An Approach to the Problem of the Maximal Energy
of Bicyclic Graphs

Shengjin Ji, Jing Li

Center for Combinatorics and LPMC-TJKLC
Nankai University, Tianjin 300071, China

E-mail: jsj@cfc.nankai.edu.cn; 1j02013@Q163.com
(Received November 22, 2011)

Abstract

For a simple graph G, the energy E(G), is defined as the sum of the abso-
lute values of all eigenvalues of its adjacency matrix. Let C), be the cycle
and P2° be the graph obtained from two copies of Cg joined by a path
of order n — 10 . Let %, be the class of bicyclic graphs which have exact
two edge-disjoint cycles satisfying that one is even, the other is odd. In
[I. Gutman, D. Vidovié¢, Quest for molecular graphs with maximal en-
ergy: a computer experiment, J. Chem. Inf. Sci. 41(2001),1002-1005.],
Gutman and Vidovi¢ conjectured that the bicyclic graph with maximal
energy is PS’G, for n = 14 and n > 16. Recently, Huo et al. proved
that the assertion is true for bipartite bicyclic graphs. In the paper,
we first show that for the graphs in %, the coefficients of characteristic
polynomials have uniform sign. Besides, we extend the correctness of

the assertion from bipartite bicyclic graphs to %,.



1 Introduction

Let G be a graph of order n and A(G) be its adjacency matrix . The characteristic
polynomial ¢(G, z) (or ¢(G) for short) of G is defined as

n

$(G,x) = det(z] — A(G)) =Y az"". (1)

1=0

The roots Ay, Ag, ..., A, of @(G,\) = 0 are called the eigenvalues of G.

With respect to the coefficients of the characteristic polynomial of a graph, we propose

the famous Sachs Theorem [2].

Let G be a graph with characteristic polynomial >, _, apx™*. Then for k > 1,
ap = Z (—1)(5)2¢(5) (2)
S€eLy

where Lj, denotes the set of Sachs subgraphs of G with k vertices, that is, the subgraph
in which every component is either a Ky or a cycle; w(S) is the number of connected

components of S and ¢(S) is the number of cycles contained in S. In addition, ay = 1.

Two basic properties of the characteristic polynomial ¢(G)[2] will be introduced.

Proposition 1.1. If G1,Gs, ..., G, are the connected components of a graph G, then
#(G) =[] o(Gy).
i=1
Proposition 1.2. Let uv be an edge of G. Then
o(G,z) = ¢(G —uv,z) — (G —u—v,x) —2 Z o(G—C, ),

CeC(uv)
where C(uv) is the set of cycles containing uv. In particular, if uv is a pendent edge with
pendent vertex v, then ¢(G,x) = xp(G — v, x) — (G —u — v, x).

n

The energy of G, denoted by E(G), is defined as E(G) = >_ |A;|. This definition was
i=0
proposed by Gutman [5]. The Coulson integral formula [1] is

+o00
BG) =~ [ logle"d(Guifold,

Tr—OO



where 7> = —1. Moreover, it is known from [1] that the above equality can be expressed

an explicit formula as follows:

2 2
1 [+t 1 Ln/2] ) ln/2] -
_ i i i it
E(G) - % /oo Elog ; (—1) A92; T + lz:; (—1) a2; 1T dZE,
where ay, ag, . .., a, are the coefficients of the characteristic polynomial ¢(G, x). Formally,

We usually note (—1)%ay; = by; and (—1)%ag;y1 = byiy1. For more results about graph

energy, we refer readers to the recent survey of Gutman, Li and Zhang[10].

Since 1980s, the extremal energy E(G) of a graph G has been studied extensively.
Many results have been discovered on acyclic, unicyclic, bicyclic and bipartite graphs. But
the quasi-order method people used before is not always valid. Recently, for these quasi-
order incomparable problems, we find an efficient way to determine which one attains the

extremal value of the energy, refer to [13, 15-19].

In the paper, the graphs under our consideration are finite, connected and simple.
The order of G is the number of vertices in G, denoted by |G|. Let P, and C,, denote the
path and cycle with n vertices, respectively. Let P¢ be the unicyclic graph obtained by
joining a vertex of Cy with a leaf of P,_, and P%* be the graph obtained from two cycles
Cs and (Y joined by a path P,_, 4. If the path have just one vertex(namely, P;), then
P,fvz & Pfij. Denote by R, the graph obtained from two cycles C, and C} (a,b > 10 and
a = b= 2(mod4)) connected by an edge. Let %, be the class of all bipartite bicyclic
graphs that are not the graph R,;. Let %), be the class of bicyclic graphs which have

exact two edge-disjoint cycles satisfying that one is even, the other is odd.

Huo et al. [18], recently, obtained a beautiful result that PS is the only graph with
the maximal energy among all unicyclic graphs. In [9], Gutman and Vidovié¢ proposed a

conjecture on the bicyclic graph with the maximal energy.

Conjecture 1.3. For n = 14 and n > 16 the bicyclic molecular graph of order n with
mazximal energy is the molecular graph of the «, 5 diphenyl-polyene CeHs(C'H ),,—12CsHs,
or denoted by PSS.

On the bipartite bicyclic graphs, Li and Zhang(2007)[20] discussed assertion on %,

as follows.



Theorem 1.4. If G € B, and n > 16, then E(G) < E(P%°) with equality if and only if
G = PSS,

But the authors couldn’t compare the energy of P8 with that of R,;. Recently, Huo
et al. [16] solve the problem. Thus, the above conjecture for bipartite bicyclic graphs has

been completely solved.

