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Abstract

A signed labeled forest is defined as a (plane) forest labeled by {1, 2, . . . , n}
along with minus signs associated to some vertices. Signed labeled forests can be
viewed as an extension of signed permutations. We define the inversion number,
the flag major index and the R-major index on signed labeled forests. They can
be considered as type B analogues of the indices for labeled forests introduced by
Björner and Wachs. The flag major index for signed labeled forests is based on
the flag major index on signed permutations introduced by Adin and Roichman,
whereas the R-major index for signed labeled forests is based on the R-major index
that we introduce for signed permutations, which is closely related to the major
defined by Reiner. We obtain q-hook length formulas by q-counting signed labelings
of a given forest with respect to the above indices, from which we see that these
three indices are equidistributed for signed labeled forests. Our formulas for the
major indices and the inversion number are type B analogues of the formula due to
Björner and Wachs. We also give a type D analogue with respect to the inversion
number of even-signed labeled forests.

Keywords: statistic, forest, q-hook length formula, Coxeter groups of types B and D,
(P,w)-partition

AMS Classification: 05A15, 05A17, 05A19, 05C05

1 Introduction

The inversion number and major index for the permutation group are two of the most
important statistics which have received remarkable attention in the combinatorial lit-
erature, see, e.g., [10, 11, 12, 13, 15, 17]. Extensions of these two statistics have been
intensely studied. The present paper concerns two directions of such extensions: One is
toward labeled forests duo to Björner and Wachs [8], and the other is toward the Coxeter
groups (mainly types B and D), see, e.g., [1, 2, 3, 4, 5, 6, 9, 18].

For integers m,n (m ≤ n), we use [m,n] to denote the interval {m,m + 1, . . . , n}.
Denote by Sn the permutation group on [1, n]. Note that we use [1, n], instead of [n], to
denote the set {1, 2, . . . n} before we shall use [n] to denote the q-number 1 + q + q2 +
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· · · + qn−1. We shall represent a permutation π ∈ Sn in one-line notation π = π1 · · ·πn.
Then the descent set of π is defined by

Des(π) = {i : 1 ≤ i ≤ n− 1, πi > πi+1}.

The inversion number and major index of π are defined by

inv(π) = |{(i, j) : 1 ≤ i < j ≤ n, πi > πj}|,

maj(π) =
∑

i∈Des(π)

i.

The following classical formula is duo to MacMahon [17]

∑

π∈Sn

qinv(π) = [n]! =
∑

π∈Sn

qmaj(π), (1.1)

where [n] = 1 + q + · · ·+ qn−1, and [n]! = [1][2] · · · [n].

The inversion number and the major index on permutations have been generalized by
Björner and Wachs [8] to labeled forests. Let F be a (plane) forest with vertex set V (F ).
The reason that we consider plane forests is that every vertex can be viewed as having a
unique position in the sense that all the vertices are implicitly labeled. A labeling w of
F is a bijection

w : V (F ) −→ [1, n].

For each vertex u ∈ F , the hook length of u, denoted by hu, is the size of the subtree
rooted at u. When F is considered as a poset with roots at the top, the hook length of
u equals the cardinality of the principle ideal {v ∈ F : v ≤F u} where ≤F is the order
relation. Björner and Wachs [8] defined the descent set of a labeled forest as given below,

Des(F,w) = {u ∈ F : w(u) > w(v), v is the parent of u},

and

inv(F,w) = |{(u, v) : u >F v, w(u) < w(v)}|, (1.2)

maj(F,w) =
∑

u∈Des(F,w)

hu. (1.3)

If F is a linear tree, then we get a permutation by reading the labels bottom up. The
descent set, the inversion number and the major index for a linear tree coincide with
the corresponding indices for permutations. Björner and Wachs [8] derived the following
q-hook length formula by q-counting all labelings of a fixed forest with respect to the
inversion number and the major index, which reduces to the formula (1.1) by restricting
F to be a linear tree.
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Theorem 1.1 (Björner and Wachs [8], Theorem 1.3) Let F be a forest of size n. Then

∑

(F,w)

qinv(F,w) =
n!

∏

u∈F hu

∏

u∈F

[hu] =
∑

(F,w)

qmaj(F,w), (1.4)

where w ranges over all labelings of F .

In this paper, we shall be concerned with signed labelings of a (plane) forest. The
signed permutation group Bn is the group of bijections σ on the set [−n, n]\{0} such that

σ(−i) = −σ(i)

for i ∈ [−n, n]\{0}. Recall that Bn is also known as the hyperoctahedral group of rank
n, or the Coxeter group of type Bn. For σ ∈ Bn, we write σ in the one-line notation
σ = σ1 · · ·σn, where σi = σ(i) for i ∈ [1, n]. In the language of Coxeter groups, Bn is the
Coxeter group of type Bn with respect to the generating set {s0, s1, . . . , sn−1}, where si,
i = 1, 2, . . . , n− 1, are the simple transpositions

si = (1, . . . , i− 1, i+ 1, i, i+ 2, . . . , n)

and s0 is the sign change
s0 = (−1, 2, . . . , n).

The length function of an element π in a Coxeter group, denoted by ℓ(π), is the
minimum number of generators that occur in its factorizations, see, Björner and Brenti
[7], namely,

ℓ(π) = min{r : π = si1si2 · · · sir , si1 , si2, . . . , sir are generarors}.

