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Abstract

For a given simple graph G, the energy of G, denoted by E(G), is defined as the
sum of the absolute values of all eigenvalues of its adjacency matrix. Let P’ be the
unicyclic graph obtained by connecting a vertex of Cy with a leaf of P,_,. In [G.
Caporossi, D. Cvetkovi¢, I. Gutman, P. Hansen, Variable neighborhood search for
extremal graphs. 2. Finding graphs with extremal energy, J. Chem. Inf. Comput.
Sci. 39(1999) 984-996], Caporossi et al. conjectured that the unicyclic graph with
maximal energy is Cy, if n < 7 and n = 9,10,11,13,15, and P? for all other values
of n. In this paper, by employing the Coulson integral formula and some knowledge
of real analysis, especially by using certain combinatorial technique, we completely
solve this conjecture. However, it turns out that for n = 4 the conjecture is not
true, and P} should be the unicyclic graph with maximal energy.
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1 Introduction

For a given simple graph G of order n, denote by A(G) the adjacency matrix of G.
The characteristic polynomial of A(G) is usually called the characteristic polynomial of
G, denoted by

H(G,x) = det(x] — A(G)) = 2" + ayz™ t + - + ay,
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If G is a bipartite graph, the characteristic polynomial of G has the form

[n/2] [n/2]
¢(G,I) _ Z a%xn—% _ Z (_l)kb2k$n—2k7
k=0 k=0

where by, = (—1)*ag, and by, > 0 for all k = 1,...,|n/2], especially by = ap = 1. In
particular, if G is a tree, the characteristic polynomial of G can be expressed as
[n/2]
$(G,x) = Y (=1)fm(G, k)a" ",

k=0
where m(G, k) is the number of k-matchings of G.

For a graph G, let A1, Ao, ..., A, denote the eigenvalues of ¢(G, x). The energy of G is
defined as

B(G) =Y I\,

This definition was put forward by Gutman [6] in 1978. The following formula is also
well-known

BG) =L / m %log 2" 6(Gi /)| dx,

Tr—OO

where i* = —1. Furthermore, in the book of Gutman and Polansky [10], the above
equality was converted into an explicit formula as follows:

2 2
I, /2] (/2]
E(G) = %/ 3 log > (=DFaga™ | + | D (—=DFagepa®™ | | da
> k=0 k=0

For more results about graph energy, we refer the readers to the survey of Gutman, Li
and Zhang [8].

For two given trees, or bipartite graphs G; and G5, according to the corresponding
coefficients of the characteristic polynomials, one can introduce a quasi order to compare
the values of E(G;) and F(Gs). Actually, the quasi order method is commonly used to
compare the energies of pairs of such graphs. However, for general graphs, it is difficult
to define such a quasi order. If, for two trees, or bipartite graphs, the above quantities
m(T, k) or |ax(G)| can not be compared uniformly, then the quasi order method is invalid,
and this happened very often. Recently, for these quasi-order incomparable problems, we
find an efficient approach to determine which one attains the extremal value of the energy,
such as our earlier papers [13]-[18].

Let C, be the cycle of order n, P, the path of order n, and P’ the unicyclic graph
obtained by connecting a vertex of Cy with a leaf of P,_,. In [2], Caporossi et al. proposed
the following conjecture on the unicyclic graph with maximal energy.

Conjecture 1 Among all unicyclic graphs on n vertices, the cycle C,, has maximal enerqgy
ifn<T7andn=29,10,11,13 and 15. For all other values of n, the unicyclic graph with
mazimal energy is PY.



In [12], the authors proved the following Theorem 1 that is weaker than the above
conjecture, namely that E(P?) is maximal within the class of the unicyclic bipartite n-
vertex graphs differing from C,,. And they also claimed that the energy of C,, and P? is
quasi-order incomparable.

Theorem 1 Let G be any connected, unicyclic and bipartite graph on n vertices and

G2 C,. Then E(G) < E(P?).

Very recently, our another paper [17] and Andriantiana [1] independently proved that
E(C,) < E(PY), and then completely determined that P is the only graph which attains
the maximum value of the energy among all the unicyclic bipartite graphs for n = 8,12, 14
and n > 16, which partially solves the above conjecture.

Theorem 2 Forn = 8,12,14 and n > 16, E(P%) > E(C,,).