Theorem 1.5. Forn —t,t > 10 andn —t =t =2 (mod4), E(R,_;;) < E(P%°).

In the paper, we will confirm that the Conjecture 1.3 is also true on the class %,.

Theorem 1.6. Let G € 6,\{G1,G2,G3,Gy}, n > (+ 5, then E(G) < E(PS%") with
equality if and only if G = P5*.

Fig.1 The graphs are incomparable with Pg’é.

Theorem 1.7. If G € ¢, then E(G) < E(P%®) for n = 12,14 and n > 16.

For several kind of graphs, we cannot use the quasi-order method to get the extremal
energy graph, but we can use it to simplify the class of graphs. As we known, the neces-
sary condition to use the quasi-order method that is the coefficients of the characteristic
polynomials of graphs must have uniform sign. So the following lemma will be very

important.

Lemma 1.8. If G € €, contains an odd cycle of length ¢, { = 2p + 1, for all i > 0, we
have : (i) (—1)‘ag; > 0;

(i1) (=1)"agiy1 > O(resp. < 0) if p is odd (resp. even).

2 Proof of some Lemmas

The proof of Lemma 1.8



Proof. Let Lg) and Lgll denote the Sachs subgraph of G containing an even cycle,
L;f) = Ly\L{Y and Lgll = L2z’+1\L(22r1, besides, m(G, k) is the number of the k-matching
of G. We first show (—1)%ay; > 0. From Eq.(2) (Sachs Theorem), we have

(~Dfazs = (1) [ Y (=1)*©27) Z 1)<(2el (3)

Serly SeLy
According to the property of Sachs subgraph, the following two cases should be considered.
Case 1. The length of the even cycle is ¢ = 4k + 2.
If 2i < 4k + 2, then (—1)'ay; = m(G,i) >0
If 2i = 4k + 2, then (—1)'ay; = 2+ m(G, 2k + 1) > 0.

4k2

I£ 20 > 4k +2, then (—1)iay = (—1)i(2 X, o (—1)*+
2 ZSeLS)(_DQi + ZSeLég)(_l)% > 0.

i + ZSeL<2 ( 1)Z> =

Case 2. The length of the even cycle is ¢ = 4k.
If 2i < 4k, then (—1)lay; = m(G,2k) > 0.
If 20 = 4k, then (—1)'ay; = —2 + m(G,2k) > 0, since Cy, has two 2k-matchings.

If 2 > 4k, then (—1)'az = (—1)(2 3¢, m(=1)"F" o (=1)") = =2(m(G -
Curyi — 2k)) +m(G, i) > —=2(m(G — Cap,i — 2k)) + m(G — Cag,i — 2k)m(Cu, 2k) = 0.

We now consider (—1)ia2i+1, there are two cases to be executed.

Case 1. 2i+1> (2p+ 1)+ ¢, £ is the length of the even cycle and 2p + 1 is that of the
odd cycle.

i i 2i+1— (2 +1)—¢ 21+1 (2 +1)
(—Dazi = (1) [4 > (1) T2 Y (- B

SeLéiL SeLy
=4 )73 42 )
SELSL SeLéfL

If / =4k + 2, then p + é and 1 — p have the same parity.

If ¢ = 4k then p + g and 1 — p have different parity. In this case, finding the difference



between [43 ¢  (=1)P2| and |25, (—1)'"?| is necessary. By the way,
S€Ly’ Sels’

2 ) (=17 =2m(G — Copirsi —p)

SeLsy

> 9m(G — Cypiy — Coyi — p — £/2) x m(Cy, £/2)

=4y (e,

1
sefl,

Thus, if p is even, (—1)'ag; 11 < 0; otherwise, (—1)%ag; 11 > 0, the result holds.
Case 2. 2p+1<2i+1<(2p+1)+1.

From Eq.3, we have (—1)%ag,; = 2> 6@ (=1)P. So (—1)'agiy1 < 0, for even p;
2i41

(—1)%agiy1 > 0, otherwise. The proof is thus completed. H

In view of Lemma 1.8, the quasi-order method is applicable to %,,. It will play a key

role in the proof of Theorem 1.7

Now, in order to simplified the proof of Theorem 1.6, we define some notations.
The distance of two cycles C; and Cj of the graph G is dg(Ch, Co) = min{d(x,y)|x €
Ciandy € Cy}, the corresponding path is marked as z7y. If C; and Cy have a common
vertex, we define dg(C1,Cy) = 0. We refer to PS5 as the brace of the bicyclic graph G,
if G contains P%¢ as its induced subgraph. Let C? be the set of all unicyclic graphs with
n vertices and with a cycle Cy, and C(n, ) denote the collection of all unicyclic graphs
obtained from C, by adding to it n — ¢ pendent vertices. We define T to be a forest with
s vertices. we will write dg(C1, Cy) by d(G) for short.

Lemma 2.1. Let n = 4k, 4k + 1,4k + 2 ordk + 3. Then

P, = PoUP, 9 =P UP, 4> > Py, UP, 9 = Por1 UP, 9,1

Lemma 2.2. If {(>3) is odd and n >t > { + 3, we have P:U Py = PfU P, ;4.

Proof. By Proposition 1.2, we get

bi(PEUP) =b(PPUP, yUP) +b;_o(Pf,UP,_ 1 UPy),

bi(PfU Py _ty4) = b;(PfU P, UPy) +bi o(PPUP, 1 UDPs).



