SEMISYMMETRIC GRAPHS OF ORDER 6p?
AND PRIME VALENCY

HUA HAN AND ZAI PING LU

ABSTRACT. In this paper, we investigate semisymmetric graphs of order 6p? and
of prime valency. First, we give a classification of the quasiprimitive permutation
group of degree dividing 3p?, and then, on the basis of the classification result, we
prove that, for primes k£ and p, a connected graph I' of order 6p? and valency k is
semisymmetric if and only if kX = 3 and either I" is the Gray graph, or p = 1 (mod 6)
and [ is isomorphic to one known graph.
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1. INTRODUCTION

All graphs considered in this paper are assumed simple, finite and undirected.
Let I' be a graph. We use VI', ET' and Autl’ to denote its vertex set, edge set
and automorphism group, respectively. Each edge {u,v} of I' gives two arcs which
are the ordered pair (u,v) and (v,u). We denote by Arcl' the set of the arcs of
. The action of Autl’ on vertices induces naturally actions on ET' and Arcl’ by
{u,v}9 = {u9,v9} and (u,v)9 = (u?,v9), respectively. Then the graph I is said to be
vertex-transitive, edge-transitive, or arc-transitive if Autl’ acts transitively on V. I', ET°
or Arcl’, respectively. An arc-transitive graph is also said to be symmetric. A regular
graph I' is called semisymmetric if it is edge-transitive but not vertex-transitive.

The class of semisymmetric graphs was introduced by Folkman [13], who posed
a number of problems which spurred the interest in this topic. Afterwards, lots of
interesting examples and results were found, see [1, 2, 3, 5, 9, 10, 11, 12, 15, 16, 20,
21, 22, 23, 25] for references.

In [20], a group-theoretic description was given for semisymmetric graphs of prime
valency, which says that a semisymmetric graph of prime valency must be one of the
seven types. In this paper, we use this result to analyze such graphs of order 6p?.

A permutation group is quasiprimitve if its non-trivial normal subgroups are all
transitive. Our first result gives a complete list of quasiprimitve permutation groups
of degree dividing 3p? for a prime p.

Theorem 1.1. Let G be a quasiprimitve permutation group of degree dividing 3p? for
a prime p. Then G is described in Table 4.1, Theorems 4.4, 4.5, 4.6 and 4.9.
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On the basis of the above classification result, we get a complete classification for
semisymmetric graphs of order 6p? and of prime valency.

Theorem 1.2. Let I' be a connected graph of order 6p* and valency k, where p and
k are primes. Then I' is semisymmetric if and only if k = 3 and either I' is the Gray
graph, or p =1 (mod 6) and I" is isomorphic the graph ® defined in Section 2.

Remarks on Theorem 1.2. A semisymmetric graph must have even order and,
by [13], there are no such graphs of orders 2p and 2p*. Thus a disconnected semisym-
metric graph of order 6p? must be a union of p isomorphic semisymmetric graphs of
order 6p. By [11], all semisymmetric graphs of order 6p are known. Thus we consider
here only the connected graphs.

2. TWO EXAMPLES

In this section, we introduce two examples of graphs involved in Theorem 1.2.

The Gray graph was discovered by Gray in 1932 (unpublished), which was then
discovered independently and proved to be semisymmetric by Bouwer [1] in 1968. In
the literature, the Gray graph is the first known example of semisymmetric graphs.
The Gray graph can be constructed as follows: Taking three copies of the complete
bipartite graph Kss and, for each given edge, subdividing it in each of the three
copies, joining the resulting three vertices to a new vertex. Thus the Gray graph is
cubic and has order 54.

The next example was constructed in [20] by using voltage assignment on the arcs

of K3,3.

Let p be a prime with p = 1 (mod 6). Take u € Z, with p? + u+ 1 = 0(mod p),
and set

Define a graph ® on V' with edge set

BO = {{(Li,), (43,5} | 1.3 € Z,} U{(L1,9). (5,0.9)} | .5 € Z,}

Ui{(1,4,5),(6,4,5)} | i3 € Zp} U{{(2,4,7), (4,4, 5)} | i,5 € Zp}
U{{(3,4,7), (4,4,5)} | i, J € Zp}

UE{(2,4,), (5,141, 4)} | 1,5 € Zp} U{{(2,4,5), (6,4,5—1)} | i, 5 € Zp}
U{{(3,4,5), (5, i—p, )} | 4,5 € Z,} U{{(3,4,4), (6,4, 5+p)} | i,5 € Zy}.

Then @ is a well-defined cubic bipartite graph of order 6p?.

In [20], it was shown that, up to isomorphism, the above graphs give the complete
list of semisymmetric cubic graphs of order 6p?.

Theorem 2.1 ([20]). Let I' be a connected cubic graph of order 6p* for an odd prime
p. Then I is semisymmetric if and only if either p = 3 and I' is the Gary graph, or
p = 1(mod 6) and I" is isomorphic to the graph ® defined as above.



3. PRELIMINARIES

Let I be a bipartite graph with bipartition VI' = U UW. Let X be a bi-transitive
subgroup of Autl’, that is, X is transitive on both U and W. Then [I' is called
X -semisymmetric if it is regular and X acts transitively on ET .

Suppose that X contains a subgroup G which is regular on both U and W; in
this case, I' is called a bi-Cayley graph of G. Take an edge {u,w} with v € U and
w € W. Then each vertex in U can be written uniquely as u¢ for some g € GG, and
so does for the vertices in W. Let I'(u) denote the set of neighbors of w in I'. Set
S={seG|w* € '(u}. Then 1€ S and S is uniquely determined by the choice
of {u,w}, and u" and w? are adjacent if and only if gh=! € S. It is well-known that
I' is connected if and only if (S) = G, and that I is vertex transitive if G is abelian,
refer to [11]. Let Y = Nx(G) and y € Y,. Noting that w¥ € I'(u) = {w® | s € S},
there is a unique ¢ € S with w¥ = w’. Then (u?)¥ = u?" and (w9)¥ = w¥’ = (w')?",
so the next lemma holds, see [19].

Lemma 3.1. Fory € Nx(G) with u¥ = u, there aret € S and o € Aut(G) such that
tS° =S5, ()Y =u" and (w9)¥ = (w')?" for all g € G.

