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Abstract

A number of topological indices have recently been incorporated as distance-based descrip-
tors. The Balaban index, a useful distance-based descriptor in Chemometrics, introduced by
A.T. Balaban, is known to depend both on the number of nodes and topology of graphs.
In this paper, we study the sharp upper bounds of Balaban index and Sum-Balaban index
among all bicyclic graphs, by using some graph transformations. The graphs attaining these
bounds are also characterized.



1 Introduction

Thousands of topological indices are introduced to characterize the physical-chemical
properties of molecules [43]. These topological indices are mainly divided into three
types: degree-based indices, distance-based indices and spectrum-based indices. Degree-
based indices contain (general) Randi¢ index [38], (general) zeroth order Randi¢ in-
dex [38], Zagreb index [27], connective eccentricity index [48,50] and so on. Distance-
based indices [46] include the Balaban index [3,4], the Wiener index [21], Wiener po-
larity index [16,40], the Szeged index [26], the Kirchhoff index [20,23,24], the Harary
index [1] and so forth [17]. Eigenvalues of graphs [34,35,49, 51], various of graph en-
ergies [7,30,31,33,39], Estrada index [28] and HOMO-LUMO index [32,37] belong to
spectrum-based indices. Actually, there are also some topological indices defined based
on both degrees and distances [2,8,45], such as Gutman index [25], degree distance [19],
graph entropies [6,9,10]. The main contribution of this paper is to prove bounds for

the Balaban index and the Sum-Balaban index.

We first start by providing graph-theoretical preliminaries [29]. Let G = (V, E)
be a simple graph. The distance between vertices u and v is denoted by dg(u,v).
Let Dg(u) = >_,cv (g dc(u, v), which is the distance sum of vertex u in G. Suppose
V| :=n, |E|:= m. The cyclomatic number p of G is the minimum number of edges
that must be removed from G in order to transform it to an acyclic graph. It is known
that © =m—n+1, see [43]. A bicyclic graph is a graph with u = 2. Denote by deg(v)

the degree of vertex v.

The Balaban index of a connected graph G = (V, F) is defined as

m 1
1O =175 L Jhatwna

It has been proposed by Balaban [3,4] in 1982, which is also called the average distance-
sum connectivity index or Balaban J index. Furthermore, Balaban et al. [5] proposed

the concept of the Sum-Balaban index of a connected graph G. It has been defined by

m 1
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SJ(G) =



We emphasize that many mathematical properties and results on the Balaban index
and the Sum-Balaban index of trees and unicyclic graphs have been achieved, see

[11-14,18,36,41,44,47,52]. he following theorem is an example.

Theorem 1.1 ( [11-14,36,41,44]) If T is a tree with n > 2 vertices, then
J(B) < J(T) < J(8,), SJ(Py) < SJ(T) < SJ(Sy),

and the left (right) equality holds if and only if T = P, (T' = S,,), where P, and S,, are

the path graph and the star graph on n vertices, respectively.

In this paper, we study sharp upper bounds of the Balaban index and Sum-Balaban
index by using all bicyclic graphs. We characterize the bicyclic graphs with the max-
imum Balaban index (Sum-Balaban index) among all bicyclic graphs, two cycles of
those are with ny, ns vertices, respectively. A plausible reason for using these graphs
relates to the definition of the Balaban index and Sum-Balaban. As these indices are
based on distances in a graph, special cyclic graphs are easy to calculate by using these
quantities. Another reason is that mathematical properties of the Balaban index have
been explored for trees extensively [11-14,36,41,44]. The bounds we have proved help
to better understand the mathematical framework that has already been proven useful,
see, e.g., [3,12,15,42]. Therefore, we now pursue studying mathematical properties of

these quantities by using graphs containing cycles.

2 Lemmas

First of all, we list some useful lemmas.

Lemma 2.1 ( [14]) Leta,d’, b,V ,w,x,y,z € R" such that % >

_ 1 1S 1 1
y. Then s T v 2 Ve T ey
b=a,bl =d,w=u1uz2=y.
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the equality holds if and only if

Lemma 2.2 ( [14]) Let a,x,y € R" such that x > y +a. Then —— > !

VI = fealra)

and the equality holds if and only if v =y + a.



Lemma 2.3 Let x1, 20, y1,y2 € RT such that x1 > y1, o —x1 = yo —y1 > 0. Then

1 1 1 1
TR < vm T v

Proof. Let s = x9 — a1 = yo — y; > 0. Define a function f(z) = \% - —\/21? It

is easy to verify that f(z) is a decreasing function of z. Since z; > y;, we have

S S W B 1
V1 Vri+s VY1 Vyi+s’®

Now we recall a useful graph transformation introduced in [11] which we use exten-

sively in our paper.

Definition 2.1 (The edge-lifting transformation) Let G, Gy be two graphs with
ny > 2, ng > 2 wertices, respectively. Suppose ug € Gy and vg € Go. If G is the
graph obtained from Gy, Gy by adding an edge between ug and vy, and G’ is the graph
obtained by identifying uy and vy and adding a pendent edge to uy(vg), then G’ is called
the edge-lifting transformation of G (see Figure 2.1).

G G

Figure 2.1: The edge-lifting transformation.

Lemma 2.4 ( [11,12]) Let G’ be the edge-lifting transformation of G. Then J(G) <
J(G") and SJ(G) < JS(G").

A rooted graph has one vertex called the root distinguished from the others [29]. Let
T1,Ts, ..., Tk be k rooted trees with |V(T;)| > 2 (1 < i < k) and roots uy, us, . . ., uy,

respectively. Let C,. be a cycle with length r(r > 3).