In this paper, by employing the Coulson integral formula (details on the formula can be
found in [3] and [10] pp.139-147, as well as in the recent works [9, 20]) and some knowledge
of real analysis, especially by using certain combinatorial technique, we completely solve
this conjecture by proving the following theorem and corollary. However, we find that
for n = 4 the conjecture is not true, and P} should be the unicyclic graph with maximal
energy.

Theorem 3 Among all unicyclic graphs of order n > 16, the unicyclic graph with mazi-
mal energy is PP .

Corollary 1 Among all unicyclic graphs on n vertices, the cycle C,, has mazimal enerqgy
ifn <7 butn#4, andn =9,10,11,13 and 15; P} has maximal energy if n = 4. For
all other values of n, the unicyclic graph with maximal energy is PS .

2 Preliminaries

Let G(n,?) be the set of all connected unicyclic graphs on n vertices that contain the
cycle Cy as a subgraph. Denote by C(n, ) the set of all unicyclic graphs obtained from
Cy by adding to it n — ¢ pendent vertices. In the following, we list some results given in
[12] which will be used in the sequel.

Lemma 1 Let G € G(n,0) and n > (. If G has mazimal energy in G(n, (), then G is
either P or, when { = 4r , a graph from C(n, ().

Lemma 2 Let G € C(n,0) and n > (. If { is even with £ > 8 or { = 4, then E(G) <
E(PY).

Lemma 3 Let { be even and £ > 8 or { = 4. Then E(PY) < E(PS).
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Form Lemmas 1-3 and Theorem 2, we conclude that for any n-vertex unicyclic graph
G, if the length of the unique cycle of G is even and n = 8,12,14 and n > 16, then
E(G) < E(PY); if the length of the unique cycle of G is odd and G € G(n,{), then
E(G) < E(PY). For proving Theorem 3, we only need to show that E(P!) < E(P?) for
every odd ¢ and n > 16.

In the remainder of this section, we will introduce some lemmas and notations. At
first, we recall some knowledge on real analysis, for which we refer the readers to [21].

Lemma 4 For any real number X > —1, we have

<log(1+ X) < X.
T x Slos(l+X) <

In particular, log(1 4+ X) < 0 if and only if X < 0.

The following lemma on the difference of the energies of two graphs is a well-known result
due to Gutman [7], which will be used in the sequel.

Lemma 5 If Gy and Gy are two graphs with the same number of vertices, then

Gl,m

dx.
¢ GQ,ZLU ’

E(Gh) — E(Gs) =

Now we present one basic formula of the characteristic polynomial ¢(G, x) , which can
be found in [4].

Lemma 6 Let uv be an edge of G. Then
(G 2) = ¢(G —uv,x) = (G —u—v2) =2 ) &(G-Ca)
CeC(uv)
where C(uv) is the set of cycles containing uv . In particular, if uv is a pendant edge with
pendant vertex v, then ¢(G,z) =z ¢(G —v,z) — (G —u—v,x).

From Lemma 6, we can easily obtain the following lemma.

Lemma 7 For any posz’tz’ve integer t < n — 2, (P x) = zp(P_,,x) — ¢(Pt_,,x). In
pCLT’tZ'CU,ZCLT’, ¢(P )—$¢( n—1>L ) (ZS(PT? 2, )

Now for convenience, we introduce some notations as follows, which will be well used
in this sequel.
x+Vr2—4 xr—Va?—4
_ Yo(2) = ———.
2 2
It is easy to verify that Yi(z) + Ya(z) = =z, Yi(2)Ya(z) = 1, Yi(iz) = “2F4 and
Yo(ix) = £=+2 V;QMi. We define

Yi(z) =

T+ a2+ 4 o r—Vat+4
TEVEER o) = —ivifin) = TV
Observe that Zi(x) + Zs(z) = x and Z;(x)Z2(x) = —1. In addition, for x > 0, Z;(z) > 1
and —1 < Zy(z) < 0; for x < 0, 0 < Zy(x) < 1 and Zy(z) < —1. In the rest of this paper,
we abbreviate Z;(z) to Z; for j =1, 2.

Zy(z) = —iYi(iz) =



3 Main results

First, we introduce some more notations, which will be used frequently later.

