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Abstract

Let ' be a finite G-symmetric graph whose vertex set admits a nontrivial G-
invariant partition B. It was observed that the quotient graph I' of I' relative to
B can be (G, 2)-arc transitive even if I" itself is not necessarily (G, 2)-arc transitive.
In a previous paper of Iranmanesh, Praeger and Zhou, this observation motivated
a study of G-symmetric graphs (I, B) such that 'z is (G,2)-arc transitive and,
for blocks B,C € B adjacent in I'g, there are exactly |B| — 2 (> 1) vertices in B
which have neighbours in C'. In the present paper we investigate the general case
where I'p is (G, 2)-arc transitive and is not multi-covered by I, that is, at least
one vertex in B has no neighbour in C for adjacent B,C € B. In this case it is
natural to analyse the dual D*(B) of the 1-design D(B) := (B,T'g(B),I) and the
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dual D*(B) of the complement D(B) of D(B), where I'z(B) is the neighbourhood
of Bin I'p and alC (o € B, C € I'g(B)) in D(B) if and only if o has at least one

neighbour in C. A crucial feature is that D*(B) and D" (B) admit G as a group of
automorphisms acting 2-transitively on points and transitively on blocks. The case
when no point of D(B) is incident with two blocks can be reduced to multicovers, and

the case when no point of D(B) is incident with two blocks can be partially reduced

to the 3-arc graph construction. In the general situation D*(B) and D (B) are
(G, 2)-point-transitive and G-block-transitive 2-designs, and exploring relationships
between them and I' is an attractive research direction. In this paper we investigate

the degenerate case where D*(B) or D' (B) is a trivial Steiner system with block
size 2, that is, a complete graph. In each of these cases we give a construction which
produces symmetric graphs with the corresponding properties, and we prove further
that every such graph I' can be constructed from I's by using the construction.
Keywords: Symmetric graph; two-arc transitive graph; quotient graph; three-
arc graph; 2-design
AMS Subject Classification (2000): 05C25

1 Introduction

This paper is a continuation of [24, 20], where two classes of symmetric graphs with 2-arc
transitive quotients were investigated. Although most quotient graphs of 2-arc transitive
graphs are not themselves 2-arc transitive (see e.g. [29]), the main results of [24] suggest
that under certain circumstances a quotient of a symmetric graph can be 2-arc transitive
even when the original graph is not 2-arc transitive. This observation motivated the
following general questions [20, Question 1.1]: When does a quotient of a symmetric
graph admit a natural 2-arc transitive group action? If there is such a quotient, what
information does this give us about the original graph? This paper is an attempt on the
second question under the assumption that the original is not a multicover of the quotient.
Thus, the objects of investigation in the paper are symmetric graphs with 2-arc transitive
quotients; and the main results of the paper, which will be summarised in Section 1.2, are
concerned with the structure and construction of such graphs.

There has been a lot of interest in 2-arc transitive graphs since the classification
of finite simple groups. See for example [7, 14, 15, 21, 22, 23, 28|, [1, 25, 27] for 2-
arc transitive Cayley graphs, and [17, 20, 24, 33, 35| for 2-arc transitive quotients of
symmetric graphs. The present paper is a contribution towards symmetric graphs with
2-arc transitive quotients, and it forms part of our study of imprimitive symmetric graphs.

The reader is referred to [4, 19] for basic results about symmetric graphs, and to

29, 30] for more recent development in the area.



1.1 Notation and terminology

Let us first introduce the notation and terminology that will be used throughout the
paper.

LetI' = (V(I'), E(I")) be a finite graph and s > 1 an integer. An s-arcof I' is a sequence
(v, a1, ..., arg) of s+ 1 vertices of I such that «;, ;41 are adjacent fori = 0,...,s—1 and
a1 # ayq fori=1,..., s—1. Denote by Arc,(I") the set of s-arcs of I'. Let G be a finite
group acting on V(I'). The graph I is said to admit G as a group of automorphisms if G
preserves the adjacency of I', that is, for any a, f € V(I') and g € G, o and 3 are adjacent
in I if and only if a¢ and 39 are adjacent in I'. In the case where G is transitive on V(I")
and, under the induced action, transitive on Arc,(I'), I' is said to be (G, s)-arc transitive.
From this definition it is clear that a (G, s)-arc transitive graph must be (G,s — 1)-arc
transitive, where (G, 0)-arc transitivity is interpreted as G-vertex transitivity. A l-arc
is usually called an arc, and a (G, 1)-arc transitive graph is called a G-symmetric graph.
In this paper we will use Arc(I') in place of Arcy(I'). Evidently, a G-vertex transitive
graph I' is G-symmetric ((G, 2)-arc transitive, respectively) if and only if G, is transitive
(2-transitive, respectively) on I'(«).

Roughly speaking, in most cases a G-symmetric graph I' admits a nontrivial G-
invariant partition, that is, a partition B of V(I") such that 1 < |B| < |V(I')| and BY € B
for B € Band g € G, where BY := {aY : « € B}. In such a case I is called an imprimitive
G-symmetric graph. From permutation group theory [12, Corollary 1.5A], this happens
precisely when the stabilizer G, in G of a vertex o € V(I') is not a maximal subgroup of
G. In this case the quotient graph I'g of I with respect to B is defined to be the graph
with vertex set B in which B, C' € B are adjacent if and only if there exist « € B, § € C
such that «, # are adjacent in I'. In this paper we will always assume that I's contains at
least one edge, so that each block of B is an independent set of I' (see e.g. [4, Proposition
22.1]). It is not difficult to see that 'z is G-symmetric under the induced action (possibly
unfaithful) of G on B. Although I's stores a lot of information about the original graph
I', a genuine picture of I' would need the bipartite subgraph induced on two adjacent
blocks and a 1-design with point set B. Let ['(«) denote the neighbourhood of o in T'.
For B € B, define I'(B) := Uuep I'(«0), and denote by I's(B) the neighbourhood of B in
I's. For adjacent blocks B,C of B, let I'|B, C] be the induced bipartite subgraph of I'
with bipartition {I'(C') N B,I'(B) N C}. Define D(B) := (B,'5(B),I) to be the incidence
structure in which alC for @ € B and C € I'g(B) if and only if a € I'(C'); such a pair
(a, C) is called a flag of D(B). The triple (I's,I'[B,C], D(B)) mirrors the structure of

', and this approach to imprimitive symmetric graphs was suggested in [16] and further



developed in [17, 24, 20, 32, 33, 35, 36]. Let
v:=|B|, k:=|I'(C)NDB|, b:=|ls(B)|, r:=|sa)

where I'g(a) := {C € I'p(B) : alC}. In the case where k = v, I is called a multicover [29]
of I'p. Since I' is G-symmetric, it can be checked easily that D(B) is a 1-(v, k,r) design
with b blocks, and is independent of the choice of B up to isomorphism. The number
of blocks of D(B) with the same trace is a constant, m, called the multiplicity of D(B).
Also, up to isomorphism, I'| B, C] is independent of the choice of adjacent blocks B, C' of
B. As we will see later sometimes it is convenient to analyse the complementary structure
D(B) := (B,T'5(B),I) of D(B), for which aIC if and only if o & T'(C), that is, («,C)
is a flag of D(B) if and only if it is an antiflag of D(B) and vice versa. In the following
we will take D(B) and D(B) respectively as having blocks T(C)N B and B\ T(C) (where
C € T'5(B)), each repeated m times, and interpret their incidence relations as set-theoretic
inclusion.

The notation and terminology for graphs, groups and designs used in the paper are
standard; see e.g. [4], [12] and [3], respectively. For a group G acting on a set {2 and for
X CQ, Gx and G(x) are the setwise and pointwise stabilisers of X in G|, respectively. For
a € Q,a = {a?: g e G} is the G-orbit on Q containing o, and G, := {g € G : ¢ = '}
is the stabiliser of o in G. The action of G' on € is said to be faithful if G(o) = 1, and
reqular if it is transitive and G, = 1 for a € ). Suppose that a group G acts on two
sets 1 and Q. If there exists a bijection ¢ : 3 — €9 such that ¥(a¥) = (¥ (a))¢ for all
a € ) and g € G, then the actions of G on 2; and €2y are said to be permutationally
equivalent.

A graph I is called regular if all vertices of it have the same valency, denoted by
val(I"). The union of n vertex-disjoint copies of I' is denoted by n - I'. For two graphs I"
and X, the lexicographic product of I by 3, I'[¥], is the graph with vertex set V(I') x V(%)
such that (a, ), (v, d) are adjacent if and only if either «,~ are adjacent in I', or o =

and (3,6 are adjacent in 2.

