THE ERDOS-GINZBURG-ZIV THEOREM FOR FINITE SOLVABLE GROUPS

WEIDONG GAO AND YUANLIN LI*

ABSTRACT. Let G be a non-cyclic finite solvable group of order n, and let S = (g1,---,gx) be a
sequence of k elements (repetition allowed) in G. In this paper we prove that if k > %n — 1, then
there exist some distinct indices i1, %2, - , %, such that the product g;, gi, - - - gi,, = 1. This result

substantially improves the Erdés-Ginzburg-Ziv Theorem and other existing results.

1. INTRODUCTION AND NOTATIONS

Let G be a finite group of order n, and let S = (g1, ,gx) be a sequence of k elements in G
(repetition allowed). We call S a I-product sequence if 1 = Hle (i) holds for some permutation

Tof {1,---,k}. We denote by [[(S) the product Hle gi- We call T = (g;,,- -+ ,¢i,) a subsequence
of S'if 1 <¢; < k for each j and 7; # i; when j # t. Furthermore, if 1 <73 < --- <4y <k,
we call T a main subsequence of S. Clearly, every subsequence of S can be reordered to form
a unique main subsequence of S. For example, the subsequence (g2,g1) of S can be reordered
to a main subsequence (g1,¢92) of S. We denote by It the index set Iy = {i1,--- i} of T. If
Ty = (g5, -, 9j,) and T> = (gn,, - - , gn,) are two disjoint subsequences of S (i.e., Iy N Iy, = ),
we denote by 11T the sequence (gj,,- -, j,»Ghis" - »9n,) and call it the concatenation of 77 and
T5. Similarly, we can define the concatenation of any finite number of disjointed subsequences of
S. For every g € G, let o(g) denote the order of g. Let H be a normal subgroup of G, and let ¢ be
the natural homomorphism from G onto G/H. Denote by ¢(S) the sequence (¢(g1),- -+, d(gx)) of
elements in G/H.

Let D(G) be Davenport’s constant of G (i.e. the smallest integer d such that every sequence
of d elements in G contains a nonempty 1-product subsequence). We denote by s(G) the smallest
integer t such that every sequence of t elements in G contains a 1-product subsequence of length
n. In 1961, Erdés, Ginzburg and Ziv [4] proved that s(G) < 2n — 1 for every finite solvable group
G and this result is well known as the Erdés-Ginzburg-Ziv Theorem. In 1976, Olson [13] showed
that s(G) < 2n — 1 holds for every finite group G. Davenport’s constant and the Erdés-Ginzburg-
Ziv Theorem have received a greater amount of attention in the recent twenty years, and more
information regarding these topics can be found in [7, 8, 12, 18] and their references.

For a finite abelian group G of order n, the first author [5] showed that s(G) = n — 1+ D(G).
We note that s(G) > n — 1+ D(G) for any group G of order n (see [21]). It is plausible to suggest
the following.

Conjecture 1. [21] s(G) =n — 1+ D(G) holds for every finite group G of order n.
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Recently, this conjecture has been verified for Dihedral groups, dicyclic groups and all non-cyclic
groups of order pq with p and ¢ primes ([1], [9]).

Let G be a finite non-cyclic solvable group of order n. In 1984, Yuster and Peterson [19] proved
that s(G) < 2n — 2. In 1988, Yuster [20] proved that s(G) < 2n — r with the restriction that
n > 600((r — 1)1)?, and in 1996, the first author [6] proved that s(G) < &n — 1. For some related
recent work, we refer the reader to [11]. In this paper, using some new techniques we are able to
provide a much better upper bound for s(G), and our main result is the following.

Theorem 2. If G is a non-cyclic solvable group of order n, then s(G) < %n —1.

Conjecture 3. The best upper bound for s(G) is %n

2. PRELIMINARIES

In order to prove Theorem 2, we need some preliminaries.
Lemma 4. [13] If G is a finite group of order n, then s(G) < 2n — 1.
Lemma 5. [6] Let ¢ € (1,2] be a constant. Let H be a normal subgroup of a finite group G. If
s(H) < c|H| =1, then s(G) < ¢|G| — 1.

Since the original proof of Lemma 5 in [6] was written in Chinese, we include a simplified English
version of the proof here for the convenience of the reader.

Proof. Let s = |¢|G| — 1], and let ¢t = |[¢|H| — 1], where for any real number z, |z] denotes the
largest integer not exceeding = . Let S = (g1, -, gs) be any sequence of s elements in G. We want
to prove that S contains a nonempty 1-product subsequence of length n.

Let ¢ be the natural homomorphism from G onto G/H and let f = |G/H|.

Note that
G
= (0= 1) = €lG1] = 1= (lelf] ~ 21)f =27 = 1+ LAGI] = Lelfl) 7 > 2 - 1.
By applying Lemma 4 repeatedly to the sequence ¢(S) = (¢(g1),- - ,¢(gs)) of elements in G/H,
we can find ¢ disjoint subsequences Si,--- ,.5; of S such that

[I(é(57) =1 and |s;| = f
for every j € {1,---,t}. Thus,

[[(s) eH
for every j € {1,--- ,t}.
Since s(H) < ¢|H| — 1, we have s(H) < |c¢|H| — 1] = t. Hence, we can find |H| distinct indices
{1, ¢ | such that the product

|H|

H H(ng) =1L
j=1
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Therefore, T contains a 1-product subsequence of length n, namely, the concatenation Sy, S, - - - Sgl ey
O

Recall that A group is said to be supersolvable if it has a normal cyclic series (i.e., a series of
normal subgroups whose factors are cyclic).

