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Abstract. In graph G = (V, E), a vertex set D C V is called a domination set if any
vertex u € V\D is connected to at least one vertex in D. Generally, for any natural number
k, the k-tuple domination set D is a vertex set such that any vertex u € V\D is connected
to at least k vertices in D. The k-tuple domination number is the minimum size of k-tuple
domination sets. It is known the 1-tuple domination number (i.e. domination number) of
classical random graphs G(n,p) with fixed p € (0,1) asymptotically almost surely (a.a.s.)
has a two point concentration (Wieland and Godbole [11]). In this paper, we prove the 2-
tuple domination number of G(n, p) with fixed p € (0, 1) a.a.s. has a two-point concentration.
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1. Introduction and main result

In a graph G = (V, E), a vertex is said to dominate itself and its neighbors. A dominating
set of G is a subset D C V such that any vertex in V\ D is dominated by at least one vertex
in D. The domination number v(G) is the minimum cardinality of dominating sets of G. In
general, for any natural number k, Harary and Haynes [5] introduced the following k-tuple
dominating set: a k-tuple dominating set of G is a subset D of V such that any vertex
outside D is connected to at least k vertices in D (in this case, we say every vertex in V\ D
is dominated by at least k vertices of D). Define k-tuple domination number v(G) as the
minimum cardinality of k-tuple dominating sets of G. Obviously, 7x(G) > v(G) = 11(G).

Liao and Chang [8] studied k-tuple domination in graphs from an algorithmic point of
view. They obtained a linear-time algorithm on the k-tuple domination problem for some
graphs and proved the mentioned problem is NP-complete for others. Note the following type
upper bounds on k-tuple domination for graphs G = (V, E') were obtained in [2], [3], [4], [§]
and [12] (under a certain condition):

Yk(G) < ¢|V] for some constant ¢ € (0, 1).

As mentioned before, k-tuple domination problem is NP-complete for some graphs, it is
interesting to study it in random graphs. Wieland and Godbole [11] studied the domination
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number of classical random graphs G(n,p), and verified that v;(G(n,p)) is concentrated at
two-point asymptotically almost surely (a.a.s.) if p € (0,1) is fixed or p = p(n) approaches
zero sufficiently slowly, namely, a.a.s.,

[log, n — logy,(log, n - logn) | +1 < 71(G(n, p)) < [log,n — log,(log,n - logn) | + 2,

where b =1/(1 — p), and |z] is the largest integer which is no more than x for any = € R.
In this paper we study the 2-tuple domination number (namely double domination num-
ber in [6]) of G(n,p). Our main result is stated as follows.

Theorem 1.1. Let p € (0,1) be a constant and b =1/(1 — p). In G(n,p), a.a.s.,

{logbn — log; log n + log;, 1 P J +1 < %(G(n,p)) < {logbn — log; log n + log;, 1 pr +2.

Write P(-), E(-) and V(-) for the probability, expected value and variance of a ran-
dom variable respectively. Denote by COV(:,-) the covariance of two random variables.
For two functions f(n), g(n) of a natural valued parameter n, f(n) = o(g(n)) means
nh—>Holo f(n)/g(n) =0, and f(n) = Q(g(n)) means that for some constant ¢ > 0, f(n) > cg(n)

for sufficiently large n.

Remark 1.2. (i) Similarly to Theorem 1.1, one can prove that for any p € (0,1) and natural
number k, the following a.a.s holds:

a < (G (n,p)) — {log, n —logylogn + (k — 2)logy log, n} < ¢,

where a = a(k,p) and ¢ = ¢(k,p) are two constants. This is left to the interested readers.
The magnitude log, n — log, logn + (k — 2)log, log, n comes from computing E (X,’?) for a
suitable r, where Xff is the number of k-tuple dominating sets of size r. For instance, for
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and E (X¥) — 0 or co depends on (n—7)(,",) (3)" > rlogn or not, V (XF¥) = o (E? (XF))

if B (Xf) — 00; and roughly, r is chosen satisfying (n — r) (kil) (%)T ~ rlogn.
(ii) Theorem 1.1 also holds when p = p(n) approaches zero sufficiently slowly, which is

left to the interested readers.

