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Abstract

Let G be a connected graph. The notion of rainbow connection number r¢(G)
of a graph G was introduced by Chartrand et al. Basavaraju et al. proved that
for every bridgeless graph G with radius r, r¢(G) < r(r + 2) and the bound is
tight. In this paper, we show that for a connected graph G with radius r and
center vertex u, if we let D" = {u}, then G has r — 1 connected dominating sets
D=1 D=2 ... D! such that D" ¢ D"~! ¢ D"2... ¢ D! ¢ D' = V(G) and
re(G) < 300 max{2i + 1,b;}, where b; is the number of bridges in E[D’, N(D")]
for 1 <14 < r. From the result, we can get that if b; <2¢+ 1 for all 1 <+¢ < r, then
re(G) <3 i_1(2i+1) = r(r+2);ifb; > 2i+1foralll <i <r, thenre(G) =Y .;_, bi,
the number of bridges of G. This generalizes the result of Basavaraju et al. In
addition, an example is given to show that there exist infinitely graphs with bridges
whose r¢(G) is only dependent on the radius of GG, and another example is given to
show that there exist infinitely graphs with bridges whose r¢(G) is only dependent

on the number of bridges in G.
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1 Introduction

All graphs considered in this paper are simple, finite and undirected. Let G =
(V(G), E(G)) be a graph. For two subsets X and Y of V(G), an (X,Y)-path is a path
which connects a vertex of X and a vertex of Y and whose internal vertices belong to nei-
ther X nor Y. We use E[X, Y] to denote the set of edges of G’ with one end in X and the
other end in Y and use e(X,Y) to denote |E[X, Y]|. The subgraph G[Y] of G induced by
Y is the graph with vertex set Y and edge set consisting of the edges of G with both ends
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in Y. The distance between two vertices u and v in G, denoted by d(u,v), is the length of a
shortest path between them in GG, and the distance between a vertex u and a set S C V(G)
is defined as d(u, S) = min{d(u,z)|x € S}. The eccentricity of a vertex v in G is defined
as ecc(v) 1= maxzey(g) d(v, ). The radius of G is defined as rad(G) = mingey () ecc(x),
and the diameter of G is defined as diam(G) = max,cy () ecc(x). The k-step open neigh-
borhood of S is N*(S) = {v € V(G)|d(v,S) = k,k € Z,k > 0}. Generally speaking,
N(S) = N(S),N°(S)=S.

Let ¢: E(G) — {1,2,--- ,k},k € N be an edge-coloring, where adjacent edges may
be colored the same. A graph G is called rainbow connected if every two vertices are
connected by a path whose edges have different colors. The rainbow connection number of
a connected graph G, denoted by r¢(G), is the smallest number of colors that are needed in
order to make G rainbow connected. These concepts were introduced by Chartrand et al.
in [4], where they determined the rainbow connection numbers of wheels, complete graphs
and all complete multipartite graphs. Many upper bounds for the rainbow connection
number were obtained, involving other graph parameters. Results involving the minimum
degree were obtained in [3, 8, 7, 5|, whereas results involving the parameters oo and oy,

were obtained in [9, 6].

In [1], Basavaraju et al. proved that for every bridgeless graph G with radius r,
re(G) < r(r+ 2) and the bound is tight. However, we know that bridges are important
objects in a rainbow coloring since every two bridges in a rainbow coloring must receive
different colors. If G is a graph with b > 1 bridges, then r¢(G) > b, and from their result in
[1], we can only say that r¢(G) < r(r+2)+b. On the other hand, to save colors, one may
use the colors appeared on bridges to color some 2-connected blocks. As a consequence,
the upper bound r(r + 2) + b could be far from a good bound. In fact, in the following
we give an example to show that there exist infinitely graphs with bridges whose r¢(G) is
only dependent on the radius of G but independent of the number of bridges of G, and we
also give another example to show that there exist infinitely graphs with bridges whose
re(Q) is only dependent on the number of bridges G but independent of the radius of G.
This paper is to study the rainbow connection number of a graph with bridges. The main
difference of our proof technique different from that in [1] is to divide the bridges into
suitable classes, and then to color these bridges and the remaining non-bridge edges, so

that we can get a new upper bound of r¢(G) better than r(r + 2) + b.

Theorem 1 Let G be a connected graph with radius r and center vertex u. If we let
D" = {u}, then G has r — 1 connected dominating sets D™=', D"=2 ... D' such that
DrcDtcD?..cD'cD’=V(G) and rc(G) < Y. max{2i + 1,b;}, where b;
is the number of bridges in E[D', N(D")] for 1 <i < r, and the number of bridges in G
is equal to Y ;_ b;.