1.2 A summary of the main results

Let I' be a G-symmetric graph with V(I') admitting a nontrivial G-invariant partition
B. In this summary we assume that 'z is (G,2)-arc transitive, and that I' is not a
multicover of T'z. Then both D(B) and D(B) admit G as a group of automorphisms
acting transitively on points and 2-transitively on blocks. Thus, G is 2-transitive on
the point sets of D*(B) and D' (B), the dual designs of D(B) and D(B), respectively.



Of course, D(B), D*(B) and D"(B) are all induced from D(B). However, sometimes it
seems handy to think of these derived designs instead of D(B).

It may happen that no two points of D*(B) lie in a block of D*(B) simultaneously.
In this case I' admits a second G-invariant partition Q such that I' is a multicover of
I'o (Theorem 3.5). It may also happen that no two points of D" (B) lie in a block of
ﬁ*(B) simultaneously. This second possibility can be partially reduced to the 3-arc graph
construction, which was introduced in [24] and developed in [32]. (See the beginning of
Section 3.2 for the 3-arc graph construction.) More precisely, in this case I admits a second
G-invariant partition P such that ['p is isomorphic to a 3-arc graph of I'z or otherwise I,
['p and I'g are all known (Theorem 3.7). Combining the 3-arc graph construction and the
well-known covering graph construction [4], we then give (Construction 3.8) a method of
constructing symmetric graphs for which the second possibility occurs.

In the general case, D*(B) and D (B) are both 2-designs with parameters A\ > 1
and A > 1, and with G acting 2-transitively on points. These 2-designs may contain
key information about the structure of I' and I's, yet to be dug out, and many natu-
ral and interesting problems arise from these designs. For example, we may ask when
a 2-point-transitive, flag-transitive (antiflag-transitive) and block-transitive 2-design can
occur as D*(B) (D"(B)), and how much structural information of T' and/or 'z we can
get if we know D*(B) or D (B). No one may expect simple answers to these questions
due to the complex of both imprimitive symmetric graphs and 2-designs. Perhaps it is
not realistic to try all possible cases in one time. So in this paper we will focus on the
following “trivial” cases: (i) D*(B) is the trivial design with A = 1 and block size r = 2;
(ii) D" (B) is the trivial design with X = 1 and block size b — r = 2. Interesting combina-
torics appears even in such degenerate cases. In fact, we find a simple construction which
can produce imprimitive symmetric graphs in case (i), and moreover every imprimitive
symmetric graph in this case can be constructed from its quotient by using this method.
See Construction 4.2, Theorem 4.4 and Theorem 4.10. This is another kind of “3-arc
construction” since it involves a self-paired orbit of the 3-arcs of a regular graph. How-
ever, unlike the 3-arc construction in [24, 32]. This time the vertices of the constructed
graph are paths of length two of the given graph. The main results for case (i) imply
the following somewhat strange consequence (Corollary 4.8): every connected (G, 3)-arc
transitive graph of valency at least 3 is a quotient graph of at least one G-symmetric but
not (G, 2)-arc transitive graph. Thus, a connected graph can be just symmetric but not
2-arc transitive, but a quotient of it can be 7-arc transitive. (There are infinitely many
such graphs since there are infinitely many 7-arc transitive graphs [11].) For case (ii) we

find another construction and prove that every imprimitive symmetric graph in this case



can be constructed from its quotient by using this construction. See Construction 4.11,
Theorem 4.12 and Theorem 4.14.

As preliminaries we will derive general information about D(B) and D(B) in the
next section. The most striking result in this section says that either A = 0 or D(B) is

connected as a hypergraph. See Theorem 2.2 for details.

2 Induced designs

In this section we do not assume 2-arc transitivity of the quotient graph. The following
simple facts were observed in [16, Section 3| under the assumption that G, is primitive

on I'(«), and stated explicitly in [32, Lemma 2.1] for any imprimitive symmetric graph.

Lemma 2.1 Let T be a finite G-symmetric graph whose vertex set admits a nontrivial
G-invariant partition B, and let B be a block of B. Then G g induces a group of automor-
phisms of D(B) which is transitive on the points, the blocks and the flags of D(B).

The following theorem is obtained by viewing D(B) as a uniform hypergraph [2] with
vertex set B and hyperedges B \ I'(C), C € I'g(B). It says that in general D(B) is
connected as a hypergraph. This was known in [20, Theorem 2.1] in the special case
when k = v — 2 > 1, for which D(B) is the graph I'® as defined in [20]. (A hypergraph
is connected [2] if, for any two vertices «, 3 there exists a sequence Ey, Ey,..., E, of
hyperedges such that « € Fy, 3 € E, and E;, 1 N E; # () fori = 1,...,n.) Let d :=
val(I'[B, C]) for adjacent blocks B, C of B.

Theorem 2.2 Let I' be a finite G-symmetric graph admitting a nontrivial G-invariant
partition B such that T is not a multicover of U's. Then D(B) is a 1-(v,v — k,b — r)
design, and it admits Gg as a group of automorphisms acting transitively on the points,

the blocks and the antiflags. Moreover, one of the following (a)-(b) occurs.
(a) D(B) is connected as a hypergraph.

(b) The blocks of D(B) form a G g-invariant partition of B, and the blocks of D(B) for

B running over B form a G-invariant partition of V(I'), namely

P .= |J{B\I(C):C e Ts(B)}. (1)

BeB

which is a nontrivial refinement of B. In this case v—k divides v and k, b = m(t+1),
r = mt, where t = k/(v — k), either k = v/2 or k > 2v/3, Gpy = Gy, and the
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parameters with respect to (I',P) satisfy vp = v — k and rpdp = rd. Moreover,
P admits a G-invariant partition B induced by B such that (I'p)z = I'p, and the
parameters with respect to (I'p, B) satisfy kg =vg—1=t>1,bs=">0, r5 =1 and

mB:m.

Proof From Lemma 2.1 it follows immediately that Gz induces a group of automorphisms
of D(B) which is transitive on the points, the blocks and the antiflags of D(B). In
particular, D(B) must be a 1-design with v points and b blocks of size v — k. Hence each
point is incident with b(v — k)/v = b — r blocks in D(B). In other words, D(B) is a
1-(v,v — k,b — r) design.

Since G'p is transitive on the points and blocks of D(B), the connected components
BW ... B® of D(B) (as a hypergraph) form a Gg-invariant partition Q of B. It is
straightforward to show that GG is transitive on such components. Note that the vertices
in the same block of D(B) must be in the same connected component of D(B). Thus,
each B is the union of some blocks of D(B). In the following we will show that either
D(B) is connected (that is, w = 1) and (a) holds, or each part of Q is a block of D(B)
(that is, w = b/m).

Let us first assume that each block B® of Q contains more than v — k vertices, that is,
each B is the union of at least two non-repetitive blocks of D(B). In this case we must
have w = 1. Suppose to the contrary that w > 2, and let v € B®. Let X = B\ I'(C)
be a block of D(B) contained in BY | where C' € I's(B). Then X # B™ and hence we
may take a vertex a € B\ X. Thus a,vy € I'(C) N B and consequently there exist
B,6 € I'(B) N C such that (a, 3),(7,0) € Arc(I"). Since I' is G-symmetric, there exists
g € G such that (o, 5)? = (v,9). Since B is a G-invariant partition of V(I"), this implies
that ¢ fixes each of B, C setwise. Thus, X9 = B9\ I'(CY) = B\ I'(C) = X. However, Q
is a Gp-invariant partition of B and X ¢ B®". Hence ¢ fixes B! setwise. This together
with @ € BY implies v = a9 € BW, which contradicts the assumption that v € B®.
This contradiction shows that w = 1, that is, D(B) is connected and hence (a) holds.

In the remaining case each B consists of only one block of D(B). In this case the
blocks (ignoring the multiplicity) of D(B) form a G-invariant partition of B, and this
partition is exactly Q. Based on this fact it is straightforward to show that the blocks
of D(B) for B running over B form a G-invariant partition P of V(I') with block size
vp = v — k. Clearly, P = Upep{B \T'(C) : C € I'g(B)}, and P is a refinement of B.
Thus, v — k is a divisor of v and hence a divisor of k. Also, setting t = k/(v — k), we
have b = mv/(v — k) = m(t + 1) and r = b — m = mt. Note that P # B and so we
have v/(v — k) > 2, that is, k > v/2. Moreover, if t = 1 then k = v/2; if t > 1 then



k/(v — k) > 2, which implies k& > 2v/3. Evidently, we have rpdp = rd = val(I'). Since
B is G-invariant and P is a refinement of B, we have G(p) C G(5). On the other hand,
if g € G, then g fixes setwise each block of B and hence fixes setwise each block of P,
that is, g € G(p). Therefore, G(p) = G p).