For 1 S kl S ™ S n1,1 S /{32 S T2 S Nno, let (Gl(nl,Tl,k1>,G2(n2,T27]{32)) be the
bicyclic graph obtained from C,,,C,,, T\, T, ..., Ty, 17, Ty, ..., T}, , by attaching ki
rooted trees 11,75, ..., Tk, to ki distinct vertices of C,, and attaching ks rooted trees

11,13, ..., Ty, to ko distinct vertices of C,,, where C,., C,, are jointed.



Figure 2.2: A graph (Gf(nl,rl,kl%G;(ng,Tg, /{?2)) € (G’f(nl,'r’l, kl),G;(n2,T2, kQ))

Let S = {S]S is a rooted star with the center as its root}. Let (Gj(ni,ri, k1),
G3(ng, 9, k2)) be the set of all bicyclic graphs obtained from C,,,C,, by attaching
ki, ko rooted stars in S to ki, ko distinct vertices of C,,, C,,, respectively (see Figure

2.2). By Lemma 2.4, we repeat the edge-lifting transformation to the rooted trees of
(G1(n1,71, k1), Go(ng, 72, k2)),

and then obtain the following result.

Lemma 2.5 Let ny, ky,7r1,n9, ko, o be positive integers with 1 < k1 < r;,3 < r; <
ny — ki, 1 < ky < 19,3 <1y < ng— ko, and (Gy(ny,m1, k1), Go(ne, re, ko)) defined as
above. Let (Gi(ny, 11, k1), G5(ng,re, ko)) € (Gi(n1,r1, k1), Gi(na, 79, ko)) be obtained
from (G1(ny,11, k1), Go(ne,re, ko)) by repeating the edge-lifting transformations. Then

J(Gl(nla 71, kl)) G2(n27r27 k?)) S J(Gi(nlarly k1>7 G;(”Qa T2, k2))7
SJ(Gl(nla 1, kl)) G2(n27r27 k?)) S SJ<G>{(7/L17T17 kl); G;(nQa T2, k2))7
and the equality holds if and only if

(Gl(nla T, kl)y GQ(TLQ) T, kQ)) = (Gi(nla T, k1)7 G;<n27 T2, kQ))

Actually, Figure 2.2 depicts the three cases of bicyclic graphs obtained by repeating
the edge-lifting transformations. Obviously, Case 1 can be exchanged to Case 2 by the
edge-lifting transformations, so there are only two cases in the edge-lifting transforma-

tions of bicyclic graphs.

In the following, we define a new transformation, which is called branch transfor-

mation.



Definition 2.2 (Branch transformation) Let G = (G5(n1,71, k1), G3(ne,re, ko)) €

(Gi(n1,71, k1), G3(ng2, 72, k2)) be defined as above. For convenience, let m = %] and

If r1,7m9 are even, define Cyy = Uy, ..., UV, ..., 01,Cry = T1, ..., Tulny- - Y15

if m1, 79 are odd, define Cyy = Uy, ..., Ums1Vm, .-, 01, Cry = T1, oo, Tni1Yn, - -5 Y15

if 71 1s even, ro 1s odd, define Cyy = Uy, ..., UpVm, ..., 01,Cry = T1, ..., Tni1Yn, -, Y15
if 71 1s odd, o 1s even, define Cy, = Uy, ..., Upt1Vm, -+, V1,Cry = T1, oo, TnlYny oo Y-

The graph G' is obtained from G by deleting the pendent edge v;w and adding a pendent
edge wyw for any i € {1,2,...,m} (if such v;w exists), where w € V(G5(n1,r1,k1)) \
V(C,,). We say that G' is obtained from G by branch transformation.

Obviously, if G” is obtained from G’ by deleting the pendent edge y;w and adding
the pendent edge z;w for any i € {1,2,---,n} (if such y;w exists), where w €
V(G5(ng,re, ko)) \ V(C,,). We also say that G” is obtained from G’ by branch trans-

formation. We refer to Figure 2.3.

Figure 2.3: The branch transformation when r,ry are even.

Lemma 2.6 Let ny, ky,71,n9, ko, 7o be positive integers with 1 < ky < r;,3 < r; <
ny — ki, 1 < ko <19,3 <1y < mg—ky. Suppose G = (Gi(ny1,r1, k1), G5(ng, o, ko)) €
(Gi(n1,71, k1), G5(na, 2, ke)). Let G’ be the graph obtained from G by the branch trans-
formation. Then J(G) < J(G').



Proof. We suppose that the two cycles of the bicyclic graph have only one com-
mon vertex. Let G1 = Gi(ny,r1, k1), Go = Gao(ng,re, k), Vo = {v1,v2,...,0n},
Vi = {wlvw € E(Gy),deg(w) = 1,1 < i <m}, Uy = {u,ug,...,un}, Uy = {wluw €
E(Gy),deg(w) = 1,1 <i < m} whenr; =2miseven, U; = {w|uyw € E(Gy),deg(w) =
1,1 < i < m}plH{umer} when ri = 2m + 1 is odd, Yo = {y1,92,---,un}, Y1 =
{wly;w € E(Gy),deg(w) = 1,1 < i < n}, Xo = {x1,22,...,2,}, X1 = {wlz,w €
E(Gs),deg(w) = 1,1 <i < n} when ry = 2n is even, X; = {w|x;w € E(Gs),deg(w) =
1,1 <i<n}lU{xp1} when ro = 2n + 1 is odd.