The following lemma follows from [10, Corollary 10.5.2].

Lemma 6. Let G be a finite supersolvable group and p the smallest prime divisor of |G|. Then
there exists a normal subgroup H of index p.

Lemma 7. [2] Let S be a sequence of elements in a cyclic group Cy, of order n such that |S| > 2L
If S contains no nonempty 1-product subsequence, then there is an element such that it occurs at
least 2|S| —n+ 1 times in S.

If an element a occurs t times in a sequence S, we call ¢t the multiplicity of a in S. The sum of
multiplicities of a and b in S is referred as to the combined multiplicity of a and b in S.

Lemma 8. Let k be an integer satisfyingn/2 < k < n, and let S be a sequence of n+k—1 elements
in Cp. If S contains no 1-product subsequence of length n, then there exist two distinct elements
a and b in S such that the combined multiplicity of a and b in S is at least 2k. Furthermore, if
k > 2n/3, then ab=! generates C,.

Proof. The first part of the lemma was proved in [16]. It remains to prove that ab~! generates C,,
when k > 2n/3.

Assume to the contrary that k > 2n/3, but ab~! does not generate C,. Let [ be the order of
ab~!. Then I|n and | < 5. We will show that the subsequence
T:(aa"' ,(I,b,"' 7b)
—— N —
k k
contains a 1-product subsequence of length n, and so does .S, which yields a contradiction.

Multiplying every term of T by b~!, we get a new sequence
T =(abt,-- ,ab7t1,--- 1),
—_——— N —— —
k k
It suffices to prove that 7" contains a 1-product subsequence of length n. If I = § < k, then
(ab_l, e ’ab_l7 17 e ’1)
—_———— —
! I

is a 1-product subsequence of 7" of length n. Next assume that [ < %, so [ < %. It is not hard to
check that n — ZL%J < k, and therefore, the following sequence

(ab_lv... ’ab_l’l’... ’1)
—_————— ——

I n—il7]

is a 1-product subsequence of T” of length n. This completes the proof. O

We use the following generators and relations for the dihedral group Da,, of order 2m and the
dicyclic group Q4 of order 4m respectively.
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Doy = {a,bla® = b™ = 1,ba = ab™ '),
and
Qum = (z,y|2? =y, y*" = 1L,yz = zy ).

Lemma 9. The following statements hold.

Proof. Proofs for parts (a), (b), (c¢) and (d) can be found in [1, 5, 9]. We will prove only the last
statement here.

Let GG be a finite non-cyclic p-group of order p”. We will prove the result by induction on . Since
G is non-cyclic, we have r > 2. If r = 2, then G is abelian, so s(G) < 3|G| < |G| — 1. Suppose
that s(G) < Z|G| — 1 holds for r = £(> 2). We want to show that s(G) < |G| — 1 holds for
r=f+1.Ifp>3and /+1>30rp=2and {+1 >4, then since G is a non-cyclic group of order
p'*1, it follows easily from [17, page 59, (4.4)] (or [15, page 141, 5.3.4]) that G contains a non-cyclic
maximal normal subgroup H of order p’. By the induction assumption, s(H) < %]H | — 1. Tt follows
from Lemma 5 that s(G) < Z|G| — 1. It remains to check the case where £+ 1 = 3 and p = 2. By
(d), we may assume that G is not abelian. Thus, G is either a dihedral group or a dicyclic group.
It follows from (a) or (b) that s(G) = 3|G| < %|G| — 1. O

3. MAIN RESuULT

We will prove our main result by using the minimal counterexample method. Throughout this
section, we always assume that G is a minimal counterexample (i.e., G is a non-cyclic solvable
group of minimal order n such that s(G) > gn — 1), p is the smallest prime divisor of n, and let

m = %. We will divide our proof into a series of Lemmas.

Lemma 10. Let G be the minimal counterexample group of order n. Then every proper normal
subgroup of G must be cyclic. Furthermore, G has a cyclic normal subgroup H of order m and
index p. If p =2, then 4m and m > 12. If p > 3, then m > p(p + 2).

Proof. The first statement follows from Lemma 5. Since G is solvable, G has a proper normal
subgroup Gq of prime index and Gy is cyclic by Lemma 5. Since every subgroup of Gg is a normal
subgroup of G, we conclude that G is supersolvable. By Lemma 6, there exists a normal subgroup
H of index p the smallest prime divisor of n, and as mentioned earlier H is cyclic.

As before, let m = |H| = n/p. By Lemma 9, we know that m is a composite number and m is
not a power of p. If p > 3, then m > p(p + 2).

Next, let p = 2. If 4 does not divide m, then we claim that G is either a dihedral group if 2 fm,
or a dicyclic group if 2|m. So s(G) < Zn — 1 by Lemma 9, which yields a contradiction.

