e € C in G® and n,(e) be the number of mixed
20—cycles in G? that contain e and have values « in one direction, where o € {£1}. Suppose
that ni(e) # n_(e). If the direction of the arc e is reversed, then in (2.1) the contribution
from the matchings will be unaffected as will that from the mixed 2/¢-cycles not containing
e. But the contribution from the mixed 2¢—cycles that contain e equals —2(n(e) — n_(e))
and will be negated. Consequently, coy will change. Thus G will have an orientation ¢’ such

that Spp(G?) # Spr(G?) and the sufficiency will have been proved.

10



Suppose then that ny(e) = n_(e) for all edges e in all orientations G¢ of G. We shall

see that this leads to a contradiction. For ¢ € {1,...,2¢}, let ny(e1,...,e;) be the number

of positive 2/—cycles in G? and contain all of ey, ..., e;. Define n_(ey,...,e;) analogously.
We claim that for each ¢ € {1,...,2¢}, ny(e1,...,e:) =n_(e1,...,e) for all orientations
G? and all edges eq,...,e;. We proceed by induction on t. The case t = 1 is assumed.

Suppose that the claim holds for each ¢t < 2¢ and let G® be an orientation of G. For edges
€1,€2,...,€,e41 in G, let ny(eq,..., e, e41) denotes the number of positive 20—cycles that

contain edges ey, ..., e, but not edge e;y;. Define n_(eq, ..., e, €4+1) analogously. Then

ny(er,....e)) =ng(er,...,epneqr1) Fng(er, ... e €q1),

n*(elv s 7et) = n*(ela .. '7etaet+1) +n7(€1, . '7€t7€t+1)7

and ny(e1,...,e) = n_(e1,...,e) by assumption. Now we consider the orientation G?

obtained from G? by reversing the orientation of e;y;. Then

!/ —
n+(€17 oo 7et) - n—(617 e €t+1) + n+(el7 -5 6ty et-‘rl)?
/ —
77,7(61, v 7et) = n+(61, -5 Gty et-‘rl) + n_(€17 -y Gty et-i—l))
and n/, (e1,...,e;) =n’ (e1,...,e) by assumption. Consequently,
ni(er, ... e 1) —n—(er, ..., e e41)
= n—(617 <oy Gty €t+1) - TL+(€17 -5 6ty 6t+1)
= n+(617 <o 6ty et+1) - n_(617 <5 6ty et-‘rl)‘
Lines 1 and 3 above are equal and sum to zero. Thusn_(ey, ..., et e401) = ng(e1,..., €, €41),
as desired. Hence the claim holds. We then have n(ei,...,ea) = n_(e1,...,ey) for any
orientation G?, where e1, ..., es are edges of a mixed 2¢—cycle of G?. This is a contradiction,

since a mixed even cycle in an oriented graph is either positive or negative and hence one

member of the equality is 0, while the other is 1. Thus we complete the proof. |

Note that any orientation ¢ of an undirected graph G contains not real mixed odd cycles.

We immediately arrive at the result of Cavers et al.[7]:

Corollary 2.15 [7] An undirected graph G has no even cycles if and only if all of its oriented

graphs are all cospectral.

11



Figure 2.2 Changing the value of an edge

For a mixed graph G with cut edges, we see that cut edges are not contained in any mixed
cycles of G. The next result shows that the spectrum of G is invariant when changing the
value of any cut edges (if any), for example reversing the cut arc’s orientation or unorienting

it or orienting an undirected cut edge, see Figure 2.2.

Theorem 2.16 Let G be an undirected graph with cut edges, then Spy(G?) = Spy(G??)

for any generalized orientations ¢1 and ¢o of G that differ only on some cut edges of G.

Proof. Let S be the cut edges that differ in ¢; and ¢o. If a real elementary subgraph G’ of
G?' contains not edges from S, then G’ is also a real elementary subgraph of G2. Obviously,
we have (—1)"(G)+(G")2s(G") — (_1)r(G)+(G")25(C") If g real elementary subgraph G’ of G
contains some edges S’ from S, then correspondingly there is a real elementary subgraph

G" of G2 that satisfies G}, = GY; and differs with G’ only on S’ and vice versa. We have
(=1)r(@)+UE)2s(G") = (—1)r(G")+UC")9s(G")  Thus,

cu(G9) — cp(G2) = Z(_l)T(Gi)Jr@(G'l)QS(Gi) — Z(_l)T(G’z)+f(G’2)25(G’2) =0,
&1 Gy
for any integer k and Spy(G?) = Spr(G?2). ]

Thus for any mixed graph with cut edges G1, we can changing the value of some cut edges

such that the resulting mixed graph G2 is not isomorphic to G; and Spy(G1) = Spu(Ga).