Suppose now that X has a normal subgroup N which is intransitive on one of U
and W. Let Uy and Wy denote the sets of N-orbits on U and W, respectively. Define
a graph I'y on Uy U Wy with edge set {{u",w™} | {u,w} € ET'}, called the normal
quotient of I' with respect to X and N. The graph I is called a normal cover or an
N-cover of I'y if, for each {u,v} € ET, the induced subgraph [u" Uw"] is a matching
in I'. The next lemma collects several well-known facts about normal quotient.

Lemma 3.2. Assume that N < X 1is intransitive on one of U and W.

(1) X induces a bi-transitive subgroup of Autl'y, which is transitive on Ely if
further X acts transitively on ET .
(2) If I is connected and I' is a normal cover of I'y, then N is semireqular on

both U and W.

For connected semisymmetric graphs of prime valency, [20] gives a group-theoretic
description by using normal quotients, which classifies such graphs into seven types
as shown below.

Theorem 3.3. Let I' be a connected X-semisymmetric graph of prime valency k.
Suppose that T' is not a complete bipartite graph. Then X acts faithfully on both U
and W. Moreover, for a minimal normal subgroup N =T of X, one of the following
statements occurs.

(1) T = Z, for a prime q, I' is a bi-Cayley graph of N, and I' is a symmetric
graph;

(2) T is non-abelian simple, and I" is a bi-Cayley graph of N;

(3) N is non-abelian simple, and I" is N-semisymmetric;

(4) t =2, T is non-abelian simple, and I" is a bi-Cayley graph of T

(5) T is, with respect to N, either a T'"'-cover of a graph described in (3) or a
T'=2-cover of a graph described in (4);



4 HAN AND LU

(6) I'y is a k-star, that is, N is transitive on one of U and W and has exactly k
orbits on the other one;
(7) T is a N-cover of a X/N-semisymmetric graph.

In general, we may reduce a semisymmetric graph by taking normal quotients to
an edge transitive bipartite graph which admits a group acting quasiprimitively on
at least one of its two parts.

Lemma 3.4 ([14]). Assume that X is faithful on both U and W, and that X is not
quastprimative on either U or W. Then X has a minimal normal subgroup acting
intransitively on both U and W .

Proof. Since X is not quasiprimitive on U, we may take a minimal normal subgroup
N of X which is intransitive on U. If N is intransitive on W, then the result follows.
Suppose that N is transitive on W. Take a minimal normal subgroup M of X which
is intransitive on W. Then NNM = 1, and so M centralizes N. Since X is faithful on
W, it follows that M is semiregular on W. Thus, | M| is a proper divisor of |U| = |W|,
hence M is not transitive on U. This completes the proof. 1

Praeger [26] gave an analogous version of the O’Nan-Scott Theorem for quasiprim-
itive permutation groups, and classified them into several well-defined types. We just
quote here the basic facts for such groups. For a group G, the socle soc(G) is the
subgroup generated by all minimal normal subgroup of G.

Theorem 3.5. Let G be a finite quasiprimitive permutation group on ). Then G has
at most two minimal normal subgroups, and one of the following statements holds.

(1) G < AGL(d,p), |9 = p and soc(G) = Z& is the unique minimal normal
subgroup of G, where d > 1 and p is a prime;

(2) soc(G) = T for I > 1 and a nonabelian simple group T, and either soc(G)
is the unique minimal normal subgroup of G, or soc(G) = MXN for two
minimal normal subgroups M and N of G with |M| = |N| = |Q].

Note that there is no a non-abelian simple group has order p®q®, where p and g are
two primes. By Theorem 3.5, the next simple result holds.

Lemma 3.6. Let G be a quasiprimitive permutation group of degree p®q®, where p
and q are primes. Then soc(G) is the unique minimal normal subgroup of G.

4. QUASIPRIMITIVE GROUPS WITH DEGREE DIVIDING 3p?

In this section we assume that G is a quasiprimitive permutation group on 2 of
degree n = 3p?, p?, 3p or p, where p is a prime. For a € €, denote by G, the stabilizer
of ain G.

4.1. The primitive case. Assume that G is primitive on €2, that is, G, is maximal
in G. If n = p then either Z, < G < AGL(1,p) or G is 2-transitive, refer to [7,
Corollary 3.5B]. Note that all 2-transitive permutation groups are explicitly known,
see [4, Chapter 7] for example. Thus all transitive permutation groups of degree p
are listed in Table 4.1.



a_
P 11 11 23 p p qq_ll

SOC(G) PSL(Q, 11) M11 M23 Zp Ap PSL(d7 Q)
soc(G)a | As My My 1 A, ; parabolic

TABLE 4.1. Transitive groups of prime degree p

For further argument, we need some results on elementary number theory.

Lemma 4.1. There are no primes v and p such that r¢ +1 = p* unless p = 2 or 3.

Proof. Suppose that p is an odd prime and p? = r¢ + 1 for some prime r. Then r = 2
as pisodd. Then (p+1)(p—1)=p>—1=2° Sop+1=2"and p— 1 = 2! with
[+ k = e and 2% — 2! = 2, which implies that [ = 1 and k = 2, hence p = 3 and r = 2.

]

Now we list a well-known result in number theory. For integers a > 0 and n > 0, a
prime divisor of a™ — 1 is called primitive with respect to a and n if it does not divide
a' — 1 for any 0 < i < n.

Theorem 4.2 (Zsigmondy). For two integers a, n > 2, if a™ — 1 has no primitive
prime divisors, then either (a,n) = (2,6), orn =2 and a + 1 is a power of 2.

. . d_1
Lemma 4.3. Let q be a notrivial power of some prime and d > 2. If qq_l €

{p, 3p, p*,3p*} for an odd prime p, then p is primitive with respect to q and d.

