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Abstract

Let n = 2'm > 526 with m € {2,3,5,7,11}, and let S be a sequence of elements in C, ® C, with
IS| = n?+2n-2. Let N'OG |(S ) denote the number of the subsequences with length n*(=|G|) and with

sum zero. Among other results, we prove that either Nl(? |(S )=1or N'OG |(S Yy>n?+ 1.

1. Introduction and Main Results

Let N denote the set of positive integers and Ny = N U {0}. Let Z denote the set of integers. For
a,b € Z with a < b, we define [a,b] = {x € Z|a < x < b}. Let G be an additively written finite
abelian group. We denote by |G| the order of G, and denote by exp(G) the exponent of G. Let
7 (G) be the free abelian monoid, multiplicatively written, with basis G. The elements of .% (G)
are called sequences over G. If a sequence S € .%(G) is written in the form § = g, -...- g,
we call |S| = [ the length of S. For every g € G,k € N, let Ng(S) denote the number of subsets
I C [1,I] such that |I| = k and ) ;.; g; = g. The famous Erd6s-Ginzburg-Ziv Theorem asserts that if
S| > 2|G| - 1 then N{'(S) > 1 [5].

When G = C, is the cyclic group of n elements, Ny(S) has been studied since 1967 by many
authors including H.B. Mann, A. Bialostocki and M. Lotspeich, Z. Fiiredi and D.J. Kleitman, the
first author, D.J. Grynkiewicz, and M. Kisin. Let p be a prime and let S € .%(C,) with |S| =2p—1.
H.B. Mann [19] proved that if no element occurs more than p times in S then N7(S) > 1 for every
g € C, . With the same assumption above, the first author [9] proved that Ng (§) > p for every
g € C, \ {0}, and either Nj(S) = 1 or N{(S) > p + 1. In 1999, the first author [8] showed that for
every positive integer n, if |S| = 2n— 1 then for every g € C, \ {0} we have Ng(S )=0or NZ(S ) > n,
and either Nj(S) = 1 or Ng(S) > n + 1. In 1992, Bialostocki and Lotspeich [2] formulated the
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following conjecture.

Conjecture 1.1 Let n > 2 be a positive integer, and let S € % (C,). Then

NIGS) (LISIL/2J) N (FIS|/21).

n

Conjecture 1.1 has been confirmed if one of the following conditions holds:
(i) n = p“q® with p, g are primes (M. Kisin, [18]);
(ii) |S| > n®" (Fiiredi and Kleitman, [6]);
(ii1) |S| < 6.5n (Grynkiewicz, [16]).

However, there is almost no result on N!;;'(S ) for non-cyclic group G. In this paper we shall
obtain some sharp results on Nf'(S) forG=C,®C,and |S|=n*>+2n-2.

Before we can state our main results (see Corollary 1.4 and 1.6 below) more precisely, let us
introduce some notation and terminology first. We write sequence S € .%(G) in the form

S =11 g%

geG

with v4(S) € Ny for all g € G.

We call v, () the multiplicity of gin S. We say that S contains g if v,(S) > 0. The unit element
1 € Z#(G) is called the empty sequence. A sequence S is called a subsequence of S if §4|S in
Z(G) (equivalently, v,(S1) < v (S) for all g € G), and it is called a proper subsequence of S if it
is a subsequence with 1 # S| # §. Let S, S, € .#(G), we denote by S 1S, the sequence

H gvg(S1)+vg(Sz) c ff(G).
geG

If a sequence S € Z(G) is written in the form S = g; - ... - g, we tacitly assume that / € N and
gl,...,gZEG.FOI'gQ GG,WCSCtg0+S :(g0+g1)'...'(go+g1)Eg(G).

For a sequence

S=g1-...-a=[] 8% € Z(G),
geG

we call

IS|=1= ) vo(S) €Ny thelengthof S,

geG
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h(S) = max{v,(S)lg € G} € [0,IS[]  the maximum of the multiplicities of S,

1
o(§)=28 = 2 Vy(S)geG thesumofS§,
i=1 ¢€G

2(S) = {Z gill € [1,1] withl < |I| < l} the set of all subsums of S.

i€l
The sequence S is called

e zero-sumfree if 0 ¢ > .(S),
e a zero-sum sequence if o(S) = 0,

e a minimal zero-sum sequence if it is a non-empty zero-sum sequence and every proper sub-
sequence is zero-sumfree,

e a short zero-sum sequence if it is a zero-sum sequence of length |S| € [1, exp(G)].
We denote by D(G) the smallest integer / € N such that every sequence S € .%(G) of length

|S| > [ has a nonempty zero-sum subsequence. The invariant D(G) is called the Davenport constant
of G.