From Theorem 2.8, we also see that for a mixed graph real mixed cycles play important
role in determining coefficients of its characteristic polynomial. If a mixed graph contains no
any real mixed cycles, then its coefficients of its characteristic polynomial are determining

solely by their matchings.

12



Corollary 2.17 Let G be a mized graph that contains no any real mixzed cycles, then c¢; =0

for i odd; and (—1)"ca, is the number of ways of choosing r disjoint edges in G.

Since a mixed forest contains no real mixed cycles, we have:

Corollary 2.18 Let T be a mixed forest, then ¢; = 0 for i odd; and (—1)"co, is the number

of ways of choosing r disjoint edges in T.

Example 2.19 Let §n) be a mized tree of order n such that its underlying graph is a star,
then (—=1)"cor = 0 for r > 2 and —cy = n — 1. Then <I>(§>n;/\) =\ — (n—1)A"2 =
AN 2N=Vn—1)(A++vn —1).

Example 2.20 Let 1?7; be a mized tree of order n such that its underlying graph is a path. In
fact, since (—1)"ca, is the number of ways of choosing r disjoint edges in T. Then (—1)"ca, =
[n/2]
(") and B(Pp; \) = X (1) (N
r=

Since any elementary subgraph of a mixed forest is a union of disjoint edges and then any

minor with same order has identical value, we have:

Corollary 2.21 For any undirected forest T, we have Spy (T) = Spr (T®) for any not trivial

generalized orientation ¢ of T.

Thus, for any pairs of non-isomorphic mixed forests T,T” that share the same underlying

graph, we have Spy(T) = Spy(T'). We have the following result:

Corollary 2.22 For any mixed forest T with n(n > 2) vertices, there exists an non-isomorphic

mized forest T" such that Spy(T) = Spu(T").

Note that any edge of a forest is also its cut edge, the Corollary 2.22 can be seen as
a corollary of Theorem 2.16. This result and Theorem 2.16 generalized that of Schwenk
[20] that if we select a tree T' with n vertices, all such trees being equally likely, then the

probability that T belongs to a cospectral pair tends to 1 as n tends to infinity.

13



3 Bounds of Hermitian Energy

In this section we will give some bounds to Hermitian energy of a mixed graph. First, we

need the following result.

Theorem 3.1 If \i,...,\, are the eigenvalues of an n-vertex mixed graph G with size m,

then
n
(1) 3> A2 =2m;
k=1
(2) for 1 <i < mn,|N| <A, the mazimum degree of the underlying graph.

Proof. (1) We have

i)\z = trace of H? = iihwhzk = Zn:ihkghze = Zn:i |hkg‘2 = 2m.

k=1 k=1 ¢=1 k=1 ¢=1 k=1 ¢=1

(2) is a direct consequence of the Gershgorin Circle theorem. ]

An upper bound for £ (G), similar to McClelland’s inequality for energy of an undirected

graph, is given in the next theorem.

Theorem 3.2 For an n-vertex mized graph G, \/2m + n(n — 1)p?/* < Eg(G) < V2mn <
nv A, where p = |det H(G)|.

Proof. The proof is similar with that in [2]. We have
n 2 n
EnG)F = | o Iul| = D08+ 30 Pullal > 2+ i - 1?1
k=1 k=1 k£0
the last inequality being a consequence of Theorem 3.1 and the AM-GM inequality. On

the other hand, Schwarz’s inequality applied to the Euclidean vectors (|Ai],...,|An|) and
(1,...,1), yields

En(G) = Z Ak < Z/\z\/ﬁ = V2mn < /(nA)n = nVA. (3.2)
k=1

k=1

Corollary 3.3 For a mized graph G and its Hermitian-adjacency matriz H, the following

conditions are equivalent:

14



(1) Eg(G) = nVA;

(2) H? = Al,;

(3) (H'")? =1,,, where H' = ﬁH.

Proof. The proof is similar with that in [2]. Equality holds in (3.2) if and only if the Schwarz’s
inequality becomes equality and 2m = nA, if and only if, there exists a constant « such that
I\i|?> = o for all i and G is a A—regular mixed graph, if and only if, H*H = al,, and a = A,

ie., H> = AL,. Le., (H)? =1,, and (H')* = ﬁH = ﬁH =H' |

It follows from the proof above that if £5(G) = nv/A, then G must be a A—regular mixed
graph. So each column and row of H(G) contains exactly A nonzero entries from T = {1, £i}
and inner products H(u,:) - H(v,:) = 0, H(:,u) - H(:,v) = 0 for different vertices u and v,
where H(u,:) and H(:,u) represent row vector and column vector corresponding to vertex u

in H(G), respectively.