Note that if b; < 2¢+1 for all 1 <i <r, then r¢(G) < >_._,(2i+1) = r(r+2), which
is independent of the number of bridges in G, whereas if b; > 2i+1 for all 1 <7 < r, then
re(G) = >0, b;, the number of bridges of G. This substantially generalizes the result of

Basavaraju et al.

In the following we give two examples, in which Example 1 constructs a graph G with
rad(G) = r, such that the number of bridges is not more than r(r+2) and r¢(G) = r(r+2),
whereas Example 2 constructs a graph G with rad(G) = r, such that the number of bridges
b is at least 7(r 4+ 2) 4+ 1 and r¢(G) = b.

Example 1. Let Cy1,C1,--- ,Cy, be r cycles such that for 1 <4, j <r with |i —j| > 2,
we have [Cy] = 2(r4+1 =) 4+ 1 and [V(Cy,) NV(Cyy)| = 0; for 1 < i < r—1,
V(Ci:) N V(Ciit1)] = 1 and let V(Cy;) NV (Criv1) = {u1i1}, a1 € V(Cy1) and
uiqur2 € E(G). Let uy,uy,41 be an edge of Cy,, and P = uy;---uy 41 be a path of
length r. For 1 < i < r, uy, is incident to b; < 2(r + 1 — i) + 1 pendant edges. The
resulting graph is denoted by H. Now, we take " +1 copies H, denoted by Hy,--- , Hyr 1,
such that ('_"" V(H,) = {u11} = {u}. The resulting graph is denoted by G.

Now, we use t > r(r + 2) colors to color each u — u;,+1 (length of r) path P, =
U oW 3 Wipyq for 1 < ¢ < " 4 1. There are at most ¢ different ways of colorings.
Hence, there exist two paths Py, P, such that for any 1 < j < r, c(ex;) = c(es;) where
€k, = Uk Uk j+1, €05 = Ug U 1. Consider any rainbow path R between ug, 1 and uy 1.
One can see that |R| > r+>"'_, 2i = r(r+2). Hence r¢(G) > r(r +2). In the following
we use 7(r + 2) different colors to give G a coloring. Let Co41 be a cycle of length
2k 41, we use 2k + 1 different colors to color every edge of Cy; 1. Call a coloring of Coxyq
appropriate if c(vv;1) =i for 1 <i < 2k and c(vegy1v1) = 2k + 1. Now, for a given i and
1<h<[r(r+2)]"+1, we use 2(r + 1 — 1) + 1 different colors, denoted by a set ¢(C; ) of
the colors, to give C;j, an appropriate coloring and use b; different colors from ¢(C; ) to
color every bridge incident to w; ;. For any ¢ and j with 1 <7 # 5 <r, we color C;; and
Cj in the above way separately such that ¢(C; ;) N e(Cj) = 0. Now one can see that G
is rainbow connected and the number of used colors is )., (2(r +1—1) + 1) = r(r +2).
Hence, r¢(G) < r(r +2) and so r¢(G) = r(r + 2).

Example 2. Similar to the construction of H, we only change the sentence “for 1 <
i <7, up; is incident to b; < 2(r + 1 — i) + 1 pendant edges” in Example 1 into “for
1 <i <7, uy, is incident to by; > 2(r + 1 — i) + 2 pendant edges”. The resulting graph
is denoted by H'. Now, we take ¢" 4 1 copies of H', denoted by H1,--- , H;._,, such that
N V(H]) = {u1,} = {u}. The resulting graph is denoted by G. For a given i and
1 <h<|[r(r+2)]"+1, we use b; different colors, denoted by a set ¢(B;) of the colors, to
color every bridge incident to u;; and use 2(r + 1 — i) + 1 different colors from ¢(B;) to

give C; , an appropriate coloring. For any ¢ and j with 1 <+¢ # j <r, we color C;, and



Cjn in the above way separately such that ¢(C;p) Ne(Cjp) = 0. One can see that G is

rainbow connected and the number of used colors is Y ;_, b; = b and so r¢(G) = b.