Let H = (a) <G and G = (H,b), where b is a 2- element in G. We first show that (b) is a Sylow
2-subgroup of G. For otherwise, the order o(b) of b must be 2, and any Sylow 2-subgroup of G
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must be isomorphic to the 4-group. Thus, the Sylow 2-subgroup Hs of H is a central subgroup of
G, and therefore, (Hé, b) is a proper non-cyclic normal subgroup, contradicting the first statement
of the lemma. Here H, denotes the complement of Hy in H. Now, we have G = (H,,b) = (z,b),
where 2 = a? and 2® = x°. Since b? is a central element, we have s> = 1 (mod o(x)). If o(z) is a
prime power, than s = 1 (mod o(z)) or = —1 (mod o(z)). The former implies that G is abelian,
which is impossible. The latter implies that G is a dihedral group or a dicyclic group. Next, assume
that o(z) = plf pﬁc’“ is not a prime power, where all p; > p are all primes for 1 < j < k. Let
Hy, be the Sylow pj-subgroup of H and K; = (H,,,b). If Kj is abelian for some j, then H,,
must be a central subgroup of G, so (H;j,b) is a proper non-cyclic normal subgroup of G, which
yields a contradiction. Thus, as proved earlier, all K; are either dihedral groups or dicyclic groups.
Therefore, GG is either a dihedral group or a dicyclic group, proving the claim. Hence,

p(p +2), if p>2
(1) mz{ 12, and 4jm ifp=2

O

The following notations will be used throughout this section. Let H be the same cyclic normal
subgroup of G, of order m as used in the above lemma, s = [In — 1] and ¢ = [$m — 1]. Let S be
a sequence of s elements in G that contains no 1-product subsequence of length n.

Let ¢ be the natural homomorphism from G onto G/H. Just as in the proof of Lemma 5, applying
Lemma 4 repeatedly on the sequence ¢(S) results in a set A consisting of ¢ disjoint subsequences
S1,-++, St of S such that

(I) each sequence S; in A is of length p and
(IT) TI(S;) € H for each j € {1,--- ,t}.

The above method of finding disjoint subsequences of length p with products in H will also be
used in proofs of the next few lemmas.

Let © denote the collection of all such A’s (i.e., each member of Q consists of ¢ disjoint subse-
quences of S and satisfies Conditions (I) and (II) above). Let A = {S;}’_; be any member of Q
and h; = [[(S;) € H for every j € {1,--- ,t}. For every element h € H, we denote by A(h) the
multiplicity of h occurring in hq,--- , hs.

Lemma 11. Let k =t —m+ 1. Then for each A € S, there exists a unique pair of x,y € H such
that

A(z) + A(y) > 2k.

Furthermore, xy~' generates H.

Proof. Since the sequence S contains no 1-product subsequence of length n, we infer that the

sequence (hi,--- ,hy) in H contains no 1-product subsequence of length m. Note that t = m+k—1
and k =t—m+1=[Im|] —m > 2m/3. It follows from Lemma 8 that there exist two distinct
elements z,y such that their combined multiplicity in (hq,--- , k) is at least 2k, so

A(z) + A(y) > 2k.

Moreover, zy~! generates H.
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Next, we show the uniqueness of such a pair. Assume that there is another pair of two distinct
elements u and v in H such that {u,v} # {z,y} and
A(u) + A(v) > 2k.
Without loss of generality, we may assume that v ¢ {x,y}. Since (hq,- - , ht) contains no 1-product
subsequence of length m, A(v) < m — 1. Therefore, A(u) > 2k —m + 1 and thus
Alu)+ Ax) +Aly) >4k —m+1=m+k—-1)+Bk-2m+2)>m—-k+1=t,

which yields a contradiction. This proves the lemma. O

Choose A € Q such that the sum A(z)+ A(y) attains the minimal possible value, where (z,y) is
the unique pair obtained in Lemma 11 corresponding to the given A. Let

B = {Sij €A| H(Sij) € {x,y}}

Clearly, f = |B| = A(z) + A(y). Let Hj-c:l S;; denote the concatenation of disjoint subsequences
Siyy -+ 58, of . We may rearrange this subsequence to form a main subsequence 7" of S of length
|T| = p|B| = p(A(z) + A(y)) = pf. In what follows, we will describe the structure of 7', and
then use it to show that T, and therefore, S, contains a 1-product subsequence of length n. This
contradiction will lead to the desired result.

Lemma 12. If the product of some subsequence of T' of length p is in H, then the product of terms
of the subsequence in any order is in {x,y}.

Proof. Assume to the contrary that there is a subsequence U of T, of length p, such that the
product [[(U) € H, but the product of terms of U in some order does not belong to the set {x,y}.
Note that since [[(U) € H and G/H is abelian, the product of terms of U in any order is in H.
Without loss generality, we may assume that [[(U) € H \ {z,y}. Let

C={s, €B|Is, NIy #0}.