Let B := {B\T(C) € P:C e I'g(B)} (ignoring the multiplicity of each B\ I'(C)).
Then B is the set of blocks of P contained in B. Let

B:={B:BeB}. (2)

It is straightforward to show that B is a G-invariant partition of P, and that (I'p)g=Tg
via the bijection B « B between B and B. Let vy, kg, bg, 3, mg be the parameters with
respect to (FP,B). For blocks B,C of B adjacent in I'g, each “vertex” B\ I'(D) of B
other than B\ I'(C') (where D € I'g(B) \ {C}) is adjacent to at least one “vertex” of
C other than C'\ T(B). Thus we have kg = vz — 1 = (v/vp) — 1 =t > 1. Also, the
isomorphism above between (I'p)s and I'p implies that by = b. Since vgrg = bgky, it
follows that (v/(v—k))rg = b(k/(v—k)) and hence rz = r. Also, it is clear that mgz = m.
O

Remark 2.3 (a) In contrast with D(B) (Lemma 2.1), the group Gp is not necessarily
transitive on the flags of D(B).

(b) In possibility (b) of Theorem 2.2, the case k = v/2 occurs if and only if t = 1,
and in this case we have b = 2m, r = m, and kg = vz — 1 = 1. In the other case where
k > 2v/3 (that is, t > 2), we have kg = vg — 1 =t > 2. In both cases the graph I'p
together with its vertex-partition B satisfies the assumptions in [24]. This connection will
be explored in the next section under the condition that I's is (G, 2)-arc transitive. In
particular, we will give a construction of graphs with 2-arc transitive quotients satisfying
the conditions of Theorem 2.2(b).

(c) In possibility (b) of Theorem 2.2, since the blocks of D(B) form a G g-invariant
partition of B with block size v — k < v, Gg is not 2-transitive on B unless k = v — 1.

(d) Let (I', G, B) be as in Theorem 2.2. In the case where in addition v — k is a prime,
either (b) in Theorem 2.2 occurs, or G is faithful on B. In fact, since G () is a normal
subgroup of G, the set O of Gpy-orbits on the vertices of I' is a G-invariant partition of
V(I'), which is a refinement of B. Since G ) fixes each block of B setwise, each block of
D(B) must be invariant under the action of G(5) and hence is a union of some blocks of
O. Under the condition that G is unfaithful on B, O is a nontrivial partition of V(T').
Thus, if in addition v — k is a prime, then each block of D(B) is a block of O; in other

words, case (b) in Theorem 2.2 occurs.



Similarly, if & is a prime, then either the blocks of D(B) for B running over 5 form
a G-invariant partition of V(I'), or G is faithful on B. Also, if v and k are coprime, then
O is forced to be the trivial partition {{a} : @ € V(I')}, and consequently G must be
faithful on B.

(e) For D(B) the counterpart of Theorem 2.2 is not true, that is, under the same
conditions D(B) is not necessarily connected as a hypergraph if its blocks do not form a

partition of B.
For each block X of D(B), define
(X):={CeTgB):T(C)NB=X}.
Thus, (X) is an m-element subset of I's(B). Let
L(B) :={(X) : X a block of D(B)}.

The following lemma is straightforward, and it is a generalisation of [20, Lemma 3.1]. Note
that to establish (b) we require that I' is not a multicover of I'gz. A G-symmetric graph
is called G-locally primitive or G-locally imprimitive according to whether the stabiliser

of a vertex in GG is primitive or imprimitive on its neighbourhood.

Lemma 2.4 Let T' be a finite G-symmetric graph admitting a nontrivial G-invariant
partition B such that T is not a multicover of U'g. Then L(B) is a G g-invariant partition
of I'p(B) with block size m. The induced action of Gg on L(B), the action of Gg on
the blocks of D(B) (ignoring the multiplicity of each block) and the action of Gg on the
blocks of D(B) (ignoring the multiplicity of each block) are permutationally equivalent
with respect to the bijections X — (X), X w (X)), for blocks X of D(B). Moreover, if
m = 1 then the actions of Gg on T'g(B), on the blocks of D(B) and on the blocks of D(B)
are permutationally equivalent; and if m > 2 then I'g is G-locally imprimitive and hence

Iz is not (G, 2)-arc transitive.

3 Two-arc transitive quotients

From now on we will deal with G-symmetric graphs (I',B) with (G,2)-arc transitive
quotients I's. The following consequence of Lemma 2.4 will be the starting point for our

investigation.

Lemma 3.1 Let I' be a finite G-symmetric graph admitting a nontrivial G-invariant

partition B such that " is not a multicover of I'g. Suppose that I'g is (G, 2)-arc transitive.
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Then D(B) contains no repeated blocks, and moreover Gp is 2-transitive on the blocks of
D(B) and 2-transitive on the blocks of D(B).

Thus, when ' is (G, 2)-arc transitive, any two distinct blocks of D(B) (D(B), respec-

tively) intersect in the same number of points. That is,
A= |XnNY|, X:=|XNY]

are independent of the choice of distinct blocks X, Y of D(B), where X = B\ X,Y = B\Y
are blocks of D(B). Evidently, we have

A=v—2k+\ (3)

Recall that D*(B), D'(B) are the dual designs of D(B), D(B), respectively. From

Lemmas 2.1 and 3.1 we obtain the following results immediately.

Theorem 3.2 Let I' be a finite G-symmetric graph admitting a nontrivial G-invariant
partition B such that T' is not a multicover of I'g. Suppose that U'g is (G,2)-arc tran-
sitive. If X > 1, then D*(B) is a 2-(b,r,\) design with parameters (v*,b*, r* k* \*) =
(b,v,k,r,\), and it admits Gg as a group of automorphisms acting 2-transitively on its
points and transitively on its blocks and flags. If X > 1, then D" (B) is a 2-(b,b — 1, \)
design with parameters (v*, 0,7 k", X") = (b,v,v — k,b — 1, X), and it admits Gp as a
group of automorphisms acting 2-transitively on its points and transitively on its blocks

and antiflags.

Corollary 3.3 Let I' be a finite G-symmetric graph admitting a nontrivial G-invariant
partition B such that " is not a multicover of I'g. Suppose that I'g is (G, 2)-arc transitive.
Then

Ab—1)=Ek(r—1). (4)

Proof In the case where A > 1, D*(B) is a 2-design by Theorem 3.2 and hence (4)
follows from A\*(v* — 1) = r*(k* — 1). Similarly, if X > 1, then D"(B) is a 2-design and
from X (7" — 1) =7 (k" — 1) we have A(b— 1) = (v — k)(b — r — 1), which gives (4) after
simplification.

In the remaining case A = A = 0 we have k = v/2 by (3), and hence r = 1 and (4) is

valid as well. O

The discussion above suggests that we may distinguish the following (not exclusive)

three cases:

10



Case 1: A\ =0;
Case 2: \ = 0;
Case 3: A>1,)\>1.

The remainder of this section is devoted to the first two cases.

3.1 Casel: A=0

This case can be partially characterised by the following simple construction, which ap-

peared in [20, Example 2.4] when ¥ is trivalent.

Construction 3.4 Let 3 be a G-symmetric graph. Define I',;.(2) to be the graph with
vertex set Arc(X) and edge set {{(o,7),(r,0)} : (0,7) € Arc(X)}. Then 'y (X) is a
G-symmetric graph admitting B(X) := {B(¢) : ¢ € V(X)} as a G-invariant partition
such that kgmy = 1, Tarc(X) = £+ Ky and (I'arc(X))gm) = X, where £ = |E(X)| and
B(o) ={(o,7) : 7 € X(0)} for 0 € V().

Note that, when I's is (G, 2)-arc transitive, the case A = 0 occurs if and only if D(B)

contains two disjoint blocks.

Theorem 3.5 Let I' be a finite G-symmetric graph admitting a nontrivial G-invariant
partition B such that T is not a multicover of T'g. Suppose that T's is (G, 2)-arc transitive
and A = 0 (that is, D(B) contains two disjoint blocks). Then T' admits a second G-

wmvariant partition, namely

Q:= |J{r(C)nB:CeTs(B)}, (5)

BeB

which is a refinement of B, such that T g is (G, 2)-arc transitive, T is a multicover of T'g,
Fo & Tae(lTp) = €+ Ky where ¢ = |E(Ig)|, and the parameters with respect to (I', Q)
satisfy vg = kg = k = v/b and bg = rg = r = 1. Moreover, Q admits a G-invariant
partition B induced by B such that (T'q)g = I's, D(B) contains no repeated blocks (where
B is a block of B), and the parameters with respect to (FQ,B) are given by vg = bz = b
andrgz = kg = 1.