2 Proof of Theorem 1

At first we give some definitions which are needed in our proof. Let S be a subset of
V(G). If every vertex in G is at a distance at most k from S, we say that S is a k-step
dominating set. If G[S] is connected, then S is a connected k-step dominating set. Let D*
be a connected k-step dominating set. A D*-ear is a path P = vyv; - - - v, in G such that
PN DF = {vg,v,}. When vy = v,, P is a closed D¥-ear. Moreover, we say that P is an
acceptable D¥-ear, if P is a shortest DF-ear containing vov;. Given 2k + 1 distinct colors
1,2,3,---,2k + 1, we call that P is evenly colored if either the edges of P are colored by

this way: c(vov1) = 1, c(viv2) = 2, c(vov3) = 3,- -+ 70(7}[%}—1@[%1) = [gLC(U[gW[ng) =
2k+2— 8], c(vp—2vp—1) = 2k, c(v,—1v,) = 2k +1, or the edges of P are colored by the
contrary way: c(vovi) = 2k + 1, c(viv2) = 2k, -+, c(vp_2vp_1) = 2,¢(vp_1v,) = 1 where

p is the length of P. For example, let P = vgvivavzvgvs. Then c(vovy) = 1, c(vive) =

2, c(vqus) = 3, c(vsvy) = 2k + 1, ¢(vgv3) = 2k is an evenly colored of P.

Before the proof of our Theorem, we need the following lemma and two claims.

Lemma 1 If G is a connected graph and D* is a connected k-step dominating set of G,
then G has a connected (k — 1)-step dominating set D*=* > D* such that re(G[D*71]) <
rc(G[D*]) + max{2k + 1,b;.}, where by, is the number of bridges of G in E[D*, N(D¥)].

Proof of Lemma 1: If GG is a tree, then every edge of GG is a bridge, and the result is

obvious. Hence we assume that G is not a tree.

In the following, we let D* be a connected k-step dominating set of G. Then G has k
mutually disjoint subsets N'(D¥), N?(DF), ...  N¥(DF¥) such that V(G) = Uf:o Ni{(D").

Claim 1. If there exist € D* and y € N(DF) such that zy is a bridge, then y has only
one neighbor z in D¥ and dgy(pry(y) = 0.

Proof of Claim 1: If there exist 2’ € DF with 2/ # z such that y2’ € E(G), since
G[D*] is connected, then G[D*] has a path connecting z and z’. So xy is in a cycle, a
contradiction to that zy is a bridge. Hence y has only one neighbor = in D*. If there exists
y1 € N(DF) such that yy; € E(G), since D* is a dominating set of N(DF), then there
exists a vertex 1 € D* such that x,y; € E(G) (z; may be z). Then zyy,x; is a path,

and so we can also get that zy is in some cycle, a contradiction. Hence, dgin(pry(y) = 0.



Now, we let x1y1, Zaya, -+ , Ty, Up, be all the bridges in E[D¥, N(D¥)], where z; € D*
and y; € N(DF) for 1 <i < by, and let B = {y1, - , w0, }, Be = {191, Tay2, - -+ , T, Yb, }
and D; = D¥ U B. We rainbow color G[D*] with rc(G[D*]) colors. If N(D¥) = B, then
Dy = D*UB is a connected (k —1)-step dominating set. Thus, we let D¥~! = D; and use
by, fresh colors to color these by, bridges, respectively. Hence re(G[D*7Y]) < rce(G[D¥]) + by,
and so the theorem follows. So we assume N(D*) # B, and then N(D*)\ B # . In
the following we will construct a connected (k — 1)-step dominating set D*~! and color
every edge of G[D*"!] such that G[D*™1] is rainbow connected. Since E[D*, N(D¥)\ B]
has no bridges, for each edge e of E[D* N(D*)\ B], e must be in some cycle. So there
exists an acceptable D*-ear P containing e. We use 2k + 1 fresh colors, different from
the used colors of G[D*], to evenly color the edges of P. So we can construct a sequence
of sets Dy C Dy C D3 C --- C D, = D*' where D, = D*U B,D, = D, U P,,
D3 =Dy UPs,--- ,D; =D, 1UP,_y, P, -, P,_; are all acceptable D*-ears. We color
the new edges in every induced subgraph G[D;] such that every x € D;\ D; lies in an evenly
colored acceptable D*-ear for all 1 < i < t. If for some D; we have N (Dk) C D;, note that
N(D*) ¢ D; for 1 < j <i—1, then D; is a connected (k — 1)-step dominating set. Now
we stop the procedure, and set D*~' = D,. Then we evenly color the edges of P,_; and
color the remaining uncolored new edges of G[D;] with a used color. Otherwise, we will
construct D;; as follows: We choose any edge vw € E[D* N(D*)\ D;] with v € D¥ w €
N(DF)\ D;. If P is an acceptable D¥-ear containing vw and PN (D; \ D1) = (), then we
let D;11 = D; U P and evenly color P. For the uncolored new edges of G[D;1], we color
them with a used colors. Otherwise, the acceptable D*-ear P containing vw must satisfy
PN (D;\ Dy) # 0. Assume P, C P, and let P, = vw(vq) - -v, and Py N (D; \ Dy) = {we}.
Since vy € D; \ Dy, vy is in an evenly colored acceptable DF-ear Q. Let Q; be the shorter
segment of @) respect to v,. Then P = P, U @, is an acceptable D*-ear containing vw.
If @ is evenly colored by the colors from {2k + 1,2k,2k — 1,---}, then we will evenly
color P where c(vw) = 1. If @)y is evenly colored by the colors from {1,2,3,---, then
we will evenly color P where c¢(vw) = 2k + 1. Hence, P is evenly colored, and we let
D;y1 = D; U P. For the uncolored new edges of G[D,1], we color them with a used
color. Clearly, every x € D;, 1\ Dy lies in an evenly colored acceptable D*-ear in G[D;1].