For any s with 1 < s < m, it is clear that
D¢ (vs) = Dg(vs, Vo) + Da(vs, Up) + Da(vs, V1) + Da(vs, Ur) + Da(vs, Go) — (2.1)
and
D¢ (us) = Der(us, Vo) + D (us, Ug) + D (us, Vi) + D (us, Uy) + Der(us, G2). (2.2)

Note that Dg(vs, Un) = Der(us, Vo), Da(vs, Vo) = Der(us, Up), Da(vs, Vi) = Dar(us, V).
Observe that Dg(vs,Uy) > Dgr(us, Uy), Dg(vs, Go) > Dgi(us, Go). Thus, we infer

De(vs) = Dgr(us) = Da(vs, Ur) — Der(us, Ur) + Da(vs, Ga) — Dar(us, Go) > 0. (2.3)

Similarly, we obtain
D¢ (us) = Da(us, Vo) + Da(us, Ug) + Da(us, Vi) + Da(us, Ur) + D (us, Go),  (2.4)

and

D¢ (vs) = Der(vs, Vo) + D (vs, Uy) + Der(vs, Vi) + Der(vs, Uy ) + Der(vs, Ga). (2.5)
Hence,

Der(vs) = Da(us) = Der (s, Ur) — De(us, Ur) 4+ Der (vs, G2) — D (us, Ga) > 0. (2.6)
Therefore, we get

Dg(vs) — Dg (us) = DG/(US) — Dg<us) > 0. (27)



From Eqs (2.1)-(2.5), we get
DG/(US) — Dg(l)s) = Dg<u5> — DG/(us) > 0. (28)

For any edge usu; € E(G1[Up]), vsvr € E(G1[Vo]), take © = Der(us), v = Der(us),
w = D¢(vs), 2= Dg(vt), a = Der(vs) — Dg(vs), @' = Der(vr) — D (ve), b = De(us) —
Dei(us), ¥ = Dg(ut) — Der(ug). Then b=a > 0, ¥/ =d’ > 0 by (2.8). It is obvious

/

that a,d’,b,b',w,z,y,2 € RT, w > x, z > y, which implies that g > a Vo5 d

w’y — =z

Therefore, by Lemma 2.1, we obtain

1 1 1 1
v/ Der(us)Der(uy) \/ D¢ (vs)Der (vy) \/ D¢ (us) De () \/ D¢ (vs)De(vy)
Similarly, for any vertex w € U; UV and any edge usw € E(G), we get Dg(w) > Der(w)
and Dg(us) > Dgr(us) by (2.8). Thus,

. (2.9)

1 1
\/DG’ US DG/ \/DG us DG( )

For any edge vsw € E(G) and usw € E(G), we obtain

(2.10)

Dg(w) = Da(w, Vo) + Da(w, Up) + Da(w, Vi) + Da(w, Ur) + Dg(w, Ga) — (2.11)
and

D (w) = Dew(w, Vi) + Der(w, Uy) + Dy (w, Vi) + D (w, Uy) + D (w, Ga). - (2.12)
So,

Dg(w) — Der(w) = De(w, Ur) — Der(w, Ur) + Dg(w, Gz) — Dar(w, G2) > 0. (2.13)

By Eq. (2.7), we have Dg(vs) > Dgr(us), and then

1 1
> . (2.14)
\/DG’ (us)Der (w) D¢ (vs)De(w)
For any edge up,1w € E(G) (if such an edge exists), it is obvious that
1 1
(2.15)

v/ D (tmi1) Dar(w) - VD6 (tm41) D (w)



For edge uyvq, by Lemma 2.3 and Eq. (2.8), we obtain

1 1
\/DG’ u1 DG/ Ul \/DG u1 Dg(vl)

For any zg,ys € E(G), it is clear that Dg(zs) > Dgr(xs), Da(ys) > Dar(ys), and so

(2.16)

1 1
\/DG’ I’s DG’ {L‘t \/DG’ DG’ ZL‘t)
1 1
> .
v Der(ys) Der () - v/ Dalys) Do(y)
From (2.10)-(2.18), we obtain J(G) < J(G") by the definition of Balaban index.

(2.17)

(2.18)

By applying a similar method, we can also prove the case that the two cycles of a

bicyclic graph have & common vertices. |

Similarly, we infer J(G') < J(G").

Lemma 2.7 Let ny, ky,71,n9, ko, 7o be positive integers with 1 < k; < r;,3 < r; <
ny — ki, 1 < ks < 19,3 <71y < ng— ky. Suppose G = (Gi(ny,r1, k1), Gs(na, 9, ko)) €
(Gi(n1,71, k1), Gy(ng, re, ko). Let G’ be the graph obtained from G by the branch trans-
formation. Then SJ(G) < SJ(G').

Proof. We suppose that the two cycles of the bicyclic graph have only one common

vertex. Let Uy, Uy, Vo, Vi, a,d’, b,V be defined as in Lemma 2.6. Let f(z) = \/LE— m.

Observe that f(z) is a decreasing function of z. Note that Dg(vs)+Dg(vi) > D (us)+
D¢/ (uy) = Dg(us) + Dg(ug) —b— V', we have

1 1

VDe(ws) + Da(v)  /Da(v,) + Dalv) + b+
1 1

= \/Dg(us) + Dg<ut) —b-V B \/Dg(us) —+ Dg(ut) .

Therefore,

1 1

\/DG’ + DG/ Ut \/DG’ —f- DG’ (Ut)
1 1

\/DG US + DG Ut \/DG us + Dg(ut)




Similarly, for any vertex w € Uy |JV; and any edge u,w € E(G), Dg(w) > Dg(w),
Dg(us) > Dgr(ug). Then, we obtain

1 1
(2.19)
\/Dg/ US —|—DG/ \/DG us +DG( )
For any edge vsw € E(G), then usw € E(G), we have Dg(vs) > Der(us), and thus
1 1
(2.20)
\/DG/ US +DG/ \/DG’ Us +DG( )
For any edge u,1w € E(G) (if such an edge exists), it is obvious that
1 1
- . (2.21)
VD (tme) + Dar@)  /Dasltimss) + Dalw)
For edge ujvy, by (2.8), we obtain
1 1
(2.22)

VDe(wn) + Dor(vr) - v/Dawn) + Dos(vr)
For any xg,ys € E(G), it is clear that Dg(zs) > Dgr(xs) and Dg(ys) > Der(ys), which
implies that
1 1
v/ Dar(25) + Der () \/DG )+ Dg(ﬂft)
1 1

VDo) + Darw) . v/Patws) + Do)
From (2.19)-(2.24), we obtain SJ(G) < SJ(G') by the definition of Sum-Balaban

(2.23)

(2.24)

index.