Proof Since I'p is (G, 2)-arc transitive, D(B) contains no repeated blocks by Lemma 2.4.
Also, from Theorem 3.2 the assumption that D(B) contains two disjoint blocks implies
that any two blocks of D(B) are disjoint, that is, A = 0. Hence the blocks of D(B) form

11



a G p-invariant partition of B. From this it is straightforward to show that the blocks of
D(B), for B running over B, form a G-invariant partition of V(I'), which is Q given in
(5). Clearly, Q is a refinement of B, vg = kg = k = v/b and bg = rg = r = 1 (noting
that vr = bk and vgrg = bgkg). Thus, I'g is a matching (and hence (G, 2)-arc transitive
automatically) and I" is a multicover of I'g. Moreover, one can check that I'g = I'ypo(I'g)
with respect to the bijection which maps the vertex “I'(C) N B” of I'g to the vertex
“(B,C)" of I'yre(I'p). Note that I'ype(I's) = £+ Ky, where ¢ = |E(I'g)|.

Let B :={T'(C)NB:C €Tg(B)} and B:= {B : B € B}. It is straightforward to
show that B is a G-invariant partition of @ and the parameters with respect to (I'g, B)
are given by vz = b = b and 73 = kg = 1. Furthermore, (I'g)s = I's and D(B) contains
no repeated blocks. O

Remark 3.6 Unless 'y = K5 the graph I' in Theorem 3.5 is disconnected since it is a
multicover of the disconnected graph ['g =2 /- K5, whilst I'g is not necessarily disconnected.
Thus, for connected imprimitive G-symmetric graph (I", G, B) such that 'y % K, is (G, 2)-

arc transitive, Case 1 does not appear at all.

3.2 Case2: \=0

In this subsection we will prove that Case 2 can be partially reduced to the 3-arc graph
construction. Let 3 be a regular graph, and let A be a self-paired subset of Arc3(3), that
is, (1,0,0",7") € A implies (7/,0’,0,7) € A. The 3-arc graph Z(X, A) of 3 with respect
to A [24, 32] is the graph with vertex set Arc(X) in which (o, 7), (0’,7") are adjacent if
and only if (7,0,0’,7") € A. In the case where ¥ is G-symmetric and G is transitive on
A under the induced action of G on Arcs(X), I' := Z(X, A) is a G-symmetric graph [24,
Section 6] which admits
B(X):={B(o):0 € V(X)}

as a G-invariant partition such that ¥ = I'gy) under the natural bijection o — B(0),
where B(o) :={(o,7) : 7 € ¥(0)}.

In Theorem 2.2 we discussed Case 2 without assuming the (G, 2)-arc transitivity of I'g.
By Lemma 3.1, under the assumption that ' is (G, 2)-arc transitive, Case 2 occurs if and
only if the blocks of D(B) form a partition of B, which in turn is true if and only if D(B)
contains two disjoint blocks. In this case the following theorem says that either both I's
and ['p can be determined, or I'p is isomorphic to a 3-arc graph of I'g with respect to a
self-paired G-orbit on Arcs(I's), where P is as defined in (1). Note that Cases 1 and 2
have overlap, and this happens only when k = v/2.
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Theorem 3.7 Let I' be a finite G-symmetric graph admitting a nontrivial G-invariant
partition B such that T' is not a multicover of I'g. Suppose that I's is (G, 2)-arc transitive
and X\ =0 (that is, D(B) contains two disjoint blocks). Then

(a) 2k —v)(b—1)=k(r—1);

(b) v —k dividesv and k, r =k/(v—Fk), b=r—+1=v/(v—Ek), and either k =v/2 or
k> 2v/3.

Moreover, I' admits a second G-invariant partition of block size v — k, namely P defined
in (1), which is a refinement of B, and P admits a natural G-invariant partition B as
defined in (2), such that (Tp)g = T, kg =vz— 1 =1 >1,bs =b, 75 = r and D(B)
contains no repeated blocks (where B is a block of B’) In the case where k = v/2, we have
Ip=(-Cp, I'p=(n) Ky and T' = (Un) - T'[B, C] for some integers £ > 1,n > 3. In the
general case where k > 2v/3, there exists a self-paired G-orbit A on Arcs(I'p) such that
I'p 2 E('p, A); moreover, I's = Kyyq if and only if A contains a 3-cycle, and in this case
Ip =2 (b+ 1) Ky, A is the set of all 3-cycles of I'g, and G is 3-transitive on B.

Proof Since I's is (G, 2)-arc transitive, by Lemma 3.1 the assumption that D(B) contains
two disjoint blocks is equivalent to saying that A = 0, or equivalently the blocks of D(B)
form a Gp-invariant partition of B. In this case, Theorem 2.2(b) applies. Thus, V(T
admits a second G-invariant partition P (defined in (1)) which is a refinement of B,
and P admits a natural G-invariant partition B (defined in (2)) such that (I'p)g = I,

~

ky=vg—1=k/(v—k)>1,bsz =0, rg =r and D(B) contains no repeated blocks. Also,
since m = 1 by Lemma 3.1, from Theorem 2.2(b) it follows that v — k is a divisor of v
and k, r =k/(v—k),b=r+1=wv/(v—k), and either k = v/2 or k > 2v/3. Moreover,
since A = 0, we have A = 2k — v by (3) and hence (2k — v)(b— 1) = k(r — 1) by (4).

In the case where k = v/2, we have kz = 1, D(B) has precisely two blocks which
form a partition of B (hence A = 0), and P is also the partition of V(I') consisting of
the blocks of D(B) for B running over B. In this case it is clear that b = 2 and hence
[p=(-C, T'p = (Un) Ky, T' = (Un)-T'[B, C] for some integers ¢ > 1,n > 3, where B, C
are adjacent blocks of B. In the general case where k > 2v/3, we have kg = vz — 1 > 2.
Since I'p is (G, 2)-arc transitive it follows from [24, Theorem 1] that I'p = =(I'z, A) for
a self-paired G-orbit A on Arcs(I's). The statements for the case I'g = K}, follow from
[24, Theorems 8(b) and 10(c)| immediately. O

In the case where k > 2v/3 and I'g & K}, 1, from the classification of finite 3-transitive
groups (see e.g. [6, pp.8]) it follows that G/G ) is one of Sy (b > 3), App1 (b > 4),
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Myq (b= 10,11,21,22,23), My; (b = 11), PSL(2,b) < G < PT'L(2,b) (b > 3 a prime
power), G = AGL(d,2) (b = 2% — 1 > 3), or z3.A; (b = 15). Each of these possibilities
can happen, as we will see in Example 3.9.

Parts (a) and (b) of Theorem 3.7 together imply the following inequalities:
b<uv,r<k,v+r>b+k 2k—v)(v—-1) <k(k-1). (6)
Since vr = bk, the second inequality is equivalent to each of the following:
V> 4k (v=1)(r—1) < (b—1)(k—1). (7)

Applying the 3-arc graph construction [24] and the covering graph construction [4,
Chapter 19] successively, we obtain the following construction of imprimitive symmetric

graphs (I', G, B) satisfying the conditions of Theorem 3.7.

Construction 3.8 Let ¥ be an (H, 2)-arc transitive graph of valency vy, > 3 such that
a self-paired H-orbit A on Arcs(X) exists. Let = := Z(X, A) be the 3-arc graph of ¥ with
respect to A. Then Z is an H-symmetric graph which admits B(X) as an H-invariant
partition such that Zgx) = ¥ and k) = vam) — 1 = vy — 1 > 2 ([24, Theorem 1]),
where as before the blocks of B(X) are B(o) := {o7 : 7 € X(0)}, 0 € V(X). (Here
we write an arc as o7 instead of (¢,7).) Let us take a covering graph I' := Z(K, ¢)
of =, where K is a group and ¢ is a K-chain on Z such that H acts as a group of
automorphisms of K and that ¢ is compatible with the actions of H on K and Arc(Z).
Let G := K.H (semi-direct product of K by H). Then from [4, Proposition 19.4] it
follows that I' is a G-symmetric graph which admits P(Z) := {P(o7) : o7 € Arc(X)} as
a natural G-invariant partition such that I'pz) = 2, where P(o7) := {(g,07) : g € K}
for o7 € Arc(X). (Note that the group G in [4, Proposition 19.4] is not necessarily the
full automorphism group of the underlying graph. It can be any subgroup of the full
automorphism group which is transitive on the t-arcs of the underlying graph.) Define
B={A(0):0 € V(X)}, where A(0) := U,ex () P(07). Then B is a G-invariant partition
of V(I') = K x V(2) = K x Arc(X). For this partition B one can check that the blocks
of D(A(0)) are precisely P(o7) for 7 € X(0), and that (I'pz))pss) = I's. Hence (I, G, B)
satisfies the conditions of Theorem 3.7 with P(Z) and B(X) playing the roles of P and B
(defined in (1) and (2)) respectively.