Proof. The result is trivial for i R p. If p =3, then ¢ = 8 and d = 2, and the

—1
result holds. If (¢,d) = (2,6), then qqd_—_ll & {p,3p,p*, 3p*} for any prime p. If d = 2,

then ¢+ 1 = ‘f_—_ll € {3p, 3p*} by Lemma 4.1, and the result also holds by noting that
p is not a divisor of ¢ — 1. Thus we assume that p > 3, d > 2, % € {3p,p?, 3p*}
and there is a primitive prime divisor r with respect to ¢ and d. If % = p?, then
r = p. Assume that ‘f_—_ll € {3p,3p?}. Then 3 is a divisor of ¢¢~1+---+¢+1, yielding
g = 1(mod 3), so 3 is not primitive. Thus r = p. This completes the proof. 1

We are ready to classify the primitive permutation groups of degree 3p, p? and 3p?.

Theorem 4.4. Let G be a primitive permutation group of degree 3p, where p is prime.
Then either G < Z2:GL(2,3) = Z2:2S,, or G is one of the groups listed in Table 4.2.

Proof. By [7, Appendix B|, we can determine G when p = 2 or 3. If p = 2 then G
has degree 6 and soc(G) = Ag or As. If p = 3 then G has degree 9, and so either G
is of affine type, or soc(G) = Ag or PSL(2,8).

Assume next that p > 5. If G is not 2-transitive then, by [27], G is one of the
groups listed in lines 2-5 of Table 4.2.
Assume that G is 2-transitive. By checking the degrees of 2-transitive permutation
d
groups, we conclude that (3p, soc(G)) is one of (3p, Ag,), (15, A7) and (qu_ll, PSL(d, q)),
where ¢ = r¢ for a prime r. We assume that the third pair occurs in the following.
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Degree G Action or Remark

6 As, S5 cosets of Dy in Ay

15 Ag, Sg 2-subsets

21 A7, S7 2-subsets

21 PSL(3,2).2 point-line incendent pairs

57 PSL(2,19) cosets of As (two actions)

15 Aq cosets of PSL(2,7) (two actions)
3p Agp, Sgp

15 PSL(4,2) points, hyperplanes

2°+1 PSL(2,2¢),PI'L(2,2¢) | ponits; e odd prime

@+ q+1]|PSL(3,q).0 points, hyperplanes; g = 1 (mod 3)

TABLE 4.2. Primitive permutation groups of degree 3p.

Suppose that d > 4 is even. Then 3p = qqd_—_ll = (q%_1 +-4q+ 1)((]% +1), yielding
3= q%_l +---+qg+1and p = q% + 1. The first equation implies that ¢ = 2 and
d = 4. Hence p =5 and soc(G) = PSL(4,2) = Ag. Checking the maximal subgroups

of Ag and Sg in the Atlas [6], we know that G = PSL(4,2) and G,, = Z3:PSL(3, 2).

Ifd=2 then3p=q+1=7r°+1,s0r =2 as 3pis odd, which implies that e is an
odd prime.

Finally, let d be odd. Note that 3p = ‘1:%11 =q¢" '+ -+ g+ 1. Tt follows that
g = 1(mod 3) and 3 is a divisor of d. If d is not a prime, then (Zd_—_ll = f_—_ll((qs)t*l +

-4 ¢°+ 1) for odd integers 1 < s < t with d = st, yielding that 3 = %, which is
impossible. Thus d is a prime, so d = 3. Then 3p = ¢* + ¢ + 1 with ¢ = 1 (mod 3). 1

The next result gives a classification of primitive permutation groups of degree p?.

Theorem 4.5. Let G be a primitive permutation group of degree p*>. Then one of the
following holds.

(1) G < AGL(2,p);

(2) G =A,2 or Se;

(3) either soc(G) = PSL(2,8) and p = 3, or soc(G) = PSL(d,q), d is an odd

_ g1,

=13,

(4) T?> <« G < H1S,, where H is a transitive permutation group of degree p with
soc(H) =T is listed in Table 4.1.

prime and p?

Proof. If G is affine, then (1) holds. Thus we assume that soc(G) is nonabelian.
Assume that G is 2-transitive. Then, by [8], either soc(G) = A2 and (2) occurs, or
soc(G) = PSL(d, q) with p? = %. If the latter case occurs, then p* = qqd%ll yields
that d is a prime and, by Lemma 4.1, p = 3 and ¢ = 8 while d = 2, hence (3) holds.
Assume that G is not 2-transitive. Then G has a Sylow p-subgroup isomorphic to ZIQ),
and G has a normal subgroup of index 2 which is the direct product of two intransitive

groups, refer to [28, Theorems 25.2 and 27.2]. In particular, soc(G) is not simple.
Thus (4) follows from [18]. |



Finally, we classify the primitive permutation groups of degree 3p?.

Theorem 4.6. Let G be a primitive permutation group of degree 3p* for some prime
p. Then eithher G < AGL(3,3) or G is one of the groups listed in Table 4.3.

3p? G 2-trans. 7 | Condition
12 PSL(2,11), PGL(2,11) | Yes
M11 Yes
M12 Yes
27 PSU(4,2),PSU(4,2).2 | No
3p? Asp2, 832 Yes
¢ +q+1|PSL(3,q).0 Yes g =1(mod 3)

TABLE 4.3. Primitive permutation groups of degree 3p?.

Proof. By [7, Appendix B, we can determine G when p = 2 or 3. If p = 2 then G
has degree 12, and G is one of Ajs or Sy, PSL(2,11), PGL(2,11), My; and M;s. If
p = 3, then G has degree 27, and so either G is of affine type, or G is one of A7, So7,
PSU(4, 2), and PSU(4, 2).2.

Assume next that p > 5. In particular, 3p* is odd and not a power of an integer
less than 3p?. By [18], soc(G) is a nonabelian simple group. Since G is primitive, T'
is transitive on 2; in particular, T' has a subgroup of index 3p?. We next prove the
result by checking all possible candidates for L := soc(G) one by one. Let o € .
Then 3p* = |Q| = |L : L,|.