Thus, |C| < p. By concatenating the subsequences in C, we get a sequence of length p|C|. Deleting
U from the resulting sequence, we obtain a sequence W of length p(|C| —1). Since G/H is abelian,
in G/H the image of the product of W in any order under the natural mapping is 1. Thus the
product of W in any order is in H. As mentioned earlier, by using Lemma 4 repeatedly on W we
can choose |C| — 2 disjoint subsequences from W of each length p and each product in H. Deleting
these subsequences from W, we get a remaining subsequence of length p with its product in H
(because both the product of W and the multiplication of products of first |C'| — 2 subsequences
are in H). In this way, can divide W into |C| — 1 disjoint subsequences W7, - -+, W|¢|—1) with each
of length p and each product in H. Now, let A" be a member of Q as follows:

A= (A\C)U{U, Wy, , Wg)_1}.
By Lemma 11, there exists a unique pair of elements 2’,7’ € H such that
Al + A(y) > 2k.

Let D = {U,W1,--- ,W|g|_1}, and as before, let D(x) (resp. D(y)) denote the multiplicity of =
(resp. y) occurring in the sequence (ho, h1,- -, hjc|—1), where
ho =), b = TJW), -+ s lyep1 = [[(Wiep-1)-

Since ho = [[(U) € H\ {x,y}, we have D(z)+ D(y) < |C]—1. Since A'(z)+ A'(y) = A(x)+ A(y) —
|C|+ D(z) + D(y) < A(z) + A(y), it follows from the minimality of A that

{',y'} # {z,y}.
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Without loss of generality, we may assume that 2’ & {x,y}. Thus

A > A - 101 >2k—A'(y)—p>2k—m+1—p.
It follows that
t=m+k—1>A()+Ax) + A(y) > 4k —m +1 —p.
Therefore,
m+k—1>4k—m+1—p.
This gives that 3k —2m 4 2 < p. Substituting k by L%”J —m in the last inequality, we obtain that

7
3LTmJ—5m+2§p.

Hence,
™™ —3
3( m4 ) —5m+2 < p.
This implies that m < 4p + 1, which yields a contradiction to (1). O

Lemma 13. Let G/H = {H,bH,--- ,b>"YH} be the collection of all distinct left cosets of H,
and T; be the main subsequence of T consisting of all terms of T that are in b'H for each i €
{0,1,--- ,p—1}. If|Ti| > p+ 2 for some i € {0,1,--- ,p— 1}, then T; can be rearranged in the
following way.

av"'7a7ﬁ7"'7ﬁ7
SN—— ——

u v

where a # B,u > v >0 and u+ v = |T;|. Moreover, v <1 ifp > 2.

We remark that the order of terms in T does not affect whether or not T has a 1-product
subsequence of length n. Without loss of generality, we may always assume that T' = TyT7 - - - T)—1.

Proof. If |T;| > p+ 2, we show that for any three terms in 7;, two of them must be equal. Thus, T;
contains at most two distinct group elements of G, so the first part of the lemma follows.

Choose three arbitrary terms 71, 72,v3 from 7T;, and then choose p — 1 terms 6y, ---,6,_1 from
the remaining |T;| — 3 terms of T;. Since all terms of T; are in the same coset b'H and G : H] = p,
products by ---0,—1 € H for all £ € {1,2,3}. By Lemma 12, we conclude that at least two of
the above products are equal, and thus at least two of 1, y2, and 3 are equal. This completes the
proof for the first part.

Next, assume that p > 2 and v > 2. Choose four terms «, «, 3, 8 from T;, and then choose any
p — 2 terms 01, - -+ ,0p—2 from the remaining |T;| — 4 terms of T;. As before, we conclude that the
following products

a8y -8, 9, afdy -0y 2, and 325;---6p o

are all in H, and it follows from Lemma 12 again that at least two of o2, a/3, and 3% are equal.
Since (|G|, 2) = 1, this implies that o = 3, which yields a contradiction. O

Lemma 14. let o and 3 be two distinct elements of G such that they both appear at least p times in
T. Ifao g Hand 3¢ H, theno? =P, Ifa ¢ H and € H, then of # (P. Moreover, |Ty| > p+2
and |Tj| > p+ 2 for some j € {1,--- ,p—1}.
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Proof. Applying Lemma 12 on the subsequence (- ,a) of T, of length p, we conclude that
aP € {x,y}. Similarly, we have 5P € {x,y}. If oP # (P, then {aP, 8P} = {x,y}, so by Lemma 11,
aP(BP)~! generates H. Note that o commutes with o, and o commutes with o?(37)~! (since
both a? and (P are in H). Since a and oP(3P)~! generate G, we conclude that o” is a central
element. Similarly, we can prove that P is also a central element. Therefore, a?(37)~! is a central
element of G, and thus G = (a,a?(8P)~!) is abelian, which yields a contradiction. So we must
have of = P.

Next, we prove the second part of the lemma. Assume to the contrary that « ¢ H and 8 € H,
but o = [FP. We will show that T has a 1-product subsequence of length n, which yields a
contradiction. To do so, we distinguish two cases according to if p = 2 or not.

Case 1. If p =2, we have a € T}, B3 € Ty, and o> = 3. Let w, z be any two elements of G such
that they both occur at least twice in 7. We first show that w? = 22.

If w, z are in the same T;, as we mentioned earlier in the proof of Lemma 13, at least two of

w?, wz and 22 are equal, so we must have w? = z2.