2. Proof of Theorem 1.1

Due to similarity, we only prove Theorem 1.1 for p = 1/2 for simplicity. The lower bound
is proven in subsection 2.1 by the Markov inequality, and the upper bound is verified in
subsection 2.2 by the Chebyschev inequality.



2.1. The lower bound

For r > 1, let X, denote the number of 2-tuple dominating sets of size r. To get the lower
bound, we only need to show that E(X,) — 0 when r = |logy n — logy logn| by the Markov
inequality.

Let Sq,--- ,S(n) be all subsets of vertices with size r, and each Aj the event that S is a

2-tuple dominatinrg set, and each Ij the indicator random variable of Aj. Clearly,

It is easy to see that

E(X,) = (’;) {1_<1_;)T_r.<1_;>r_1.<;>}W’

where (1 — %)T is the probability of a vertex outside D is not connected to any vertex in D,

and 7 (1 — %)T_l (l) is the probability of a vertex outside D is connected to only one vertex

2
in D. Thus

E(X,) — <:> {1—(r+1)- (;)}n_
< <:> exp{—(n—r)(r—l—l)-(i)T}

1 T
= exp{—(n—r)(r—i—l)- <2> +r+rlogn—rlogr}

1\" 1\"
< expq-—nm-r- 3 +7r-(r+1)- 3 +7r+rlogn—rlogr

1 I 1) -1
_ exp{ ogyn(loggn + 1) -logn
n

+ (1 —0(1))logyn —logy n - loglog, n} — 0.
By the Markov inequality,
P(X, > 0) < E(X,) =0,

which implies a.a.s.,
v2(G(n,1/2)) > [logy n — logy logn] + 1.

2.2. The upper bound

To obtain the upper bound, we need to show that if r = |logy n — logy logn| + 2, then

E(X,) — oo and V(X,) = o(E*(X,)).



Notice for 0 < z < 1,
1—xz>exp{—z/(1 —2z)}.

It is easy to see that

E(X,) — (:) {1—<r+1)-(;> } .
n (n—r)(r+1)- (l)
- (T)GXP{_ 1—(r+1)- %2 }
> (1-o0(1)) { n-r) %)}
- 27r7“ %
n—r)(r+1 1
> exp{—(l_()r(jj;))(é(; +7r+rlogn—(r+ /2)logr—log\/§}.
Since
_(n—r)(r—i—l)'(%)rz_ n(r+1)-(3) rir+1)-(3)"
1—(r+1)-(3) 1—(r+1)-3) 1-(@+1)-(3)
nlog,n - 1087
=—(1- (1))1i%n l(j;n_ (1/4 —0(1))logy nlogn
we have

E(X,) > exp {—(1/4 —o(1))loggnlogn +r+rlogn — (r+1/2)logr — log \/ﬂ} .
Clearly, 7 = (1 — o(1)) logy n; and the significant factor in
r+rlogn — (r+1/2)logr — logv2r
is rlogn, which is (1 — o(1)) logy n - log n. Therefore,

E(X,) > exp {(3/4 +o(1)) logynlogn + 1 — (r +1/2) logr — log \/ﬂ} = 0.

Now we estimate V(X,). Note
)

¢
V(X;) = Y V(L)+) COVIL ]
=1 i#j

.