Similarly, we can prove the case that the two cycles of the bicyclic graph have k

common vertices. |
Similarly, we infer SJ(G") < SJ(G").

Lemma 2.8 Let ny, ky,71,n9, ko, 7o be positive integers with 1 < k; < r;,3 < r; <

ny — ki, 1 < ks < 19,3 <1y < ng— ky. Suppose G = (Gi(ny,r1, k1), G5(na, 19, ko)) €

(Gi(n1,m1, k1), Gy(no, re, ke)). Let G' be the unique graph obtained from G by repeating

the branch transformations. Then
(1) G" € (Gi(n1,71,1),G3(ng,re, 1)) (see Figure 2.4).
(2) J(G) < J(G"), and the equality holds if and only if G = G'.

(3) SJ(G) < SJ(G"), and the equality holds if and only if G = G'. |



Case 1 Case 2

Figure 2.4: A graph (G75(ny,71,1), G5(ng,19,2)) € (Gi(n1,71,1), G (ng,12,2)).

In order to pursue, we introduce two new transformations.

0 g J
w® s w
G

Gl
Figure 2.5: The crossing-edge-lifting transformation.

Definition 2.3 (The crossing-edge-lifting transformation) Let G € (Gf(nq, 1,

1), G3(ng, 2, 1)) be a bicyclic graph such that the two cycles have k common vertices.
As shown in Figure 2.5, let uy the last common vertex of the two cycles, which is
adjacent to vg,uy, us, where uy € Cy,uy € C,, and vy is also a common vertex.w is
a vertex adjacent to ug and deg(w) = 1. Denote by G’ the graph obtained from G by
deleting edges uguy, ugus, ugw and adding edges vouq, voug, vow. We say that G’ is the

crossing-edge-lifting transformation of G (see Figure 2.5). |

Definition 2.4 (The cycle-edge-lifting transformation) Let G = C,, ,, be a bi-
cyclic graph such that all the vertices lie on the cycles Cy, n, with ni,ne > 3,and the
cycles have only one crossing point ug. If G' is the graph obtained from G by deleting
a vertex in G apart from ug,and adding a edge between uy and a new vertex vg,then
connecting the vertices adjacent to the deleted vertex. Then G’ is called the cycle-edge-

lifting transformation of G. (see Figure 2.6). |



Figure 2.6: The cycle-edge-lifting transformation.

Lemma 2.9 Let G’ be the crossing-edge-lifting transformation of G. Then

J(G) < J(GY), SI(G) < ST(G)

Proof. Denote by K the set of k common vertices. Let Uy = C,,\ K, Vy = C,,\K, W =
{w|wuy € G, deg(w) = 1}.

Case 1: For any vertex u € Uy, we have
Dg(u) = Dg(u, Uo) + Da(u, Vo) + Da(u, W) + De(u, K),

DG/ (’LL) = DG’ (u, Uo) + DG’ (U, Vb) + DG’ (u, W) + DG/ (U,, K)

Since Dg(u, Uo) = DGV(U7 Uo), Dg(u, VE)) = DGV(’LL, Vb), D(;(u) - DGV (u) = Dg(u, W) +
Dg(u, K) = (Der(u, W) + Dar(u, K)) > (n1 +mng —r1y —ro) ([ 3] +1) = [F] >0, we
have Dg(u) > Dgr(u).

Case 2: For any vertex v € Vj, it is similar as that in Case 1, and so we have

Dg(v) Z Dgl (U) .

Case 3: For any vertex p € K, we get
D¢ (p) = Da(p,Uo) + Da(p, Vo) + Da(p, W) + Da(p, K),

DG'(p) = DG'(p7 UO) + DG/(pJ%) + DG'<p7 W) + DG/<p7 K)

Since DG(pa UO) > DG’(p7 UO)) DG(pv ‘/E)) > DG’(p7 %)7 DG(p7W) = DG’(p7 W) and
Dg(p, K) = Dg/(p, K), we have Dg(p) > De(p).

Case 4: For any vertex w € W, obviously, Dg(w) > De/(w).

Combining the above arguments and by using the definitions of the Balaban index

and Sum-Balaban index, we obtain J(G) < J(G'), SJ(G) < SJ(G). |



Lemma 2.10 Let ny, ky,71,n9, ko, 7o be positive integers with 1 < k; < r,3 < r; <
ny — ki, 1 < kg <719,3 <19 < ng—ky. Suppose G = (Gi(ny1,r1,1),G5(ng,m2,1)) €
(Gi(ny,71,1),Gh(na, e, 1)) is the bicyclic graph whose two cycles have k common ver-
tices. Let G' be the unique graph obtained from G by repeating the crossing-edge-lifting

transformations until the two cycles of G' have only one crossing point. Then we have

(1) G" € (Gi(ny,r1 — k+1,1),G(ng,ro — k+ 1, 1)), with one common vertex (see
Figure 2.7).

(2) J(G) < J(G'), and the equality holds if and only if G = G".