Case 1. Assume that L is an alternating group A.. Then 3p* = |L : L,| = ({)
for 1 < k < £ Thus p? divides ¢!, yielding ¢ > 2p. If k = 2, then 3p* = 0(02_1 :
yielding p? divides ¢ or ¢ — 1, hence 3p? > ’w, which is impossible. If k > 3, then
3p22(§):c(0716#ask<§,30

oo 202p—1)(2p—2) _ 2p(2p—5)(2p—5) 3p’

3p? > > = > 3p°
P = 6 6 4 ~ P

a contradiction. Then k =1, ¢ = 3p® and L = Ay,

—

Case 2. Suppose that L is a sporadic simple group. Then, inspecting the orders of
sporadic simple groups, we get p < 13 as p? is a divisor of |L|. Then 3p* < 1000. Thus
(G is a primitive permutation group of degree less than 1000. Checking the tables in
[7, Appendix B|, we conclude that there is no such a primitive permutation group, a
contradiction.

Case 3. Let L = L(q) be a simple group of Lie type over GF'(q). The estimation
on the prime divisors of |L : L,| excludes most of the candidates for L. These
computations are straightforward, but quite tedious. We give details only in the
cases L = PSL(d, q) and L = PSU(d, q).

Subcase 3.1. Let L = PSL(d,q), ¢ = r° for a prime r. Then L, is a parabolic
subgroup of L and
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(1) |L: Ly =4 _1)(q1d)(; D (l)d (MH Y for m < ¢ 5 and G acts on m or (d — m)-
dimensional subspaces; or

( d—l)( d— 1_1)( d— 2m+1_1)
(1) IL: Ll = 5= 5 op - for 1 <m< % or

md m2( d d—1 d—m+1_
. _ (g®=1)( 1)-(q 1)
(1") |L: Ls| = (qiq)(qgn—lq)m(qq) ) for 1 <m < 5.

First, (17) can be easily excluded. Observe that r divides |L : L,|, so r is odd. If
r=3thenm=1and d=2, a contradiction Thus r = p, yielding md — m? = 2, so
d =3 and m = 1, hence 3p? = ¢*2—=, which is impossible.

Suppose that ¢ = 2. Assume that (1’) occurs. If m > 2 then, by Theorem 4.2,
|L : L,| has at least three distinct prime divisors. Thus m = 1 and 3p* = |L : L,| =
(24 — 1)(2¢7! — 1) with d > 3, which is impossible. Thus, (1) occurs. If d —m > 4
and m > 4 then, by Theorem 4.2, |L : L,| has at least three distinct prime divisors.
Thus either d —m < 4 orm < 4. So |L: L,| isone of 22— 1 ford—m =1 or m = 1,
% ford —m =2 or m = 2, (Zd_l)@df;l)(ﬂ%_l) ford —m =3 or m = 3.
The latter two cases all imply 9 = 297! — 1, a contradiction. For the first case, setting
p =2k + 1 with k > 2, then 3k(k + 1) + 1 = 2972 which is not true.

Assume next that ¢ # 2. By Theorem 4.2, |L : L,| has at least three distinct
prime divisors if m > 3 for (1) or m > 2 for (1), which is not the case. For (1), if

= 2 then |L : L,| = % which can not have the form 3p? as ¢ > 2 and

d>2m = 4. For (1), if m = 1 then |L : L,| = %, which can not have

the form 3p* as ¢ > 2 and d > 3. Thus we get 3p? = |L : L,| = qT_l and G acts on

. d_1
1 or (d — 1)-dim. subspaces. Further, 3p* = qu yields that d is a prime. Suppose
that d = 2. Then 3p? = q + 1, yielding ¢ = 2¢ for odd e > 6 as p > 5 and 3 divides

g+ 1. Hence p? = 3 (— 2)‘ so p> — 1 = 2(mod 4), a contradiction. Thus d is an
odd prime. Since 3 divides % Tl, we conclude that d = 3 and ¢ = 1 (mod 3).
Subcase 3.2. Let L = PSU(d,q). Then L, must be the stabilizer of some m-dim.

subspaces; otherwise, |L : L,| is divided by ¢m™ with m < g, yielding m = 1,

d=3,q=r=p, hence |L: L,| = 3pl for some [ > 3, a contradiction. Thus

H;’i:df2m+1(qi —(=1)")
H?il(q% —1)

for 1 <m < [g] Note that a primitive prime divisor of ¢** — 1 must divide ¢* + 1.

If m =1, then |L : Lo| = C=EIE=CUT) ydelding 3 = £ or £ -0
hence d = 3 and p* = ¢3+1, so ¢ = 2; however PSU(3, 2) is not simple, a contradiction.
By Theorem 4.2, |L : L,| = 3p? yields that either m = 3 and d = 6, or m = 2 and
d = 4. For the first case, |L : Lo| = (¢4 1)(¢* + 1)(¢° + 1) which has not the form
of 3p2. Thus m = 2, d = 4 and |L : L,| = (¢ + 1)(¢ + 1), it follows that p = 3,
contradicts the assumption that p > 3. 1

|L: Ly = = 3p?

4.2. The quasiprimitive case. In this part, we assume that G is a quasiprimitive
permutation group on € of degree n = 3p?, p* or 3p.
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Let A # Q be a block of G, that is, ANAY = () or A for all g € G. Set
B = {AY | g € G}. Let G® be the permutation group induced by G on B. Then

GP® has degree %. Since G is quasiprimitive on €2, we know that G acts faithfully
on B, that is, GB = G. Assume that G® is primitive on B. Note that the order of
a primitive permutation group of degree p is not divisible by p?, yielding the non-
existence of subgroups of index dividing by p?. It follows that (n, |A|) is one of (3p, 1),
(3p,3) with p # 2, (p?, 1), (3p?,1), (3p?, 3) with p # 2, and (3p?,p). In particular, we
get the following lemma.

Lemma 4.7. Every quasiprimitive permutation group of degree p* is also primitive.

Further, it is easily shown the following lemma holds.

Lemma 4.8. Fvery affine quasiprimitive permutation group is also primitive.

The next result classifies quasiprimitve permutation groups of degree dividing 3p?.

Theorem 4.9. Let G be a quasiprimitve group on Q of degree n dividing 3p*. Let
N =soc(G). If G is imprimitive, then one of the following occurs.