We want to characterize all mixed graphs satisfying these conditions. First, we have

Lemma 3.4 For a mived graph G with H*(G) = kI (k > 2), then g(Gy) < 4, where g(Gy)
denotes the girth of Gy .

Proof. For otherwise, if g(Gyr) > 5 (or g(Gy) is infinity). Let v and v be a pair of vertices
with distance two in Gy and w € N(u) N N(v). Then H(u,:) - H(v,:) = hywhw» # 0 which
contradicts to (2) of Corollary 3.3. |

In fact, we can say more about it.
Lemma 3.5 Let G be a connected k—regular mized graph with ordern (n > 3), then Eg(G) =
nVk if and only if for any pair of vertices u and v with distance not more than two in Gy
such that N(u)NN(v) # 0, there are edge-disjoint mized 4— cycles uzvy of the following three

types; for any edge u ~ v such that N(u) N N(v) = 0, there are edge-disjoint mized 4—cycles
wvzry of the following three types.

Proof. By Corollary 3.3, we have H2(G) = kI. For different vertices v and v,

H(u,:) - H(w,:) = Y huwhow =0. (3.3)
weN (u)NN (v)
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Figure 3.1 Three types of mixed 4—cycles

If d(u,v) > 3, then H(u,:)- H(v,:) =0 holds obvious. If d(u,v) = 2, then N(u)N N(v) # 0.
Because of hyghy, € {£1,£i} for a vertex x € N(u)N N (v) and (3.3), we have another vertex
y € N(u) N N(v) such that hyghzy + huyhy, = 0. Thus if hyzhey = p, then hyyhy, = —p.
By checking all possible combinations, we find that the mixed 4—cycle uxvy are one of three
forms in Figure 3.1. If d(u,v) = 1 and N(u) N N(v) # 0. We will have a pair of vertices
xz,y € N(u) N N(v) such that uzvy is one of the three mixed 4—cycles in Figure 3.1. If
d(u,v) =1 and N(u) N N(v) = 0. We have d(z,u) = 2 for any € N(v)\{u}. There exists a
vertex y € (N(z) N N(u))\{v} such that uvzy is one of the three mixed 4—cycles in Figure

3.1. The converse is easily checked. |

From the proof of Lemma 3.5, we can see that |N(u) NN (v)]| is even for pair of vertices u
and v with distance no more than two. Therefore, Lemma 3.5 generalizes a result of Adiga

et al [2].

We want to determine which k—regular mixed graphs on n vertices with £x(G) = nvVk.
To avoid triviality, we assume k # 0. It follows that n must be even since i Ap = 0 and
)\12, =k forp=1,2,...,n. It is not hard to see that 1—regular mixed graph onp; 1Vertices with
En(G) = nVk if and only if it is a union of § edges with n even. If k = 2, then the 2—regular
graph must be a union of mixed cycles. Lemma 3.5 shows that all 2—regular mixed graph
on n vertices with £ (G) = nv/2 if and only if it is a union of § mixed 4—cycles from the
three types of mixed 4—cycles in Lemma 3.5. For k = 3, the case of oriented graphs is solved
by Gong and Xu in [13]. And the underlying component of the oriented graphs of order n
with £ (G) = nv/3 is either K4 the complete graph on 4 vertices or Q3 the hypercube. For
k = 4, Chen et al. [9] and Gong et al. [14] respectively constructed infinitely many connected

oriented graphs of order n with £ (G) = 2n. For large k, the problem seems rather difficult
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because it is closely related to the famous Hardamard Matrix Conjecture in combinatorial
design when we restrict it to oriented graphs [18]. We thus would like to propose the following

problem:

Problem 3.6 Determine all the k—regular mized graphs G on n vertices with Eg(G) = nVk

for each k, 3 <k <mn.
or

Problem 3.7 Determine all the matrices H of order n for all integer k (3 < k < n) such
that:

(1) H* = H, i.e. H is Hermitian;

(2) H* =1, i.e. H is unitary;

(3) each row of H contains ezactly k monzero entries of T' = {3, £+}.

In order to construct infinite many mixed graphs with maximum Hermitian energies, we
consider two kinds of products of mixed graphs. Let (G; be an undirected graph and G a
mixed graph. The Kronecker product G; x Go of G; and G4 is a mixed graph with vertex
set V(G1) x V(G2) and there is an undirected edge (resp. arc) from (uy,v1) to (ug,vs) if and
only if u; ~ uy in Gy and (v1,v9) is an edge (resp. arc) in G2. And the Kronecker product
G4 x (31 is defined analogously. Since H(G1 x G2) = H(G1) ® H(G3), where the symbol ®

stands for the Kronecker product of two matrices (see [6]).