(3) SJ(G) < SJ(G"), and the equality holds if and only if G = G'. |

‘
G G

Figure 2.7: A graph (G5(ni,r1 — k + 1,1),G3(n2,m2 — k 4+ 1,2)) € (Gi(ny,m — k +
17 1),@;(712,7“2 —k+ L 2))

Lemma 2.11 Let G’ be the cycle-edge-lifting transformation of G. Then

J(G) < J(G) and SJ(G) < SJ(G')

Proof. Let Uy =V (Cl,), Vo = V(C,,). For any u € Uy, v € Vp, it is clearly that
DG(u) = ‘DG(UJ UO) + DG(u7 ‘/0)7 DG(U) = DG<Ua UO) + DG(UJ ‘/0)7

DG/<U> = DG’(ua UO) + DG/(U, %)7 DG'<U> = DG’(U7UO) + DG’(%VO)’

Obviously, Dg(u,Uy) = Degr(u,Uy), so Dg(u) — Der(u) = Dg(u, Vo) — Der(u, Vo) =
2] =1 >0, and Dg(v) — Der(v) > [B] =[]+ [B] —1—- %] +1 =0 for
v € Vo, v # vg. Thus, we have

1 1
VDalu)Da(uy)  v/Dar(u) D)

(2.25)




1 1

< , (2.26)
\/Dg<1}i)D0(Uj) \/DG/<Ui>DG’ (Uj)
for u;, u; € Up,v;,v; € Vp and w; ~ uj,v; ~ v;
1 1
(2.27)

< .
v/ Deluzz))De(upzz  + 1) v/ Dorluo) Do (vo)

From (2.25)-(2.27), we obtain J(G) < J(G’) by using the definition of the Balaban

index.

We h ! < ! , ! < L d
D Datay)  v/Dar (@) iDar(my)’ /Da() 1 Da(e)  v/Der (@t Den(oy) 0

\/DG(UL%JHD(;(UL%QJH) < Potitay similarly. Then we obtain that SJ(G) <

SJ(G") by the definition of the Sum-Balaban index. ]

3 Bicyclic Graphs

There are three types of bicyclic graphs according to the number of common vertices
of two cycles. In this section, we will determine the graph which has the maximum

Balaban index among all bicyclic graphs with n vertices.

The preceding discussion shows that the Balaban index of a bicyclic graph G is
lower than the Balaban index of G’ obtained from G by repeating edge-lifting trans-
formations, branch transformations and crossing-edge-lifting transformations. Thus,
the bicyclic graph which has the maximum Balaban index among all bicyclic graphs
on n, + no — k vertices is the bicyclic graph such that the two cycles have only one
common vertex. Now we only need to prove J(G) < J(G7(n1,3,1), G3(ng, 3, 1)), where

G is the bicyclic graph such that the two cycles have only one common vertex.

Let G be a bicyclic graph on ny + ny — 1 vertices. Then |E(G)| = ny + ng, p =2,

— nitng | S
and then J(G) = M52 37 p@) TR

Lemma 3.1 Let the two cycles of the bicyclic graph have only one common vertex.
Let nq,7r1,n9,79 be positive integers with 1 < r; < ny,1 < ry < ng —ky and G =
(Gi(n1,71,1),G5(na, 12, 1)) € (Gi(ny,m1,1),G5(na, 12, 1)) (see Case 1 of Figure 2.4).
We get that



(1). if r1, 7o are even, then

3J(G) ny+ng —1r1—1

n1 + no 2 2 2 2
\/(2—1—7"42—?“1—7'24-2(??,14-712)—3)(7"41 %—T’l—?“2+n1+n2)

1<i<d \/Dl (i) D (wigr) 1<j<2 \/D (vj)D UJ‘H)
(2). if r1,79 are odd, then
3J(G) ni+mng —r1—12
ny+n 2 2 2 2
' ? \/<T41+22—rl—r2+2(n1+n2)—;)(T41+22—r1—r2+n1+n2—5>
2 1
> Y M e |
fo \/DG(UZ)DG(UM) T4 et png—rg—1) =1 + 4
2 1

+ 0D - ;
2 02 1’
2

1< \/Dé(vj)D%‘(UjH) THF (ni+ng—ry—1)—ra+35

(3). if r is odd and ry is even, then

3J(G) ny+ng—1r1—12
ny+ny — -
! 2 \/(?+T§41—r1—r2—|—2(n1+n2)—3) (%+T§41—7‘1—r2+n1+n2>
2
+
1<Z<T1 1 \/D3 uz ’U/Z_;’_l) 1S]§T72 \/D%(U])D%(U]J,-l)
1 .
2 2 ’
A+ 2408 Hm+ng—r—1)—ro+3
(4). if r1 is even and ry is odd, then
3J(G) N+ Ng — 11— T
ny + N9 2_ 2 2 2
\/<T141+%—T1—T2+2(n1+n2)—3> <%+T241—T1—T2+n1+n2>
2
> DY
1< \/D4 (w;) D4 &(tig1) l<j<r2t \/Dé(vj)Dé(ij)
== SI=>73
1
+ ,’,.2 ,',.2 ro+1 17
zl+z2+ 22 (n1+n2—r2—1)—7“1+§

r2

where D}(u;) = %—i—%%—i(nl—}-ng—rl—l)—m—i—l, D¢ (v;) = f—i—%%—j(nl—l—
ng—ry— 1) —r + 1, Di(w) = %—l—%%—i(nl—l—ng—rl—l)—m—i—%, DZ(v;) =

N

(n1+n2 ri—1)—ry+1, Dg(v;) =

ﬁ+ﬁ+j(n1+n2—7“2—1)_7”1+%; D¢ (u;) =
Tl*l +2 +j(n1+n2—7"2—1>—7“1+1 DG(uZ) =
Dé(%‘) =

(n1+n2—r1—1)—7‘2+1

'(nl—i-ng—rg—l)—rl—l—l.




Proof. We calculate D¢g(u) for any vertex u € V(G).
Case 1. 71,19 is even.

Subcase 1.1. v € V(G) \ V(C,, ) U V(C,,).

In this subcase, we have Dg(u) = % + % — 11— 1y + 2(ny +ng) — 3.

Subcase 1.2. u=u; € V(C,,).