=12 or 15, N = A5 and N, = Zs or Z3 respectively;

=21, N = PSL(3,2) and N, = Dg;

=39, N = PSL(3,3) and N, = Z32:2Dg;

=3p=3(1+2%), N = PSL(2,2%) for integer s > 1, and Ny = 73" :Zp2s_, ;

=32t o 3p or 3p?, N = PSL(d, q) with odd prime d and ¢ = 1 (mod 3(q—
)

q—1

and N, = [qdfl].Z(q_l,d_l).PSL(d —1, q).Z =1

3(q—1,d)

n
1

(6) n = 75, N = A5 X A5, Na = Z%IZg,’
n = 3(1+2%)%, N = PSL(2,2%) x PSL(2,2%) and N, = (Z¥ :Zps_, x

3
737 s, ):ls;

3
(8) n= 3(%)2, N = PSL(d, q) xPSL(d, q) with odd prime d and ¢ = 1 (mod 3(q—
1,d>>, and Na = (Ml X MQ).Zg with M1 = M2 = {qd_l].Z(q_ljd_l).PSI&d -
].,q)Z qg—1

3@-1,d)

Proof. Assume that G is not primitive on 2. Let A # € be a block of G such that GZ is
a primitive permutation group on B = {AY | g € G}. Then (n, |A]) = (3p, 3), (3p?, 3)
or (3p?,p), and so G® is of degree p, p* or 3p, respectively. Moreover, by Lemma, 4.8,
both G and GP are not of affine type. Then soc(GP) is listed in Tables 4.1, 4.2 or
Theorem 4.5 (2)-(4). Let N be socle of G. Then N = soc(G?) as G = GB, and N is
transitive on both 2 and B. Take o € A. Then |A| = |Na : N,|, that is, Na has a
subgroup N, of index |A|.

Assume that p = 2. Then (n,|A]) = (12,2) and GP is of degree 6. Thus N =
soc(GP) = Ag or As. Note that Ag has no subgroups of index 12. Thus, N = A5 and
N, = Zs. Therefore, we assume next that p is odd.

Suppose that (n,|A|) = (3p%,p). Then GP is a primitive permutation group of
degree 3p listed in Table 4.2. Note that |G| is divisible by p?. By Lemma 4.3 and



10 HAN AND LU

checking orders of candidates for N, the only possibility is that N = Ag,. But, in
this case, Nao = Ag,_; has no subgroups of index p.

Case 1. Assume that (n,|A]) = (3p,3). Then N is a nonabelian simple group
listed in Table 4.1. Checking those groups and their stabilizers, either N = A5, p =5

and N, 2 Z32, or N = PSL(d, q) and p = % for a prime d.
Assume that N = PSL(d, ¢). Then
Na = [¢" . Zg-1,a-1)PSL(d — 1,¢).Z_ o1 .

(¢—1,d)

Note that N, is a subgroup of Na of index 3. If PSL(d — 1, ¢) is nonabelian simple,
then ¢ = 1 (mod 3(¢ — 1,d)) and

N, = [qd_l].Z(q—l,d—l)-PSL(d —1, q).Zg(;:lld) .
Ifd =3 and ¢ € {2,3), then N = PSL(3,2) and N, = Dg, or N = PSL(3,3) and
N, = Z3:2Dg. Let d = 2. Then ¢ > 3 and, since ¢ + 1 = p is prime, we know
q = 2% for some integer s > 1. So Na = Z2%:Zyps_,. Thus ¢ = 1(mod 3) and
N, = 7% :Z s _,. Thus one of parts (1)-(5) occurs.

3

Case 2. Let (n,|A]) = (3p? 3). Then either G® is 2-transitive and N = A2 or
PSL(d, q), or N = T? with T nonabelian simple and listed in Table 4.1. Noting that
A2 is simple, we know it has no subgroups of index 3. Thus N # A..

d_l . . . . .
Assume first N = PSL(d,q). Then p? = qul’ yielding d a prime. A similar
argument as in above case implies that
No = [¢""Z(4-1,a-1)-PSL(d — 1, q).Zs(q:lld) with ¢ = 1 (mod 3(q — 1,d));
or d =2 with ¢ > 3; or d = 3 with ¢ € {2,3}. The last case implies that % is
a prime, which is impossible. The second case implies that p> = 1+ ¢, so ¢ = 8

and p = 3 by Lemma 4.1. However, PSL(2,8) has no a subgroup of index 27, a
contradiction. Thus G is described as in part (5) of the theorem.

Assume that N = T? with T listed in Table 4.1. By Theorem 4.5, N <G < H1'S,
and G has product action. Then, writing N = T7 x T5 and choosing a suitable ‘point’
A in B, we may assume that N = Hy x Hy with |1} : Hy| = |15 : Hy| = p. Further, we
may take g € G, such that « € A, T{ =Ty, Ty =Ty, H{ = Hy and HY = H;. Then
Hl,HQ ﬁ Na, SO HlNa = HQNa = NA. Thus 3 = ‘NaHi . Na’ = |I’IZ . (Hl N Na)|,
where ¢ = 1,2. Thus both H; and Hy have subgroups of index 3.

By the above argument, we know that one of the following holds:
N =A; xAs, p=5and N, N H; = 7Z2;
N = PSL(3,2) x PSL(3,2) and N, N H; = Dg;

N = PSL(3,3) x PSL(3,3) and N, N H; = Z2:2Ds;
N = PSL(2,2%) x PSL(2,2%) and N, N H; = 72 :Z ¢, ;

3
N = PSL(d, q)xPSL(d, ¢) and N,NH; = [¢%'].Zy—1.4-1).PSL(d—1, Q)L i
with odd prime d and ¢ = 1 (mod 3(q — 1,d)). 7
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Noting that (Hy N N,) x (H2 N N,) < N, we can easily exclude N = PSL(3,2) x
PSL(3,2) or PSL(3,3) x PSL(3,3). Thus one of parts (6)-(8) of the theorem occurs.
|

Finally, Theorem 1.1 follows from the arguments in the above two subsections.

5. PROOF OF THEOREM 1.2

Let ' be a connected bipartite regular graph of order 6p? with bipartition VI =
UUW. Assume that I' is G-semisymmetric and of prime valency k, where G < Autl’
and p is a prime. Thus |U| = |[W| = 3p°.

Clearly, a cycle is symmetric. By [16], all semisymmetric graphs of order 24 have
valency 4 or 6. So we assume further both p and k are odd primes.