If w, z are not in the same T}, without loss generality, we may assume that w € 177 and z € Ty,

Since w, a € T} and they both occur at least twice in T', by what we just proved, w? = 2. Similarly,

we have 22 = 52. Therefore, w? =a? = 52 = 22

Since |T'| > 4k > 7, there exists an ¢ € {0,1} such that |T;| > 4. If |T;| > 4, then by Lemma 13,
we can rearrange T; to the following form

Qiy e 7ai7/8i7"' 7ﬂi7

Us i

2 = o2, Moreover, if v; > 2,

where a; # (i, ui > v; > 0 and u; + v; = |T;|. As we proved earlier, o =

2_ 2 _ 2
we have o = 37 = o”.

Note that for each ¢ with |T;| > 4, we have

U; (v
2| — 21— | > |T;| — 2.

Thus
2= 25+ 15)) = [Tol+|Thf -3 -2
>4k —5=4[3"| -5
>3m—-3—-5=2m+m —38
> 2m (since m > 12).
Hence, for each i such that |T;| > 4, there exist s; € {0,1,---,[%5]} and t; € {0,1,---,[F]}
such that
Z 2(SZ' + ti) = 2m.
T3] >4
Therefore,

[T (a2 (53)" = ()™ =1

|T;|>4

(note that if v; < 1, then t; = 0, so such a term (3?)% can be ignored from the above product). We
just showed that T has a 1-product subsequence of length 2m = n, which yields a contradiction.
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Case 2. If p > 2, we have a &€ Ty, § € Ty and of = (P. Let w, z be any two elements of G
such that they both occur at least p times in 7. We remark that w, z cannot occur in the same T;.
Using a similar method to Case 1, we can easily show that wP = 2P = oP.

If |T;| > p+ 2 for some i € {0,1,---,p — 1}, then by Lemma 13, we can rearrange T; to the
following form
Qiy 0, Biy o, Bi
u; v;

where a; # 3;, 0 <v; <1 and u; + v; = |T;].

Clearly, p|*+| = |Ti| — p when [T;] = p + 2. Since |T| = 2kp > p(p + 1), |Ti| = p + 2 holds for at
least one i € {0,1,--- ,p — 1}. Thus,

; —1
Ymspre Pyl 22X 1Tl —p— (- 1)(p+1)
=|T|—plp+1)+1>2kp—pp+1)+1
=2p(|22]) —p(p+ 1) +1 > 2p(¥2=2) — p(p+ 1) + 1
=pm+ 22p—p(p+1)+1>pm (since m > p(p + 2)).

Similar to Case 1, for each ¢ with [T;[ > p 4+ 2 we can find s; € {0,1,---, [+ ]} such that
Z pS; = mp.
T3] >p+2
Thus,

[T @) =@ =1
|T;|>p+2
Again, T has a l-product subsequence of length pm = n, which yields a contradiction. This
completes the proof of the second part.

As we proved above, for each ¢ with |T;| > p + 2, there exist s; and ¢; (t; = 0 when p > 2) such

that
Z (psi +pti) = mp (*).
|T;|>p+2

If s; > 0 (resp. t; > 0) for some i > 0, then we have of = o (resp. 7 = o). If |Ty| < p+ 1, then

D=
[I ehment= 11 eh=Ent =@y =1
|T;|>p+2 |T;|>p+2,i>0
Thus, T has a 1-product subsequence of length pm = n, which yields a contradiction. So, we must
have |Tp| > p + 2.

Next, assume that |T;| < p+1forall j € {1,---,p—1}. () now reduces to p(sg+ty) = mp = n.
If tp = 0, then of™ = 1, which yields a contradiction. So, we must have p = 2 and t; > 0. As
we proved earlier in Case 1, a3 = (32, so ()% (83)% = (a3)*0*?0 = 1, which yields a contradiction
again. Therefore, |T}| > p + 2 for some j € {1,--- ,p —1}. O

In the following lemma, we will describe the structure of T" in detail.

Lemma 15. (I) If p =2, then T = TyT1, and Ty, T1 can be rearranged as follows:

/ / / /
To = (@0, -+ a0, 0, -+, 0), Th = (au, - o, 00,0+, @),

uo Vo ul U1

where u; > v;, 0 < wv; < 1,u; > 2(2k —m) for every i € {0,1}, and Zzl:o(ui +v;) = |T.
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(I) If p = 3, then T = TyT1To. By replacing b with b* if necessary, we may assume that
|T1| > |T|. To,T1,To can be rearranged as follows:

T(]:(Oé(],"' ?aO?O/O?'“ ,CV6),T1:(061,"' aalaalla"' >a/1)7T2:(a27"' ,062),
———

uo V0 ul U1 u9

where u; > v, u; > 3(2k —m) — 1,0 < wv; < 1 for every i € {0,1}, Z%:o(ui +v;) +uz = |T| and
vo +v1 +ug < 2.

(II1) If p > 5, then there is some j € {1,--- ,p — 1} such that T = ToT}, or T = TyT;T,—; with

/ / / / .
|Tp—;| = 1, where Ty = (ap, -+, 0,00, - ,0p), T = (o, - , O, Oy, a) with 0 < g, vy <1

VT
uo V0 Uj vj

and ug,uj > p(2k —m). Furthermore, if |T,—;| =1 then vy = v; = 0.