()
= E(Ii)(l ~E(L) +2) ) [E(L)(I;) - E()E()]

=1 =1 j<i

- me (20w

S
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where s = |S; N S;| (see S; in subsection 2.1); and

E(1;I;) = P{S; and S; are 2-tuple domination sets}
< P {Si and S; 2-tuple dominate S; U S; }
= P {each x € 5; U S; has at least two neighbors both in S; and in Sj} ,

where S; U S; is the set of all vertices outside S; US;. For z € S; U S;, let B;j(x) be the event
that x has exactly 1 neighbor both in S;\S; and in S;\S;; Cj;(x) the event that x has at
most 1 neighbor in S; U S;, and D;;(z) the event that x has at most 1 neighbor in S; but has
at least 2 neighbors in S;\S;. Then

pwse) = -9(3) w-a(3) (1-3) =97 (3)

P(Cij(z)) = (1 — ;)WS + (2r — s) (1 - ;>2T_5_1 (;) =2r—s+1) (;)%_S ;

P(Dyj(x)) = {1 - (1 - ;)Ts —(r—s) (1 - ;)TSI <;
A0 (-3 6))

~ o+ 1) <;>r—(r+1)(r—s+1)<;>2T_8.

Thus
E(LL) < ] (1-P(Byx)—P(Cyx)) — P(Di(x)) — P(Dsi(x)))
2¢S,US;
1 r 1 or—g\ 2rts
— <1—2(7"+1)<2> +(r2+2r—32—s+1)(2> ) .
Let

I = (’Z) Tzf (Z) <Z - ;) (1 —2(r+1) (;)T (24 2r—s*—s+1) (;>ZH> n—2f+8’

s=1

Jo = (:L) (g) (” . T) (1 —r +1) (;) + (P4 2r+1) <;>2> T E2(X,) + E(X,).

Then

V(Xr) < J; + Js.



(Z: Z) (1 —2r+1) (;) T st ) <;>2>“
o (1—2<r+1) (;)u(mzr_s?—sm (;>zu>n—gr+s
Do (1 240 (3) H 022 sk @z)
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= g(s);
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and for s = Q(r),

T_SQ 2r—s
g(s+1)/g(s):£LS ) exp{(é) n(r2—|—2r—82—5s—3)}>1;

and for s = o(r), g(s +1)/g(s) < 1. So g(s) is first decreasing then increasing.
Since for large enough n,

el 1) (Tn:_j)! - {_n (:w; 1) @) (22 4 dr — 2) (;)2}

n’—2 nB/8r(1+o(1)
= o) exp{—3/8rlogn(l+o0(1))} = ) > 1,
we have that .
Fs) < g(1), Y f(s) < rg(1)
s=1

Now we can estimate J.

B OSEG) _ (re)

E’(X,)  EX(X,)  E(X,)

r3

< (1+0(1)2: " exp {n(27"2 +dr—2) @)2 on(r+ 1) (;) _X

n—r)(r—i—l)-(;)r}
L—(r+1)-(3)

73

<(1+o0(1))2- o exp {(1+0(1))r*log®n/(8n) — rlogn/2 — rlogn/2(1 — o(1))} — 0.



Combining with

no= ()77 (e nar et napr)

r r

_ <Z> (1—(r+1)- (1/2)7“)"‘“>2 +E(X;)

e—2(n—) (r+1)(1/2) A+ (r+D)(1/2)7)

[1—2(r +1 2420+ 1) (§)7 ]
[1—(7‘+1) (L) e
—2'I’L(T+1)(1/2) +47‘(T’+1)(1/2) +nr (1/2)2T(1+0(1))
< 2 ) DDA/ —1+o0(1)
< { 1 — 0

72n(r+1)(1/2)T+4r(r+1)(1/2)’“+n7' (1/2)%" (1+0(1))
—1+0(1)

= D1 —0o(1))(1+0(1)) — 1+ 0(1)] = 0o (E*(X,)),

we see that

V(X,)=J1+ J2 =0 (E*X,)).
By the Chebychev’s inequality,
P[y:(G(n,1/2)) > r] < P[X, = 0] < P[|X, — EX,| > EX,] < V(X,)/E*(X,) — 0.

So a.a.s.,
12(G(n,1/2)) < |logyn — logy logn) +2.
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