Note that 3p? is not a prime as p is odd. Then I is not a complete bipartite graph.
By Theorem 3.3, G acts faithfully on both U and W. Denote by GY and G" the
permutation groups induced by G on U and W, respectively. Then GV =~ GW =~ @.

Lemma 5.1. Suppose that G s quasiprimitive on one of U and W. Then I' is a
bi-Cayley graph of Z3.

Proof. Without loss of generality, we assume that GU is a quasiprimitive permutation
group. Let N = soc(G). Then, by Lemma 3.6 and Theorems 4.6 and 4.9, N is the
unique minimal normal subgroup of G and one of the following three cases occurs:
N 273 or N is given in Theorem 4.9 (6)-(8), or N is nonabelain simple.

Assume that N = Z3. Then, by Theorem 3.3, either I' is a bi-Cayley graph of
Z3 or I'y is a k-star. Suppose that I'y is a k-star. Then k = 3, that is, I" is a
cubic G-semisymmetric graph of order 54. However, by [20] or [22], G has a normal
subgroup of order 9 acting semiregularly on both U and W, which is a contradiction.
Thus I is a bi-Cayley graph of Z3.

Thus we shall suppose that N is insoluble and deduce a contradiction.

Case 1. Suppose that GY is described as in Theorem 4.9 (6)-(8). Then N = T2
and T = A;, PSL(2,2%) or PSL(d, q) with ¢ = 1 (mod 3). Then, by Theorem 3.3,
we conclude that ['y is a k-star, that is, N has k-orbits on W; in particular, k is a
divisor of 3p?.

If £ = 3 then, by [25], G has a semiregular normal subgroup M such that G/M
is either soluble or almost simple, which is not the case. Thus £ = p. Then each
N-orbit on W has size 3p.

Let B be an N-orbit on W and consider the action of N on B. Writing N = T1 xT5.
Then 77 and 7% is the only minimal normal subgroups of N. If both T} and T3
are transitive on B, then both of them are regular on B, so |B| = |T|, which is
impossible. Thus we may assume that 77 is intransitive on B. Then T} acts trivially
on B; otherwise one of T} and T5 will have a transitive permutation representation of
degree 3, which is impossible as 7' is nonabelian simple. Let w € B and u € I'(w).
Then v C I'(w), and so k > |u| = |Ty : (T1)u|. Since N is a minimal normal
subgroup of G, there is some g € G such that T{ = T,. Thus (Tz), = (17). =
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T'NG, = (TiNnGY ) = (Th NG 1) = ((Th),,1)9 Since N is transitive on U
and 77 is normal in N, we know that all Ti-orbits on U have the same size. It follows
that |(T1) -1 | = [(T1)u]. Thus |(T%)u| = |(T1)]. Noting (T1)y X (T2)u < N, we know
that 3p® = [N : N,| is a divisor of |N : ((T1)u X (T2)| = |T1 : (T1)u|%; in particular,
Ty : (T1)u| > p. Thus k > |ut| = |T : (T1).| > p, a contradiction.

Case 2. Suppose that N is nonabelian simple, that is, G is almost simple.

Assume first that GY is primitive. Then G is known by Theorem 4.6. Suppose
that soc(G) = PSU(4,2) acting on 27 points. Then G is also primitive on W as
G has no a subgroup of index properly dividing 27 by the Atlas [6]. Moreover, all
subgroups of index 27 in G are all conjugate. Thus the actions of G on U and W are
permutationally equivalent, which implies that I' has valency the size of a suborbit
of GY. Then I' has valency 16 or 10, a contradiction.

Suppose that GY is 2-transitive. By [17, Theorem 5.2.2], G has no a permutation
representation of degree properly dividing 3p?. It follows that G" is also 2-transitive.
Thus either I' is the complete bipartite graph with a matching deleted, or I is
the point-line incidence graph of the projective plane PG(2,q). So I' has valency
k =3p>—1or g+ 1. Since k is an odd prime, k¥ = ¢ + 1 and I is the point-line
incidence graph of the projective plane PG(2,q) with ¢ = 1 (mod 3). So ¢ + 1 is an
odd prime, yielding ¢ = 4 and 3p? = ¢®> + ¢ + 1 = 21, a contradiction.

Note that the above argument is also available when we consider the action of
G on W. Thus, assume now that GY and G" are both imprimitive. Since GV is
quasprimitive, N = PSL(d,q) and N, = [¢* '] Z(4-1.4-1)-PSL(d — 1,q). Z Lt by

—1,d)

Theorem 4.9, where u € U, p* = = _1 ,q=1(mod 3(¢—1,d)) and d is an odd prime.

Suppose that N is not transitlve on W. Note that all N-orbits on W have the same
size dividing 3p?. Since PSL(d, ¢) has no a permutation representation of degree less

than p? = qqd%ll (see [17, Table 5.2.A], for example), we conclude that N has exactly
three orbits on W. Thus I" has valency 3, which is impossible by [25]. Therefore, N

is also transitive on W. Then GY is also quasiprimitive, and I" is N-semisymmetric.

By Theorem 4.9 again, N,, = N, for w € W. Then it is easily shown that the
induced permutation group Ni ™ by N, on I'(u) is PSL(d — 1,q).0, where O is
cyclic and of order dividing 3(3_;11@). Since I' has prime valency k = |I'(u)| and
I' is N-semisymmetric, qu ) is a transitive permutation group of prime degree k.
Checking the groups given in Table 4.1 and noting that A5 = PSL(2,4), we know that
(soc(NE ™), k) = (PSL(2,11),11) or (PSL(d — 1, ¢), £

d 1 1

that d = 3, ¢ = 11 and p? = qq 1 _ =133, a contradlctlon Assume that k£ = S

Then d — 1 is a prime as k is a prime. Since d is a prime, d = 3. Thus k = ¢+ 1 is
an odd prime, it follows that ¢ = 2% for some s > 0. Since ¢ = 1 (mod 3(¢ — 1,d)),
we know that s > 1 and ¢ — 1 is divisible by 9, which is impossible. 1

4——). The former case implies

Lemma 5.2. FEither I' is a bi-Cayley graph of an abelian group, or G has a normal
subgroup of order p? which is semireqular on both U and W .
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Proof. Assume that I" is not a bi-Cayley graph of Z3. Then, by Lemma 5.1, G is not
quasiprimitive on either U or W. By Lemma 3.4, there is a minimal normal subgroup
of GG, says N, which is intransitive on both U and W. Then, by Theorem 3.3 and
Lemma 3.2, we know that NN is semiregular on both U and W, I' is a normal cover of
Y := ['y and ¥ is G/N-semisymmetric by identifying G /N with a subgroup of AutX.
In particular, I'y has valency k. Denote by Vi the vertex set of 3, and by Uy and
Wy the two bipartition subsets of ¥ corresponding to U and W, respectively.