The graph I' in Construction 3.8 is constructed through two “lifts”: we first “lift” X to
the 3-arc graph = and then “lift” = to the covering graph I'. Note that not all imprimitive
G-symmetric graphs (I', G, B) satisfying the conditions of Theorem 3.7 can be obtained
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this way. For a discussion on the existence of A needed in lifting ¥ to Z(X, A), see [24,
Remark 4] and also [37] when ¥ is trivalent. From [4, Chapter 19] a pair (K, ¢) required

in the construction above always exists.

Example 3.9 Let K;.; be the complete graph with vertex set [b+1] := {1,2,...,b+1},
where b > 3. Let H be a 3-transitive permutation group on [b+1]. From the classification
6, pp.8] of 3-transitive groups, H is one of the following: (i) Sp+1 (b > 3); (ii) Apy1 (b > 4);
(iii) Mpyq (b = 10,11,21,22,23) or My (b = 11); (iv) AGL(d,2) (b =2¢—1 > 3); (v)
73.A7 (b = 15); (vi) H is a 3-transitive subgroup of PI'L(2,0) (b > 3 a prime power)
as given explicitly in [18, Theorem 2.1]. For each possibility, all self-paired H-orbits A
on Arcs(Kp4q1) have been determined in [35]. Let E := Z(Kpy41,A), so that = is an H-
symmetric graph with vertices ij (where i,7 € [b+ 1],7 # j) in which two vertices ij and
i'j" are adjacent if and only if (j,4,4,j") € A. Let V(b + 1,2) be the (b + 1)-dimensional
linear space over GF(2), so that its additive group is z5™. Let ¢ be the unit vector
of V(b+ 1,2) with the ith coordinate 1 and all other coordinates 0. Then H acts on
{e1,.. . €ps1} by (€)" := € for h € H and 1 < i < b+ 1, and this action can be extended
to Z5™ in the obvious way so that H acts on 4™ as a group of automorphisms. Let K
be the subgroup of Z5™ generated by {e; + ¢y : 1 < i < i’ < b+ 1}. It is easily shown
that K is H-invariant and K = 75. Define

¢1: Arc(Z) — K, (i,7)') — €& + e
¢o: Arc(Z) — K, (ig,i'j') — € +€r + €+ €.

Then both ¢; and ¢, are K-chains on Z. Moreover, one can check that ¢, and ¢5 are
compatible with the actions of H on K and on Arc(Z). Thus, for each self-paired H-orbit
A on Arc3(Ky), from Construction 3.8 we obtain two imprimitive (z4.H)-symmetric
graphs, namely Z(z5, ¢;) and Z(z5, ¢,), which satisfy the conditions of Theorem 3.7.

For the self-paired H-orbit Ay on Arcg(Kp4q1) consisting of all 3-cycles (j,1,4,j) of
Kyy1, we can construct a third graph using Construction 3.8. In fact, the 3-arc graph of
K1 with respect to this orbit is =g = (b + 1) - K}. One can check that

¢o: Arc(Zg) — ZgH, (17,7'j) ¥ ¢,

defines a Z3™-chain on Z, which is compatible with the actions of H on z5™ and on

Arc(Zg). Hence Zo(Z5™, ¢o) is a (z5" . H)-symmetric graph satisfying the conditions of
Theorem 3.7.
For each of (i)-(vi) above, all 3-arc graphs of the (H, 2)-arc transitive graph K. have

been determined in [35]. In the case where H is 4-transitive, we have either H = Sj
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(b>3),or H= Api1 (b >5), or H= My (b=10,11,22,23); in this case there are
exactly two 3-arc graphs of Kj,1, namely =y above and the 3-arc graph with respect to
Arc3(Kyi1) \ Ag (which is self-paired by the 4-transitivity of H). The latter graph is
isomorphic to (K (b+1,2))[K2] (see [35, Example 3.15]), the lexicographic product of the
Kneser graph K(b+ 1,2) by the empty graph K,. (For integers m,n with 2 < 2m < n,
the Kneser graph K(n,m) is the graph with vertices the m-subsets of a given n-set such

that two vertices are adjacent if and only if they have no common element.)

4 Two constructions

This section is devoted to the general case, Case 3, for which A > 1, A\ > 1. By Theo-
rem 3.2 in this case D*(B) and D" (B) are 2-designs, and they admit Gp as a group of
automorphisms acting 2-transitively on the points and transitively on the blocks. The

well-known Fisher’s inequality applied to D*(B) gives:
b<w, r<k. (8)
Also, applying [26, Theorem 2] to D(B) we get:
AMv—1) <k(k-1), 9)

which is, by (4), equivalent to
v+r>b+k. (10)

The inequalities (8), (9) and (10) are the same as the ones in (6), noting by (3) that
A =2k —v when \ = 0.

Many interesting and natural problems arise in Case 3. For example, we may ask the
following general questions about the relationship between T', I's and D*(B) (or D (B)
equivalently).

Question 4.1 When can a 2-point-transitive, flag-transitive and block-transitive 2-design
occur as D*(B)? When can a symmetric 2-point-transitive 2-design occur as D*(B)? And

what can we say about the structure of I' and I'g if D*(B) is known?

Perhaps a complete solution to these questions for general symmetric graphs with 2-arc
transitive quotients is not accessible. In the following we will focus on the case where
D*(B) or D" (B) is the trivial Steiner system with block size 2, that is, a complete graph.
In other words, either A\=1and r =2, or A =1 and b —r = 2. In each of these cases we

will give a construction which can be used to construct I' from I's.
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For an integer s > 1, an s-path in a graph is an s-arc identified with its reverse s-
arc. A 2-path with mid-vertex ¢ and end-vertices 7,7’ will be denoted by 707/, with the
understanding that 7/07 represents the same 2-path. Thus, when we write 707" = nen/
we mean o = ¢ and {7, 7'} = {n,n'}. For each vertex o of ¥, let By(c) denote the set of

2-paths of ¥ with mid-vertex o, that is,
By(o) :=={ro7" : 7,7 € X(0), T £ 7'}

Obviously,
By(X) :={Bsy(0) : 0 € V(X)}

is a partition of the 2-paths of 3.

4.1 Construction 1: A\=1and r =2

Let us first give the following construction in a general setting.

Construction 4.2 Let ¥ be a regular graph with val(¥) > 2. Let A be a self-paired
subset of Arcg(X). Define I';(X, A) to be the graph with the set of 2-paths of ¥ as vertex
set such that two distinct “vertices” 7o7’ and nen’ are adjacent if and only if they have
a common edge (that is, o € {n,n'} and ¢ € {7,7'}) and moreover the 3-arc formed by

“gluing” the common edge is in A. See Figure 1 below for an illustration.

For instance, if 0 = 1/,e = 7/, then the 3-arc thus formed is (7,0, ¢,n), which should
be in A if 707’ and nen’ are to be adjacent in I's(X, A). The self-parity of A ensures that
['5(X, A) is a well-defined undirected graph.

T

(b)

Figure 1: (a) 2-paths o7’ and nen'; (b) To7’ and nen’ are adjacent in I'y(X, A).

The main results of this subsection can be summarised in the next theorem, which

follows from Theorems 4.4 and 4.10 immediately.
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Theorem 4.3 Let X be a (G, 2)-arc transitive graph with valency > 3 and A a self-paired
G-orbit on Arc3(X). Then I' := 'y (X, A) is a G-symmetric graph admitting B := By (%)
as a G-invariant partition such that I'g is (G, 2)-arc transitive and not multi-covered by
I'y and A =1,r = 2.

Conversely, any imprimitive G-symmetric graph (I', B) such that I's is (G, 2)-arc tran-
sitive and not multi-covered by T', and A = 1,r = 2 is isomorphic to I's(I'g, A) for a
self-paired G-orbit on Arcs(I'p).

A regular graph 3 with val(X) > 2 is said [10] to be (G, 2)-path transitive if it admits
G as a group of automorphisms such that G is transitive on the set of 2-paths. Note that
such a graph ¥ is necessarily G-vertex transitive because each vertex is a mid-vertex of
at least one 2-path of ¥ and the elements of G permute the mid-vertices while permuting
the 2-paths. Note also that a (G, 2)-path transitive graph must be G-symmetric by [10,
Theorem 1].