From the above equalities, we only need to compare b;_o(Pf ,UP,_; 1 UP;) with b;_o(PfU
P, ;1 U P;), where

bi72(Pt£_1 UPim1UPy) =bio(P1 UP, 1 UPy) +by(ProU P,y 1 UP,_i—1 UP)
+2b;—g—o(Pr—t—1 U Pi_p—1 U Py),
bio(Pf U P,y 1 UPs) =b; o(PUP, 4 1 UPs) + b 4(PrsUP_(UP, ;1 UP)
+2b;_y_o(Pr—g U Pyy—1 U Ps).
Ifet—-+¢ = 3, then B_g_1UP4 — Pt_gupg; ift—0¢ = 4,th611 Pt_g_1UP4 = Pt_gupg;

ift—+¢ > 5, then P_y_1UP, = P,_, UP;. Meanwhile, P,_; U P, = P, U P;. Thus
bio(Pf L UP, 1 UPy) = bi_o(PfUP, ;1 U Ps), the result holds. O

In terms of Proposition 1.2 and the property of the coefficients of characteristic poly-
nomial, we can easily deduce the following lemma.
Lemma 2.3. Let G be a graph in 6,.
(a) If G contains a cycle C,. and uv is an edge on this cycle, then
bi(G) = b;)(G —uv) + b;—2(G —u—v) —2b;_.(G—C,) if r =0(mod4)
bi(G) = b;(G —uv) + b_2(G —u—v) 4+ 2b;_.(G—C,) if r # 0(mod4).

(b) If uv is a cut edge of G, then b;(G) = b;(G — uv) + bi—o(G — u — v).

Next, we shall introduce some results given in [12] which will be used in the context.

Lemma 2.4. Let G € CY and n > (. If G has mazimal energy in C!, then G is either
P or, when € = 4r, a graph from C(n, /).

Lemma 2.5. Let G € C(n,l) and n > (. If { is even with £ > 8 or { = 4, then
E(G) < E(PY).

Lemma 2.6. Let { be even and { > 8 or { = 4, then E(P!) < E(PY).

Proof of Theorem1.6: We will use three lemmas, which lay out as follows, to display
the proceeding of the proof Theorem 1.6. In the following proof, we will use the conclusion

of Lemma 2.1, 2.2, 2.4, 2.5 and 2.6.



Lemma 2.7. If G € €, and contains the brace P, s(> 8) is even and £ is odd. Then
P8 - @.

Proof. Let Cy be the odd cycle of G. And C({¢) denote the induced subgraph of G
consisting of the cycle Cy and all the trees with a vertex on Cy, let |C(¢)| = t(> ¢). Notice
that if d(P5%) < 1, then |(P%Y)] = ¢+ 50rf+ 6. But |G| > ¢ + 7. Hence we may assume
that d(P%*) > 2.

If d(P5*) = 2, then G = PB+7 Choosing a right edge e = uv and by Proposition 1.2
and Lemma 2.3, we can find
bi(G) = bi(P7) + bi—o(Ps U Pr_y) — 2b;_s(Pr—1),
bi(P7) = bi(Plar) + bima(Piiy U Pa) + 26, 6(341)-
and
PsUP 12 PsUP,<P}UP, 2P, ,UP,  when!=3,
PRUP 1 <P,UPy <P U PEJrl when ¢ > 5,

therefore, b;(G) < bi(Pefi’é).

If d(P5%) > 3, and d(G) = 0, by choosing a proper edge uv, we can get

bi(G) = b;(C3) + bi_2(Pro UT, ) + 2b;—o(Th—s)
< bi(PS) + bi_o(Pi_y UPS_ ) +2b;_o(P° ) = b;(P%*)  while|C(()] =t =¢,
bi(G) = bi(Cp) + bia(Tin U T ya) + (1)1 220, (T, )
< bi(PY) 4+ b o(PyU P ) 4 2b;_6(PE_¢) = bi(P%)  while|C(0)] =t > ¢+ 1.

If d(G) =1 and |C(¢)| =t > ¢, then by choosing an appropriate edge uv, we have
bi(G) = b;(CLUCE )+ bio(Ty 1 U Ty y1)

< bi(PtZ U PS—t) +bio(P1UP,_44)

bi(PfUPS )+ b o(Pf —uUPS , ) =0bi(P%).

If d(G) > 2, and C(¢) =t > ¢, then by choosing a right edge uv, we get
bi(G) = bi(C{UCr_y) +bia(Tha UG, _y)

< b(PfUPE ) +bio(Pf —uU PS, ) = b(P%).



So we complete the proof. O

Analogously, using the same discussion as the above lemma, one can determine the

following two assertions, where, the proceeding will be omitted.
Lemma 2.8. Let G € 6, contain the brace PS*, we have P$* = G.

m

Lemma 2.9. If G € 6,\{G1,G3,G3, G4} contains Py* as its brace, then P = G

Combining Lemma 2.7 to 2.9, we finally finish the proof of Theorem 1.6.

3 Proof of Theorem 1.7

Before exhibiting the proceeding of the proof of Theorem 1.7, we shall prepare some

knowledge on real analysis [23].

Lemma 3.1. For any real number X > —1, we have

<log(l+ X) < X.
T x Slosl+X)<

In particular, log(1 4+ X) < 0 if and only if X < 0.

The following lemma is a well-known conclusion due to Gutman [7] which will be used

later.

Lemma 3.2. If G; and Gy are two graphs with the same number of vertices, then

E(G1) - E(Gz) =

1 +oo ‘(b Gl,ll’ de.

o(Ga;ix)

We can easily obtain the following recursive equations by means of Proposition 1.1

and Proposition 1.2.