Thus, we have constructed a connected (k — 1)-step dominating set D*~! and every edge
of G[D*~'\ B] is colored.

Now, we are ready for coloring Bg: If by < 2k + 1, then we use by different colors
from {1,2,---,2k + 1} to color each edge of Bg, respectively. If by > 2k + 1, then we
first use colors 1,2,--- 2k + 1 to color any 2k + 1 edges of Bg, respectively, we then use

by — (2k + 1) fresh colors to color the remaining uncolored edges of B, respectively.

In the following we show that G[D*!] is rainbow connected. For any two vertices



x,y € Dy, we know that z and y are rainbow connected. For z € D*'\ D,y € D*,
since z is in an acceptable D¥-ear P, P N D has at least one vertex, say ;. Since in
G[D*] there exists a rainbow path connecting y and y;, we can get that there is a rainbow
path connecting z and y. For z € D¥ '\ Dy, y € B, we know that z is in an evenly
colored acceptable D*-ear P. Let c¢(P) be the set of all colors used for the edges of P. If
the bridge yy, € Br(y1 € D*) is colored by a color ¢,,, from ¢(P), then we choose the
segment (which does not contain the color ¢y, ) from x to D*. So there is a rainbow path
connecting x and y. If the bridge yy, € Br(y1 € D*) is colored by a color ¢,,, not in
c(P), then we arbitrarily choose a segment of P from z to D*, and we can also find a

x — y rainbow path.

Since for any v € D*1\ Dy, v is in an evenly colored acceptable D*-ear. For any
v € DT\ Dyand y € D'\ Dy and z € P and y € Q, P and Q are evenly colored
acceptable D¥-ears. If P = @, then x and y are rainbow connected. Hence we may assume
P+#@Q. Let P =z - 2;(2)xit1 - - xp and Q = yoy1 - - Yj(y)Yj+1 - - - Y- We distinguish
two cases to show that x and y are rainbow connected.

Case 1. P and @ are internally disjoint.

Without loss of generality, we assume that zqz - - - Ty and Yoy, - - “Yrg) are evenly
colored by the colors from {1,2,3,--- , k + 1}, respectively. We distinguish four subcases
to show that there is an x — y rainbow path. Since G[D¥] is rainbow connected, there

exists a rainbow path of G[D*] connecting any two vertices of D*.
Subcase 1.1. i < 5], j > [2].

Let R; be a rainbow path of G[D*] connecting xy and y,. Since the edges of x =
x;T;_1 - - - To are colored by the colors from {1,2,---,k+ 1}, the edges of y,y4—1---y; =y
are colored by the colors from {2k + 1,2k, --- ,k + 2}. Hence x;x;_1 - - 21 R1yg—1-- - y; is
an r — y rainbow path.

Subcase 1.2. i > |5], j < [1].

Let Ry be a rainbow path of G[Dk] connecting xo and yo. Then x;x41 - - xp_1 Royr - - - Y5

is an x — y rainbow path.
Subcase 1.3. i < [£], 7 < [1].

Ifi < 7, let R3 be arainbow path of G[Dk] connecting xo and y,, then z;x;_1 - - - 21 R3yq—1
---y; is a  — y rainbow path. If i > j, let R, be a rainbow path of G[D*] connecting z,
and yo, then z;2;41 - - vp—1 Ratn

---y; is an x — y rainbow path.