Let n > 2 be a positive integer. We say that n has Property B if every minimal zero-sum
sequence in .% (C, ® C,) of length 2n — 1 contains some element with multiplicity n — 1. It has been
conjectured that

Conjecture 1.2 Every positive integer n > 2 has Property B (for e.g., see [11], [12] and [15]).

Conjecture 1.2 has been confirmed for n = 2*m and m € {2,3,5,7, 11} (See [11], [14]).

Write the elements in C,, @ C, in the form (a, b). Let e, = (1,0) and e, = (0, 1). Then every
(a,b) € C, ® C, can be expressed as (a, b) = ae; + be, uniquely. Let 0 = (0, 0).

Now we can state our main results precisely.

Theorem 1.3 Let G = C,, & C, withn > 2, and let S € % (G) be a sequence of length |S| =
|G| + D(G) — 1 = n® + 2n — 2. If n has Property B then

NZ(S) =00r NOI(S) > n

for every g € G\ {0}.
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Corollary 1.4 Let n = 2'm with m € {2,3,5,7,11}, and let G = C, ® C,. If S € F(G) is a
sequence of length |S| = |G| + D(G) — 1 = n® + 2n — 2, then

NEI(S) =0 or NOI(S) 2 n
for every g € G\ {0}.

Theorem 1.5 Let G = C,, ® C, with n > 526, and let S € .7 (G) be a sequence of length |S| =
|G| + D(G) — 1 = n? +2n— 2. If n has Property B then

N(S) =1 or NO(S) > n? + 1.

Corollary 1.6 Letn = 2*m > 526 withm € {2,3,5,7,11}, and let G = C, & C,. If S € F(G) is a
sequence of length |S| = |G| + D(G) — 1 = n® + 2n — 2, then

NI(S) = Lor NYI(S) > n? + 1.
Now let us give some examples concerning the above results.
Example 1 G =C,®C,, S = 0"+ then NL,G'(S) =0, for every g € G \ {0}.
Example2 G=C,®C,, S = 0" "e,"e;""", then N°\(S) = n.
Example 3 G=C,®Cpn>3,5 =0"¢" 'e,"!, then N'OG|(S) =1.
Example 4 G =C,®C,, n>3,5 = 0""e;"2e,"" !, then NIOGI(S) =n’+1.
Example 5 G = C, ® Cy, S = (&1 + €2)°e,%€2, then NJ/\(S) = 3.

Remarks 1.7 Example 1 and Example 2 show that the bounds in Theorem 1.3 are sharp. Example
3 and Example 4 show that the inequalities in Theorem 1.5 cannot be improved. Example 5 shows
that the conclusion of Theorem 1.5 is not true for G = C, ® C,. Perhaps this is the only exceptional
case (see Conjecture 5.3 in Section 5). We believe that the conclusion of Theorem 1.5 is true for
all n > 3, and we have checked it for all n < 10. It would be interesting to prove Theorem 1.5 for
alln € [11,525].
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2. Preliminaries

To prove Theorem 1.3 and Theorem 1.5 we need some preliminaries begin with the following well
known result due to Olson [22].

Lemma 2.1 D(C,®C,) =2n-1.

Lemma 2.2 ([15], Theorem 5.8.3) Every sequence S in C,®C, with|S| = 3n—2 contains a short
zenrsun1subsequenc&

Lemma 2.3 ([15], Theorem 5.8.7) Let G = C, ® C, withn > 2, and let S € % (G) be a zero-
sumfree sequence of length |S| = 2n — 2. If n has Property B then there is an automorphism ¢ over
G such that ¢(S) = e;"! ]_[?:_11 (€1 +aiey), or #(S) = "2 [, (e + a;ex) with ¥, a; = 1 (mod n)
and h(S) =n - 2.

Lemma 2.4 Let n > 3 with n having Property B, and let G = C,, ® C,. Let S1,S, € 7 (G) with
IS11 =1S21 =2n—-2.1If h(S1) <2n -3 and h(S,) < 2n — 3, then there exist T||S | and T»|S , such
that o(T1) = o(T,) and |T:| = |T| € [1,2n - 2].

Proof. It is easy to check the lemma for n = 3. So, we assume that n > 4. Let

2n-2

Sy = n(aiel + biey)
i=1
and
2n-2

S, = H(Ciel + d;ey).
i=1

Let P,,-, denote the symmetric group on [1, 2n —2]. Clearly, it suffices to prove that S| —6(S )
is not zero-sumfree for some § € P,,_,, where 6(S,) = H,-zfl_z(c(g(i)el + dsiyez).

Assume to the contrary that, S| — 6(S,) is zero-sumfree for every 6 € P,,,. By Lemma 2.3,
h(S| —6(S,)) =n—1orn—2holds for every 6 € P,,_».