Lemma 3.3. For any positive number n > 8, we get

¢(Pn7$) —IB¢( n—1, T )—¢(Pn_2,$),
¢( )_x¢( n—1>L ) ¢(P1§ 2, );



for any positive integer number n > £ + 6, we have

¢(P67€>x) = (b(PS,Z’) - ¢(P£72ax)¢(Pn o ) - 2¢( n—trL )7
S(Peis. ) = G(PLy5, ) — ¢(Ps, 2)d(Prs, ) — 20(Ps, ).

Next, we define some notions for convenience as follows, which will be well used in the

sequel.

T+ Va2 —4 r—Vaz -4
Vi) = SV Vo) = LoV

It is easy to check that Yi(z) + Ya(z) = z, Yi(2)Ya(z) = 1, Yi(iz) = 2+ and

. —+/r2 .
Yy(iz) = T=YE+44. furthermore, we mark

r+Vat+4 r—Vrz+4

Zi(z) = —iY1(iz) = 5 . Zo(z) = —iYs(ix) = 5

Note that Z1(x) + Zy(x) = x, Z1(x)Zy(x) = —1. Moreover, Z;(x) > 1 and —1 < Zy(x)
<0,if > 0; 0 < Zy(x) <1 and Zy(x) < —1, otherwise. We abbreviate Z;(z) to Z; for
7 = 1,2, in the remainder of the section. Now we introduce some notions, which will be

used frequently in the sequel.

V@0)o(Rx) —o(PFx) o Ya(@)o(RS. ) — 6P, 2)

A = = H ) @)y (Vo) — (@)
Vi) - 1) - V) 1) -

B = ey i) Bl) = )y vata)

amznmdﬂﬂ)¢®?> (o) = 2@ 7) — 911y, 2)

W@ = Wa)? V(o) - G)?

Da() = A1(2)(1 - Bu(a)(Ya())?) — Ba(a)(Yala)> — 2(Ya(x))").

Da() = Ag(w)(1 — Ba(a)(Yi(a))?) — Bu(a) (Vi) — 2(Yi(2))").

Di(a) = Au(x) — (By(@)(Ya(x))? — Bu(x) By(a)(Yala))™.

D) = Ao(x) — (Ba()* (Vi (2))? — Bu() Bua)(Vi(x))"

By some simple calculations, we have that ¢(PS, z) = 2% —825+192* —162%+4, ¢(PS, z) =
27— 72% +132° — Tx, (P, x) = 2'% — 142" + T4a® — 18827 + 2452° — 1582 + 40z and
p(P, x) = 212 — 13210 4 622° — 13825 + 1532* — 8122 + 16, and then

Zifs + fq Zayfs + fr

Ayiz) = — Zy, Agliz) = - =—7],
Zi4+1 77 Z3+1 1

. 21913 + 912 19 . 22913 + 912 12

Cilix) = —>—7=27,%, Cyliz) = —2—7—7?,
Z24+1 77 z7z2+1 !



where fg = 2% + 825 4+ 192* + 16, f; = 27 + 72° + 132% + Tx, g3 = 213 + 14! + 742° +
18827 + 24525 + 15823 + 40z and gyp = '? + 1321 + 622® + 1382° + 15321 + 8122 + 16.
In [16, 18], A;(ix) and C;(ixz) possess of the good property that their signs are always
positive, i.e., A;(ix),Cj(iz) > 0 for all real number z, j = 1,2. For convenience, we

abbreviate A;(ix), B;(ix) and C;(ix) to A;, B; and C; for j = 1,2, respectively.

The following lemma will be used in the showing of the later results, due to Huo et

al. [15, 17, 18].

Lemma 3.4. Forn > 7 and x # +2, the characteristic polynomials of P, and PS possess

the following forms,

¢(Pn, x) = Bi(x)(Yi(2))" + Ba(x)(Ya(x))"
and

G(Py,x) = Ay()(Y1(2))" + Ag(2)(Ya(x))".

Lemma 3.5. Forn > 12, { > 3 and x # %2, the characteristic polynomials of P%°® and

PS5t have the following forms,

APy’ x) = Ci(x)(Yi(2)" + Ca()(Ya())",
OBy, x) = Di(x)(Yi(x))" + Do()(Ya(x))", forn > € +6,

n

o(PS*, 2) = Di(x)(Yi(2))" + Dy(z)(Ya(x))" — 2(2° — 42® + 3x), for n = £ +5.

Proof. Note that, ¢(P%5) satisfies the recursive formula f(n,z) = zf(n — 1,2) — f(n —
2,z) in terms of the Lemma 3.3. Therefore, the form of the general solution of the
linear homogeneous recursive relation is f(n,z) = Fi(x)(Yi(z))" + Fy(z)(Ya(x))*. By
some simple calculations, together with the initial values ¢(Py;’) and ¢(PLy’), we can
get that Fj(x) = Ci(x), i = 1,2. From Lemma 3.3, Lemma 3.4 and Proposition 1.1, by
means of elementary calculations, it is easy to deduce the above formula of ¢(P%* ) and

o(Pr, ). O

In view of Lemma 3.5, we can get the following forms of D;(iz) and D’(ix) (j = 1,2)

by some simplifications,
Di(iz) = Dy (z) + Dio(2)(0)", D) (ix)= A, + B}Z2 — B1ByZ}?,