For Bn, there exists a simple combinatorial interpretation for the length function. Let
σ = σ1 · · ·σn be a signed permutation, and define

n1(σ) = |{σi : 1 ≤ i ≤ n, σi < 0}|, (1.5)

n2(σ) =
∣

∣

{

{i, j} : 1 ≤ i, j ≤ n, σi + σj < 0
}
∣

∣ . (1.6)

Then the length function of σ is given by

ℓB(σ) = inv(σ) + n1(σ) + n2(σ), (1.7)

which can be seen as the inversion number for signed permutations, see, Biagioli [4], or
Björner and Brenti [7]. The following length generating function is well-known.

Theorem 1.2 (Humphreys [16, Section 3.15])
∑

σ∈Bn

qℓB(σ) = [2][4] · · · [2n]. (1.8)
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As a subgroup of Bn, the group of even-signed permutations, i.e., permutations with
an even number of minus signs, is denoted by Dn. It is well known that Dn is the Coxeter
group respect to the generating set {t0, s1, . . . , sn−1}, where si for 1 ≤ i ≤ n − 1 are
defined as above and

t0 = (−2,−1, 3, . . . , n).

For any signed permutation σ, let

Neg(σ) = {1 ≤ i ≤ n : σi < 0}.

The length function for Dn can be computed by the following combinatorial formula

ℓD(σ) = inv(σ)−
∑

i∈Neg(σ)

σi − n1(σ), (1.9)

which can be considered as the inversion number of an even-signed permutation, see,
Björner and Brenti [7, Section 8.2], or Biagioli [5]. It can be checked that

−
∑

i∈Neg(σ)

σi = n1(σ) + n2(σ).

So (1.9) can be reformulated as

ℓD(σ) = inv(σ) + n2(σ). (1.10)

The length generating function for Dn is given by the following formula.

Theorem 1.3 (Humphreys [16, Section 3.15])
∑

σ∈Dn

qℓD(σ) = [2][4] · · · [2n− 2][n]. (1.11)

Statistics on Coxeter groups that are equiditributed with the length function are called
Mahonian. An important statistic on Bn is the flag major index introduced by Adin
and Roichman [3], which is defined in terms of Coxeter elements and can be expressed
combinatorially as

fmaj(σ) = 2maj(σ) + n1(σ). (1.12)

The second Mahonian major statistic on Bn is the negative major index introduced
by Adin, Brenti and Roichman [1], which has the following combinatorial description

nmaj(σ) = maj(σ) + n1(σ) + n2(σ). (1.13)

There is another Mahonian statistic which is based on the major index defined by
Reiner [18]. Under the following order

1 < · · · < n < −n < · · · < −1, (1.14)

4



the descent set DesR(σ) is defined as

DesR(σ) = {i ∈ [1, n] : σi > σi+1},

under the assumption that σn+1 = n. Then the major index majR(σ) is given by

majR(σ) =
∑

i∈DesR(σ)

i. (1.15)

Reiner [18] has shown that

∑

σ∈Bn

tn1(σ)qmajR(σ) = (1 + tq)n[n]!. (1.16)

While the index majR is not Mahonian, as observed by Biaginoli and Zeng [6], from (1.16)
it follows that the index

2majR(σ)− n1(σ) (1.17)

is equidistributed with the flag major index (1.12). They also gave a proof of this fact by
justifying the following relation

majR(σ) = maj(σ) + n1(σ).

We next define a new Mahonian index called R-major index for signed permutations
which relies on the major index majB with respect to the natural order

− n < · · · < −1 < 0 < 1 < · · · < n. (1.18)

The index majB can be shown to be isomorphic to Reiner’s major index (1.15) defined
with respect to the order (1.14). The descent set DesB(σ) is described in terms of the
natural order; that is,

DesB(σ) = {i ∈ [1, n] : σi > σi+1}, (1.19)

where σn+1 = 0. Let

majB(σ) =
∑

i∈DesB(σ)

i, (1.20)

and let p(σ) be the number of positive entries of σ. Then the R-major index is given by

rmaj(σ) = 2majB(σ)− p(σ). (1.21)

It can be shown that the index majB(σ) in (1.20) is isomorphic to the index majR(σ)
in (1.15) of Reiner, see Lemma 4.7. Under this correspondence, the index rmaj(σ) in
(1.21) is isomorphic to the index 2majR(σ)−n1(σ) in (1.17). It should be mentioned that
we prefer the R-major index formulation based on the the natural order (1.18) because it
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is consistent with the order of the flag major index and the negative major index and it
seems to be easier to describe.

In this paper, we extend the three indices on signed permutations, i.e., the inversion
number, the flag major index, and the R-major index, to signed labeled forests. The
inversion number for signed labeled forests is motivated by the inversion number (1.2) and
the length function (1.7). The flag major index for signed labeled forests is an extension
of the major indices (1.3) for forests and (1.12) for signed permutations, whereas the
R-major index for signed labeled forests stems from the major indices (1.3) and (1.21).