Subcase 1.4. i > |§], j > [£].



If p—i < q—j, let Rs be a rainbow path of G[D*] connecting x, and y,, then
TiTip1 - Tp_1 Rsyr - --y; is an o — y rainbow path. If p —¢ > ¢ — j, let Rg be a rainbow
path of G[D*] connecting zg and y,, then z;z; 1 x1Rey,—1 -y, is an  — y rainbow
path.

Case 2. P intersects () at some of their internal vertices.

According to the construction and the coloring of D*~!, we may assume that P C
D;, and Q C D, with iy > 49, and x; is the first internal vertex of P in Q. If
TpTp—1° " Ti+1T1 = YqYq—1 - Yi+1Y1, then the case is similar to Case 1 in essence. So

we assume TpTp_1 - - - Tj417]

= YoU1, " ,Yp—1- We also distinguish four subcases to show that there is an x —y rainbow
path.
Without loss of generality, assume that the edges of yoy - - - yra) are colored by 1,2, - - -, [1].

According to the coloring of D¥~1] the edges of z,z, 1 - - - Tz are also colored by the col-
ors from {1,2,--- ,k + 1} and the edges of x¢z - - - x[e) are colored by the colors from
{2k +1,2k,--- [k +2}.

Subcase 2.1. i < [£], j > [1].

Ifi < g—j, let P; be arainbow path of G[D¥] connecting x¢ and yo, then z;z;_1 - - - 21 Piyy
-y, is an x —y rainbow path. If i > ¢ — j, let P be a rainbow path of G[D"] connecting

xp and y,, then x;241 - - 21 Payg—1 - - - y; is an  — y rainbow path.
Subcase 2.2. i > |5], j < [2].

If p—i < j, let Py be arainbow path of G[D*] connecting x, and y,, then z;z;y1 - x,_1 Ps
Ygo1- - Y; is an x — y rainbow path. If p — i > j, let Py be a rainbow path of G[D*] con-
necting xy and yg, then x;x; 1 --- 11 Py
---y; is an  — y rainbow path.

Subcase 2.3. i < [£], 7 < [1].

Let P5 be a rainbow path of G[Dk] connecting ¢y and yo. Then x;x;_1 - - 21 Psyr - - - y;

is an x — y rainbow path.
Subcase 2.4. i > |L], j > |1].

Let Ps be arainbow path of G[D*] connecting x, and y,. Then z;z;11 - xp_1 Psyg_1 - Y;

is an x — y rainbow path.

Hence, for any two vertices z,y € D*~1\ Dy, there is a rainbow path connecting x and

y. Thus, we have constructed a connected (k — 1)-step dominating set D*~! from D*, and



rc(G[DF1)) < re(G[D*]) + max{2k + 1,b;.}. The proof of Lemma 1 is now complete. B
Claim 2. G[D*=!\ D*] has no bridges.

Proof of Claim 2: Since the bridges in Bg are incident to the vertices zq,--- , xyp,,
G[DF1\ D*] does not contain any edge of Bg. Suppose that zy is a bridge with xy €
E(G[D*1\ D*]). We know that zy ¢ E(G[B]), or else zy is in a cycle. If vy € E[B, D1\
D', then xy is also in some cycle. Hence we assume z,y € D*~1\ D! If 2y is in some
acceptable D¥-ear, then xy is in a cycle, a contradiction. If x is in some acceptable D*-

ear P and y is in some acceptable D*-ear (), we still can get that zy is in a cycle, a

contradiction. Hence Claim 2 is true. |
Let u be a center vertex of G and set D" = {u}. Then D" is an r-step domi-
nating set of G and rc¢(G[D"]) = 0. By making use of Lemma 1, we can construct

D=t D=2 ... 'D? D' such that D" c D' c D"2... c D! ¢ D’ = V(G), and so we
have
re(GID" 1) < re(G[D"]) + max{2r + 1,b,},

re(G[D™?]) < re(G[D™Y]) + max{2(r — 1) +1,b,_1 },
re(G[D°)) < re(G[DY]) + max{2 4+ 1,b,},

where r¢(G[D]) = rc(G), and for 1 < i < r, b; is the number of bridges in E[D*, N(D")].
Thus we get that r¢(G) < re(G[D"]) + >.;_ max{2i + 1,b;} = > ., max{2i + 1,b;}.

From Claim 2, we can see that the number of bridges of G is equal to >_._, b;.

This completes the proof of Theorem 1. |
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