Dy(ix) = Doy (x) + Dao(2) (i)',  Dh(ix)= Ay + BiZ? — B1 By 712,



where,

D11<£L') = A1(1 + 31222 — BQZQ%_Q), Dlg(I) = 2A1Z§,
Dgl(l’) = Ag(l + .BQZI2 — B1Z12€_2), DQQ([E) = 2A22f
By the above simplification and Lemma 3.4, there are no barrier to acquire the simplifying
form.
p(Py°,ix)|* = CT 27" + C3Z5" 4 (—=1)"2C1 Cy, (4)
|6(Py* ix)|* = (DY) + Dip) 27" + (D3, + D) Z3" + (=1)"2(D1i D1 + D12Da2),  (5)

|G(PY,ix)|? = (D)) Z2H10 4 (DY)? 224410 4 2D/ DYy + A(a® + 4a® + 32)2. (6)

Proof of Theorem 1.7: In order to showing our main result, we first verify two assertions

which regard as the ingredient parts of the proceeding of the proof.

Theorem 3.6. If n > (+6 and { is odd, we have E(P5*) — BE(P55) < 0.

Proof. From the above analysis, our work is just to show that E(P%¢) < E(PS5), for any

positive number n > ¢ 4 6 and ¢(> 3) is odd. By Lemma 3.2, we have

oo d(PSYix
75 ix)

We shall distinguish two cases by means of the parity of n.

E(P%" — E(PS®) = dz.

™

P ix)

Case 1. nis odd and n > 17. First of all, we shall show that the integrand log ‘ ¢(P6 )

is monotonically decreasing on n.
rziyin] (gt
o(Pyfyiiz) | lo(PR%i )
2
O(Potyiin)(PyY i)
(Pt iw) (P i)

log

1
~ o
%%

1 K(n, ! x)
— 14+ _—"2"7
o (1 )
where K(n, () = |6(Pyly;ix) (P ix)[? — |p(Prly; ix)p(PSsix) [ and H(n, (,x) =
(P i) p(PS; ix)|> > 0. From Lemma 3.1, we only need to verify K(n,¢,z) < 0. By

means of some directed calculations, we arrive at



where, v(¢,z) = C3(D3, + D},) — C3(D3, + D3,), a(l,x) = 2C7(D11Ds1 + D1gDay) —
2C,Cy(D?, + D%,) and B(¢,x) = 20,Co(D3 + D3,) — 2C3(D11 Doy + D1aDas). we now
discuss the sign of a(¢, ), (¢, z) and (¢, ).

all,r) = ag+ oy Z2 4 0y 227+ s Z37? + oy 227 4 g Z2° + agZ3,

Bl a) = Bo+ BiZY "+ BoZy ™+ B 28 4 BuZ5 P 4 B 23+ B2y

V(lx) =70 + 1202 Ay A 2 62y 2T s 2y

where,

ag = 2CT A1 As(1 + B1Z3 + ByZi + 2B, By — 4) — 2C,CLA3 (1 + Bi Zy + 2B, Z3),

a1 = —2012141/423%, Qg — —2012141142322,
3 = —201214114231, Qy = —201214114232,
Qg = —40102/1%(2 - BlBg - ZIQBQ), ag = —20102/1%322,

By = —2C3A1Ay(1 + B1Z3 + BoZi + 2By By — 4) + 20,Cy A5(1 + B3 Z1 4+ 2By 773),

/81 = 2C22A1AQB%7 52 = 2022A1A2B227
B3 = 2C5 A1 A3 By, B1 =205 A1 A3 Bs,
Bs = 4C,CyA3(2 — B1By — Z2B)), Br = 2C,Cy A3 B2,

Yo = C3A2(1+ BiZy +2B17Z3) — C3AS(1 + B3 Z} + 2By 73),

V3= 2012143317 Y4 = —202214%327
V5 = 2C7A3(B1 B, — 2), V6 = 2C5A3(2 — B By),
Y= —0121433%7 8 = 02214%322'

Claim 1. For any real x and positive integer ¢, a(¢, x) < 0. From the above analysis, we
know that A;, B; and C; > 0, while Z? > 0 and Z2 > 0. Consequently, it not hard to get

a1, (o, a3,y and ag < 0. Besides,

2 (z* +3) 2 2 74 2
and
2 10 — /2 4
Qg — —2010214% so” + 10 i s < 0.

(22 +4)
Therefore, the claim holds.

Claim 2. For any real = and positive integer ¢, 5(¢,z) > 0.



Similarly, we can deduce (1, B2, 83, B4, and 57 > 0. Besides,

2 +3
By =402 A, Ay <x2 - 4> 4+ 2C1CoAS(1 4+ B2Z} + 2By Z%) > 0,
and
322+ 104 Va2 + 4
o 2
Bs = 2C1C5 A5 @2+ 1) > 0.

Hence, the conclusion follows.

Observe that, Z; > 1 and 0 > Z, > —1 for > 0, we have Z2" > Z2"9 > 0 and 0 <
7 < Zz2(e+6)_ Meanwhile, 0 < Z; < 1 and Z, < —1 for < 0, then 0 < Z¥" < Zl2(f+6)

and Z2n > 729 5 0. By Claim 1 and 2, a(¢,z) < 0 and B(¢,z) > 0. Therefore,
K(n,(,x) < y(62)(ZE — Z3) + ol 2) 2370 (24 = 1) + B, 2) 2,0 (1 - 23).

Claim 3. f((,z) = +(0,2)(Z} — Z3) + o0, 2) Z; O (Z} = 1) + B(6,2) 23 (1 - Z4) is
monotonically decreasing on /.