We obtain q-hook length formulas by q-counting signed labelings of a given forest with
respect to the above indices, from which we see that these three indices are equidistributed
for signed labeled forests. Our formulas for the major indices and the inversion number are
type B analogues of the formula due to Björner and Wachs. We also define the inversion
number on even-signed labeled forests in connection with the inversion number (1.2) and
the length function (1.10) for even-signed permutations.

This paper is organized as follows. In Section 2, we give the definitions of the inversion
number and the two major indices on singed labeled forests. The main results are de-
scribed in this section. We also include a sketch of the proof of the q-hook length formula
for the flag major index for signed labeled forests. Section 3 is devoted to the proofs
of the generating function formulas for the inversion numbers on signed labeled forests
and even-signed labeled forests. In Section 4, we consider the generating function of the
R-major index. To this end, we define (P,w)-partitions of type B which can be viewed as
a type B extension of the usual (P,w)-partitions as introduced by Stanley [21]. In Section
5, we give a bijection which establishes the connection between the flag major index and
the R-major index on signed labeled forests. Section 6 gives some further questions.

2 Main results

In this section, we give the definitions of the inversion number, the flag major index
and the R-major index on singed (even-signed) labeled forests as aforementioned in the
introduction, and outline the main results of this paper.

Let F be a forest. Denote by Bn(F ) (resp., Dn(F )) the set of signed (resp., even-
signed) labeled forests with the underlying forest F . We use (F,w) to denote a signed
labeling of F . The motivation to consider types B and D analogues for signed labeled
forests is the observation that the number n2(σ) in (1.6) has a natural extension to signed
labeled forests; that is, for (F,w) ∈ Bn(F ), we may define

n2(F,w) = |{(u, v) : u <F v, w(u) + w(v) < 0}|. (2.1)

Let n1(F,w) be the number of negative labels of w. So we define the inversion number
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for (F,w) ∈ Bn(F ) as

invB(F,w) = inv(F,w) + n1(F,w) + n2(F,w), (2.2)

and for (F,w) ∈ Dn(F ) the inversion number is defined by

invD(F,w) = inv(F,w) + n2(F,w). (2.3)

The first two theorems assert that the inversion numbers (2.2) and (2.3) lead to types
B and D analogues of the length generating functions (1.8) and (1.11) respectively.

Theorem 2.1 Let F be a forest of size n. Then

∑

(F,w)∈Bn(F )

qinvB(F,w) =
n!

∏

u∈F hu

∏

u∈F

[2hu]. (2.4)

Theorem 2.2 Let F be a forest of size n. Then

∑

(F,w)∈Dn(F )

qinvD(F,w) =
n!

2
∏

u∈F hu

∏

u∈F

(1 + qhu−1)[hu]. (2.5)

Note that Theorem 1.2 and Theorem 1.3 can be deduced respectively from Theorem
2.1 and Theorem 2.2 by restricting F to a linear order.

We next turn to two major indices for signed labeled forests. The first is based on the
flag major index for signed permutations, namely, for (F,w) ∈ Bn(F ), we define

fmaj(F,w) = 2maj(F,w) + n1(F,w). (2.6)

The following theorem shows that the flag major index (2.6) is equidistributed with the
inversion number (2.2) for signed labeled forests.

Theorem 2.3 Let F be a forest of size n. Then

∑

(F,w)∈Bn(F )

qfmaj(F,w) =
n!

∏

u∈F hu

∏

u∈F

[2hu]. (2.7)

On the other hand, it will be seen that Theorem 2.3 can be deduced from Theorem
1.1 and a decomposition of the signed permutation group. We sketch the proof below.
Let

Tn = {σ1 · · ·σn ∈ Bn : σ1 < · · · < σn}.

Then the signed permutation group Bn has the following decomposition

Bn =
⋃

π∈Sn

{σπ : σ ∈ Tn}, (2.8)
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which is the multiplicative decomposition of a Coxeter group into a parabolic subgroup
and its minimal coset representatives, see, e.g., Björner and Brenti [7] or Humphreys [16].
Such a decomposition has been used by Adin et al. [1, Proposition 3.1] to prove the
Mahonian property of the negative major index (1.13).

Sketch of the proof of Theorem 2.3. Let w0 be a decreasing labeling of F , i.e., a labeling
of F such that w0(u) > w0(v) whenever u > v. We now define a bijection ψ : (F,w) 7−→ σ
from Bn(F ) to Bn such that σi = w(i) for 1 ≤ i ≤ n. Let

Tn(F ) = {ψ−1(σ) : σ ∈ Tn},

and let Un(F ) = ψ−1(Sn) be the set of ordinary labelings of F . From the decomposition
(2.8), we get

Bn(F ) =
⋃

w∈Un(F )

{τw : τ ∈ Tn(F )}, (2.9)

where τw(i) = τ(w(i)) for any vertex i ∈ F .

Let u be the parent of v, and let w0(u) = iu and w0(v) = iv. It is not hard to verify
that τw(iu) > τw(iv) if and only if w(iu) > w(iv). This implies that τw and w have the
same descent set. Similarly, we see that n1(F, τw) = n1(F, τ). Thus

fmaj(F, τw) = 2maj(F, τw) + n1(F, τw)

= 2maj(F, w) + n1(F, τ).
(2.10)

Again, by the decomposition (2.10) and Theorem 1.1, we obtain
∑

(F,w)∈Bn(F )

qfmaj(F,w) =
∑

w∈Un(F )

∑

τ∈Tn(F )

q2maj(F,w)+n1(F, τ)

=
∑

τ∈Tn(F )

qn1(F,w) n!
∏

u∈F hu

∏

u∈F

[hu]q2

= (1 + q)n
n!