Ay (z) = Yi(2)¢(Fg, =) — ¢(17, ) Ya(2)b(PS, ) — (P8, )

4]~ (o)) A0 = TR - @)y
) = )/I(x) ( t+27 )_¢(Ptt+lvx) Y2<x) (Ptt—i-27 ) QS(Ptt-i—l’x)
B ==y —mayrr 0 P20 T m)es - m)e
Cl(x)zlfl(x)(x _1)_ CQ(SL’):}/Q(I)<$ _1>_

(Y1 (2))? = Yi(z) (Ya(2))? = Ya(z)

By some calculations, we can get that ¢(PS, z) = 28— 825 +1921 — 1622 +4 and ¢(PS, z) =
27 — Tx® + 1323 — Tz, and then

Zyfs + fr
Z2+1

Z
Z’277 A2(Z:U) — _ 2f8 + f7 Z]’_?’

Avliw) = - 72+ 1

where fs = ¢(PY,ix) = 284+825+192*+162?+4 and fr = ip(P?,ix) = 2"+ 72" +132°+ 7.

Lemma 8 For n > 7 and odd integer 3 < t < n, the characteristic polynomials of P?
and P! have the following forms:

O(Py),x) = Ay (z)(Yi(2))" + Ag(z)(Va(x))"

and
¢(Py, x) = Bi(z)(Yi(2))" + Ba(z)(Ya())"
where x # 2.

Proof. By Lemma 7, we notice that ¢(PS z) satisfies the recursive formula f(n,z) =
xf(n —1,2) — f(n — 2,x). Therefore, the general solution of this linear homogeneous
recurrence relation is f(n,z) = Di(z)(Yi(x))" + Dso(z)(Ya(x))". By some elementary
calculations, we can easily obtain that D;(z) = A;(z) for ¢(P% ), i = 1,2, from the
initial values ¢(P?S, z), ¢(PS x). Similarly, the required expression of ¢(P! z) can be
obtained by the analogous method. |

Employing a method similar to the proof of Lemma 8, we can obtain

Lemma 9 For positive integer t > 3, we have

O(Plyp,w) = (Cr(x)(Vi(2)) (Vi ()" — 2® + 1))
+ (Co() (Ya(2)) *(Va(@)* — 2 + 1)) — 2(2” — 1)

O(Piy,w) = (Ci(x)(Yi(2)) 2 (V1(2))° — 2)) + (Ca() (Ya(2)) *((Va(2))” — @) — 2.

Proof. By Lemma 6, we notice that ¢(P,,z) satisfies the recursive formula f(n,z) =
xf(n —1,2) — f(n — 2,x). Therefore, the general solution of this linear homogeneous
recurrence relation is f(n,z) = Di(z)(Yi(x))" + Dso(z)(Ya(x))". By some elementary
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calculations, we can easily obtain that D;(z) = C;j(x) for ¢(P,,z), i = 1,2, from the
initial values ¢(Ps, ), ¢(P1,x). According to Lemma 6, we have
O(Plya, ) =0(Pry2, 7) — 6(Pioz, 2)$(P2, ) — 20( Py, 7);
G(Pii1, ) =¢(Pryr,x) = ¢(Prg, ©)(Py, ) — 20( P, ).
Therefore, we can obtain the required expression for ¢(P/,,, x) and ¢(Pf, ). |
Notice that (z? +1)Z; + x = Z} and (2* + 1)Zy + x = Z3. By some simplifications,

we can get the following corollary from Lemma 9.

Corollary 2 Bj(ix) = By1(t,x)+ Bia(t, z)-i* and Bs(iz) = Boi(t, )+ Bao(t, x)-i*, where

(2 +2)  Zy? —2757°
Bu(t, ) = (Z24+1)2  22+4 Bzt ) = Z2+1°
Z3(Z5+2)  Z¢° 27,
Baltr) =gy ~ g Pelb0) =iy

For brevity of the exposition, we denote

Z3(Z3+2)  Z3(Z3+2) =2 —2 1

= = = - =——, h=——.

g1 (Zl2+1)2 y g2 (Z22+1)2 , My Z12+1’ mo Z22+17 .’I)2+4
Observe that each of g;, m;, h is a real function only in z, i = 1, 2.

From now on, we use A; and Bjj instead of A;(iz) and Bj,(t,z) for j k = 1,2,
respectively. According to Lemma 8 and Corollary 2, it is no hard to get the following
simplifications.