Remark 3.8 Let Gy be an undirected graph (resp. mized graph) of order p and Spy(Gy) =
{p1, 2, ..., pp}t. Let Go be a mized graph (resp. undirected graph) of order q and Spr(G2) =
{A1, A2, ..., A}, Then the eigenvalues of the mized graph G x Ga are ppX; for all possible
ke{l,2,...,p} and L € {1,2,...,q}.

Example 3.9 Let G1 be an undirected graph Ko and Go an {—regular mized graph of order
q with Eg(Ge) = gV'l. Then the mized graph G1 x Go has the mazimum Hermitian energy
EH(Gl X Gg) = 2q\/Z.

Let G1 and G be mixed graphs. The Cartesian product G1[dG5 of G and G4 is a mixed

graph with vertex set V(G1) x V(G2) and there is an undirected edge (resp. arc) from (uy,v1)
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to (ug,v2) if and only if u; = wug and (vi,v2) is an edge (resp. arc) in Ga, or v; = ve and
(u1,u2) is an undirected edge (resp. arc) in Gj.

If G5 is a bipartite oriented graph with bipartition X and Y, we modify the orientation
of G10G; with the following method. If there is an arc from (u,v1) to (u,v2) in G1OG, and

u € Y, then we reverse the direction of the arc. All the other arcs or edges keep unchanged.

We denote this new orientation of G10G2 by (G10G2)*.

Theorem 3.10 Let G be an oriented bipartite graph of order p and Spr(G1) = {11, 2, -+ -5 op }-
Let Gy be a mized graph of order q and Spu(G2) = {A1, A2, ..., A\¢}. Then the eigenvalues of

the mixzed graph G10JG4 are iw//ii‘f')\%, k=1,2....pand£=1,2,...,q.

Proof. The proof is similar with that in [1]. Let G; be an oriented bipartite graph with
bipartition X and Y, where | X| = z and |Y| = p — 2. With suitable labeling of the vertices
of G10G4, the Hermitian-adjacency matrix H = H((G10G2)*) can be chosen as follows:

H:I;®H(G2)+H(G1)®Iq,

where I;, is a diagonal matrix with first  diagonal elements equal to 1 and last p — x diagonal

0 B
elements equal to —1; H(G1) it the partition matrix , where B is an z X z matrix.

B* 0

Now we want to determine the singular values of H, we have

H*H = H?* = (I, ® H(Gs) + H(G1) @ I))(I, ® H(G2) + H(G1) ® L)
=1, ® H*(G2) + H*(G1) ® I, + I H(G1) ® H(G2) + H(G1)I, ® H(G2)
=1, ® H*(G2) + H*(G1) ® I+ (I,H(G1) + H(G1)I})) ® H(G2)

=1,® H*(Gy) + H*(G1) ® I,

0 B 0 -B
because I, H(G1) + H(G1)I}, = + = 0. Therefore, the eigenvalues
-B* 0 B* 0
of H*H are p? + A%, where p € Spy(G1) and A € Spy(G2). Thus the result follows. ]

As an application of Theorem 3.10, we can construct infinite mixed graphs with maximum

Hermitian energy. First, we need the following result.
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Theorem 3.11 Let G be an oriented k—regular bipartite graph of order p with Eg(G1) =
pVE and Gy an (—reqular mized graph of order q with En(Ga) = qV/L. Then the mized graph
(G1O0G2)* has the maximum Hermitian energy Ex((G10G2)*) = pgv'k + L.

Proof. First we have H?(G1) = kI, and H*(G2) = ¢I,. Then the Hermitian eigenvalues of
G; and Gy are all £v/k and £v/7 respectively. By Theorem 3.10, the Hermitian eigenvalues
of (G10G2)* are £k + £. The result follows. ]

Note that if we let G5 to be an —regular oriented graph of order ¢ and maximum energy
H?(G9) = (I, in Theorem 3.11, we arrive at a result of Anuradha et al [1]. And if we let Gy

be an oriented P, in Theorem 3.11, we arrive is exactly a result of Cui and Hou [8].

In the following example, we present a family of mixed graphs with maximum Hermitian

energy.

Example 3.12 Let G be a mized tree of order two and 1?2) an oriented path of order two.
For each k > 2, set Gy, = (Gk_lﬂl’(;)*. Then Gy is a mized k—regular graphs with order
28 and Hermitian energy 25v/k. Note that Gy, is a mized hypercube Q, of dimension k. The
result generalizes a result of Tian [22] that there exists a k-regular graph with n = 2% vertices

(i.e., Qk) having an orientation with mazimum skew energy.