Theorem 4.4 Let ¥ be a reqular graph of valency b > 2, and let G be a group acting
on V(X) as a group of automorphisms of ¥.. Let A be a self-paired G-invariant subset of
Arcg(X). Then T :=Ty(X, A) admits G as a group of automorphisms, and B := By(X) is
a G-invariant partition of the vertex set of I' with block size v = b(b—1)/2. Moreover, if
G is faithful on the vertex set of 32, then it is faithful on the vertex set of I'. Furthermore,
the following (a)-(b) hold.

(a) I' is G-vertex transitive if and only if ¥ is (G,2)-path transitive; and in this case
Y = T'g with respect to the bijection o — Bo(o), o € V(X).

(b) T is G-symmetric if and only if X is (G, 2)-path transitive and A is a self-paired
G-orbit on Arcs(X); in this case ¥ must be (G, 2)-arc transitive, the parameters with
respect to (U, B) satisfyk=b—1,r=2 A=1and A= ((b—1)(b—4)/2) + 1, and
moreover I'[By(0), Ba(e)] = Kp—1p-1 for adjacent blocks By(c), Ba(e) of B if and
only if ¥ is (G, 3)-arc transitive.

Proof Since A is G-invariant, the induced action of G on the 2-paths of ¥ preserves
the adjacency of I', and hence I' admits G as a group of automorphisms. It is readily
seen that B is a G-invariant partition of the 2-paths of ¥ with block size v = b(b — 1)/2.
An element of G which fixes every 2-path of ¥ must fix every vertex of . Thus, if G is
faithful on V(3), then it must be faithful on V(I').

(a) Clearly, I' is G-vertex transitive if and only if ¥ is (G, 2)-path transitive. Let
By (o) and Bs(e) be blocks of B which are adjacent in I'g. Then there exist 707’ € By(0),
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nen’ € Bsy(e) such that 7o7’, nen’ are adjacent in I'. That is, To7’ and nen’ share an edge,
and hence o and ¢ are adjacent in . Conversely, suppose ¥ is (G, 2)-path transitive, and
let o, ¢ be adjacent vertices of . Let (79, 0¢,€0,70) be a 3-arc in A. Since X is (G, 2)-
path transitive, it is G-symmetric and hence there exists g € G such that (og,&9)? =
(0,€). Denote 7 = 7§ and n = nj. Then (7,0,2,1m) = (70,00,€0,70) € A as A is G-
invariant. Thus, 7oe and oen are adjacent in I'. Hence Bs(o) and Bs(e) are adjacent in
I's. Therefore, o +— By(0) for o € V(X) defines an isomorphism from ¥ to I'g, provided
that X is (G, 2)-path transitive. This completes the proof of (a).

(b) From construction 4.2 it is clear that I" is G-symmetric if and only if 3 is (G, 2)-
path transitive and A is a self-paired G-orbit on Arc3(X). Let us now prove that ¥
is (G,2)-arc transitive if [' is G-symmetric. Suppose I' is G-symmetric, so that X is
(G,2)-path transitive and A is a self-paired G-orbit on Arcs(X). Then ¥ is G-vertex
transitive. From construction 4.2 it follows that, for each “vertex” 7oe of I', any vertex
of I adjacent to Toe must have mid-vertex 7 or ¢, and furthermore both cases can occur
since ¥ is (G, 2)-path transitive. Thus, there are exactly two blocks, namely By(7) and
By (e), which contain neighbours of T7oe and hence r := |I'g(“70e”)| = 2. Since I's = X
as shown above, we have val(I'g) = b; hence vr = bk, which implies £k = b — 1 by noting
v=">0(b—1)/2. Also, since I'y = ¥, 'z is G-vertex transitive and 2-path transitive, and
hence Gp, (o) is 2-homogeneous on I'z(By(c)). In particular, G, acts primitively on
['5(Bs(0)). Thus, from Lemma 2.4 the multiplicity m of D(By(0)) is equal to 1 or b.

If m = b, then we must have b = m = 2 since m is a divisor of » = 2. In this case,
wehave v =k =1, A=1, A=0,and ' @ X = /. (C, for some integers ¢ > 1 and
n > 3. Thus, since I" is G-symmetric, ¥ is G-symmetric and hence (G, 2)-arc transitive
as it consists of cycles.

If m = 1, then we have b > 2 for otherwise we would have v = 1 and and m =
r = 2, a contradiction. Thus, ¥ = b — 1 > 2, and this implies that the b blocks of
D(Bs(0)) do not form a partition of By(o) as |Ba(o)| = b(b — 1)/2. Thus, there exist
Bsy(7), Ba(e) € B such that T'(By(7)) NT(Bs(g)) N Ba(o) # 0. Tt follows that there exist
¢ and 7 such that (§,7,0,¢,n) is a 4-arc of ¥ with (§,7,0,¢),(7,0,¢,n7) € A. Since A is
a self-paired G-orbit on Arc3(X), there exists g € G such that (§,7,0,6)? = (n,¢,0,7).
Thus, (7,0,€)9 = (¢,0,7). This together with the (G, 2)-path transitivity of ¥ implies
that ¥ is (G, 2)-arc transitive. Thus, I's (2 X) is (G, 2)-arc transitive and hence Corollary
3.3 applies. Since v =b(b—1)/2, k =b—1 and r = 2, from (4) and (3) we get A = 1 and
A= (b—1)(b—4)/2) +1.

Let By(o) and Bs(e) be adjacent blocks of B. Suppose that ¥ is (G, 3)-arc transitive.
Then A = Arc3(X) since A is a G-orbit on Arcz(X). Thus, for any 7 € X(0) \ {e}
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and n € X(¢) \ {0}, we have (7,0,e,n7) € A and hence “roe” € By(o) and “oen” €
By(e) are adjacent. Therefore, I'[By(0), Ba(e)] = Kp—15-1. Suppose conversely that
I'[By(0), Ba(e)] = Kp—1p-1. Then for any 7 € ¥(0) \ {¢} and n € X(¢) \ {0}, “T7oc” and
“oen” are adjacent in I', and hence (7,0,¢,17) € A. Since ¥ is G-symmetric and A is a
G-orbit on Arcg(X), this implies A = Arc3(X) and hence ¥ is (G, 3)-arc transitive. O

Remark 4.5 (a) In Theorem 4.4(b) we have A\ = 0 when b = 2 or 3, and A > 1 when
b > 4. As shown above, in the case where b = 2, the partition By(X) is trivial and I' = X
is a union of disjoint cycles. In the case where b = 3 (that is, ¥ is trivalent), I'y(X, A) is
isomorphic to the 3-arc graph =(3, A’), where A" := {(7/,0,¢e,7) : 7" € (o) \ {1, e},7 €
Y(e)\ {n,o} for some (7,0,e,n) € A}, via the bijection Toe — (7’,0), for 2-paths Toe
of ¥. See Example 4.7 below for such graphs I'y(X, A) when b = 3.

(b) In the case where ¥ is (G, 3)-arc transitive, the valency of I'y(X,A) is 2(b — 1)
by Theorem 4.4(b); and also I'y(3, A) is connected if 3 is connected. If ¥ is (G, 2)-arc
but not (G,3)-arc transitive, then the valency of T'y(X, A) is equal to 2|n%es|,
(1,0,6,m) € A.

(c) Construction 4.2 was inspired by a general construction, the flag graph construc-

where

tion, introduced in [34, 35] by the second-named author. After discovering construction
4.2, we found that a related construction exists in a completely different setting [5], where
the path graph Ps.1(X) is defined to be the graph with “strict s-paths” of ¥ as vertices
such that two vertices are adjacent if and only if they overlap on an (s — 1)-path. Here by
a strict s-path we mean an s-path containing no repeated vertex. (Such a path is called
a s-path in pure graph theory.) In the case where A = Arc3(X), our graph I'y(X, A) is
precisely the path graph Ps(X).

Example 4.6 A (G,2)-arc transitive graph with girth 3 must be a complete graph Ky, ;.
In this case the set A of 3-cycles of K,y is a self-paired G-orbit on Arcs(Kp, ). For this
A we have I'y(Kpy1,A) 2 ((b—1)b(b+1)/6) - K3 and the bipartite subgraph between any
two blocks of By(Kp41) is a matching of b — 1 edges. In fact, each 3-cycle (7,0,¢,7) of

K41 induces a 3-cycle of I'y(Kyy 1, A) with vertices Toe, oet and e710.