Proof. By Lemma 14, we have |Ty| > p+ 2 and |Tj| > p + 2 holds for some j € {1,--- ,p—1}. It
follows from Lemma 13 that there exist ap € Tp and «; € Tj such that ag and a; occur at least p
times in Tp and 7} respectively. By Lemma 14, af # 04? , and thus, it follows from Lemma 12 that

{ag, &} = {z,y} and H = (o] ").

We first show the following;:
(2) apf # Pag forall e G\ H.

Assume to the contrary that oy commutes with some element g € G\ H. Since g and H generate
G, we conclude that ag is a central element in G. In particular, cg commutes with a;. Since «;

and 04? a,? generate G and they commute each other, we conclude that G is abelian, which yields
a contradiction. This proves our claim.

(I) Since p = 2, we have that T' = TyT;. By Lemma 13, Ty, T} can be rearranged as follows:

/ / / /
T():(Oé(],“- y Q0, Oyttt 7a0)a le(ala"' 7a117a17"' 7a1)7

uo Vo ul U1

where ug > vo,u1 > vy, and ug + vy + ug + vy = |T.
We first prove that 0 < vy <1 and 0 <wv; < 1. If v; > 2, then by Lemma 12 and Lemma 14
a1 = dja; = o} =2, and of = (a})? =y, where z,y € H and H = (zy ™).

Therefore,

af(e))? = (e1ah)? = (ap)*.

Hence, (a2a;?)? = 1. Since xy~' = a2a;? generates H, we have m = |H| < 2, a contradiction.

This proves that v; < 1. Similarly, we can prove that vy < 1.

It remains to show that ug, u1 > 2(2k —m). If vg = 0 or v; = 0, then ug + u; > 4k — 1. If
ug > 2m, then a%m = 1, so T has a 1-product subsequence of length n = 2m, which yields a
contradiction. Therefore, ug < 2m — 1, and hence, uy > 4k —1 — (2m — 1) = 2(2k —m). Similarly,
we can prove ug > 2(2k —m).

Now, assume that vg = v1 = 1. Then, ug + u1 > 4k — 2. If ug > 2m — 2, then agm_2(a1a’1) =

agmﬁa% = 1, so again we derive a contradiction. Hence, uy < 2m—3. Now, uy > 4k—2—(2m—3) >

2(2k —m). Similarly, we can prove ug > 4k — 2 — (2m — 3) > 2(2k — m).
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(II) p = 3. By Lemma 13, we have that

/ / / / / /
TOZ(Oé(),"' , O, Oy - v 7a0)7 le(ala"' y O, Oyttt )al)u TQZ(QQ,"‘ , 02, Qigy = e 70(2),

uo ) ul v1 u2 v2

where u; > v; and 0 < v; < 1 for every i € {0, 1, 2}.

We first show that vy = 0. Assume to the contrary that vy = 1. Note that any product of three
elements from distinct cosets of H belongs to H. By Lemma 12, we may suppose ajascg = x. By
(2) and Lemma 12, we have that

/ /
ajopiy =Y, gty = T, 01000 =Y.

Since ajagas =y = 0410/2040, we obtain that
Qa0 1- al.
Since ajaeap = T = ajopad,, we obtain that
-1 /
Qo = 0.
Equating the above two equations and simplifying the result, we have
(3) adan = anad.
Since the order «ag is odd, it follows from (3) that apas = asagp, which yields a contradiction to

(2). Thus vy = 0.

Next we show that vg + v1 + ug < 2. Using the same argument as above, we can easily prove
that if us > 1, then vg = v; = 0.

We now show that us < 2. Assume to the contrary that us > 3. We first assert that a;as # asas.
If ajas = asaq, then
(4) (102)? = (wa1)® = afa3 = of (by Lemma 14, of = a3).

By Lemma 14, o} # o}, and then by Lemma 12, ajasag € {a,ad}. If ajasap = aof, then
(a1a2)® = (a)3. This, together with (4), shows that o = af. Hence, (afag?)? = 1. Since ajay®
generates H, we have m = |H| < 2, which yields a contradiction. Next, assume that ajasag = of.
Note that g commutes with aqjas since both of them are in H. We obtain

(alag)gag = ((11042(1())3 = (ailj’)g'

This, together with (4), implies that o = o3, which yields a contradiction again. This proves the
assertion that ajas # asag.

It follows from Lemma 12 that

{aranag, oo} = {068704%} = {z,y}.

We may suppose agaias = 043 (the other case where apajog = ag can be dealt with similarly).
Then

(5) (a102)” = af.

By (2) and apajag = a%, we infer that ajagas = af = a3. Therefore,
a0 = o

and

(6) apgo = Oz%.
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Hence,
(7) (a1a0)3 = a?.
If up > 3m — 6, then by (5), we have that a3m 6(a1a2)3 = a =1, so T has a 1-product

subsequence of length n = 3m, which yields a contradiction. Thus ug < 3m — 7. Note that we
have already proved that vg = v; = vy = 0 (since ug > 1). Therefore,
3m—+5
5
Now, we can choose ¢1 € {0,1,---,|% |} and £3 € {0,1,---,[ %]} so that

601 + 609 = 3m — 3.