[6(Pyix)[* = 2 + A 25" + (—1)"2A1 Ao, (1)

(P!, ix)[* = (B2 + BR) 2" + (B3 + B3)Z2" + (—1)"2(By Boy + BiaB).  (2)

Proof of Theorem 3.

From the analysis in the above section, we only need to show that E(P!) < E(P?) for
every odd ¢t < n and n > 16. By Lemma 5,

1 oo
mm—m%:] log
™ )

o0

We distinguish two cases in terms of the parity of n.
Case 1. n is odd and n > 17.

Now we will prove that the integrand log oDy iz)

is monotonically decreasing in n.

B(Pg iw)
log qb(P,erQ,zx o(Py,ix)
O(PS g0 i7) ¢ (P, iz)

1log|¢( Py i) o(PSix)[° 1 <1+K(n,t,x)>7
2 |6(P o, i) - (P, “7)| 2



where H(n,t,x) = |¢(PC.,,iz) - ¢(P!,iz)|* > 0 and
n+2 n

K(n,t,2) = |p(Py,ix) - §(PS,iz)|* — |¢(PS,ix) - ¢(PL, ix)|* .

From Lemma 4, we only need to prove K(n,t,x) < 0. By some elementary calculations
and simplifications, we can obtain

where a(t,z) = A3(B}, + BY,) — AH(B3) + By), B(t,x) = 24%(BuBa + BiaBa) —
2A1A5(B3 + B%), v(t,x) = 2A, Ay(B2, + B2,) — 2A2(B11 By + B12Bss). In the following,
we will discuss the signs of a(t, x), B(t, x), v(t, x).

at,r) = ap + oleIQt_4 + agZSt_4 + ongft—4 + oz4Z§t_4,
B(t,x) = Bo+ A1 272 + BaZy' 2 + B4Zy" 4,

7<t7 JZ) =% + 71Z12t72 + 7222%72 + 73th747

where
= Ajg; — Algs, a = 247,077 — ATm3,
= Aim? — 2A3g,h 73, s = —ATh? oy = ASh?,
Bo = =24, (%1‘11 A2gf) , B=—2A%g:h,
By = 2A1(2A0g1h — Aygoh — Aym2Z2), By = —2A,Ash?,
Yo = 2As (A1g§ + %1‘12) : 1 = 245(A1m37Z; + Asgih — 2A195h),
Yo = 245g0h, v = 2A1 Ash?.

Claim 1. For any real number z and positive integer ¢, 5(¢,x) < 0.
1 —(z V244 _(z V244
Notice that Z fs + fr = (5.fs + f7) + Y5 fs, Zafs + fr = (5fs + fr) — Y5 fs and

2
2 2 4
(gfs + f7) — (xTJFfE;) = —(2'% + 102® + 362° + 622" + 512° + 16) < 0.

Then A, = leésif ZI >0, Ay = Z}’;*‘Lﬁ ZT > 0 since Z; > 0 and Z, < 0. Therefore,
By < 0.
A(z?+1
%(ﬁ + 1127 + 472° + 932° + T4z
r°+4)2

+ Va2 + 4(32° + 272° + 852 + 1112° + 52)) < 0,

fr= -



since
(27 + 112" + 472° + 932° + T4x)? — (2® + 4)(32% + 2725 + 852* + 1112 +52)% < 0. (3)

It is easy to check that $; < 0 and 3; < 0. Hence, the claim holds.
Claim 2. For any real number z and positive integer ¢, (¢, z) > 0.

Analogously, we can get 9 > 0, 75 > 0 and 3 > 0. From Eq. (3), we have

. AQ($2 + 1)

(= (2 + 1127 + 472° + 932° + T4x)
@+ 9}

g
+ Va2 + 4(32® + 272° + 852 + 1112° + 52)) > 0.

Therefore, v(t,z) > 0.

Claim 3. For any real number z and odd n > t, K(n,t,2) < a(t,z)(Z} — Z3) +
Bt,2)Z2(Z) = 1) +(t,2) 23 (1 — Z3).

Since Z1(z) > 1 and —1 < Zy(z) < 0 for z > 0, we have Zi" > Z? and Z3" < Z3
when n > t. Since 0 < Zi(z) < 1 and Zy(z) < —1 for z < 0, we have Z7" < Z# and
Z3" > 72 when n > t. From Claims 1 and 2, we have (¢, z) < 0 and (¢, z) > 0 for any
real number x. Thus, Claim 3 holds.