∏

u∈F hu

∏

u∈F

[hu]q2

=
n!

∏

u∈F hu

∏

u∈F

([hu]q2(1 + q))

=
n!

∏

u∈F hu

∏

u∈F

[2hu],

as desired.

The second major index for signed labeled forests is the R-major index. For (F,w) ∈
Bn(F ), we define the descent set as

DesB(F,w) = Des(F,w)
⋃

{u ∈ F : u is a root of F with a positive label}.
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Let
majB(F,w) =

∑

u∈DesB(F,w)

hu. (2.11)

Denote by p(F,w) the number of positive labels of w. Then the R-major index is defined
by

rmaj(F,w) = 2majB(F,w)− p(F,w). (2.12)

The following theorem shows that the R-major index is equidistributed with the inversion
number for signed labeled forests.

Theorem 2.4 Let F be a forest of size n. Then

∑

(F,w)∈Bn(F )

qrmaj(F,w) =
n!

∏

u∈F hu

∏

u∈F

[2hu]. (2.13)

3 The inversion numbers for types B and D

In this section, we are aimed to prove Theorems 2.1 and 2.2, both of which can be deduced
from the following theorem involving the weighted counting of signed labeled forest with
respect to the number of inversions and the number of negative labels.

Theorem 3.1 Let F be a forest of size n. Then

∑

(F,w)∈Bn(F )

tn1(F,w)qinvB(F,w) =
n!

∏

u∈F hu

∏

u∈F

(1 + tqhu)[hu]. (3.1)

It is clear that the constant terms on both sides of (3.1) lead to the q-hook length
formula of Björner and Wachs as stated in Theorem 1.1.

Proof. We proceed by induction on n. Assume that F is a forest consisting of k trees
T1, . . . , Tk. Let us consider the following two cases.

Case 1. Suppose that k > 1 and Ti has ni vertices for 1 ≤ i ≤ k. Each signed labeling
of F corresponds to a k-tuple consisting of a distribution of the n labels (some of which
may have minus signs) into k trees with each tree Ti receiving ni labels. We see that

∑

(F,w)

tn1(F,w)qinvB(F,w) =

(

n

n1, . . . , nk

) k
∏

i=1

∑

(Ti, wi)

tn1(Ti,wi)qinvB(Ti,wi).

Applying the induction hypothesis yields

∑

(F,w)

tn1(F,w)qinvB(F,w) =

(

n

n1, . . . , nk

) k
∏

i=1

ni!
∏

u∈Ti
hu

∏

u∈Ti

(1 + tqhu)[hu]

=
n!

∏

u∈F hu

∏

u∈F

(1 + tqhu)[hu].
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Case 2. Suppose that k = 1. Let F ′ be the forest obtained from F by removing the
root u. Every signed labeling w of F corresponds to a pair (w(u), w′), where w′ is the
signed labeling of F ′ induced by w. Since w is a signed labeling, we need to consider the
two subcases w(u) > 0 and w(u) < 0.

Assume that w(u) > 0. Then let w(u) = i, where 1 ≤ i ≤ n. We get

inv(F,w) = inv(F ′, w′) + |{v ∈ F ′ : w′(v) > i}|,

n1(F,w) = n1(F
′, w′),

n2(F,w) = n2(F
′, w′) + |{v ∈ F ′ : w′(v) + i < 0}|.

It is easy to check

{v ∈ F ′ : w′(v) > i} ∪ {v ∈ F ′ : w′(v) + i < 0} = {v : i < |w′(v)| ≤ n},

where ∪ denotes the disjoint union. Thus we find

invB(F,w) = invB(F
′, w′) + n− i.

Assume that w(u) < 0. Then let w(u) = −i, where 1 ≤ i ≤ n. We have

inv(F,w) = inv(F ′, w′) + |{v ∈ F ′ : w′(v) > −i}|,

n1(F,w) = n1(F
′, w′) + 1,

n2(F,w) = n2(F
′, w′) + |{v ∈ F ′ : w′(v)− i < 0}|.

We need to determine the numbers c1 and c2 defined by

c1 = |{v ∈ F ′ : w′(v) > −i}|, c2 = |{v ∈ F ′ : w′(v)− i < 0}|.

(i). Consider the index j with i < j ≤ n. If j is in the labeling set of w, then j
contributes 1 to c1 and 0 to c2. If −j is in the labeling set of w, then −j contributes
0 to c1 and 1 to c0.

(ii). Consider the index j with 1 ≤ j < i. If j is in the labeling set of w, then j
contributes 1 to both c1 and c2. If −j is in the labeling set of w, then −j also
contributes 1 to both c1 and c2.

It follows that

|{v ∈ F ′ : w′(v) > −i} + |{v ∈ F ′ : w′(v)− i < 0}| = (n− i) + 2(i− 1) = n− 2 + i,

which gives

invB(F,w) = invB(F
′, w′) + c1 + c2 + 1

10



= invB(F
′, w′) + n− 1 + i.