Since (u1 — 3¢1) + (ug — 3l2) > % — % = 4, we infer that either u; — 31 = ug — 30y = 2,
or up — 301 > 3, or ug — 3y > 3. If ug > 3’”2_1, (6) and (7), at least one of the following
equalities holds

up+ug > T —Bm—7)>6k—(3m—7) >

301 ( )SEQ

(100)2 (2?2 (apan)ar = 8™ =1, (a100)>* (apaz)®2a? = 1 and (a100)% (apas)2ad = 1.

This implies that T" contains a 1-product subsequence of length n = 3m, which yields a contradic-
tion. So, we must have that ug < 3’”2—71 — 1. Thus uy +ug > 6k —ug > 3m —3. If u; +us > 3m-+4,
then 3[%5] + 3[%] > 3m. Therefore, there exist f; € {0,1,---, %]} and f2 € {0,1,---, %]} such
that 3f1 + 3f2 = 3m. So

a3f1a§f2 _ —1,

and then, as before, we derive a contradiction. Therefore, we must have u; +us < 3m + 3. It
follows that ug > 6k — (uy + uz) > 3212, We now have

3m — 15 3m —3
— < < .
2 - T 2

and
3m—3<u;+uy <3m-+3.
Since |T1| = u1 > |Tz| = ug, we have u; > 37”72_3 = w + 6. By (7), we have

(alao)gm;b af?al = (alag)gmgls ajad = (ozlozo)am;ld aSad =af™ = 1.

As before, we derive a contradiction. So us < 2, and hence, vy + v1 + ug < 2.

It remains to prove that wug,u; > 3(2k — m). To do so, we will use an argument similar to
that used in (I) and present only an outline of the proof here. If ug = 0 and one of vy and vy
is 0, then ug + u; > 6k — 1. As before, we can prove that ug,u; < 3m — 1, and then ug, u; >
6k —1—B3m—1) = 32k —m). If ug = 0 and v9 = v; = 1, then ug + u; > 6k — 2. By

Lemma 12, {a1a)ag, a1afafy} = {ad, a3}, If uy > 3m — 2, then either (a1ajag)a™® =1 or
(alalao)a:{’m 3 = 1 is equal to the product of a subsequence of T' of length n = 3m, which yields

a contradiction. So we must have u; < 3m — 3, and thus ug > 6k —2 — (3m — 3) > 3(2k —m).
Similarly, we can prove that ug < 3m — 3 and thus u; > 3(2k — m) as desired.

Next, assume that ug € {1,2}. As mentioned earlier, vy = v; = 0. If ug = 1, then ug+u; > 6k—1;
if ug = 2, then ug + u; > 6k — 2. Using the same argument as above, we can easily show that
ug, u1 > 3(2k —m) as desired.

(IIT) p > 5. By Lemma 14 and Lemma 13, we know that |Tj| > p+ 2 for some j > 1 and

7}:(0[]7 ’a]7a;’ 70{3)

Uj Vj
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where 0 <v; <1, and
/ /
TO = (0407"' , Qp, Oy e ot 7a0)

uQ V0

where 0 < vg < 1.

We first prove that |T;| = 0 holds for all i € {1,--- ,p — 1} \ {j,p — j}. Assume to the contrary
that |T;] > 1 holds for some i € {1,--- ,p— 1} \ {j,p — j}. Take any «; € T, and take (p —1)'s o
from T};. By letting n = p and C, = G/H in Lemma 7, we get the following subsequence of T,

g, Oy o v e g,y
p—1

which contains a nonempty subsequence such that its product is in H. Since i &€ {j,p — j}, such a
subsequence is of the form

ai7aja"' )aja

where 2 < r < p — 2. Hence,

ap_T_2ocroz-a0 e H
0 j :
—r—2 —r—2 —r—2 :
By Lemma 12, af " “ajaiag, of ' “ajaga; and of o] Yapaja; are all in {z,y}. By (2), we

can show that the middle term is different from the first and the third, so we must have

—r_9 2 g
0 Taloiag = A Yagaja;.

o J

(07

Thus a0 = aajoy. This is a contradiction to (2) (since ojoy; ¢ H). This proves that |13 =0
forallie {1,---,p—1}\ {j,p—j}

Next, we prove that |T,—;| < 1. Assume to the contrary that |T,_;| > 2. Take any two terms
A ) p—5 ] 2
p—js Oy from T}, ;. Then oy p—j QO
can show that 04?040 = ozoozjz, which yields a contradiction to (2). In a similar way to (II), we can
prove that if |T},_;| > 1, then vg = v; = 0, and show that ug, u; > p(2k —m) as well. O

ag € H. Using a similar argument to the above, we

Lemma 16. Let |[H| =m = p"p}' - plw, where p,pi1,- -+ ,py are pairwise distinct primes, w > 1,
r>0andr; > 1 for everyi € {1,--- ;w}. Then the following statements hold.

(I) Every Sylow p-subgroup of G is cyclic.
(IT) If g € G and o(g)|p" then g is central. Moreover, if o(g)|m, then g € H.

(II) If g is an element in G \ H, then o(g)| .

Proof. (I) If r=0, clearly, the result is true. Assume that » > 1. By Lemma 15, there are « € G\ H
and v € H such that both a and v occur at least p times in T. By Lemma 14, of # ~P, and by
Lemma 12 and Lemma 11, oP?~y~P generates H. Therefore, p" divides the order of aP~y~P. Hence,
p" divides either the order of P or the order of v7P. Since v € H, the order of y7P divides

% = p“lpq1 ---plw . so the latter is impossible. Thus, p” divides the order of a?. Therefore, p"+!

divides the order of a.. So, there exists an element b of order p"*!, and thus it generates a Sylow
p-subgroup (b). Hence, every Sylow p-subgroup of G is cyclic.