Claim 4. f(t,x) = a(t,z)(Z} — Z3) + B(t,x) Z3(Z} — 1) + ~(t,2) 23 (1 — Z3) is
monotonically decreasing in ¢.

It is no difficult to get that f(t,z) = do+dy Z¥ +do Z3 +d3 Z {1+ dy Z3t = do+d1 (Z3) +
do(Z3) 7t + d3(Z2)* + dy(Z2)~%, where

<H
()
I
o
(e
N
s
|
S
+
&
N
A
|
=
N
o
+
=
—
|
S
N

We define py (z) = 2346z, ¢1(x) = (3x?+4)Va? + 4, pa(x) = 27+ 92° 42423+ 18z, qo () =
(25 + Tz + 1222 + 4)V2? + 4, p3(x) = 213 + 152 + 892 + 2642”7 + 4052° + 2882° + 561,
g3(x) = (x'? + 15210 + 852® + 2342 + 3312* 4 22022 + 48)v/2? + 4. By some calculations,



we have

g — T+ (@ + 1)@ = Va4 4)(pa(2) + ¢a(2)) (ps(w) + 3(2))
! 422+ 4 — 222 + 4)2 (22 + 4+ 222 + 4)4 7
z(2® +4)(2? + 1)*(2 + Va? + 4) (p2(z) — @2(2)) (p3(x) — g3(2))
A(22 + 4+ 2722 + 4)2(22 + 4 — 222 + 4) ’
4o — 2@+ 1@ = Va? + (i) + ¢1(2)) (p2(2) + ¢a(2))?
’ 8102(22 + 4 + xv/22 + 4)* ’
z(2® + 1)*(z + Va2 + )" (pi1(z) — 1(2)) (p2(2) — ¢o(2))”
8192(22 + 4 — xv/22 + 4)4 '
Since (p1(2))* — (@1(2))* < 0, (p2(2))* — (¢2(x))* < 0 and (ps(2))* — (gs(2))* < 0, we

deduce that, di, d3 < 0 and ds, dy > 0 for x > 0; dy, d3 > 0 and ds, dy < 0 for x < 0.
Therefore, no matter what of x > 0 or x < 0 happens, we always have

of(t,x)
ot

dy =~

= (di(Z2})" — do(Z7) " + 2d3(Z7)* — 2d4(Z7) ") log Z7 < 0.

The proof of Claim 4 is complete.
From Claim 4, it follows that for ¢ > 5, we have

K(n,t,x) < f(5,2) = —2*(x* + 1)*(2* + 32° + 1)
(222 + 312" + 1892° + 5742° + 899z + 6612 + 160) < 0.
For t = 3, one must have n >t 4+ 2. So
K(nv 3, I) < 05(37‘%’)(2;1 - ZSL) + ﬁ<37 ‘1’1)Zl2><3_‘_4(Zi1 - 1) + 7(37 I>Z22X3+4(1 - Z;l)
= —2%(2* + 1)%(2® +5)(22" + 232'° 4 1042® + 2382° + 2902 + 1712% + 32) < 0.

We conclude that the integrand log )i(; L ‘ is monotonically decreasing in n. Therefore,

t | B -EEY |t | B - E(PY)
3 —0.05339 11 —0.12030

5 —0.09835 13 —0.11425

7 —0.11405 15 —0.09493

9 —0.12006

Table 1: The values of E(P},) — E(P) for t < 15.

by Theorem 2, for n > 17 and t > 17, E(P!) — E(P%) < E(P}) — E(Pf) < 0. For n > 17
and t < 15, E(P!) — E(P%) < E(P},) — E(P%) < 0 from Table 1.

Case 2. n is even and n > 8.



From Egs. (2) and (1), we have

? (B}, + Bfy) Z7" + (B3, + B3,) Z3" + 2(B11 By + B12Bas)

— — O

¢(Fy, i)

Therefore, when n — oo, we have

log

B} +Bf,
(P, i) BheBh it ¢ <0,
In this case, we will show
(P iv)[* _, Bh+ Bh
ool <A
for x > 0, and
¢(Py, i) ’ B3, + B3,
log | —2>—=| <log ——>—==
Flopgin| T A

for x < 0. Now we can simplify the expressions of «; for ¢ = 0, 1,2 as follows:

(@ +1)%(2® + 1128 4+ 432" + 732% 4 50) (2® + 92° + 272" + 3322 + 12)

w0 (332 —+ 4)5/2 y
o = (p2(2) + g2(2))2(37% + 10 + 222 + 4) (2 — Va? + 4)14 (2% + 1)?