Example 4.7 It is well-known [9, 13] that a connected trivalent G-symmetric graph ¥ is
of one of seven types, Gy, G, G3, G3, G§, G% or G5, with subscript s denoting (G, s)-arc
regularity and superscript indicating whether or not G contains an involution flipping an
edge. It is known [37] that ¥ has a self-paired G-orbit on Arcs(X) if and only if it is
not of type G2. A graph ¥ of type G; must be (G, 2)-path transitive [10, Section 3|, and
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it has [37] exactly two self-paired G-orbits Ay, Ay on Arcg(X). From Theorem 4.4(b),
the corresponding graphs I'y(3, Ay) and 'y (3, Ay) are both G-symmetric with valency 2.
For X # K, of type G3, there are also exactly two G-orbits A}, A} on Arcs(X) [37], and
by Theorem 4.4(b) the corresponding graphs I'y(3, AY), I'2(X, A}) are both G-symmetric
with valency 2. In the case where X is of type G'3, Gi, G2 or G5, A := Arc3(2) is the unique
self-paired G-orbit on 3-arcs of ¥, and I'y(3, A) is a connected 4-valent G-symmetric but
not (G, 2)-arc transitive graph.

In the case when ¥ is (G, 3)-arc transitive of valency b > 3, by Theorem 4.4(b) we have
['[By(0), Ba(e)] = Kp—1p-1 (where I' = I'5(3, A)), which is not a matching, and hence I'
cannot be (G, 2)-arc transitive. Note that in this case I' has valency 2(b — 1) and it must
be connected if 3 is connected. Thus, we have the following corollary, of which the second
assertion follows from the fact that there are infinitely many 7-arc transitive graphs (see

e.g. [11]). Note that there exists no s-arc transitive graph of valency > 3 if s > 8 [31].

Corollary 4.8 Every connected (G,3)-arc transitive graph ¥ of valency b > 3 is a quo-
tient graph of at least one connected G-symmetric but not (G,2)-arc transitive graph T’
of valency 2(b — 1). In particular, there are infinitely many connected symmetric but not

2-arc transitive graphs which have at least one T-arc transitive quotient.

The same results also follow from [24, Theorem 2] and the 3-arc graph construction,
with T' having valency b* — 1 instead of 2(b — 1). They suggest that the level of s-arc
transitivity of the quotient graph can be much higher than that of the original graph,
although on the other hand the quotient may not even inherit 2-arc transitivity from the
original. It would be interesting to understand when an imprimitive symmetric graph
admits a highly arc-transitive quotient. The reader is referred to [20] for related questions
and discussion.

From [10, Theorem 2], if a (G, 2)-path transitive graph 3 is not (G, 2)-arc transitive,
then G, has odd order and is 2-homogenous but not 2-transitive on ¥(o), and b = 3 (mod
4) is a prime power, where b = val(X). For this case Theorem 4.4 implies the following

result, which will be used in the proof of Theorem 4.12.

Corollary 4.9 Let ¥ be a (G,2)-path but not (G,2)-arc transitive graph. Then no ele-
ment of G can reverse a 3-arc of X; in other words, there exists no self-paired G-orbit on
Arc3(X).

The following theorem shows that any imprimitive G-symmetric graph (I, B) with
A=1,r=2and (G,?2)-arc transitive quotient I'g can be constructed from 'z by using
construction 4.2. By Example 4.6, if ' has girth 3, then I' = ((b — 1)b(b+ 1) /6) - K.
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Theorem 4.10 Let I" be a finite G-symmetric graph admitting a nontrivial G-invariant
partition B such that T' is not a multicover of I'g. Suppose that I's is (G, 2)-arc transitive
with valency b > 2. Suppose further that A = 1 and r = 2. Then I' = T'y(I'g, A) for a
self-paired G-orbit A on Arcs(I's). Moreover, b >3, v="5b(b—1)/2, and k =b— 1.

Proof Since I's is (G, 2)-arc transitive, we have m = 1. Also, since A = 1 and r = 2, by
(4) we have k = b — 1 and hence v = b(b — 1)/2. Note that b > 3 for otherwise we would
have k = v = 1 and thus B is a trivial partition, a contradiction.

Since r = 2, for each a € V/(I") there exist precisely two blocks C'(«), D(«) of B which
contain neighbours of «, that is, I'g(a) = {C(«), D(«)}. Let B(«) denote the block of B
containing ov. Then C(a)B(a)D(«) is a 2-path of I's. The (G, 2)-arc transitivity of I'g
implies that any 2-path C'BD of I'g is of the form C'(a)B(«)D(«), and moreover there is
a unique vertex « such that CBD = C(«)B(a)D(«) since A = 1. Therefore,

¢:aw— Ca)Bla)D(a), a € V(I

defines a bijection from V(I') to the set of 2-paths of I's.
Let

A:={(C,B(a), B(§), D) : (a, ) € Arc(I'),C € I'g(a) \ {B(B)}, D € ['n(6) \ {B()}}.

Then obviously A is a self-paired subset of Arc3(I'g). Since r = 2, the mapping («, 3) —
(C, B(a), B(3), D) is a one-to-one correspondence between the arcs of I" and the 3-arcs
in A. Since I' is G-symmetric, it follows that A is a self-paired G-orbit on Arc3(I'g), and
hence I'y(I'p, A) is G-symmetric by Theorem 4.4(b). Note that, for («, 5) € Arc("), we
have ¢(a) = CB(a)B(f), ¢(6) = B(a)B(5)D, and ¢(«a), ¢(5) are adjacent in I'y(I'z, A).
Conversely, if C'(«a)B(a)D(a) and C(8)B(6)D(3) are adjacent in I'y(I's, A), then B(«) €
{C(B),D(B)} and B(B) € {C(a),D(a)}. Without loss of generality we may assume
that B(a) = C(8) and B(f) = D(a). Then (C(a), B(a),B(8),D(8)) € A by the
definition of I'y(I'g, A). Thus, there exist (o', ") € Arc(I'), C € I'g(’) \ {B(#')} and
D e T's(@) \ {B(a/)} such that (C(«a), B(a), B(8), D(5)) = (C, B(«), B(#'), D). This
implies a, o/ € T'(C(a)) NT(B(F)) N B(a). However, A = 1, so we must have o« = o'
Similarly, 5 = 3. Thus, a and § are adjacent in I". Therefore, ¢ is an isomorphism
between I' and I'y(I'g, A). O

Using Theorem 4.3 the second-named author has classified all imprimitive G-symmetric
graphs (I', B) such that A = 1, r = 2, and I's is complete and (G, 2)-arc transitive. To keep
the present paper in a reasonable length, this classification will appear in a subsequent

paper [38].
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4.2 Construction 2: A\=1and b—r =2

Two 2-paths 7o7’, nen’ of ¥ are called joined if o, are adjacent in ¥ and o,& &
{r,7",n,n'}. As illustrated in Figure 2, such a pair of joined 2-paths together with the
edge between ¢ and e form an H-shape subgraph if {r,7'} N {n,n'} = 0, an A-shape
subgraph if [{7, 7'} N {n,n’}| = 1, and a @-shape subgraph if {7, 7'} = {n,n’}, and we say
that (to7’,nen’) is of type H, A, 0 accordingly. The last two types occur only when the
girth of ¥ is 3. Denote by J(X) the set of ordered pairs of joined 2-paths of X. Note that

any group of automorphisms of ¥ induces an action on J(X).

Te o
C@eceenes Q=<
< ® ®,

Figure 2: A pair (to7’,nen’) of 2-paths: (a) type H; (b) type A; (c) type 6.

Construction 4.11 Let X be a regular graph with valency val(¥X) > 3. Let A be a
self-paired subset of J(3). Define W5(3, A) to be the graph with vertex set the set of
2-paths of ¥ such that two distinct “vertices” 707’ and nen’ are adjacent if and only if

(tot’,men’) € A.

We say that A is of type H, A or 6 if all pairs of joined 2-paths in A are of type H, A
or 0, respectively. Note that, if A is a self-paired G-orbit on J(X), then all members of
A have the same type, which is the type of A.

The main results in this subsection are the following theorem and Theorem 4.14.

Theorem 4.12 Let X be a regular graph of valency b > 3, and let G be a group acting
on V(X) as a group of automorphisms of ¥.. Let A be a self-paired G-invariant subset of
J(X). Then V¥ := Wy(3, A) admits G as a group of automorphisms, and B := Bs(X) is a
G-invariant partition of the vertex set of I' with block size v = b(b—1)/2. Moreover, if G
is faithful on the vertex set of X2, then it is faithful on the vertex set of V. Furthermore,
the following (a)-(b) hold.

23



(a) ¥ is G-vertex transitive if and only if ¥ is (G, 2)-path transitive; and in this case
¥ = Ui with respect to the bijection o +— Bs(o), 0 € V().

(b) W is G-symmetric if and only if 3 is (G,2)-path transitive and A is a self-paired
G-orbit on J(X); in this case ¥ must be (G, 2)-arc transitive if A is of type H or A.
Moreover, if G, is 3-transitive on ¥(o), then the parameters with respect to (V, )

satisfy k = (b—1)(b—2)/2, r=b—2, A= (b—2)(b—3)/2 and X\ = 1.