By some simplifications, it is easy to get f(¢,x) = do+dy Z¥* +do Z2° + d3 Z{ + dy 23 =
do —|' dl(Z%)e + dQ(Z%)iz ‘|— d3(Zl2)2e —l— d4(Zl2)72€, Where,

do = 0(Z} = Z3) + (2 Z1° + uZi" + s Z1%)(Z{ = 1)

+ (B2 + B 2y + Bs 201 (1 — Zy),
dy = (323 + ) (20 — Z3) + ao(Z,° — Z1%) + B1(2,° — Z5°),
dy = (W2} +76)(Z) — Z3) + (270 = Z1°) + Bo(Z5° — Z5°),
ds = 7 (1 = Z3) + (27 + s Z,°)(Z) = 1),

dy=s(Z7 = 1) + (B2Z5 + BaZy") (1 = Zy).

We now mark n () = v/a2 + 4(2%42) (214182 4138212 4+-58 7210 + 150628 + 235625+
2145z* + 99722 + 144) and my(z) = z(2* + 4)(2'® + 182 + 1402'% + 61520 + 16682° +
28542°% + 3005x* + 179122 + 472). Observe that (1 — Z}) < 0 for x > 0, (1 — Z}) > 0
forz < 0; (1—-23) >0forxz >0, (1—23) <0forx<0; (Z —2Z3) >0 for x > 0,
(Z1 — Z3) < 0 for z < 0. Thus, ag(Z{% — Zi?) < 0 for z > 0, and then, ao(Z{° — Z}%) > 0
for x < 0; Bo(Z32 — Z3%) > 0 for x > 0, and then, By(Z2* — Z1%) < 0 for z < 0. Meanwhile,



with some operation, we deduce

2 4 74 16 720\ _ _201A%w($2 + 1)?(n1(x) — ma(x))
(1325 + )21 — Z3) + Be(Zy° — Z57) = (@ 4oV 14+ 4) (a2 +4) (7)
(W + 202 28) + on(20 — 29) = 24 L @ L)

(=224 2v22 +4—4) (22 +4)

By means of Claim 1 and 2 and the above discussion, it is not difficult to check that
di < 0 and d3 < 0 for x > 0, while, dy > 0 and dy > 0 for z > 0; d; > 0 and d3 > 0 for

x < 0, while, dy < 0 and d4 < 0 for < 0. Therefore, whether > 0 or z < 0, we always

conclude that

of(l, x)
ot

= (dy(Z3) — do(Z3) " 4 2d5(Z2)* — 2d4(Z2) ) log ZF < 0.
Thus the proof of Claim 3 is complete.

It follows from Claim 3 that for ¢ > 11,

K(n,l,z) < f(11,x)
= —2%(2% + 82" + 1922 + 16) (2" + 92° 4 282° + 352 + 1527 + 1)
(22 + 842 + 16142 + 187992 + 1482642 + 837671
+ 3498049222 + 109807082%° + 260967422 + 46927728x1°
+ 633586442 + 6326249522 + 456281352'% + 229900362°

+ 77348022° + 16350032 + 1961602 4 10240)(z* + 1)7 < 0.

For ¢ = 3,5,7and 9, then n > ¢ + 8. Thus,

K(n,6,7) <y(6,)(Z) = 23) + a(t,2) 27D (2] = 1) + B, 0) 23 (1 - Z3)
<l 2) (2 = Z3) + a6, 2) 27O (2 = 1) + B, 2) 2,0 (1 - 23)
<yB,2)(Z] = Z3) + a(3,2) 270 (2 = 1) + B3, )2, (1 - 23)
= —2?(2% + 82" + 192% + 16)(z® + 1)"(2"® + 292'° + 3412™ + 21572

+ 81512 + 192032% + 282912° + 249952 + 117122° + 2048) < 0.

6,0,
Therefore, we have verified that the integrand log ‘M is monotonically decreasing

o(Py i)

on n. By Claim 3, for n > 17 and ¢ > 11, E(P%') — E(PS%) < E(P}y) — E(PYS) <

E(PSMY—E(PYF) < 0;forn > 17 and ¢ < 9, E(PS!) — E(PSS) < E(PY) — E(PY%) < 0.




Tablel. The difference between E(P{') and E(PEP).

( 3 5 7 9 11
E(PSY — E(PESY | -0.00455 | -0.04708 | -0.02855 | -0.05572 | -0.02955

Case 2. n is even and n > 12.

In terms of Eqs. 4 and 5, we deduce

PGZ Z.T (D%1 + D%2)len + (D%l + D%z)Zgn + 2(D11D21 -+ D12D22)
¢ (PSS ix C272n + C372" + 2C,Cy '
When n — oo,
(5L Div D if & > 0,
- -~ 7 1
AT Bh iy <,
2
Our aim now is to explain
PG,E. ; 2 D2 D2
log w log =21 +2 12 for z > 0 and
P(Pn”;iz) Ci
2
n D%l + D%2
log ‘WT lo o2 for x <0
w5 AT) 5
Subcase 2.1 x > 0.
By means of some simple calculations, we get
PG,Z. ; 2 DQ D2
log ¢( %6’2.:6) _10g 11 +2 12 :10g< n, 7 ))
¢(P”7 ,’LZL’) C’1 n, 7 )

where Hy(n,(,z) = |¢p(P%%: ix)|>(D?, + D?,) > 0 and K(n, ¢, :v) —y(l, ) Z3" + a(l, ).
We may suppose (¢, z) < 0. Otherwise, K;(n,¢,z) < 0, since (¢, z) < 0 from Claim 1,

then we are done.
Ki(n, 0,2) < —v(0,2)Z2 4 (0, 2) = do + i Z2 + dp Z3° + ds 72 + 4, 2841,

Where, Ci() = 060—732216—’75Z214, Jl = a1Z§+a3Z22—772218, d_g = —’70Z214+0622i1+064212+0667
ds = —4Z3% — 76Z214 + agZ}, and dy = —s. Because of a; < 0 for+=0,1,2,3,4,5,

7. 73, %6, Vs > 0 and 4, 75,77 < 0, these yield d; < 0 for i = 3,4. Besides,

Cio = 09 — 73Z216 - ’752214

< 2C?A1Ay(1 + B1Z2 + BoZ2 + 2B By — 4) — (3235 + 75 Z3%)
241

= CiAy———
(2 + 4)?