(IT) Let g € G with o(g)|p". Since g is conjugate to an element go € (b) and o(go) = o(g) divides
p", we have go € (bP) C H, so it is central. Hence, g is central. Next, assume that the order of g
divides m. Then we may write g = g1g2 such that (o(g1),p) = 1 and o(g2) divides p". As proved
above, go € H, and clearly, g1 € H,so g € H.
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(ITI) Let g € G\ H and o(g) = %=, where [ is a positive divisor of n. If (p,l) # 1, then o(g)
divides m. By part (II), ¢ must be in H, which yields a contradiction. Thus, we have (p,l) = 1,
and then | = pi'---pSv. If s; = 0 for some ¢ € {1,--- ,w}, then p;*lo(g). Let M; be the Sylow
pi-subgroup of G and let n = ¢ where mg = (;(rgi)

gn = ng. Since G = (H,g), n is central and so is M;. Since G is not abelian, G # (M;,b). As
proved earlier in Lemma 10, (M, b) is a proper non-cyclic normal subgroup of G, which yields a
contradiction to Lemma 10. Therefore, | = pi* ---pS» and s; > 1 for all ¢ € {1,--- ,w}. O

. Then n has order p;’, so n generates M; and

We are now in position to complete the proof of our main result.

Proof of Theorem 2. Let n = p“rlpg1 ---piw asin Lemma 16 and [ = p; - - - py,. By Lemma 16,
for every element g € G\ H we have

=3

(8) gt =1.

We distinguish two cases according to if p = 2 or not.

Case 1. If p = 2, then [ > 3. We will show that T contains a 1-product subsequence of length
n, which yields a contradiction.

We know from Lemma 15 that T = TyT1, and Ty, T can be rearranged as follows:
TO = (CE(),"‘ 705070567”' 70(6), Tl - (aly"' ,O[l,()[/l,"’ 70/1)7

Vv N~

uo V0 u1l U1

where u; > v;,0 < v; < 1,u; > 2(2k —m) for every i € {0, 1}, and Egzo(ui +v;) = |T).

It follows from Lemma 10 and Lemma 15 that 4|m, and ug, w1 > 2(2k—m) > 2(2| 22| —m) = m.

We first show that u; < %". If uy > 47’“, then

>4m> —12m+2m( 1> 3)
up > — > ——— + — ( since
e T2 T
and
>m > l—12m
() m 5 I
m m _192m 2m
Since (alao)zT = (al)zT =1 by (8), we have (alao)l2 QTall = 1, so we conclude that 7" has

a l-product of subsequence of length n = 2m, which yields a contradiction. So, we must have that

u1<4Tm. Thus,u024k—2—(4Tm—%)25”?5>4Tm.

If [ #£5, since [ > 3 and [ is odd, we can easily check that

l.2m l.m l.m l.2m _ 4m

S1EE p2(m—32]=) =2m —4[=]— <m < 2[=]5= < == < .

[B]Z +2(m 3[3]l) m [S]Z_m_uland []l <3 Swu
Since (a1a2)27n = (1)*>T =1 by (8), we have

(a1ad) 1% (a3)m3l3]

As before, we can obtain a 1-product subsequence of T' of length n, deriving a contradiction.
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Next, assume that [ = 5. Clearly, 2277” + QTm < 47’” < ug and QT’” + QT’” < m < uj. Using (8), we
have
2m

2m
(103)7 (a1ap)® = 1.
As before, we can obtain a 1-product subsequence of T', deriving a contradiction.

Case 2. If p > 3, then by Lemma 15 we have

m—3

ug, uj > p(2k —m) > 5

p.

We first show that u; < 2™ and ug > ‘r’me —-%_ 1. Assume to the contrary that u; > 2me' If
T >3, then

— -1
m=-3 . l-1lpm

=" P="5"7
Note that 5 11
uj2$2%]$ @(sincel25).
Since l -
—1 pm PMm
(ozjao)TpTaj’ =1,

as before, we can derive a contradiction.

If 7+ < 3, since both m and [ are odd, we have ' = 1. Therefore, (aja0)? = a:; =1 by (8). Let
lo = [ + 1]p < up, and let £; = pm — 26y. Then £y + ; = pm — £y < 2Z™ < u;. Since

(ajao)goaﬁj = 1,
we derive a contradiction again. Thus, we always have that
2pm
U < —.
J 3
Therefore,
5pm  3p 19
>2%p—2—u; > — — — — —.
1o = =P =T T2 T 6
If [ > 7, similar to Case 1, we have
m _arlypm
(ojod) 1 B =

As before, we can derive a contradiction.

So, we have [ < 7. Since [ is odd, we have [ < 5. Since p < [, we must have p = 3 and [ = 5.
Since

pm pm

(jag) s (ajag) 5 =1,

we derive a contradiction.

In all cases, we are able to derive a contradiction. Therefore, such a minimal counterexample G
does not exist. This completes the proof of our main result. ]
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