Combining the above two cases w(u) > 0 and w(u) < 0 and using the induction hypoth-
esis, we deduce that

∑

(F,w)

tn1(F,w)qinvB(F,w)

=
n
∑

i=1

qn−i
∑

(F ′, w′)

tn1(F
′, w′)qinvB(F ′, w′) +

n
∑

i=1

tqn−1+i
∑

(F ′, w′)

tn1(F
′, w′)qinvB(F ′, w′)

=(1 + q + · · ·+ qn−1 + t(qn + · · ·+ q2n−1))
∑

(F ′, w′)

tn1(F
′, w′)qinvB(F ′, w′),

=(1 + tqn)[n]
∑

(F ′, w′)

tn1(F
′, w′)qinvB(F ′, w′)

=(1 + tqn)[n]
(n− 1)!
∏

u∈F ′ hu

∏

u∈F ′

(1 + tqhu)[hu]

=
n!

∏

u∈F hu

∏

u∈F

(1 + tqhu)[hu],

as claimed.

Once Theorem 3.1 is established, it is easy to derive Theorem 2.1 by taking t = 1 in
(3.1) and by observing that

(1 + qn)[n] = [2n].

We are now ready to give a proof of Theorem 2.2.

Proof of Theorem 2.2. Let

Dn(t, q) =
∑

(F,w)∈Bn(F )

tn1(F,w)qinv(F,w)+n2(F,w).

By Theorem 3.1 we obtain

Dn(t, q) =
∑

(F,w)∈Bn(F )

(t/q)n1(F,w)qinv(F,w)+n1(F,w)+n2(F,w)

=
∑

(F,w)∈Bn(F )

(t/q)n1(F,w)qinvB(F,w)

=
n!

∏

u∈F hu

∏

u∈F

(1 + tqhu−1)[hu].
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Since F has at least one leaf, there must exist a factor (1 + tqhu−1) = (1 + t) in Dn(t, q).
Hence Dn(−1, q) = 0, or, equivalently,

∑

i is even

[ti]Dn(t, q) =
∑

i is odd

[ti]Dn(t, q), (3.2)

where [ti] denotes the coefficient of ti in Dn(t, q). Thus

∑

(F,w)∈Dn(F )

qinvD(F,w) =
∑

i is even

[ti]Dn(t, q)

=
Dn(1, q)

2
,

which coincides with the formula (2.5).

It would be interesting to give a combinatorial interpretation for (3.2).

4 The R-major index for signed labeled forests

In this section, we shall present a proof of Theorem 2.4. This theorem will be deduced
from the following more general formula.

Theorem 4.1 Let F be a forest of size n. Then

∑

(F,w)∈Bn(F )

tp(F,w)qmajB(F,w) =
n!

∏

u∈F hu
(1 + tq)n

∏

u∈F

[hu]. (4.1)

In fact, the proof of the above Theorem relies on the formula for q-counting the major
index majB of linear extensions of a signed labeled forest, which can be considered as type
B analogue of the q-hook length formula of Björner and Wachs [8] for the q-counting of
the major index of linear extensions.

Let us recall the definition of linear extensions of poset. For a poset P with n elements
x1, . . . , xn, linear extensions of P can be seen as permutations xi1 · · ·xin such that xij <P

xik implies j < k. A labeling of P is a bijection from {x1, . . . , xn} to [1, n]. For a
poset P with a labeling w, we usually use a permutation w(xi1) · · ·w(xin) to represent
linear extension xi1 · · ·xin . Denote by L(P,w) the set of all such permutations. Björner
and Wachs [8] obtained the following generating function for the major index of linear
extensions of any given labeled forest, which reduces to the result of Stanley [21] when
the labeling is decreasing.

12



Theorem 4.2 (Björner and Wachs [8], Theorem 1.2) Let F be a forest of size n, and w
a labeling of F . Then

∑

π∈L(F,w)

qmaj(π) = qmaj(F,w) [n]!
∏

u∈F
[hu]

. (4.2)

When w is a signed labeling, L(F,w), as defined above, is a set of signed permutations.
We obtain the following theorem which can be viewed as a type B analogue of Theorem
4.2.

Theorem 4.3 Let F be a forest of size n, and w a signed labeling of F . Then

∑

σ∈L(F,w)

qmajB(σ) = qmajB(F,w) [n]!
∏

u∈F [hu]
. (4.3)

Though Theorem 4.3 is a type B analogue of Theorem 4.2, its proof does not seem to
be straightforward. To prove Theorem 4.2, Björner and Wachs [8] defined the recursive
labelings for forests. They first derived the following q-hook length formula

∑

π∈L(F,w)

qinv(π) = qinv(F,w) [n]!
∏

u∈F
[hu]

,

where w is a recursive labeling, see Björner and Wachs [8, Theorem 1.1]. Then they
proved that Foata’s bijection (see, Foata [10]) is invariant when restricted to the set of
linear extensions of a forest with a recursive labeling, see Björner and Wachs [8, Theorem
2.2]. Moreover they observed that the inversion number and the major index of a labeled
forest are equal for a recursive labeling, see Björner and Wachs [8, Lemma 2.3]. For
recursive labelings, they obtained Theorem 4.2. Finally, they used a equivalence relation
on labelings to extend the special case to the general case, see Björner and Wachs [8,
Lemma 4.2], and eventually finished the proof of Theorem 4.2.