Note that Dg(u;) = Dg(ur,—i12), we only need to calculate D (u;) for 1 < i < 552,
Clearly, when 1 < i < #, we have Dg(u;) = % + % +i(ng+mng—r;—1) —re + 1.

Subcase 1.3. u=v; € V(C,,).

It is similar as Subcase 1.2. When 1 < j < 22 we have Dg(v;) = % + % +
jni+ng—ry—1) —r + 1.

Case 2. ry,ry are odd.

Subcase 2.1. v € V(G) \ V(C,,)) U V(C,,).

In this subcase, we have Dg(u) = % + % —r1—ra+2(ng +ng) — I

Subcase 2.2. u=u; € V(C,,).

Note that D¢(u;) = Dg(ur,—it2), we only need to calculate Dg(u;) for 1 < i < 1L
Clearly, when 1 <17 < %, we have Dg(u;) = % + % +ilng+mng—r;—1) —rg + %

Subcase 2.3. u=1v; € V(C,,).

It is similar as Subcase 2.2. When 1 < j < 7"22—+1, we have Dg(vj) = % + Z% +
jni+no —ry—1) —r + 3.

Case 3. r; is odd and 7y is even.

Subcase 3.1. u € V(G) \ V(C,,) UV (C,,).

2 2
In this subcase, we have Dg(u) = &+ 2 —ry — 15+ 2(ng 4+ ny) — £

Subcase 3.2. u=u; € V(C,,).

Note that Dg(u;) = D (ur,—it2), we only need to calculate Dg(u;) for 1 < i < %

Clearly, when 1 <7 < %, we have Dg(u;) = % + % +i(ng+mng—r;—1) —rg + %.



Subcase 3.3. u=v; € V(C,,).

Note that D¢ (v;) = Dg(tr,—j12), we only need to calculate D¢ (v;) for 1 < j < 22,
Clearly, when 1 < j < %, we have D¢ (v;) = % + % +j(ny+ng—rg—1)—r + %.

Case 4. r; is even and ry is odd.

Obviously, this case is similar as Case 3.

By combining the above arguments the proof is thus completed. 1

Theorem 3.2 Let ny,71,n9,75 be positive integers with 1 < ri +k —1 < ny,1 <
ro+k—1 < nyg —ky. Let G be a connected bicyclic graph on ny + ny — 1 wertices
such that the two cycles have k common vertices and ry + k — 1, ro + k — 1 vertices,
respectively. Then J(G) < MI"2(A+ B 4 C), and the equality holds if and only if

G = (Gine,3.1), G, 5. 1), where A = o psg, B = o _iet - and

_ 4
V/ (2(n1+n2)—6)(n1+n2—2)

Proof. Let G 2 Cy,, n,- There exist positive integers ny, ki, 71, ng, ko, 7o with 1 < k; <
T1+k5—1,3§7“1+k’—1S?’Ll—k’l,lSk’g§T2+/{3—1,3§7‘2+k—1§n2—]{72 such
that G = (Gl(nl,m + k — 1, k’l), GQ(?’LQ,TQ + k — 1, kg))

By Lemma 2.5, there exists a graph Gy € (G} (ny,m1+k—1,k), G5(ng, ra+k—1, k2))
such that G; is obtained from G by repeating edge-lifting transformations. Then
J(G) < J(G1), and the equality holds if and only if G = G;. By Lemma 2.8, we
obtain a graph Gy = (G5(ny,r +k —1,1),G5(na, o + k — 1,1)) € (Gi(ny,r + k —
1,1),G5(ng, 7o + k — 1,1)) from Gy by repeating branch transformations such that
J(G1) < J(G9), with equality if and only if G; = G3. By Lemma 2.10, we obtain a
graph G3 € (Gj(ny,71,1),G5(ng,re, 1)) such that the two cycles have only one common
vertex, from Go by repeating crossing-edge-lifting transformations such that J(Gs) <

J(G3), with equality if and only if G5 = G5. By Lemma 3.1, we need to prove that
J(G’{(nl, 1, 1), G;(?’LQ, T, 1))
<max{J(G7(n1,3,1),G5(n2,3,1)), J(Gi(n1,3,1), G5(n2,4,1)), J(G](n,4,1),
G;(”% 37 1))7 J(Gi(nla 47 1)7 G;(”% 47 1))}



We consider the following cases.
Case 1. 71,19 is even.

Let f(r1,m2) = (Tf—l—? TI—T2+2(n1+n2) 3)(§+§—T1—r2+n1+n2), gi(r,m) =
(% 14T —i—z(nl—i—ng—rl—l)—m—i—l)( 14T +<Z+1)<n1+n2—7’1—1)—7“2+1) forl <i<Z
and hy(r,75) = (4245 (ni4ng—r1—1) —ry + 1) (S 24 (1) (g +no—r1 — 1) —r+1)
for 1 <j < 3.

It is obvious that f; >0, f.. >0, g;,, >0, ---, g’Ll >0, ¢, >0, ooy gy >
0 h' >0, s /T‘2 >0 h' >0, ter /T‘2 > 0. So J(G (nl,Tl,l),G;<n2,7”2,1))

1rp 1rg

is a decreasing functlon of r1,ry. Thus, we have

J(G7(n1,4,1),G5(ng,4,1)) >J(Gi(n4,6,1), G5(ne,6,1)) >

—1 —1
>J(G>{(n1’2t 12 Jﬂl)’G;(n% 2

;1)

Case 2. 71,79 is odd.