Case 1: h(S| — 6(S,)) = n — 2 holds for every 6 € P,,_».

Especially, h(S| — S,) = n — 2. Again by Lemma 2.3, there exists an automorphism ¢ over G
such that

681 -2 =e"2 | [(er +ze2).
i=1
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Without loss of generality, we may assume that ¢ = id. Furthermore, by rearranging the subscripts,
if necessary, we assume that

(a1 —cpepr+ by —dy)ey=---=(a,.2 — chz)er + (bpr — dy_2)e2 = €

and
(aj—cjer+ (b —dj)es = e +z; 06

for every j e [n—1,2n —2].
Since h(S; — S,) = n — 2, we may assume that

21 F 2.

Claim 1. a; —cj€{1,2} holds forany i, j € [n + 1,2n — 2] with i # J.

Leti,je[n+1,2n—2] withi # j, and let 7 be the transposition (i, j) € P,,_,. Then

S1—7(52) = &" 2 ((ai - cj)es + (b - dpes) ((a; - ches + (b —dpes) || (er+ze).

k#i—n+2,j—n+2

If a;—c;j = O then (a; — cj)e; + (b, —d))e; = (b; —d;)e; # e, follows from h(S; —7(S,)) =n-2.
Therefore, 0 € ¥, (€2" ((a; - ¢;)e1 + (b — dj)e2)) € ¥ (S1 = 7(S2)) , a contradiction.

Now we assume that a; —c; € [3,n—1]. Let I C [1,n]\ {1,2,i —n—2, j — n — 2} be a subset
with |[I| =n—(a;—c;)— 1 €[0,n—4]. Thena; —c; + 1 + }};; 1 = 0. Therefore

{[bi—dj+z1 +sz)ez,(bi—dj+zz+2zk]ez}

kel kel

- Z (((di - cj)el + (b; — dj)ez) (eg + Zkel)] .

k#i—n+2,j—n+2
Since z; # z», we have that b; — d; + 21 + X1y 2 # bi — dj + 2o + X1 2. Therefore

Y (eZ"—Z [b,. —dj+z+ ) zk) ez) D] [ezn—2 (b,. ~dj+zn+ ). sz ez]

kel kel

c Z (ezn_z ((Cli —cj)e; + (b — dj)eZ) (e + Zkez)}

k#i—n+2,j—n+2

C ) (S-S,

a contradiction. This proves Claim 1.
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Note that a; — ¢j + a; — ¢; = (a; — ¢;) + (a; — c¢;) = 2. This forces that a; — ¢; = 1 for any pair of
i,j€[n+1,2n—-2] with i # j. Therefore

Qpsl = Qpyy = *++ = dpy—n = a (say),

Cpnil = Cpyp =+ =Copp =a— 1.

Since h(S| — §,) = n — 2, we have that z;_,,» # z; holds for some k € [n + 1,2n — 2]. Let
jen+1,2n-2]\ {k}, and let i = n. Then repeating the proof above we obtain that

ap, = Apy) =+ = dop—2 = 4,
Cn=Cny1 =" =Cp2=a—1.
Similarly, we obtain that
ap—1 = Apy1 =+ = A2p—2 = 4,
Cpl = Cpy1 =" =Cpp=a— 1.
Hence
ay1=Q,=-""=aymr=C1+1=c,+1=---=cpr+1=a. (D)

Claim 2. g; — c¢; € {0, 1} holds for every i € [1,n — 2] and every j € [n + 1,2n - 2].

Letie[l,n—-2], je[n+1,2n—2], and let 8 be the transposition (i, j) € P,,-,. Then

S1—6(S,) =" ((Cli —cjer + (b — dj)ez) ((Clj —cper +(bj— di)ez) 1—[ (€1 + zx€2).

k#j—n+2

Assume to the contrary that a; — c; € [2,n — 1]. Let I C [1,n] \ {j — n + 2} be any subset with
Il =n—(a;—c;).Let J = [1,n]\{{j—n+2}Ul}. Thena;—cj+ X1 =0and aj—c;+ ;1 = 0.
Therefore
o ((ai —cj)e + (b — dj)eZ) 1—[(61 +z€) | =|bi—d;+ ZZk e,
kel kel
and

(@@= cher + (b; - dyes) | [(er + zen)| = |b;—di+ D ze]en.

keJ keJ

Since 0 ¢ ), (ez”‘3 ((bi —dj+ Yier zk) ez)) , we infer that

bi—d;+ ) ze(l,2).

kel

Similarly
bj—di+ Y z€(1,2).

keJ
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Note that a; — ¢; + a; — ¢; + (n — 1) = 0. Similarly to above we have

bi—dj+bj—di+ Y e+ » 5 e{l,2)

kel keJ

These force that b, —d; + > 1c; 2k = bj — d;i + Y1y 7 = 1 holds for every I C [1,n] \ {j —n + 2} with
|I| = n — (a; — c;), which implies z; = z», a contradiction. This proves Claim 2.