The way in which Björner and Wachs [8] proved Theorem 4.2 does not seem to apply
to Theorem 4.3. To prove Theorem 4.3, we introduce (F,w)-partitions of type B which
reduce to the (P,w)-partitions due to Stanley [21] when P is a forest and w is a signed
labeling of P with labeling set {−1,−2, . . . ,−n}. When w is an ordinary labeling, our
approach leads to a direct combinatorial proof of Theorem 4.2 of Björner and Wachs.

Let N be the set of nonnegative integers. A (F,w)-partition of type B is a map
f : V (F ) −→ N satisfying the following conditions

(1) f(x) ≤ f(y) if x ≥F y;

(2) f(x) < f(y) if x >F y and w(x) < w(y);

(3) f(u) ≥ 1 if u is a root of F with w(u) > 0.

13



We denote by AB(F,w) the set of (F,w)-partitions of type B. For f ∈ AB(F,w), let

|f | =
∑

x∈F

f(x).

We shall compute the generating function for the q-counting of (F,w)-partitions of
type B in two different ways. These two different countings lead to the following identity

∑

σ∈L(F,w) q
majB(σ)

(1− q)(1− q2) · · · (1− qn)
=

qmajB(F,w)

∏

u∈F (1− qhu)
, (4.4)

which is equivalent to the formula (4.3).

Lemma 4.4 Let F be a forest and w a signed labeling of F . Then

∑

f∈AB(F,w)

q|f | =
qmajB(F,w)

∏

u∈F (1− qhu)
. (4.5)

Proof. For each f ∈ AB(F,w) and u ∈ DesB(F,w), define fu : V (F ) −→ N as

fu(x) =

{

f(x)− 1, if x ≤F u,

f(x), otherwise.

Assume DesB(F,w) = {u1, u2, . . . , uk}. Define recursively fu1u2···uk
= (fu1u2···uk−1

)uk
. Since

fuv = fvu then fu1u2···uk
is independent of the order of u1, . . . , uk. Thus fu1u2···uk

is well
defined. It is easy to see the resulting fu1u2···uk

are maps from V (F ) to N satisfying only
condition (1). Such maps are formally called P -partitions where P is a forest, see Stanley
[20, Chapter 4]. In such a way, for fixed (F,w) we establish a bijection ϕ : f 7−→ fu1u2···uk

between the following two sets

ϕ : AB(F,w) −→ {F -partitions}, (4.6)

which, for each f ∈ AB(F,w), satisfies

|f | =
∑

u∈DesB(F,w)

hu + |ϕ(f)|

= majB(F,w) + |ϕ(f)|. (4.7)

Stanley [21, Proposition 22.1] has proved (see Sagan [19] for a combinatorial proof)

∑

g

q|g| =
1

∏

u∈F (1− qhu)
, (4.8)
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where the sum ranges over all F -partitions. (4.7) together with (4.8) implies (4.5). This
completes the proof.

Lemma 4.4 gives one formulation for the generating function of AB(F,w). To give the
other, we go on by extending a fundamental result concerning the usual (P,w)-partitions.
For σ = σ1 · · ·σn ∈ Bn, a map f : {σ1, . . . , σn} −→ N is said to be σ-compatible if it
satisfies the following conditions

(i) f(σ1) ≥ f(σ2) ≥ · · · ≥ f(σn);

(ii) For i ∈ [1, n− 1], f(σi) > f(σi+1) if σi > σi+1;

(iii) f(σn) ≥ 1 if σn > 0.

Let AB
σ denote the set of all σ-compatible maps. Then we have the following decomposi-

tion.

Lemma 4.5 Let F be a forest with a signed labeling w. Then

AB(F,w) =
⊎

σ∈L(F,w)

AB
σ . (4.9)

Note that if w is a signed labeling with the labeling set {−1,−2, . . . ,−n} then Lemma
4.5 coincides with the decomposition of Stanley [21, Theorem 6.2] where the poset is a
forest.

Proof. By the definition of (F,w)-partitions of type B and the decomposition of Stanley
[21, Theorem 6.2], it is not hard to see for each f ∈ AB(F,w) there exists a unique linear
extension σ ∈ L(F,w) such that f ∈ AB

σ . It suffices to verify that for each σ ∈ L(F,w),
if f ∈ AB

σ then f ∈ AB(F,w). In other words, it is necessary to show that f(σi) ≥ 1
whenever σi > 0. Note that condition (iii) ensures this holds in the case of σn > 0. So we
are left with the case σn < 0. Assuming σn < 0, let σj be the rightmost entry of σ such
that σj > 0. Then we have σj > σj+1 since σj+1 < 0. Given condition (ii), we see that
f(σj) ≥ 1. Therefore we have f(σi) ≥ 1 whenever σi > 0. This completes the proof.

Lemma 4.6 Let F be a forest and w a signed labeling of F . Then

∑

f∈AB(F,w)

q|f | =

∑

σ∈L(F,w) q
majB(σ)

(1− q)(1− q2) · · · (1− qn)
. (4.10)

Proof. For f ∈ AB
σ and 1 ≤ i ≤ n− 1, let

pi = f(σi)− f(σi+1),
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and let pn = f(σn). Clearly,

|f | = p1 + 2p2 + · · ·+ npn.