7”2 7"2 T 7’2
Letf(rl,rg):(Zl+f—r1—T2+2(n1+n2)—g)(zl+—2—7"1—7"2+n1+n2—%),
P2 .2
gi(ﬁ,ﬁ):(zlﬂL2+Z(n1+n2—7“1—1)—?"2+l)( +32 +(Z+1)(”1+”2—7‘1—1)—7”2+1)

4
forlgig%,hj(rl,rg) ( +2 +](7’L1+n2—7"1—1)—7’1+ )( +2 +(]—|—1)(n1+
ng—rl—l)—r1+%)for1§j§7"22—+1,p(r1,7"2):f—i—%ﬂL%(nl—i—ng—rl—l)—mﬂLg

r2 r2 ,
and q(ri, ) = F + Z + 2+~ —1) =1 + 5.

Clearly, the partial derivative of f(r1,72), gi(r1,72), hj(r1,72),p(r1,72),q(11,72) for

r1, 79 is positive, so J(G7(ny,r1, 1), G5(ng, 2, 1)) is decreasing. Thus we have

J(G7(n1,3,1),G5(ng,3,1)) >J(G7(n1,5,1),G5(ng,5,1)) >

ny — 7’L2—2

TG 2l MR 1), G, 2] 22 1, 1)).

Case 3. r; is odd and 7, is even.

Letf(rl,rg):(%—i—%—h—T2+2(n1+n2)—%)(§+%—T1—T2+n1+n2—%)7
2
gi(ri,m2) = ( +24 (nl—l—ng—rl—l)—rg—i-%)( + 22 +(z+1)(n1+n2—7“1—1)—7”2+%)

for1<i<rC

JF 'J;|>—Al\3

+3
r2 r2 .
h(7‘1,7"2):(Il—i‘f—i-J(nH—nz—?”l—1)_7’14'%)( +7 +(j+l)(n1+

j
Ng—r1— )—r1 $)for1 <j < Zandp(ry,ry) = %—i—%—l—%(nﬁ—m—rl—l)—m—l—i.



Clearly, the partial derivative of f(r1,72), gi(r1,72), hj(r1,72), p(r1,72) for ri,79 is

larger than 0, so J(Gj(ny,71,1),G5(na,7m2,1)) is a decreasing function. Thus, we have

J(Gi(n1,3,1),G5(ng,4,1)) >J(G7(n1,5,1), G5(ng,6,1)) > - -

ng—2 no — 1
>J(G1(n, 2] 12 ] +1,1),G3(ns, 2| 22 J:1)).
Case 4. r; is even and 75 is odd.

Similarly as that in Case 3, we have

J(Gi(n1,4,1),G5(ng, 3,1)) >J(G7(n1,6,1),G5(ng,5,1)) > - -

—1 — 2
> (G, 21—, 1), Gi(na, 2| =] + 1,1)).

On the other hand, by performing some elementary calculations, we get

: in (TG (1,3, 1), G2, 3,1)) — J(G (1, 4, 1), Gi(na, 3, 1))
= in (J(Gi(n1,3,1),G5(n2,3,1)) — J(Gi(n,3,1), G3(n2,4,1))) >0
and
- i = (J(G1(n1,3,1), G2, 3.1)) = J(G1(m1.3,1), G 12,4, )
_ ny + no — 6 n 4
V(2(n1 +1n2) = 5)(n1 +n2—2)  /(2(n1 + n2) — 6)(ng + 1y — 2)
I 2 _ niy + nNg — 7
2(m+mn2) =6 \/(2(n1 +n9) —4)(ny +na — 1)
B 2 B 2
\/(2(711 + TLQ) — 6)(711 + ng — 1) \/(2(711 + ng) — 6)(3(711 + TlQ) — 1)
2 1

vV (2(ny +n2) —5)(ny +ng — 1) N 2(n1 +12) — 5 > 0.

Moreover, we have

— inz (J(G (1, 3,1), G2, 3, 1)) — J(G(nr,4,1), G (o, 4, 1))
_ ny+ny—6 n 4
V(2 +n) = 5)(m +na—2)  V/(2(n1 + n2) — 6)(n1 + 0y — 2)
_ ny+ng — 8 _ 4
V(2(ny +ng) — Si(nl +n2)  /(2(n1 +n2) — 5)(n1 + na)

\/(2(711 + nz) — 5)(3(n1 + n2) _ 10) + 2(n1 T n2> 6 > 0.



From the above arguments, we have

J(Gi(nn, 1, 1), Gi(na, 7, 1))
< max{J(G(n1,3,1), G5(n9,3, 1)), J(G(ny, 3,1), G(na, 4, 1)),
J(GE(nn, 4,1), Gina, 3, 1)), J(GE(n1, 4, 1), Gi(na, 4,1))}

—J(G (1,3, 1), Gi(n2, 3, 1)).

If G = Oy, pn,y, by Lemma 2.11, we get
J(G) < J(Gi(m,3,1), G5 (n2, 3,1)).

Therefore, if G is a bicyclic graph such that the two cycles have £ common vertices,

then J(G) < J(Gi(n4,3,1),G3(ne,3,1)). |

4 Maximum Sum-Balaban Index of Bicyclic Graphs

In this section, we will determine the graph which has the maximum Sum-Balaban

index among all bicyclic graphs with n vertices.

Similar to the arguments of the maximum Balaban index of bicyclic graphs, we see
that the bicyclic graph which has the maximum Sum-Balaban index among all bicyclic
graphs on ny + ny — k vertices is the bicyclic graph such that the two cycles have only
one common vertex. Now we only need to prove SJ(G) < SJ(G5(n41,3,1), G5(ne,3,1)),

where G is the bicyclic graph such that the two cycles have only one common vertex.

Let G = (V, E') be a bicyclic graph on ny+ns—1 vertices. Suppose |E| = nj+ng, p =
. n +n 1 . . . .
2 and then J(G) = ™5™ 30 pe R Similarly, we obtain the following
results straightforwardly.