Since a; — cj +aj—c; = 1, we have a; — ¢; € {0, 1}. Therefore
a,‘—Cj:O, aj—C,'ZIOI' Cl,'—Cjzl, Clj—Ci:O (2)
holds for every pair of i, j withi € [1,n—2] and j € [n+ 1,2n — 2].

If aj — ¢; = 0 then a; = q; follows from a; —¢; = 0. By (1), a; = a,-1 = a, = -+ = az,—». Let
t € [n—1,2n —2]. Let y be the transposition (i, t) € P,,_,. Then

S1=¥(52) = &' (@ = ey + (b — dey) (@, — ey + (b, —dey) | | (1 +zer).

k#t—n+2
By (1) we have a; — ¢, = 1, a;, — ¢; = 0. Therefore
0'(((611‘ —c)ey + (b — dy)ey) l_l (e + Zkez)) = [bi —d; + ( Zk) - Zz—n+2] ez,
k#t—n+2 k=1

and
(a; — c;)er + (b, — d;)ey = (b, — d))e,.

Hence

n

0¢ Z [ezn_3((bz —d;)e;) ((bi —d; + [ Zk) - Zt—n+2] ez]] c Z(Sl —v(52)).

This forces that

k=1

n

b,—di:bj_dz+[ Zk)_zt—n+2:1-
1

k=
Since b; — d; = 1 we have b; = b,. Therefore, a;e; + b;e, = a,e; + b,e, forevery t € [n—1,2n - 2].

Now we have proved that if a; — ¢; = 0 for some i € [1,n—2] and j € [n + 1,2n — 2], then

aie; +bey =a, 1€ +b,_ 1€y =+ = ax, €1 + by,_s€;. 3)

Similarly, if a; — ¢; = 0 for some i € [1,n — 2] and some j € [n + 1,2n — 2], then

ciep +diey =c,1€1 +d,_1€y = -+ - = Cop2€1 + day2€;. “)
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From (2), (3) and (4) we infer that there are three possibilities:

(1) a; = a; = -+ - = a,—» = a, which implies
ae; +biey = are + byey = --- = ay,0e1 + by,_n€s.
(i) ¢y = ¢, = -+ = ¢cyp—2 = a — 1, which implies
cie; + d1e2 = (e + dzEz =+ =Cyn€ + dzn_zez.
(i)a; =a,y =+ =amor=aandc; =c,_y = -+ = 0 = a— 1 forsome i, j € [1,n-2]

with i # j, which implies

aer+biey =a, 11 +b, 1€ =+ = ax2€1 + by2€2,
and

cjep + djez =c,_1€1t+d,_1€; = -+ = Cy_0€1 + ds,_0€5.
But we always get a contradiction. This completes the proof of Case 1.

Case 2: h(S| —3(S,)) = n— 1 holds for some 6 € P,,_,. Since the proof is similar to and much
easier than Case 1, we omit it here. O

Lemma 2.5 Let n > 3 with n having Property B, and let G = C, & C,. Let S € Z(G) be a
zero-sumfree sequence of length |S| = 2n — 2. Then for any g € G \ {0}, either v,(S) = n—1 or
there exists a subsequence T of S such that |T| > 2 and g = o(T).

Proof. By Lemma 2.1, for any g € G \ {0}, (—g)S contains a nonempty zero-sum subsequence S ;.
Since S is zero-sumfree, we have (—g)|S ;. Let S, = S (—g)~!. Then g = o(S,). If g is not a term
of § then |S,| > 2. Let T = S, and we are done. So we may assume that g is a term of S. Clearly,
it suffices to prove that either v,(S) = n — 1, or there is a subsequence W of S such that g is not a
term of W and g € > (W).

By Lemma 2.3 there is an automorphism ¢ over G such that

2n—2-r
P(S) = e’ H (e1 + asez),
i=1
where r = h(S) = n — 1 or n — 2. Without loss of generality let ¢ = id.
Case1: S = e,"! H?;ll(el + a;e;).

Subcase 1.1: a; = a, = -+ = a,_;. Since g is a term of §, g = e, or e; + a;e,. Therefore,
Ve(S)=n-1.
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Subcase 1.2: a; = a, = -+ = a,_1 does not hold. Without loss of generality let a; # a,. If
g = ey then v,(S) = n — 1. Now assume g = e; + a;e; for some i € [1,n — 1]. Note that either
a; # a; and we have g = e; + a;e; € ). (ez”‘l(el + alez)), or a; # a, and we have g = e; + aq;e; €

2 (92"_1(01 + azez)) .