Under the conditions (i), (ii), and (iii), we see that pi > 0 if i ∈ DesB(σ) and pi ≥ 0
otherwise. Hence

∑

f∈AB
σ

q|f | =
∑

(p1,...,pn)

qp1+2p2+···+npn = qmajB(σ)
∑

(q1,...,qn)
qi≥0

qq1+2q2+···+nqn

=
qmajB(σ)

(1− q)(1− q2) · · · (1− qn)
.

Now, using the decomposition (4.9), we get (4.10).

Combining Lemma 4.4 and Lemma 4.6, we deduce Theorem 4.3. We now need one
more lemma for the proof of Theorem 4.1, which shows that the R-major index for singed
permutations is equidistributed with Reiner’s major index (1.15).

Lemma 4.7 For n ≥ 0, we have

∑

σ∈Bn

tp(σ)qmajB(σ) = (1 + tq)n[n]!. (4.11)

Proof. We will give a bijection ψ : σ 7−→ τ on Bn such that majB(σ) = majR(τ) and
p(σ) = n1(τ). Then the formula (4.11) follows from Reiner’s formula (1.16). For σ =
σ1 · · ·σn ∈ Bn, let {σi1 , . . . , σik}< (resp., {σj1, . . . , σjl}<) be the set of positive (resp.,
negative) entries of σ, where the subscript < means σi1 < · · · < σik . Define τis = −σik+1−s

for 1 ≤ s ≤ k, and τjt = −σjl+1−t
for 1 ≤ t ≤ l. Let τ = τ1 · · · τn. It is clear that

p(σ) = n1(τ). Then it can be checked that DesB(σ) = DesR(τ). The details are omitted.
Thus ψ is the required bijection. This completes the proof.

We are now ready to prove Theorem 4.1. We use a similar technique as given by
Björner and Wachs [8] for deriving the generating function for the major index of a given
forest with the ordinary labelings.

Proof of Theorem 4.1. We aim to establish the relation (4.1) by evaluating the double
sum

∑

(F,w)∈Bn(F )

∑

σ∈L(F,w)

tp(F,w)qmajB(σ)

in two different ways. By Lemma 4.3, we have

∑

(F,w)∈Bn(F )

∑

σ∈L(F,w)

tp(F,w)qmajB(σ) =
∑

(F,w)∈Bn(F )

tp(F,w)qmajB(F,w) [n]!
∏

u∈P [hu]
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=
[n]!

∏

u∈P [hu]

∑

(F,w)∈Bn(F )

tp(F,w)qmajB(F,w).

On the other hand, we may compute the above double sum by exchanging the order
of summation. Let χ denote the indicator function which equals 1 when the statement is
true and 0 otherwise. Then we have

∑

(F,w)∈Bn(F )

∑

σ∈L(F,w)

tp(F,w)qmajB(σ) =
∑

(F,w)∈Bn(F )

∑

σ∈Bn

tp(F,w)qmajB(σ)χ(σ ∈ L(F,w))

=
∑

σ∈Bn

qmajB(σ)
∑

(F,w)∈Bn(F )

tp(F,w)χ(σ ∈ L(F,w))

=
∑

σ∈Bn

qmajB(σ)tp(σ)
∑

(F,w)∈Bn(F )

χ(σ ∈ L(F,w)).

Recall that for any permutation π ∈ Sn, Björner and Wachs [8] have shown that there are

n!
∏

u∈F hu

ordinary labelings w such that π ∈ L(F,w). Clearly, this counting argument also applies
to a signed permutation σ ∈ Bn. Consequently,

∑

(F,w)∈Bn(F )

∑

σ∈L(F,w)

tp(F,w)qmajB(σ) =
∑

σ∈Bn

qmajB(σ)tp(σ)
n!

∏

u∈F hu

=
n!

∏

u∈F hu

∑

σ∈Bn

qmajB(σ)tp(σ).

By Lemma 4.7, we get

∑

(F,w)∈Bn(F )

∑

σ∈L(F,w)

tp(F,w)qmajB(σ) =
n!

∏

u∈F hu
(1 + tq)n[n]!.

The above double counting gives the following relation

[n]!
∏

u∈F [hu]

∑

(F,w)∈Bn(F )

tp(F,w)qmajB(F,w) =
n!

∏

u∈F hu
(1 + tq)n[n]!,

which is equivalent to (4.1). This completes the proof.

Based on Theorem 4.1, it is easy to derive Theorem 2.4.

Proof of Theorem 2.4. Setting q → q2 and t→ q−1 in (4.1), the left-hand side becomes
∑

(F,w)∈Bn(F )

(q−1)p(F,w)q2majB(F,w) =
∑

(F,w)∈Bn(F )

q2majB(F,w)−p(F,w)
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=
∑

(F,w)∈Bn(F )

qrmaj(F,w)

and the right-hand side can be written as

n!
∏

u∈F hu
(1 + q−1q2)n

∏

u∈F

[hu]q2 =
n!

∏

u∈F hu

∏

u∈F

[2hu].

This completes the proof.