Lemma 4.1 Suppose the two cycles of the bicyclic graph have only one common ver-
tex. Let ny,r1,n9,79 be positive integers with 1 < r; < ny,1 < ry < ng — ko,
G = (Gi(ny,11,1),G5(na,r2,1)) € (Gi(ny1,7r1,1),Gi(no,12,1)) (see Case 1 of Figure
2.4). We have



(1). if r1, 7o are even, then

3SJ(G) ny+mng—1r1—12 2

= +
2 2
metm D +2 -2 +7r)+3(n1+n2) =3 1<i< \/Dé(ul) + Dy (i)

2
+ ) ;
1<j<2 \/Dla(vj) + D (vj41)

(2). if r1, 79 are odd, then

33J(G) _ Sl Sl Skl
ni+ny  [r2 2
U R = 20m )+ 3(na +ng) — 4
1
+
3+ FF(ri+ )i +ne—r1—1)=2rp+1
1
+

2 2
D4+ 24 (ro+1)(ni4+ng—ra—1)—2r +1

+ ) + ) 2 ;

tererict /D3 (i) + DE(ui1)  jeras [ DE(5) + D(vi)

(3). if r1 is odd and ry is even, then

35J(G) ny+mng —ri—1m
T2 2
M2 T (e ) 4 B(ny 4 ma) — ]
1
+
7

2
74—%4—(7‘1—!—1)(%14—%2—7‘1—1)—2T2+1
2 2
> ; s
1<i< -t \/D (ui) + D (uiy1) 1<j< 2 \/Dg(vj)Jng(ij)

(4). if ry is even and ry is odd, then

35J(G) ni+mng —ri—1m
M T 90y ) 4 3(n +ng) — ]
1
+

—|— +(r2+1)(n1+n2—r2—1)—27"1—1—1

+Z + D & )

1<i<t \/D (ui) + D¢ (uit1) 1<j< 2t \/Dél;(”j)+D4G(Uj+l)

where D¢ (u;) = % + % +i(ny+ny—r — 1) —re+ 1, Di(vy) = % + % + j(n1 +
ng—ry— 1) —r + 1, Di(w) = %—i—%—i—i(nl—kng—rl —1) —ro+ 1, D&(v;) =
ﬁ+ﬁ+j(n1+n2—7“2—1)_7”1+%; D¢ (u;) =

rlfl

(n1+n2 ri—1)—ry+1, Dg(v;) =

+2 +j(n1+n2—7"2—1>—7“1+1 DG(UZ):
Dé(vj) =

(n1+n2—r1—1)—7‘2+1

'(n1+n2—r2—1)—r1+1. |



Note that

3

ny +n (S‘](Gi(nlu 3a ]-)’ G;(n% 37 1)) - S‘](GI(HD 3a ]-)’ G;(n2747 1)))
1 2
B n1+n2—6 2 i 4 _ n1+n2—7

\/3(%1 + ng) -7 \/4(TL1 + ng) —12 \/3(711 + ng) -8 \/3(711 + ng) -5

B 2 _ 1 _ 2 _ 2

\/S(nl +ng) — 6 \/4(711 +ng) — 10 \/3(711 +mng) — 7 \/5(711 + ng) — 17
> 0,
and
’ (SJ<G>{<”‘17 37 1)7 G;(”% 37 1)) o SJ(GT(TH, 47 1)7 G;(n% 37 1)))
ny + No

S (SH(G 1, 3.1), G, 3.1)) — ST(G (n1, 3,1, G2, 4,1))) > 0.
ny + No

Moreover, we have

3
(SJ(GT(nb 37 1)7 G;(”% 37 1)) - SJ(GT(nh 47 1)7 G;(”% 47 1)))
Ny + No

. n1+n2—6 4 2 n 4
\/3(n1+n2) -7 \/4(711 —I—TLQ) —12 \/3(n1+n2) -8

B ny 4+ ng — 8 n 4 " 4 =0

Therefore, we infer the following theorem.

Theorem 4.2 Let ny,r1,n9,79 be positive integers with 1 < ri +k —1 < ny,1 <
ro+k—1<mng—ky. Suppose G is a connected bicyclic graph on ni + ny — 1 vertices

such that the two cycles have k common vertices and r1 + k — 1,79 + k — 1 vertices,

respectively. Then

SJ(G)§n1+n2 n1+n2—6 i 2 i 4 7
3 V3t +mn2) =7 /A +n2) — 12 /3(ng +ng) — 8

and the equality holds if and only if G = (G(n1,7r1, 1), G3(ng, 12, 1))(k = 1).



Proof. Similar to the proof of Theorem 3.2, we have

J(Gi(n, i+ k—1,1), Gi(na,ra + k —1,1))
< max{SJ(G(n1,3,1), G5(ns, 3, 1)), ST(GE(ny, 3,1), G(na, 4,1)),
ST(GE(n1,4,1), Gi(nz, 3,1)), ST(GE(ny, 4, 1), Gi(na, 4, 1))}
—SJ(G (1,3, 1), Gi(n2, 3, 1)) (k = 1).

If G = C,, pn,y, then by Lemma 2.11, we obtain
SJ(G) < SJ(Gi(n4,3,1),G5(ne,3,1)).

Combining the above cases, we complete the proof. |

5 Conclusion

In this paper, we studied sharp upper bounds for the Balaban index and the Sum-
Balaban index among all bicyclic graphs, by using some transformations. The graphs
attaining these bounds were also characterized. An important question is how general
the bounds are. Obviously, the proof techniques use structural properties of the graphs
under consideration and it may be intricate to extend the techniques when using more

general graphs.

Consequently we will consider the extremal problems of the Balaban index for gen-
eral graphs, i.e., the graphs with the cyclomatic number p = k for any integer k£ > 3,
and also some special networks as future work. Further, we would like to explore ad-
vanced structural properties of the Balaban index, and relations between the Balaban

index and some other topological indices.
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