Case2: S = e;" > []L,(e; +a;e;) and h(S) = n—2. By rearranging the subscripts, if necessary,
we can assume that a; # a,. By Lemma 2.3, e; = o (]],(e; + a;ez)) . So it remains to check the
case that g = e; + a;e, for some i € [1,n].

Subcase 2.1: There are three distinct elements among of ay, ..., a,. Then there are two indices
J-k € [1,n] \ {i} such that a;, a;, a; are pairwise distinct. Since [aj,a; +n—2] U [ay,ar + n = 2] =
[0,n—=1]\{a;+n—-1}U[0,n—1]\{ar+n—1} = [0, n—1], we infer that {e;, e; +e,,...,e;+(n—1)e;} C
3 (ez”‘z(el +a jez)) U (ez”‘z(el + akez)). Hence

g=e +aec Z (ezn_z(el + ajez)) U Z (ez"_z(el + akez)) .

Subcase 2.2: There are exactly two distinct elements among of ay,...,a,. Let j € [1,n] with
aj # a;.. Ifa; # aj+n—1then g = ¢ +aje; € Z(ezn‘z(el +aje2)). Otherwise a; = a; +n — 1.
Let r be the number of k € {1,...,n} such that ¢, = @;. By Lemma 2.3, a; +a,+:--+a, =1
(mod n), that is, ra; + (n — r)(a; + 1) = 1 (mod n). Hence, r = n — 1 contradicting h(S) = n — 2.
This completes the proof. O

Lemma 2.6 Let n > 3 with n having Property B, and let G = C, ® C,. Let S € % (G) be a zero-
sumfree sequence of length |S| = 2n — 3, and let W € .%(G) be a nonempty zero-sum sequence. If
W contains no 0 then there exist W{|W and S |S such that c(W;) = o(S1) and 1 < |W;| < |§4].

Proof. 1t is easy to check the lemma for n € {3, 4}.

Let n > 5. We may assume that W is a minimal zero-sum sequence. Let
W=g ... g, where w = |W| > 2.
If (—g;)S contains a nonempty zero-sum subsequence S| (say) for some i € [1,w], then —g;|S

follows from S is zero-sumfree. Let S| = S;(—g,-)‘1 and W| = g; € .#(G). Then SIS, g = o(S/)
and we are done.

Now we may assume that, for any i € [1,w], (—g;)S is zero-sum free. By Lemma 2.3, there
exists an automorphism ¢ over G such that

$(—g1)S) = &' [17° " (e1 + zie2),

where h(¢((—g1)S)) = r =n—1 or n — 2. Without loss of generality let ¢ = id. Then
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(—g1)S = e [ (e + ziey),

where h((—g;)S) = r = n—1 or n — 2. By rearranging the subscripts, if necessary, we may assume
that

—81 = €2,0r —g1 = €1 + 71€3.

Case1: w=2.Then g, +g, = 0.

Subcase 1.1: —g, = e; + z1€;. Then g, = —g| = e; + z1€;. If r = n — 1, it is easy to see that
g € ((e1 + z2e2)e2”‘1) C >(S) and we are done. If r = n — 2 then h(zpz3 - ... z,) < n—2. By
rearranging the subscripts, if necessary, we assume that z, # z3. Furthermore, we may assume that
71 #2+(n—1). Thus g, € ; ((e1 + zzez)ez"‘z) C >(S) and we are done.

Subcase 1.2: —g; = e,. Then g, = —g; = e;. Letting S| = e; € .#(G) and W, = g, € Z(G)
verify the lemma.

Case 2: w > 3. Let i, j € [1,w] be an arbitrary pair with i # j. By Lemma 2.1, (-g;)(-g;)$
contains a nonempty zero-sum subsequence S, (say). Since both (-g;)$ and (-g;)$ are zero-
sumfree, we have (—g;)(=g)IS}. Let S, = S;(—gi)“(—gj)“. Then S,|S and |S,| > 1. If |S,| > 2,
setting §1 = §, and W; = g;g; verify the lemma. So, we may assume that |S»| = 1. Therefore, for
any i, j € [1,w] with i # j,

8 t8j

is a term of S.

Subcase 2.1: —g; = e;+z1€;. Then gy = (n—1)e; +(n—z;)e,. Forany 2 < i < w, since g; +g; is
a term of S, we infer that g; = e; + ze, or 2e; + ze, for some z € C,. Therefore, for any i, j € [2, w]
with i # j we have g; + g; = ae + be, for some a € {2, 3,4}, a contradiction of g; + g; is a term of
S.