We now give bounds of Hermitian energy of a mixed graph with respect to its size.
Theorem 3.13 For a mized graph G with m edges, 2./m < Eg(G) < 2m.
Proof. We have three relations for the eigenvalues:

n
S h=0
k=1
n
Z A2 =2m
k=1
> Mde=—m

k<t
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From the definition of the Hermitian energy of a mixed graph, we have

ER(G) =D X +2> ]
k=1

k<t

=2m+2) Al
k<t

> 2m+ 2] ) A
k<t

=4m.

Combining the facts that n < 2m and £y (G) < v/2mn, we can obtain the upper bound. 1

Bapat and Pati [5] showed that energy of an undirected graph is never an odd integer.
Adiga et al. [2] also showed that skew energy of an oriented graph is never an odd integer.

Along this line, we have:

Theorem 3.14 The Hermitian energy of a mized graph, if it is a rational number, must be

an even positive integer.

Proof. The proof is similar with that in [2]. Let {A1,...,A\,} be the eigenvalues of H(G).
Then
trace of H(G) = Z A = 0.
k=1

W.O.L.G. let Aq,..., A be positive and the rest of the A;’s non-positive. Then

En(G) =D Al =200+ + M)
/=1

Since A1,..., A\ are algebraic integers, so is their sum. Hence (A + - -+ 4+ ;) must be a

rational integer if £ (G) is rational. ]

Similar to a result in [2], we have a result that each even positive integer is the Hermitian
energy of some mixed graph. From Example 2.19, we see that & H(§n+l) = 2y/n. For each
even positive integer 2r, we take n = r2. Then & H(§n+1) = 2r. Thus, we have the following

result.

Theorem 3.15 FEach even positive integer 2r is the Hermitian energy of a mixed star.
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4 Mixed graphs that share the same spectrum with their un-

derlying graphs

In this section, we want to characterize which mixed graphs that share the same spectrum
with their underlying graphs. First we need some concepts. A switching function is any
function 6§ : V. — T, where T = {1,+i}. Switching a mixed graph G to a mixed graph
G’ means that there is a diagonal matrix D(6) := diag(f(vg) : vy € V) such that H(G) =
D(9)"'H(G")D(9). Equivalently, hyy = 6(vg) 1 h),0(v,) for any k,¢, where hye and hj, are
the (k,¢)—elements in H(G) and H(G'), respectively. We say G; and Gy are switching
equivalent, denoted by G1 ~ G3, when there exists a switching function, such that H(G3) =
D(0)"H(G1)D(#). Note that the definition of switching equivalence between oriented graphs
is given in [8]. Switching equivalence forms an equivalence relation on Hermitian-adjacency
matrices for a fixed underlying graph. It is straightforward to see that if two mixed graphs

G1 and Gy are switching equivalent, then Spg(G1) = Spr(Ga).

Now we consider the problem of determining what kind of mixed graphs having the same

spectrum with their underlying graphs.

Theorem 4.1 Let G be a mized graph with Hermitian-adjacency matriz H(G), then the
following are equivalent:

(1) G is positive.

(2) G~ Gy.

Proof. We only need to show the equivalence for connected mixed graphs. Let G be a
connected mixed graph of order n and size m. If G is positive. We shall prove (2) by
induction. If m = n — 1, then G is a mixed tree and we define a function § : V — T
by the following procedure. First, pick an arbitrary vertex v and set 6(v) = 1, then we
expand the definition of 6 through adjacency relation by setting the value of #(w) such that
O(u) thywd(w) =1, ie. O(w) = O(u)h,,}, for defined vertex u and its undefined neighbor w.
The process end when all vertex are defined. We can see that 6 is a switching function such
that H(Gy) = D(0)*H(G)D(0), that is H(G) ~ H(Gy). Now we assume the result (2) hold

for any connected mixed graph of order n and size m(> n —1). Let G be a connected mixed

graph of order n and size m+ 1. Then G contains at least a mixed cycle. Let C : vivg - - - vpv1

21



be any mixed cycle of G. Consider the mixed connected graph G —vivy with order n and size
m. For convenience, denote by G’ the mixed graph G —v1v2 and G7; the underlying graph of

G — vyvg, respectively. By induction, we have a switching function 6 : V(G’) — T such that
H(Gy) = D(9)"H(G')D(9).

In the following, we want to show that 6 is also a switching function from H(G) to H(Gyp).

To see this, consider
D(0)"H(G)D(0)
= D(0)* | H(G") + hyyvy F12 + g, E21:| D(6)
= D(0)"H(G")D(9) + D(0)* {hvlmEm + hvleQl] D(0)
= H(Gy) + Erg2 + By
= H(Gy)

where E19 (resp. Fa1) is a n X n matrix with all elements equal to zero except the (1,2)—
entry (resp. (2,1)—entry), which is equal to one. The third equality holds because G is

positive and so is the mixed cycle C'. Thus,
h’U1’U2h’1)2U3 e hvkm = 17

hence
9(01>* |:hv1v2hv2v3 e hvk®1:| 0(01> - 9(1}1)*9(1)1) =1,

0000 02| 0002 02| -+ 600 B 0000) | = 1.