Note that |N| is a divisor of 3p? as N is semiregular on U. Then |[N| = 3, p, or
p?. If [IN| = p? then the lemma holds. Thus in the following we assume that |N| is a
prime. Then ¥ is not a complete bipartite graph as it has prime valency. Thus G/N
is faithful on both Uy and Wy by Theorem 3.3.

Case 1. Assume that p = 3. In this case G/N is a transitive permutation group
of degree 9 on both Uy and Wy.

Suppose first that G/N is not qusiprimitive on either Uy or Wy. By Lemma 3.4,
G/N has a minimal normal subgroup, says M /N, which is intransitive on both Uy
and Wy. Then, by Theorem 3.3, we know that M /N is semiregular on both Uy and
W, which yields |M/N| = 3. Then M is a normal subgroup of G of order 9 and acts
semiregularly on both U and W.

Thus, without loss of generality, we suppose that G/N is qusiprimitive on Uy.
Then G/N is primitive on Uy by Lemma 4.7. Thus either G/N < AGL(2,3), or
soc(G/N) is one of Ag and PSL(2,8).

Assume that G/N < AGL(2,3). Then for a € Uy the stabilizer (G/N), has order
dividing |GL(2, 3)| = 48, yielding k = 3 as k is an odd prime dividing |(G/N),|. Thus
I’ has valency 3 and order 54. By [20] or [22], G has a normal subgroup of order 9
acting semiregularly on both U and .

Suppose that soc(G/N) = Ag or PSL(2,8). Then G/N is 2-transitive on Uy. Note
G/N has no a permutation representation of degree 3. It follows that G/N is also
2-transitive on Wy. Then, it is easily shown that Y is isomorphic to the complete
bipartite graph Kg g with a complete matching deleted; in particular, > has non-prime
valency 8, a contradiction.

Case 2. Assume that |[N| = 3 and p > 3. In this case G/N is a transitive
permutation group of degree p? on both Uy and Wy.

Subcase 2.1. Suppose first that G/N is not qusiprimitive on either Uy or Wy.
Then, by Lemma 3.4 and Theorem 3.3, G/N has a minimal normal subgroup, says
M/N, which is intransitive and semiregular on both Uy and Wy. Then M/N has
order p. Then M is normal in G' and of order 3p. Since p > 3, we know that M = Zs,,.
Clearly M is intransitive on both U and W. By [14, Lemma 5.1], I" is a normal cover
of I'yy which has order 2p. Let Uy, and Wy, be the M-orbits on U and W respectively.

Assume that G/M is faithful on one of Uy, and Wy, Then G/M is listed in
Table 4.1; in particular, p? is not a divisor of |G/M|. Let R/M be a Sylow subgroup
of G/M. Then |R/M| = p and it is easily shown that R/M is transitive on both
Uy and Wy, Thus R has order 3p? and is regular on both U and W. Then I is a
bi-Cayley graph of R. Recalling that N << R and N has order 3, it follows that N
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lies in the center of R. Noting that R/N = ZIQJ or Z,, it follows that R = ngZg or
Zigx L. Thus, R is an abelian group.

Assume that G/M is unfaithful on both Uy and W)y, Then Iy = K,, and
G/M < AutK,, = (S, x S,):Zy, hence G/M < S, x S, as G/M is intransitive on
V Iy It follows that G/M has a subgroup of order p, says R/M, which is transitive
on both Uy, and Wy,. Then arguing similarly as above implies that I is a bi-Cayley
graph of an abelian group of order 3p?.

Subcase 2.2. Thus, without loss of generality, we may assume that G /N is qusiprim-
itive on Uy. Then G/N is primitive on Uy by Lemma 4.7, hence G/N is known as in
Theorem 4.5. Thus, by Lemma 4.3, a Sylow p-subgroup of G/N must have order p*.
Let R/N be a Sylow p-subgroup of G/N. It is easily shown that R/N is transitive on
both Uy and Wy. Then a similar argument as above implies that I' is a bi-Cayley
graph of an abelian group of order 3p?.

Case 3. Assume |N| = p > 3. In this case G/N is a transitive permutation group
of degree 3p on both Uy and Wy.

Subcase 3.1. Suppose that G/N is not qusiprimitive on either Uy or Wy. Then,
by Lemma 3.4 and Theorem 3.3, G/N has a minimal normal subgroup, says M /N,
which is intransitive and semiregular on both Uy and Wy. Then M/N has order 3
or p. In particular, M is intransitive on both U and N. Then, by [14], I" is a normal
cover of I'ys; in particular, I" and I'y; have the same valency k.

If [M/N| = p then M has order p?, and the lemma follows. Thus we assume that
|M| = 3p. If M is cyclic then M has a unique Sylow 3-subgroup which has order 3
and is normal in G, so the lemma holds by the above case. Thus, we assume further
M is not cyclic; in particular, p = 1 (mod 3).

Assume that G/M is faithful on one of Uy, and Wy, where Uy, and Wy, denote the
M-orbits on U and W, respectively. Then G /M is known as in Table 4.1, soc(G/M) =

Z,, A, or PSL(d, q) (with p = %, yielding d a prime) as p = 1 (mod 3).

Suppose that soc(G /M) = A, or PSL(d, ¢). Then it is easily shown that I" is either

K, , with a complete matching deleted or the point-hyperplane incidence graph of the

projective geometry PG(d — 1,¢q). For the former case, I' has degree p — 1 which is
d—1

q q—l_l )
k is an odd prime, d — 1 must be a prime. So d = 3, and ¢ = 2% for s > 0. Since
p=¢q>+q+1and 3 divides p — 1, we get ¢ = 2, p = 7 and G/M = PSL(3,2). In
particular, ¥ = 3. Then G has a normal subgroup of order p* = 49 by [20]; however,
G = (Z7:Z3).PSL(3,2) has no such a normal subgroup, a contradiction.