Subcase 2.2: —g, = e;. Then gy = (n — 1)e,. For any 2 < i < w, since g; + g; is a term of S, we
infer that g; = 2e, or e; + ze, for some z € C,,. If g; = 2e,, letting W; = g;and S| = e’ verify the
lemma. So we may assume that g; = e; + ze, for every 2 < i < w. Therefore, for any i, j € [2, w]
with i # j we have g; + g; = 2e; + Z'e, it is not a term of S, a contradiction. This completes the
proof. O

Lemma 2.7 ([7], Theorem 1) Let G be a finite abelian group, and let S € % (G). If|S| = |G| +
D(G) - 1 then NJ'(S) > 1.

We also need the following technical results.

2 < p; <2n-3foreveryic[1,k], then pip>---pr >n>+ 1.

Lemma 2.8 Let n > 3,k, p1,..., px be positive integers. If p1 + p» + -+ + pr = 3n —2 and
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Proof. Since 2 < p; < 2n — 3 for every i € [1, k], we have

pipr P2 pi(pa+ e+ p) 2 piBn=2-p) > C2n-3Nmn+1)>n"+1.

Lemma 2.9 Let Ay,...,A; be subsets of [1,k] with |A|| = --- = |A)| = 2. If | < k then there exist a
subset A C [1, k] such that, |A| < % + th and AN A; # 0 holds for everyi € [1,1].

Proof. By rearranging the subscripts, if necessary, we may assume that A} N A, # 0,A3 N Ay #
0,...,Ay 1 NAy #0,and Ay, ..., A; are pairwise disjoint. Put r = [ — 2¢. Clearly, 0 <t < % and
r< § Now take one element x; from A,;_; N Ay; for every i € [1,¢] (Note that xi,...,x; are not
necessarily distinct), and take one element x,,,; from A, ; for every j € [1,r]. Let

A= {xb'"9xta-x2t+l’~'-9xl}'
Then, AN A; # 0 forevery i € [1,1].

It remains to show |A| < 7+ r < & + L. Note that

k
2t+r=landr < <
2
Ifr < k—é hen Al < t+r = r+l_7’ = ”7’ < §+;i. Now assume that r > k—%. Then,
I~k+1 .
t="5< i < L. Therefore, |A| < r + ¢ < £ + L. This completes the proof. O

3. Proof of Theorem 1.3

Proof. Let n > 3. Note that N‘gf;l(S ) = ngG'(—x + §) holds for every g € G, we may assume that
vo(S) = h(S). Let g € G\ {0}. Suppose Nf'(S) > 1, we need to show that NL,G'(S) > n.

By rearranging the subscripts we may assume that
S =815,
where

Si=aay-...-a,_0",
h(s)-
Sa2=biby - ... by s sy 0",
g=0S)=a+ay+---+ag_,

We first assume that h(S) < 2n—3. By Lemma 2.4 there exist T|a;a, -. . .- az,— and T{|S; such
that o(Ty) = o(T)) and |T| = |T|| > 1. By rearranging of the subscripts of §| we may assume that
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a;|T;. Again by Lemma 2.4 there exist Ts|ayas - ... - az,— and TS, such that o<(T>) = o«(T}) and
|T>| = |T}| > 1. Clearly, T, and T’ are different. Similarly, we can obtain subsequences 73,..., T,
of § and subsequences T73,...,T, of §, satistying |T;| = |T/|, o(T;) = o(T}) for any i € [1,n],

’ n

and T, T, ..., T, are pairwise different. Therefore, $\77'T|,S,T,'T;,...,S\T,' T, are pairwise
different subsequences of S with sum g and length n?. So we have N'f'(S ) > n.

Now suppose that h(S) > 2n — 2. We distinguish four cases.

Case1: 1 < r <h(S)— L. Then NY($) > (") > (") = h($) > n.

Case 2: r = 0. Then h(S) = 2n — 2. Since |S | = n*> > 3n — 2, by Lemma 2.2, there is a short
zero-sum subsequence T of S;. So S, 7710 is a sequence with sum g and length n?. Replace S
by S, 7710 and it reduces to Case 1.

Case 3: r = h(S) and S, is not zero-sumfree. Assume that 7'|S, and o(T) = 0. Replace S by
S,077!T and it reduces to Case 1 or Case 2.

Case 4: r = h(S) and S, is zero-sumfree. Since g # 0, there is at least one term of S is
not zero. Let g’|S| and ¢’ # 0. By Lemma 2.5 we have that either v, (S,) = n — 1 or there
exists a subsequence T of S, such that [T| > 2 and g’ = o(T). If v,(S2) = n — 1 then NI¥'(S) >

(Vg'(S')J;vg'(SZ)) > ('l’) = n. Now assume that g’ = o(T) for some T|S, with |T| > 2. Replace S by

S187'07T*1T and it reduces to Case 1 or Case 2.