5 A correspondence

From Theorem 2.4 and Theorem 2.3, one sees that the R-major index and the flag major
index are equidistributed for signed labeled forests. One is naturally led to the question
of finding a correspondence that explains the equidistribution property. This is the ob-
jective of this section to provide such a correspondence. Of course, this bijection can be
considered as an alternative proof of Theorem 2.4.

Define a bijection φ : (F,w) 7−→ (F,w′) on Bn(F ) as follows. For each vertex u ∈ F ,

(1) w′(u) has the same sign with −w(u),

(2) |w′(u)| = n+ 1− |w(u)|.

Theorem 5.1 The above map φ is a bijection with the following property

rmaj(F,w) = fmaj(F,w′).

Proof. The theorem holds if we can show that

majB(F,w) = maj(F,w′) + p(F,w) and p(F,w) = n(F,w′). (5.1)

We proceed to prove (5.1) by induction on the number of vertices of F . Without loss of
generality, we may assume that F is a tree.

If F has only one vertex, it is easy to check (5.1). So we may assume that F has at
least two vertices. Let u0 be the root of F , and C(u0) the set of children of u0. By the
definition of φ, we see that p(F,w) = n(F,w′). Now we claim that

majB(F,w) = maj(F,w′) + p(F,w). (5.2)

Here are two cases.

Case 1: w(u0) > 0. We partition C(u0) into the following three subsets.

P> = {u ∈ C(u0) : w(u) > w(u0)},
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P< = {u ∈ C(u0) : 0 < w(u) < w(u0)},

N = {u ∈ C(u0) : w(u) < 0}.

For any vertex u ∈ F , let Fu be the subtree of F rooted at u. Then

DesB(F,w)

=

(

⋃

u∈P>

DesB(Fu, wu)

)

⋃

(

⋃

u∈P<

DesB(Fu, wu)\P<

)

⋃

(

⋃

u∈N

DesB(Fu, wu)

)

⋃

{u0},

where wu is the signed labeling of Fu induced by w. So we have

majB(F,w) =
∑

u∈P>

majB(Fu, wu) +
∑

u∈P<

majB(Fu, wu)

+
∑

u∈N

majB(Fu, wu) + n−
∑

u∈P<

hu.
(5.3)

Let us compute the major index of w′. Let

N> = {u ∈ C(u0) : 0 > w′(u) > w′(u0)},

N< = {u ∈ C(u0) : w
′(u) < w′(u0)},

P = {u ∈ C(u0) : w
′(u) > 0}.

Then

Des(F,w′)

=

(

⋃

u∈N>

DesB(Fu, w
′
u)
⋃

N>

)

⋃

(

⋃

u∈N<

Des(Fu, w
′
u)

)

⋃

(

⋃

u∈P

Des(Fu, w
′
u)
⋃

P

)

,

from which we deduce that

maj(F,w′) =
∑

u∈N>

maj(Fu, w
′) +

∑

u∈N<

maj(Fu, w
′)

+
∑

u∈P

maj(Fu, w
′) +

∑

u∈N>

hu +
∑

u∈P

hu.
(5.4)

By the definition of φ, it is not hard to verify

N> = P>, N< = P< and P = N. (5.5)
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Therefore, by (5.3), (5.4), (5.5), and the induction hypothesis, we find that

majB(F,w) =
∑

u∈P>

(maj(Fu, w
′
u) + p(Fu, wu)) +

∑

u∈P<

(maj(Fu, w
′
u) + p(Fu, wu))

+
∑

u∈N

(maj(Fu, w
′
u) + p(Fu, wu)) + n−

∑

u∈P<

hu

=
∑

u∈N>

maj(Fu, w
′
u) +

∑

u∈N<

maj(Fu, w
′
u) +

∑

u∈P

maj(Fu, w
′
u)

+ p(F,w)− 1 + n−
∑

u∈N<

hu.

=maj(F,w′) + p(F,w)− 1 + n−
∑

u∈N<

hu −
∑

u∈N>

hu −
∑

u∈P

hu

=maj(F,w′) + p(F,w)− 1 + n−
∑

u∈C(u0)

hu,

which reduces to (5.2) since
∑

u∈C(u0)

hu = n− 1.

Case 2: w(u0) < 0. We can use a similar argument to that for Case 1. So we reach
the conclusion that (5.1) holds for any tree. This completes the proof.

6 Concluding remarks

We conclude this paper with two questions. While we have derived the generating func-
tions for the flag major index and the R-major index of signed labeled forests, it would
be interesting to give a suitable definition of the negative major index (1.13) for signed
labeled forests. Intuitively, a natural choice would be

nmaj(F,w) = maj(F,w) + n1(F,w) + n2(F,w). (6.1)

However, the above statistic is not equidistributed with the inversion number (2.2).

For type Dn permutations, Biagioli [5] defined the major index as follows

dmaj(σ) = maj(σ) + n2(σ), (6.2)

and shown it is equidistributed with the length function of Dn. However, the following
statistic

dmaj(F,w) = maj(F,w) + n2(F,w) (6.3)
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for labeled forests of type Dn is not equidistributed with the inversion number (2.3) of
Dn(F ). We would pose the question of finding an appropriate major index for Dn(F )
which is equidistributed with the inversion number.
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