Proof Similar to Theorem 4.4, the statements before (a) can be verified easily, and hence
their proofs are omitted.

(a) From construction 4.11 it is clear that ¥ is G-vertex transitive if and only if ¥
is (G, 2)-path transitive. Let By(co) and Ba(e) be blocks of B which are adjacent in Ug.
Then there exist 707" € By(0), nen’ € Ba(e) such that (ro7’,nen’) € A. In particular,
this implies that ¢ and ¢ are adjacent in X. Now suppose ¥ is (G, 2)-path transitive,
and let o, ¢ be adjacent vertices of X. Let (19007, nocon;,) be a member of A. Since ¥
is (G, 2)-path transitive, it must be G-symmetric [10, Theorem 1]. Hence there exists
g € G such that (09,e0)? = (0,¢). Let 7 = 7§, 7 = (70)9%, n = n§ and ' = (n})?.
Then (to7’,nen’) = (To007, Nocony)? € A since A is G-invariant. Thus, 77’ and nen/ are
adjacent in W. Hence By(0) and Bsy(e) are adjacent in I's. Therefore, if ¥ is (G, 2)-path
transitive, then o +— By(0) for 0 € V(X) defines an isomorphism from ¥ to Wg.

(b) Clearly, ¥ is G-symmetric if and only if ¥ is (G, 2)-path transitive and A is a
self-paired G-orbit on J(X). Now let us prove that in this case ¥ must be (G, 2)-arc
transitive provided that A is of type H or A. Let (7o7’,nen’) € A be an arc of V. Since
A is self-paired, there exists ¢ € G such that (ro7’,nen)9 = (nen/,7o7’), that is, g
interchanges ¢ and ¢, and also interchanges {7,7'} and {n,n'}. Thus, ¢* fixes o and ¢,
and fixes each of {7,7'} and {n,n'} setwise. In the case where A is of type H, the six
vertices involved in (707’ nen’) are pairwise distinct and hence without loss of generality
we may assume 79 = 9 and (7')¢ = 1. Then either (i) ¢ = 7 and (') = 7/, or (ii) n¢ = 7’
and (n')? = 7. In the former case, g reverses the 3-arc (7,0,,7) of ¥, and hence ¥ must
be (G, 2)-arc transitive by Corollary 4.9. In the latter case (i), we have 79° = 9 = 7/
and (7/)9° = (/)9 = 7, and hence g2 reverses the 2-arc (7,0, 7') of ¥. Since ¥ is G-vertex
transitive and (G, 2)-path transitive, it follows that ¥ must be (G, 2)-arc transitive. In
the case where A is of type A, without loss of generality we may assume 7" = 1/, so
that 7,7’,n are distinct. In this case g exchanges {7, 7'} and {n, 7'}, which implies that
(79 = 7 or 7. Hence 79 =1, (7')9 = 7/ (= 1n'), and the argument above for type H

applies. Thus, for A of type A, ¥ must be (G, 2)-arc transitive as well.
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Now suppose G, is 3-transitive on (o). Then for any g € ¥(0) \ {7, 7'} there exists
g € Gyrposuch that €9 = gy. Let g := n9 and n) := (9')?. Then (to7’,n0c0m,) =
(tor’,men’)? € A, and hence To7’ is adjacent to noeon € Ba(cp) in V. Since this is true
for any g9 € X(0)\ {7, 7'} and since 77’ is not adjacent to any vertex in By(T) or Ba(7'),
we conclude that 707’ has neighbours in exactly b — 2 neighbouring blocks of By (o), that
is, r = b — 2. Recall that v = b(b — 1)/2 and vr = bk. Hence k = (b — 1)(b — 2)/2, and
A= (b—2)(b—3)/2 by (4). Finally, we have A = 1 by (3). O

Example 4.13 Consider the complete graph K, on b+ 1 > 6 vertices. The set A of
H-type pairs of joined 2-paths of K;y4 is a self-paired Sy, j-orbit on J(K}41). By Theorem
4.12(b), Uy(Kpi1,A) is an Spyq-symmetric graph with valency (b —2)(b—3)(b—4). This
graph has vertex set {(4,{Jj,7'}) : 4,7, 7" € [b+1] pairwise distinct} in which (i, {4, j'}) and
(k,{¢,¢'}) are adjacent if and only {j,4, j'}N{¢, k, ¢’} = (). Note that (¢,{j,j'}) — {4,7,7'}
defines a 3-to-1 mapping from the vertex set of Wo(Kj 41, A) to the set of 3-subsets of [b+1].
Thus, Wy(Kpy1,A) is isomorphic to (K (b + 1,3))[K3], the lexicographic product of the
Kneser graph K (b+1, 3) with the empty graph K3 on three vertices. (See Example 3.9 for
the definition of a Kneser graph.) Two more S,1-symmetric graphs can be constructed

by considering the sets of pairs of type-A and type-0, respectively.

The only 2-arc transitive graphs with girth 3 are complete graphs. Thus, in the
following theorem the self-paired G-orbit A is of type A or 6 only when I's = K, 1. Note

that the proof below applies to all types unanimously.

Theorem 4.14 Let I' be a finite G-symmetric graph admitting a nontrivial G-invariant
partition B such that I is not a multicover of I's. Suppose that I's is (G, 2)-arc transitive
with valency b > 3. Suppose further that X = 1 and r = b — 2. Then I' = Uy(3, A)
for a self-paired G-orbit A on J(I'g), and the parameters with respect to (I',B) satisfy
v=bb—-1)/2, k=(b—-1)(b—2)/2 and A\ = (b—2)(b—3)/2.

Proof Since r =b—2 > 1, for each a € V(I") there are exactly two blocks in I'z(B(«))
but not in I'z(a), where B(a) is the block of B containing «. Let us denote these two
blocks by C(«) and D(«). Then C(a)B(a)D(«) is a 2-path of I's. Since I'g is (G, 2)-arc
transitive, any 2-path CBD of T's is of the form C(a)B(a)D(«). Moreover, since A = 1,
there is a unique vertex a € V(I') such that CBD = C(a)B(a)D(«). Thus,

¢:a— C(a)B(a)D(a), a € V(I')
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defines a bijection from V(I') to the set of 2-paths of I'z. From (3) and A = 1, we have
A =2k — v + 1. Plugging this into (4), and r = b — 2 into vr = bk, we get:

b—1v — (b+1k = b—1
(b—2w — bk = 0.

Solving, we obtain v = b(b—1)/2 and k = (b—1)(b—2)/2, and hence A = (b—2)(b—3)/2.
From the bijection ¢ and the value of v it follows that, for each block B € B, the restriction
of ¢ to B (that is, ¢|p : @ — C(a)BD(a), a € B) is a bijection from B to the set of
2-paths of I'y with mid-vertex B.
Define
A= {(C(a)B(a)D(a),C(B)B(3)D(B)) : (e, B) € Arc(I)}.

Since ¥ is G-symmetric, A is a self-paired G-orbit on J(I'z). Hence Wy(I'z, A) is G-
symmetric by Theorem 4.12(b). Clearly, for adjacent vertices «, § of I', ¢(a) and ¢(3)
are adjacent in Wo(I'g, A). Conversely, if ¢(a) and ¢(3) are adjacent in Wo(I'g, A) for
a,f € V(I), then (C(a)B(a)D(a), C(B)B(B)D(5)) € A. Since « is the unique vertex
in B(a) with ¢(a) = C(a)B(a)D(«) and § is the unique vertex in B((3) with ¢(5) =
C(B)B(B)D(p), from the definition of A it follows that « and [ must be adjacent in I
Therefore, ¢ is an isomorphism between I' and Wo(I'g, A). This completes the proof. O

Remark 4.15 (a) The condition that G, is 3-transitive on ¥ (o) is sufficient but not
necessary to guarantee the specific values of k,7, X\, X in (b) of Theorem 4.12. In fact, the
last paragraph of its proof shows that k,r, A\, X achieve the same values if ¥ is G-vertex
transitive and the stabiliser in G of a 2-path 707’ is transitive on X(o) \ {7, 7'}.

(b) For an arbitrary pair (X, A) with ¥ a (G, 2)-arc transitive graph of valency > 3
and A a self-paired G-orbit on J(X), we do not know whether (Vo(X, A), By(X)) always
satisfies A = 1 and 7 = b— 2. It seems that the family of such graphs (U5(2, A), Bo(X)) is
larger than the family of symmetric graphs (', B) in Theorem 4.14. Further investigation

is needed regarding construction 4.11.
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