It is easy to check the case n = 2 directly and we omit it here. Now the proof is completed. O

4. Proof of Theorem 1.5

Proof. Let n > 526. Without loss of generality let h(S) = v¢(S). From Lemma 2.7 and Lemma 2.1
we know that N'f'(S) > 1. Assume that N'f'(S) > 2. We have to show N|0G|(S) >n’+ 1.
By rearranging the subscripts we may assume that
S =815,

where

Sl =aidz - ...- anz_,()r,
h(S)-
Sa=biby - ... by s sy 0",
O0=cS)=a1+a+---+a,_,.

We distinguish cases according to the value taken by h(S).

Case 1. h(S) > n* + 1. Since 1 < r < n?, NJ'($) > (") > (/') 2 n? + 1.
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Case2. h(S) =n®>. Wehave n? —2n+2<r<n*-2orr=n> . Ifn*>-2n+2<r<n*-2

2 2
then Nl(f;l(S) > ("r) > ("2) > n? + 1. So we may assume that » = n®. If S, is zero-sumfree then
N‘OG |(§) = 1, a contradiction. If S, has a zero-sum subsequence T of length at least 2 then 707!

is a zero-sum sequence of length n?. Therefore, N'OG ($) > (nzn_zm) > ("22) >n?+ 1.

Case 3. 2n — 2 < h(S) < n? — 1. We distinguish four subcases according to the value taken by

Subcase 3.1: 2 < r < h(S) — 2. Then N{'($) > (") > (%) 2 n? + 1.

Subcase 3.2: 0 < r < 1. Then h(S) —r > n+ 2. Since n* —r > n*> — 1 > 3n — 2, by Lemma
2.2, there is a zero-sum subsequence 7 of a1a; - ... - a,2_, with 2 < |T| < n. Now replace S| by
S T7'0"" and it reduces to Subcase 3.1.

Subcase 3.3: r = h(S) — 1. Let §1 = §,0™"*! and S}, = §,07". If S/, contains a nonempty
zero-sum subsequence 7T, then replace S| by S ;707! and it reduces to Subcase 3.1 or Subcase 3.2.
So we assume that S’ is zero-sumfree.

If there exist T'|S | and U|S’ such that |T| < |U|and o(T) = o(U) then replace S by S, UT 10711V,
Note that |U| < 2n — 3 and it reduces to Subcase 3.1 or Subcase 3.2. So we may assume that 7'|S’,
U|S’, and o«(T) = o(U) imply

IT| > |UI. %)

Ifh(S) > ”22” , then by Lemma 2.6 and (5) there exist T'|S| and U|S’, such that |T| = |U]| and

o(T) = o(U). Therefore, Ny'(§) > 2("%) > n? + 1.

Now we may assume that "22—“ > h(S) > 2n - 2. Since |S]] = n —hS)+1 > 2n-1,
by Lemma 2.6 and (5), there exist 74|S| and U,|S, such that o<(T|) = o(U;) and |T4| = |U,|.
Without loss of generality let a;|7;. Since |S’1a1‘1| >n?-hS)+1-1>2n-1, by Lemma
2.1, there is a zero-sum subsequence of S’lal‘l. Now by Lemma 2.6 and (5), there exist T IS’laf1
and U,|S, such that |T,| = |U,| and o(T;) = o(U,). Clearly, T| and T, are different. Assume
that a,|T>. Similarly we can obtain subsequences T3,...,T, of S| and subsequences Us,..., U,
of §/ satisfying |T;| = |U;| and o(T;) = o(U;) for for every i € [1,n], and T}, ..., T, are pairwise
different. Note that for every i € [1,n], $1U;T;'0"®)~! has sum zero and length n?, we infer that
N'($) 2 n("P) 2 nx @n-2) 2 n?+ 1.

Subcase 3.4: r = h(S). If S, has a zero-sum subsequence T with |T| > 2, then replace S by
S 707" and it reduces to Subcase 3.1 or Subcase 3.2.

. s s
Now we assume that S, is zero-sumfree. Suppose S| = g\f"‘( VoL gzg"( 1)Oh(s), where g1,...,8;,0

are distinct elements in G. If there exists a subsequence T of S, such that |T| > 2 and g; = o(T)
for some i, then replace S by S1g7'07"*!T and it reduces to Subcase 3.1 or Subcase 3.2 or Sub-
case 3.3. So by Lemma 2.5 we may suppose that v,,(S,) = n — 1 holds for any i € [1,k]. Since
IS,] = 2n — 2, we have k < 2.
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If k = 1 then v,, (S 1) > n. Therefore, Njl(§) > (Y1641 69) > (

n+n—l) 2
>n°+ 1.
Vgl(SZ) - -1 -

n

If k = 2 then g, +g> # 0 follows from S, is zero-sumfree. Therefore, max{v, (S 1), v, (S 1)} = 2.