4096(22 — av/a2 + 4+ 4)2(x2 + 2v22 F 4+ 4)2(22 +4)

(p2(7) — q2(2))2(32% + 10 — 222 + 4) (v + Va2 + 4)M(2? + 1)?
4096(22 — ovV/22 + 4+ 4)2(22 + v/ + 4+ 4)2(x2 4+ 4)

Subcase 2.1. z > 0.
By some calculations, we have

QS(P:;,ZIE) 2_1OgB%1 +2B%2 zlog 1+K1(Tl,t,$) ,
o(PS,ix) Af Hi(n,t,z)

where Hy(n,t,x) = |¢(PS,iz)|> (B% + B%) > 0 and K,(n,t,2) = —a(t, z)Z2" + B(t, z).
Now we suppose «(t,x) < 0. Otherwise, K;(n,t,z) < 0 since ((t,x) < 0 by Claim 1, and
then we are done. Since —1 < Z5 < 0,

log

Kl(”? t, iL‘) < _&(ta m)Z22t + 5(157 SE) = 30 + 8121%72 + 3222%72 + 33Z§t74 + E4Z§t747

where 30 = ﬂo — alZél, 31 = ﬁl — CY3Z22, C_ig = 52 — C(0Z22, 83 = ﬁ4 — (g, 84 = —0y. Since

B; <0fori=0,1,2,4, ag, as, ay > 0 and oy, as < 0, we have d; < 0 for i = 2, 3,4 and

_Afh(2212 — 724+ 4)
x2+4

dy = —2A1g1h + AIWZ5 = ATh(hZ5 — 2g1) = <0

10



Denote by po(z) = x4 + 192! 4 14620 + 5842% + 130025 + 1582z + 92822 + 160 and
qo(z) = (2 + 172! + 11627 + 40427 + 7562° + 7222 + 272x)v/x2 + 4. Then,

5 Al(ﬂj’2—|—1)

do = 2+ 1) (ZZ 1) (po(z) + qo(z)) < 0.

Thus, for z > 0, Ky(n,t,z) < 0, and then

o(F,, i)
¢(Fy, i)

2
B}, + Bf,

log < log
A

Subcase 2.2. z < 0.

Similarly, we can obtain

(b(Pé,zx) ’ —log B3 _:BSQ —log (14 Ks(n,t, x) ’
O(PS.ix) A3 Hsy(n,t,x)
where Hy(n,t,z) = |p(PS,iz)]*> (B2, + B%) > 0 and Ky(n,t,z) = a(t,z)Z¥ — H(t, z).

Now we suppose a(t, z) > 0. Otherwise, K3(n,t,z) < 0 since y(t,z) > 0 by Claim 2, and
then we are done. Since 0 < Z; < 1,

log

Ko(n,t,x) < at, )27 — ~(t,x) = glv[) + %thﬂ + cﬁlngQQt_2 + C%Zilt_zl + @th_‘l,
where dy = wZt — Y, dy = Zi — m, dy = wZi — v, dy = ay — 73, dy = ag. Since
v; > 0fore=0,1,2,3, ag, a1, a3 < 0 and g, oy > 0, we have d; < 0 for + =1, 3,4 and

(’ZV _ AQ(.I'Q —+ 1)
T (B D2+ 1)

(Po(x) — qo(2)) <0,

A2h(222 — 72 4 4)

2 < 0.

dy = A3h* 23} — 2A3g:h = Ah(hZ} — 2gy) = —
Thus, for z < 0, K3(n,t,z) <0, and then

o(F,, i)
¢(Fy, i)

From the two subcases, we conclude that

¢(F,, 1)
¢(Fy, i)

2
log < B21+BQQ

—+00

B(P) ~ B(P) =~ / log

—00

dx

2

1 Pt
‘ i) d

" or o(PS,ix)

1 [t B? 4+ B? 1 [ B2, + B2
< — 1 11 12 d 1 21 22 d
2 Jo ©8 A? 27T °8 A2

Denote py(z) = x'® + 142 + 832! + 2742 + 55128 + 6862 + 507z* + 19022 + 22,
u(z) = (2% + 122" + 612 + 17229 + 29127 + 29625 + 1672 + 40z)v/22 + 4. Notice
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Z2
that 74y =z = w7
2252 + 24822 + 121) > 0 whenever z > 0 or x < 0. When x > 0, Z3 < 1, we have