Therefore, soc(G/M) = Z,. Then G/M < Z,Z, 1. Let R/M be the Sylow p-
subgroup of G/M. Then R/M <1 G/M and so R <1 G. Since p > 3, we know that R
has a unique Sylow p-subgroup P, which has order p?. Then P <1 R <1 G, and so P is
normal in G as P is also a Sylow p-subgroup of G.

Assume that G/M is unfaithful on both of Uy and Wy, Then I'yy = K, , and
G/M < S,x8S,as G/M is faithful on V I'y;. Let H/M be a Sylow p-subgroup of G/M.
Then H/M = 72 and I'y is (H/M)-semisymmetric. Thus I" is H-semisymmetric,

Since

not a prime, a contradiction. For the latter case, I' has valency k =
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and hence ['y is (H/N)-semisymmetric. Moreover, I', I'y and [y, has the same
valency k = p.

It is easily shown that H/M has a subgroup R/M of order p which is regular on
both parts of I'yy. Then R<1H, R := R/N <<H/N := H, and R is regular on both U
and W, which yields that R is regular on both parts of I'y. Thus 'y is a bi-Cayley
graph of R. Let a be a vertex of I'y. Then H, = Z,. Let H = (¢) and 8 be a
neighbor of a. Then, by Lemma 3.1, there are t € R and 7 € Aut(R) such that
(B%)° = (BY)*" for all z € R. Thus the neighborhood of a is {3° | s € S}, where
S = {t, (T T, T = 1)

Recalling that R has a normal subgroup M/N of order 3, it follows that R is a
cyclic group of order 3p. Since 7 € Aut(R), there is a positive integer i such that
t™ = t'. It follows from tt7¢™ ---t™ " =1 that ' +---4+i-+1 = 0(mod 3p), so
i? = 1 (mod 3p). On the other hand, since I'y is connected, R = (S) = (t). Thus
7 is an automorphism of R = Zs, of order dividing p. Since Aut(R) & ZyxZ, 1, we
have 7 = 1. Then i = 1(mod 3p), and so p = # ' +--- +i+1 = 0(mod 3p), a
contradiction.

Subcase 3.2. Thus, without loss of generality, we may assume that G/N is qusiprim-
itive on Uy. Then G/N is known as in Table 4.2 or (1)-(5) of Theorem 4.9; in par-
ticular, G/N is almost simple. Suppose that soc(G/N) is intransitive on Wy. Then
it has 3 orbits with size p on Wy, and so I' has valency £ = 3. By [20], G has
a normal subgroup of order p?. It follows that G/N has solvable normal subgroup,
which is impossible as G/N is almost simple. Thus soc(G/N) is transitive on Wy.
Since I'y has prime valency k, then I'y is soc(G /N )-semisymmetric. Let a € V I'y. If
soc(G/N), is a {2, 3} group, then 'y must have valency 2 or 3, which is not the case.
Thus soc(G/N), is not a {2, 3}-group. Then, by Theorems 4.4 and 4.9, soc(G/N) is
listed in the following table.

Line | 3p soc(G/N) soc(G/N), or actions
1 3p Az Aszp 1
2 (21 A S,
3 57 PSL(2,19) As, two actions
4 15 A PSL(2,7), two actions
5 15 PSL(4,2) Z3:PSL(3,2), two actions
6 2°+1 PSL(2,2°) Z5:Zge 1, € odd prime
7 ¢ +q+1|PSL(3,q) on points or hyperplanes, ¢ = 1 (mod 3)
S [3(1+27) | PSL(2,2%) |Z2Zyp
3
9 |32 PSL(d —1,9) | [¢"")- Zg-14-0 PSL(d — 1,0).Z s
¢ =1(mod 3) ’

We set soc(G/N) = M/N. Then M is a central extension of N by soc(G/N). Let
T be the derived subgroup of M. Suppose that "= M. Then N = Z, is (isomorphic
to) a subgroup of the Schur multiplier of soc(G/N). By [17, Theorem 5.1.4], the
Schur multiplier of soc(G/N) is one of 1, Zy, Zs (for lines 1-8) and Z,—1,q4) (for line
9); however, they all have order less than p, a contradiction. It follows that 7' # M,
and hence T'= M/N and M = N x T.
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Suppose that T is as in line 1 of the above table. Then 'y is the complete bipartite
graph Ks, 3, with a complete matching deleted. So I'y and hence I" has valency 3p—1,
which is not a prime, a contradiction.

Thus we assume that T is one of the simple groups from line 2 to line 9. Clearly,
for each of lines 2-5, |T| is not divisible by p?. For each of lines 6-9, by Lemma 4.3,
we conclude that p? is not a divisor of |T'|. Then T, as a normal subgroup of M,
is intransitive on both U and W. Recalling that I'y is soc(G/N)-semisymmetric
and I' is a normal cover of Iy, we conclude that I' is M-semisymmetric. Thus, by
Theorem 3.3 and Lemma 3.2, T is semiregular on both U and W, so |T| is a divisor
of 3p?, a contradiction. This complete the proof. 1

Now we are ready to give a proof of Theorem 1.2.

Proof of Theorem 1.2 Let " be a connected semisymmetric graph, with bipartition
VI = UUW, of order 6p? and valency k for odd primes p and k. Let G = Autl".
Then, by Lemma 5.2, either I" is a bi-Cayley graph of an abelian group or G contains
a normal subgroup of order p?. By [11], the former case implies that I" is vertex
transitive, which is not the case. Thus we assume that G has a normal subgroup N of
order p?. Clearly, N is intransitive on both U and W. Note that 3p? is not a prime.
Thus I' 2 Kgp2 3,2. It follows from [14, Lemma 5.1] that I" is a normal cover of I'y;
in particular, N is semiregular. Then I'y = Ks3, and so I' is of valency 3. Thus
Theorem 1.2 follows from Theorem 2.1.
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