Gl Vg, (S1)+Vg (S2) [ Ver (S 1)+Vg, (S2) 1+n—1\(2+n—1 2
> 81 81 82 82 > >
['hus, N0 S) ( Ve, (S1) )( VeyS 1) ) ( ] )( ) ) nXm+1)>n"+1.

Case 4. h(S) < 2n — 3. Now rewrite S and S, in the form

S1) v S
_ VgD Ver, (S1) V8r1+1( 1 gry+ry (51
Sy =8 8 ri+1 U Sr+n >
S _ Vgl(SZ) . Vgrl (Sz) Vgrl +r2+l(SZ) . V}Zr| +rp+r3 (SZ)
2 =8 T ri+r+l ri+rtr3 >
where g1, ..., & +r,+r, are distinct elements in G.

Let
S3 =

ri+1 ry+r - 1 r

vgr1+l(sl) . Vgrl+r2(S1) _ Sl (gvgl(sl) . Vgrl (Sl))_l

IEve, (S1)+ -+ v, (S1) 2 3n -3, then

(Ver (S 1) + Vg, (S2)) + (Ve (S1) + vy, (S2)) 2 3n =2,

By Lemma 2.8, we have

NI(S) >

Ve (S1) Ve, (1)

> (Ve (S 1) + Vg, (S2)) -+ (vg, (S 1) + vy, (52)
>n’+ 1.

(vgl(s D+ vg1<sz>) N (v (S1) + Ve, (S2>)

So we may assume that vg,(S1) + - -+ + Vg, (S1) < 3n—4.

Let Ny = (Vgl (S D+vg, (§ 2)) . (Vgrl S+, (S 2)), Let N, denote the number of subsequences T of S
Ve (S1) Ver, (S1)

satisfying (1) |T| = 2, and (II) there is a subsequence 7, of S, such that |T;| = 2 and o(T}) = o(T>).

Clearly, N'OG ((§) > N; + N>. So we may assume that

N, < n.

By Lemma 2.9 there exists a subsequence W of S3 such that S3W~! contains no subsequence
satisfying both (I) and (II) and such that

S5l Ny
W< —+—.
Wl 2 4

Let N5 denote the set of nonempty subsequences T'; of S3W~! such that |T,| = |T;| and o<(T,) =
o (T,) for some T5|S ;. By the definition of W|S3; we know that

171 =3 (6)
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holds for every T} € Ns.

Let k = |S;W™!|. Note that

IS3W!| = 13| - W]
1S3l N> IS3] N,

> - = __Z
25l -5 -7 =5 73
1
ZE(nz—(vgl(S1)+---+Vgrl(S1)))——n
1 3
Zzn2—§n+2
Therefore 1 3
k21n2—§n+2. (7)

Note that every T € Nj is contained by

( k — T )_( k — T )
2n-2-Ty) \k-@n-2)

subsequences of S3;W~! with length 27 — 2. By Lemma 2.4 we have

k — T k
Z (k -(2n- 2)) z (k - (2n - 2))' )

T1€N3

Let N3 = |N;|. Combining (6), (7) and (8) we obtain that

(k—(21:1—2)) (2nk—2)

N3 > =
k) ()
~ k(k — 1)(k - 2)
C 2n-2)2n-3)2n-4)
(3—‘112 - %n + 2) (}—‘n2 - %n + 1) (}—‘n2 - %n)
- (2n —2)2n - 3)2n — 4)
> n? + 1 (since n > 526).

So Nl)Gl(S) > N + N> + N3 > n? + 1. This completes the proof. O

5. Remarks and Open Problems

Conjecture 1.2 and Theorem 1.3 suggest the following
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Conjecture 5.1 Let G = C,, ® C,, ® --- ® C,, be a finite abelian group, where nin;., for any
i€[l,r—1). Let S € #(G) be a sequence of length |S| = |G| + D(G) — 1. Then

NEI(S) = 0 or NOY(S) 2 ny
for every g € G\ {0}.

It is easy to see that Conjecture 5.1 is true for all elementary abelian groups from the following
result.

Proposition 5.2 Let p be a prime, and let G be a finite abelain p-group. Let S € 7 (G) with
S| = G| + D(G) — 1. Then NI(S) = 0 or N°I(S) > p for every g € G\ {0}, and either Nj'(S) = 1
or NJ'(S) > p+ 1.

Proof. By aresult in [10] (or see [13], Theorem 8.3) we know that

I (mod p), ifg=0,
Gl —
Ng (5)= { 0 (mod p), otherwise.

Now the proposition follows. O

Conjecture 5.3 Let G be a finite abelian group. Let S € % (G) be a sequence of length |S| =
|G|+ D(G) - 1. If G # C, & C,, then

N(S) =00or NSI(S) > |G| + 1.
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