(na(x) — ma(x)) <0,



where, ny(z) = Vo2 + 4(21% + 19213 + 148z + 6042° + 136527 + 164525 + 8982° + 1187)
and my = 20 + 212 4 184212 + 866210 + 23432® + 35972 + 284222 + 16. Moreover,
7 20121423123(1'2 + ].)

d, = (1) ) (z(2z® 4 4)(22° + 212* + 662% 4 57)
1
+ (20% + 232° + 88z* 4 1212 + 40)Va2 +4) < 0,
7 14 Zy'r 2 6/..8 6 4 2

(2% + 82" + 1927 + 16)*(2® + 92° + 272 + 332 + 12) < 0.
Subcase 2.2 z < 0.

Analogously, we have

G(Pp'ix) ~log D3, + D3, —log [ 1+ Ks(n, {, x)
H(P0; i) C? Hy(n,l,x) )’

where Hy(n,l,x) = |¢p(P%%;ix)|*(D3, + D3,) > 0 and Ky(n,l,x) = v(¢,x)Z" — B¢, x).

2
log

We may suppose (¢, z) > 0. Otherwise, K;(n, ¢, x) < 0, Since f(¢,z) > 0 from Claim 2,

then we are done.
Kg(n, 6, ZL‘) S ’)/(é, 17)212(“_7) — 6(67 ZL’) = dv() —|— JIZI% + JQZQM + CigZiw + J4Z?Z+10,

where, dy = —Bo+71Z1+76 211, dy = W Z1— (81 Z3+B323+B5), do = 213 —PaZi— s Z2,
dy = 73212 + 4521 — 8;Z8, and dy = ~7. Because of f; > 0 for i = 0,1,2,3,4,6,8,
Y3, Y6, Y > 0 and vy, v5, 77 < 0, we acquire d; < 0 fori= 3,4. Meanwhile,

do = —Bo +1Z{° + 62"

< 203A1A5(1 + B1Z3 + By Z? + 2B By — 4) — (14 Z1% + v6Z:%)

22 +1
= szAlm(nz(x) +ma(z)) <0,
7 14 _ Zitx 2 6(,.8 6 4 2
di < 2" = ( 2+4>5/2(a: +1)°(2® + 112" + 432" + 732° + 50)
x

(2% + 82* + 1922 + 16)*(2® 4 92° + 272* 4- 3322 + 12) < 0,

2T (224122 +9)

— (2?4 4)(22° + 212* + 662° 4 57)) < 0.

((22® + 232° + 882" + 12127 + 40)Va2 + 4



In terms of the above two subcases, we arrive at

2

P6£ 1 +00 PG,Z. ;
R R A
§b Pn 32 2m J_ O(Pn”; iz )
1 0 D2 + D2 1 [t>® D2 4+ D2
< — 1 21 22 1 d i 11 12d
o o8 C3 ogdr + 21 Jo C?

Let ng = xv/22 + 4(2?® 4 27220 4 3342%* + 2512022 + 1284322 + 4723328 + 128815216 +
2643272 + 40911022 + 47327020 4 3999002° + 23628425 + 9008524 + 1885122 4 1432),

ms = 230 + 29278 + 38627 + 31302%* + 172972% + 689892

7891862 + 1022232212 + 985182210 + 6835022 + 3216632°
—4(2x'9 + 2428 + 1062° + 22521 + 24822 + 121) (2% +

Notice that (n

3(2))? = (ms(x))? =
8z* + 1922 + 16)? < 0 for all real z.

When z > 0, Z7 < 1, we obtain

0+ 2049752 + 46109126 +
+ 91811x* + 1243022 + 352.

Z3E2 4 72 1 4Z2 4+ 4 72427342
D2 D2 _02 AQ 2A2z22 2 _02
¥ P 4 GENZED R
<AQZ§0+Z§+4Z§+4 24278 73427242 e
- 22 4 4 2(Z22+1)(Z22+1) !
2022 +1)3
Ty e 4)2(713(1;) —mgs(x)) < 0.
When z < 0, 72 < 1, we get
ZPE? 4 72 1422 + 4 72427242
D2 D2 _CQ :A2 1 2 1 ZAQZQE 2 1 2
nt P O 2 22+ 4 + Lz (22+1)
W04 72 4472 + 4 724272 +2
<A2 1 2 1 2A2Z6 2 1 _02
=4 214 LN R e
2(2? +1)3
o AR ) () <0,
(x\/W—xQ—él)Q
Therefore,
1 /0 D2, + D? +°° D2 D?
> log%d <0 and —/ “+ =2y <0
m 2

Thus, E(P%) — E(PS5) < 0 for all even n.

Theorem 3.7. If n={(+5 and { is odd, we have E(P5") —

E(P5) < 0.