Since
H(G}) = D(0)*H(G")D(0).

we have 6(vp)*h O(vp+1) = 1 for p = 2,3,...,k(mod k) and then (v1)*hy,4,0(v2) = 1

VpUp+1

and 0(va)*hy,, 0(v1) = 1 holds analogously. Therefore, (2) holds for mixed graph G of order
n and size m + 1. We proved (2) by induction.

If G ~ Gy, then there is a switching function 6 : V' — T such that H(Gy) = D(0)*H(G)D(6).
Thus,
O(vp)™ - hoyo, - 0(vg) = 1,
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for any pair of adjacent vertices v, and v,. For any mixed cycle C : viva---vpv1 of G, we

have
000 P02 || 8002) Prs0002)] - [0 0} = 1.
0001 o |(01) = 0(00)"0(0r) = 1.
Therefore,
h’U1’U2h”U2U3 e hvkm — 1)
i.e., the mixed cycle C' is positive. Thus G is positive. |

Since a mixed forest contains no mixed cycle and then is positive, we obtain Corollary

2.21 again from this theorem.

The next result shows that Cartesian product of positive mixed graphs is still positive.

Theorem 4.2 Let G' and G" are positive mized graphs. Then G'JG" is a positive mized

graph too.

Proof. Let C' = (uy,v1)(u2,v2) ... (ug,vg)(ui,v1) be a mixed chordless cycle in G'OG”. 1If
U] = Uy = -++ = U Or v = vy = --- = v, then C is obviously positive since both G’ and
G" are positive. For otherwise, then k is even. And if there is an edge (up, vp)(Upt1,Vpt1)
belongs to C' such that w, = up41 (or v, = vpy1) for one direction, then correspondingly
there is an edge (ugq, vq)(ug+1,vq+1) belongs to C such that ug = Ugy1,Vq = Upt1,Vg+1 = Up
(or vy = Upy1,Uq = Upi1,Ugs1 = Up), all subscripts are modulo of k, for this direction by
the definition of Cartesian product and the fact that C' is a mixed chordless cycle. Then
Py 00) (ups0pa1) * Pugrog) (ugarvgsr) = L and hence h(C) = 1. Therefore, G'OG" is a positive

mixed graph. |

5 Oriented Graphs

We shall focus on the oriented graphs in this section. We will reconfirm some results with
respect to oriented graphs. Especially, we will reconfirm a conjecture given by Cui and Hou

in [8].
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For an oriented graph G with odd mixed cycles (i.e. oriented odd cycle), we can see
that none value of its oriented odd cycle equal to one, therefore G is not positive and then
Spu(G) # Spr(Gy) by Theorem 4.1. Thus the underlying graph of a positive oriented graph
shall be bipartite.

Let G” be an oriented graph with G as its underlying graph. An oriented even cycle C of
G7 is said to be evenly or oddly oriented if the number of arcs of C' in each direction is even or
odd [1]. An oriented even cycle Cy of length 2k in G7 is said have a parity-linked orientation
if it is evenly oriented whenever k is even and oddly oriented whenever k is odd. If every
oriented even cycle in G has a parity-linked orientation, then the orientation + is defined to
be a parity-linked orientation of G and G is called as a parity-linked oriented graph. Note
that the parity-linked orientation is termed as uniform orientation in [8]. Assume there are ¢
arcs in one direction in a parity-linked oriented even cycle Co, then h(Cyy) = xf(—z)** =
22#(=1)%#=¢ = 1 for x € {£i}. Thus, a parity-linked oriented even cycle C is actually positive.
Conversely, if an oriented cycle C' is positive in an oriented graph, we can see that C' must
be a parity-linked oriented even cycle. Therefore, the notion of a parity-linked oriented even
cycle is equivalent to that of a positive oriented cycle in an oriented graph. And we call a

parity-linked oriented graph as a positive oriented graph.

Let G = G(X,Y) be a bipartite graph with bipartition (X,Y’). The canonical orientation
of GG is that orientation which orients all the edges from one partite set to the other. It
is immaterial if it is from X to Y or from Y to X. Since for any oriented even cycle
Cor = 010203 . .. vaxv1, We have h(Cor) = RyjvsPugvs - - - gy yvor Rogpr = i*(—i)* = 1, which

means that the oriented graph is positive. Thus, we obtained a result of Shader and So [21]

from Theorem 4.1 that
Theorem 5.1 For the canonical orientation o of G = G(X,Y), Spu(G?) = Spu(G).