7242 Z272\° 222 +1)Z5\°
2 2 2 1 2 1 2 2
B? + B?, — A? ( o 4) + (_2—4) — A2

1

= (G0 T QAR+ 977+ 1) - 4
1

< (1,2 +4)2 ((Zf + 2)2 + (2212 +4ZQ2 —1—4)2;1 + ZS) — A%

_ pa(z) — qa() <0

(22 +4) (22 + 2 + 222 + 4)

When z < 0, Z2 < 1, we have

7242 722\° 2272 +1)2\°
2 2 2 2 1 2 1 2
B2 + B2, — A2 (x2 YR 4) + (_W) — A2

1_ — —
RREEYE (Z2 42+ (272 +AZ2 + 4) 2272 4 714 — A2

1

_ pa(x) + qu(z) <0
(2 4+4) (2242 — xva? +4) '

+o00 B2 32 0 B2 B2
log ont Biag, <0 and log Sut Bng, < 0.
0 Af

((Z3+2)* + (223 +AZ} + 4) Z{ + Z§F) — A3

So

—0o0

Figure 1: All unicyclic graphs and its energies for n < 5.

Therefore, E(P!) — E(PS) < 0 when n is even.

12
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n t E(P)) — E(B) n t E(P)) — E(B)
6 3 —0.45075 6 ) —0.53412
7 3 0.22026 7 ) 0.19680
8 3 —0.31283 8 ) —0.37252
8 7 —0.42994 9 3 0.08604
9 5 0.04987 9 7 0.05443
10 3 —0.26573 10 ) —0.31918
10 7 —0.35115 10 9 —0.40167
11 3 0.02396 11 ) —0.01682
11 7 —0.02469 11 9 —0.01186
12 3 —0.24081 12 5 —0.29174
12 7 —0.31698 12 9 —0.34102
12 11 —0.38894 13 3 —0.01237
13 5 —0.05536 13 7 —0.06773
13 9 —0.06719 13 11 —0.05081
14 3 —0.22520 14 5 —0.27486
14 7 —0.29740 14 9 —0.31438
14 11 —0.33517 14 13 —0.38193
15 3 —0.03635 15 ) —0.08055
15 7 —0.09506 15 9 —0.09897
15 11 —0.09481 15 13 —0.07658
16 3 —0.21447 16 b} —0.26340
16 7 —0.28459 16 9 —0.29873
16 11 —0.31223 16 13 —0.33141
16 15 —0.37761

Table 2: Values of E(P!) — E(P?) for n < 16 and odd t.

Proof of Corollary 1.

There are only two unicyclic graphs of order 4, which are shown in Figure 1. Observe
that P} has maximal energy for n = 4. From Lemmas 1-3, and Theorems 2 and 3, we
only need to show that for n < 16 (n # 4) and any odd t with 3 <t <n, E(P!) < E(PY)
or E(P!) < E(C,,). From Table 2, we can see that E(P!) < E(P?) for 6 < n < 16 except
for n =7,9,11 and some ¢. In such cases, we can check that E(P!) < E(C,,) from Table
3. For n = 3,5, we consider all the unicyclic graphs. All such graphs and their energies
are shown in Figure 1, in which our results are verified. Finally, we calculate the energies
of C,, and P? for n =7,9,10,11,13,15, and verify that F(C,) > E(P?) in these cases. 1
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n t | E(P) | E(Cy) [ n t | E(P) | E(Cy)
7 3 8.94083 | 8.98792 7 5} 8.91737 | 8.98792
9 3 11.47069| 11.51754 9 5 11.43452| 11.51754
9 7 11.43908| 11.51754 11 3 14.00732| 14.05335
n t | B(P) | E(Cy) | n t | BE(P) | E(C,)
7 6 8.72057 | 8.98792 9 6 11.38465| 11.51754
10 6 12.93214| 12.94427 11 6 13.98336| 14.05335
13 6 16.55965| 16.59246 15 6 19.12546| 19.13354

Table 3: Values of F(P!) and E(C,,) for n =7,9,11,13,15 and some ¢.
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