Proof. Denote ny(x) = x'* + 1522 + 952! + 32328 + 6282° + 694" + 4042% + 128,

my(z) = 222 + 4(2® + 1125 4 4821 4+ 9622 4-80) (2% +1)2, ns

(v) = ova?2 + 4(a' + 13212 +



712104213284 38125 + 40721 +2382% +54), ms(z) = 210+ 15211+ 95212 4+ 333210 + 7072% +
92528 + 71224+ 2702 +24, ng(z) = zv2? + 4(2M + 13212+ 71219421328 +3792° 39721 +
226224 58) and mg(z) = 20+ 1521 +95212 4333210+ 7052° + 91 72° + 6842* + 226222 +40.

Similarly, when ¢ — oo,

2 12 .
¢(PZ’FL}5; i) % if z >0,
676 «n ! .
¢(Pz+5a i) (%22)2 if x <0.
2

The next work is to explain

2
Pﬁ,@ 7 . D! 2
log W < log ( 12) for x > 0 and
¢(Péfr5§ i) &
PG,E. ; 2 D! 2
log w < log ( 22) for z <0 .
¢(Pnsix) C3

Case 1. = > 0.

By means of some simple calculations, we get

2
(Di)Z K3(n7£7x>
—1 =1 1+ ———=
oz T +H3(n,€,$) ’

¢<Pz(1£55 ix)
Qﬁ(Pgﬁ,; m)
where, Hs(n,l,z) = |p(P)S;ix)|2(D))? > 0 and Ky(n,(,x) = (C}(D4)? — C3(D})?)
7210 1 022D DY + 4(2° + 42® + 31)?) — 2(D})?C,C,. In fact, we may acquire

log

z(z? +3)
(22 + 4)3/2

(2% 4+ 2)% (2% + 1)%(2' 4+ 132% 4 612° + 1312* + 13027 + 32) < 0,

C2(Db)* — C3(D})? = — (2" + 122° + 532° 4 1162* + 1302° + 64)

2z (2% + 3)(2® + 2)(2® + 1)4
Va2 +4(22 + 222 + 4+ 4)

(na(z) — mu(x)) <O.

C(2D1 Dy + 4(a” + 42® + 32)*) — 2(D})*’C1Cy = —C4

Therefore, for x > 0, K3(¢, ) < 0, we achieve it.
Case 2. x < 0.

By means of some simply calculations, we get

12
¢<Pziz5§ m)
o(P)Ssix)

(D3)?
=1 14+ —"—7—=
022 o8 - H4(n7£7 ‘7:)

log — log




where, Hy(n,l,z) = |¢(PZ6+’65;2':E)|2(D§)2 > 0 and Ky(n,l,z) = (C2(D})? — C%(D})?)
720 1 C2(2D) Dy + 4(2° + 42 4 31)?) — 2(D%)?C1C,. Actually, we can determine

z(z? + 3)
(22 + 4)32

(2% +2)*(2? + 1)%(2™ + 132° 4 612° + 1312* + 1302% + 32) < 0,

C3(D))* — C{(D})? = (2" + 122° + 532° 4 1162 + 1302° + 64)

2u(2? + 3) (2% 4+ 2) (22 + 1)*
Va2 +4(xva? + 4 — 22 — 4)

(714(1') + m4(x)) < 0.

C3(2D1 D}y + 4(x” + 42® 4 32)%) — 2(D5)*C1Co = —Cs

Therefore, for x < 0, K4(¢,z) < 0, and then we finish the case.

From the above analysis, we can arrive at

2

1 [t Pt ¥ 1 [t P&t AT
E(PY) — E(P,;) = - / OPrisi i) L5 )] gy = L [T 1o |2t i) b5 )| 4
T J oo P(P L5 ix) 2m J 45> 10
1 0 (D/)z 1 +o0 (D/)Z
— | 1 2dr + — 1 2—dx.
<27T/000g C3 x+27r/0 o8 C? ’
Observe that, when x > 0, we have
2+ 1
D, —C, = ns(x) —ms(x)) <0
O = e rar ) s
D, 10 = AL @) — me() > 0
SN/ B ° '
So we deduce (D})* — C? < 0.
Besides, when x < 0, we have
2 +1
Dy —Cy = ns(x) +ms(x)) <0
2 2 x\/m 2 4( 5( ) 5( ))
DY+ Cy = TAL (o) + me(a) > 0
2 2 o2 +4— a2 —4 ‘ ‘ '
So we conclude (D})? — C3 < 0. O
H, H, Hj H,y

Fig.2 All the graphs with P%¢ as its brace and n < £ + 4.



According to the above two theorems, we already verified Theorem 1.7 for n > ¢ 45
except the four graphs as in Figure 1. In the rest of the section, we just consider them and
the graphs with fewer vertices, which is shown in Figure 2. By Proposition 1.2, Lemma

2.1 and Lemma 2.3 , we now have the following assertion.

Observation 3.8. (i) Forn ={(+5, G = Gy = G3 but G are incomparable with G4;
(1) Forn=0+4, Hy = H;, i = 2,3,5, while Hy is incomparable with Hy.

Now, there are five graphs, i.e. G1, G4, Hy, Hy and Hg(see Figure 1 and 2), that we
want to show their energies also smaller than that of P59 for n < £+5, by the Observation
3.8, Theorem 3.6 and Thoerem 3.7. Fortunately, we proved them, but here, we omit the
proof. Since the proceeding is similar to that of Theorem 3.7. Therefore, we complete the

whole proof of Theorem 1.7. O
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