From this point onward, o stands for the canonical orientation with respect to a bipartite

graph G with a fixed bipartition (X,Y).

Let U be any proper subset of V(G) of an oriented graph G and U = V(G)\U its
complement. Reversing the orientations of all the oriented edges between U and U results in
another oriented graph G72. This process is called the switch of G with respect to U. The

oriented graph got by two successive switches with respect to Uy and Us is just the oriented
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graph obtained from G by the switch with respect to the set Uy A Us, the symmetric
difference of Uy and Us. The next lemma shows that if an oriented graph G is obtained from

an oriented graph Gs by a switch then G; ~ G2 and vice versa.

Lemma 5.2 Let G1 and Gy be two connected oriented graphs, then the following are equiv-
alent:

(1) Gy ~ Gs.

(2) Gy is obtained from G1 by a switch.

Proof. If Gy is obtained from G by a switch with respect to a subset of V(G1), say U. Let
H(G1) be the Hermitian-adjacency matrix of Gy with respect to a labeling of its vertex set. If
the cardinality of U is zero, then H(G2) = I} H(G1)I, and the result follows. If the cardinality
of U is one, say U = {v1}. Suppose the orientations of all the arcs incident at vertex vy of Gy
are reversed. Let the resulting oriented graph be Gy. Then H(G2) = P;yH(G1)P; where P is
the diagonal matrix obtained from il,, by changing the first diagonal entry to —i. Similarly,
if the cardinality of U is k, say U = {v1,...,v}. Suppose Py is the diagonal matrix obtained
from il,, by changing the first k£ diagonal entries to —1i, then by replacing P; with Py in the

above proof the result of (1) follows.

Now assume (1) is true. If G; = Ga, the result is obvious. Now we assume G; 2 Gs.
Then there is a switching function § : V' — T, where T = {1,£i} and a diagonal matrix
D(0) := diag(6(vg) : ve € V) such that H(G2) = D(0)"'H(G1)D(0). le., hyp(Gs) =
0(vg) "1l (G1)0(ve) for any k,¢. We have hge(G)p) € {&i} for p = 1,2, therefore either both
0(vy) and 6(v,) are equal to one or O(vg) and O(vy) are belong to {£i} for any k,¢. But the
first case would come to the conclusion that G = (G5, which is impossible. If the latter case
holds. If 6(vy) =1 for all k or §(vy) = —1i for all k, then G; = G2, which is impossible too.
Let U = {v|0(v) = —i}, then from the proof of first part, we can see that G2 can be obtained

from G; by a switch with respect to U. |

Theorem 5.3 Suppose ~ is an orientation of a bipartite graph G = G(X,Y). Then the
following are equivalent:

(1) Spa(G7) = Spu(G);

(2) G7 is positive;

(8) Every mized chordless cycle of G" is positive;
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(4) GY ~ G, where o is the canonical orientation of G;

(5) GV can be obtained from G° by a switch.

Proof. By Theorem 4.1 and Theorem 2.6 we have the equivalences of (2),(3) and (4). By
Lemma 5.2, we have the equivalence of (4) and (5). We now only need to show the equivalence
of (1) and (2). By Theorem 5.1, we see that G is positive. W.O.L.G. assume the canonical
orientation o of G is the orientation which orients all the edges from X to Y. Let a diagonal
matrix D(0) = diag(0(vg)|0(vk) = 1 if v € X;0(v) = i if vp € Y). Then H(G?) =
D(0)"*H(G)D(9), i.e. G ~ G°. Thus if GY ~ G?, then G7 ~ G. By Theorem 2.9, we
can see that (2) implies (1). Now assume (1) holds. If (2) is not true. Then there exists a
bipartite graph G and an orientation v of G such that Spy(G?) = Spy(G) and G” is not
positive. Thus there exists a negative mixed cycle in G7. Since G is bipartite, let C7 is a

negative mixed cycle with least length 2k in G7. By Theorem 2.8,

(G — ean(G) = c<<—1><2’“>“ - <—1><2“>+°) 9l —4e 40,

where ¢ is the number of negative mixed cycles with length 2k in G7. Then Spy(G?) #

Spr(G), which contradicts to our assumption. Therefore, (1) implies (2). |

Note that Cui and Hou in [8] first showed the equivalence of (1) and (2) for oriented
graph. They conjectured that (1) and (5) are equivalent. Anuradha et al. [1] first gave an

affirmative proof to the conjecture. They also showed that (3) implies (1).

6 Integral representation for Hermitian energy

We now present an integral representation for the Hermitian energy of a mixed graph
which enables one to compute the Hermitian energy and compare the Hermitian energy
between two mixed graphs without actually computing the eigenvalues. This generalizes the

cases of energy of undirected graph [12] and skew energy of oriented graph [2].

Let G be a mixed graph and ®(G;\) the characteristic polynomial of H(G), and let
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A1, A2, ..., Ap be its zeros. Then

3

=

=[]\ =X) and @ (G;A) =
k=1

(A=),

Eond
—
Iy
w
> =

from which follows

A PG - 1
A G _lAkZIi)\—)\k’

We have
1 /% A
A A 0=— d\ +1i— d\
Akl = [Ax| +1 / )\2+>\2 i B rawe
)\z + i A 1 [ i\
—— A | W 1— dA.
77/00 /\%—k)\? F/Oo< i)\)\k)
Then

i\
En(G) )\ 1-— dA
1(G) ’ o= / ( ix— /\k)
D'(G;iN)
=— i\ : dA.
w1m< - (auJ
Example 6.1 Let G be the mixzed graph in Example 2.2. The characteristic polynomial of
H(G) is \* — 52 44, hence

1 [ ANt + 10)2
En(Q) = W/ (4 - )\4+5)\2+4>d/\

—0o0
B 1/°° 10A? + 16
N o M+ 5N 44

1 [*/ 8 2
_W/_oo<)\2+4+)\2+1>d>\

:6’

dA

as noted already.

Here we need a result of Mateljevi¢ et al. [17]:

Theorem 6.2 [17] Let ¢ be a real polynomial of degree n with leading coefficient 1, let

A, 1 < k <mn, be its zeros. Then

- 1 [ i d\ 2 [ i d\
Re M| = — In | A"®(G; -)|— = — In [ \"®(G; -)|—.
S irenl =1 [ e Ig = 2 [T g

k=1 -
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Thus

1>~ 1 2 (%1
En(@) = | 5e(G )|d)\_; (G )l (6.4)

If G is a mixed graph without real mixed odd cycles (or a mixed bipartite graph or an
oriented graph) of order n, then by Theorem 2.10 (or Corollary 2.12 and Corollary 2.13),
(G5 A) = Y pso(—1)Fbr(G)A" " and b, > 0 for 0 < k < |%]. Then the integral formula
(6.4) is simplified as:
2 oo
En(G) == 1 be(G)N* | d 6.5
u(@) =2 [" i1+ T @ ax (65

k>1

Furthermore, if G is a mixed tree (or more generally, mixed forest), then

O(G;A) =D _(—1)Fmy(G)A" 2

k>0

and

En(G) = i/ﬂ [1 +)  mp(G AQk]

k>1
Consider now Eq. (6.5) and let G and G2 be two mixed graphs of order n without real
mixed odd cycles. If inequalities

bk(Gl) < bk(Gg) (6.6)

are satisfied for all values of k, then from Eq. (6.5), it follows that £ (G1) < Eu(Gz). In
addition, if at least one of these inequalities is strict, then £ (G1) < £y (G2). Bearing this in
mind we define a partial order < and write G; < G2 or G2 = G if the conditions (6.6) are
obeyed for all k. Moreover, if at least one of the inequalities in (6.6) is strict, then we write

G1 < Gq or G9 = G1. Then we have:

G1=2Gy = €&p(Gr) <E&u(Ga)

G1 =< GQ — SH(Gl) < EH(GQ)

Therefore, if G; and G2 are two mixed graphs without real mixed odd cycles, then
G1 = G2 <~ (Vk‘) bk(Gl) < bk(GQ)
Furthermore, if 77 and T3 are mixed trees of order n (or more generally, mixed forests), then

T Ty <— (Vk‘) mk(Tl) < mk(Tg).
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Practically many results on undirected graphs or oriented graphs that are extremal with
regard to energy or skew energy were obtained by establishing the existence of the relation
= between the elements of some class of undirected graphs and oriented graphs (see surveys
[11] and [15] and the references cited therein). Analogously, many results on mixed graphs
that are extremal regard to Hermitian energy can be obtained too. For example, we have the

following generalizations (corresponding results for energies of trees can be found in [11]):

Corollary 6.3 For a mixed tree T of order n, we have
— — —

where F_’n) and gn) are mized path and mized star of order n, respectively, and the left equality
holds if and only ’Lf? is a mized star and the right equality holds if and only zf? s a mized
path.
Corollary 6.4 For a mized tree T of order n with diameter at least d, we have
— —
gH(T) > gH(Bnd)a

)

where §n7d is a mized comet of order n such that its underlying graph a comet B,, 4 that is
obtained from the path Py by attaching n — d pendent edges to one end vertex of Py, and the
equality holds if and only if ?U = Bpd.

Corollary 6.5 For a mixed tree T of order n with £ leaves, we have

— —
Eu(T) > Ea(Bnn—t+1),

where the equality holds if and only if ?U = Bpn—t+41-
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