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Abstract

For a simple graph G, the energy E(G) is defined as the sum of the absolute values
of all eigenvalues of its adjacent matrix. For di > ds > 3 and t > 3, denote by T,
the tree formed from a path P; on t vertices by attaching d; —1 P»’s on one end and
do — 1 Py’s on the other end of the path P;, and T} the tree formed from P9 by
attaching d; —1 P»’s on an end of the P, and ds —2 P»’s on the vertex next to the
end. In [14] Yao showed that among trees of order n and two vertices of maximum
degree d; and second maximum degree ds (d; > d2), the maximal energy tree is
either the graph T, or the graph Ty, where t = n + 4 — 2d; — 2dy > 3. However,
she could not determine which one of T, and T} is the maximal energy tree. This
is because the quasi-order method is invalid for comparing their energies. In this
paper, we use a new method to determine the maximal energy tree. We prove that
the maximal energy tree is Ty if dy > 7, do > 3 or di = 6,dy = 3. Moreover, for
di = 4 and dy = 3, the maximal energy tree is the graph 7; if ¢ = 4, and the
graph T, otherwise. For other cases, the maximal energy tree is the graph Ty, if (i)
dy =5,de =4, tis odd and 3 <t <45, (ii) d; = 5,dy = 3, tis odd and 3 < t < 29,
(iii) dy = 6,d2 =5, t = 3,5,7, (iv) di = 6,dy = 4, t = 5; and for all the remaining

cases, the maximal energy tree is the graph Tp.

1 Introduction

Let G be a simple graph of order n, and A{, Ao, - -+ , A\,, be the eigenvalues of G. Then
the energy of GG is defined as

E(G) = Z ’)‘i|7

which was introduced by Gutman in [9]. The match polynomial [6,7] of G is defined as

[n/2]
m(G,z) =Y (=1)*'m(G, k)a"*,

k=0
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where m(G, k) denotes the number of k-matchings of G and m(G,0) =1. f G =T is a

tree of order n, then the characteristic polynomial [5] of G has the form

[n/2]
o(T,x) =m(T,x) = > (=1)*m(T, k)",

And, by Coulson integral formula [3,4,8,11], we have for a tree T,

9 [t q [n/2]
_“ - 2k
B(T) =2 /0 Lo % m(T, k)22 | da.

As we did in [12], for convenience we use the so-called signless matching polynomial [1]

[n/2]
m*(G,x) = Z m(G, k).
k=0
Then we have
B(T) = 2 /ﬁo L rogm* (T, 2)dz (1)
- T 0 I‘Q g ) .

For basic properties of m™ (G, x), we refer to our paper [12].

For more results on graph energy, we refer to the survey [10]. For terminology and

notations not defined here, we refer to the book of Bondy and Murty [2].

Graphs with extremal energies are interested in literature. In 2009 Li et al. [13] showed
that among trees of order n with two vertices of maximum degree A(> 3), the maximal
energy tree is either the graph G, or the graph G}, where t = n+4 — 4A > 3 and G,
is the tree formed from a path P; on t vertices by attaching A — 1 P,’s on each end of
the path P,, GG} is the tree formed from P, by attaching A — 1 P’s on an end of the
P, s and A — 2 Py’s on the vertex next to the end. However, they could not determine
which one of G, and G}, is the maximal energy tree. In our recent paper [12], we used a
new method to determine the maximal energy tree. In a similar way, Yao [14] gave the
following Theorem 1.1 about the maximal energy tree with one maximum and one second

maximum degree vertex.

Theorem 1.1 ( [14]) Among trees with a fixzed number of vertices (n) and two vertices
of mazimum degree dy and second maximum degree dy (dy > ds), the mazximal energy tree
has as many as possible 2-branches.

(1) If n > 2dy 4 2dy — 1, then the mazximal energy tree is either the graph T, or the graph
Ty, depicted in Figure 1.1.

(2) If n < 2dy + 2dy — 2, then the maximal energy tree is the graph T, depicted in Figure
1.1.



d(u):dl, d(v):dg,t:n—2d1—2d2—|—4,p§q.

Figure 1.1 The maximal energy trees with n vertices and two vertices u and v of degree
dy and ds.

From Theorem 1.1, one can also see that for n > 2d; +2d, —1, she could not determine
which one of the trees T, and T}, has the maximal energy. In fact, the quasi-order method
they used before is invalid for the special case. In this paper, we will use the Coulson
integral formula method to determine which one of the trees T, and T, has the maximal
energy. One must notice that since d; # dy here, the energy is a function in two variables

di and ds, and this makes our discussion much more complicated.

2 Preliminaries

In this section, we list some useful properties of the signless matching polynomial
m* (G, x), which will be used in the sequel, and already appeared in [12].

Lemma 2.1 Let v be a vertex of G and N(v) = {v1,ve,...,v,.} the set of all neighbors
of vin G. Then

m*Y(G,z) =m™(G —v,z) + 2* Z m (G —v—u, ).

v;EN(v)

Lemma 2.2 Let P, denote a path on t vertices. Then

(1) m*(P,x) = m*(P1,2) +2*m* (Prg,x), for anyt >1,
(2) m*(P,z) = (1+2°)m*(P_y,x) +2°m"(P_3,x), for anyt > 2.

The initials are m*(Py,x) = m™ (P, z) = 1, and we define m*(P_1,z) = 0.



Corollary 2.3 Let P; be a path on t vertices. Then for any real number x,

mY (P, 2) <mT(P,x) < (1+2)m™(P_y1,z), for anyt > 1.

3 Main results

Before giving our main results, we state some knowledge on real analysis, for which

we refer to [15].

Lemma 3.1 For any real number X > —1, we have

<log(1+ X) < X.
T x Slosl+X) <

For convenience, we introduce the following notations:

Ay = (2% + 1)(dy2® 4 doa® + doz* + didox* + dya* + 22* 4 227 + dy2® + dya® + 1),

Ay = 2%(2* + 1) (2% + 22" + dydpa® + dy2® + dor® + 2% + 1),

By = 22% + dyz® + 625 + 2d,dox® + didox® + 2di 2t + 4t + 2doxt + dox® + dy2?
+322 41,

By = 2%(2* + 1)(2° + 22" + dydoz® + dy12® + dpa® + 2% + 1).

Using Lemmas 2.1 and 2.2 repeatedly, we can easily get the following two recursive for-
mulas, where t =n +4 — 2d; — 2dy > 3:

m(T,,x) = (14 2>) T2 (AmT (P_g, z) + Aym™ (Pr_y, ), (2)
and
mt(Ty,z) = (1 + 2°)" 25 (Bym ¥ (P_3,z) + Bom ™ (P4, 7)), (3)
From Egs. (2) and (3), by some elementary calculations we can obtain
m™ (T, x) —m™(Ty, x) = (1 + 22)BT25(dy — 2)2%(2? — (dy — 2))m™ (Pi_s, 2). (4)
We know directly from Figure 1.1 that if ¢ = 2 or dy = 2, T,, = Ty, then E(T,) = E(T}),
so we only consider the cases t > 3 and d; > dy > 3.

Now we give a useful lemma.

Lemma 3.2 Among trees with n vertices and two vertices of maximum and second mazx-
imum degree dy and dy, let k =dy —ds, if 1 <k <3,dy>T—k ord<k<12, dy >3,
the maximal energy tree is the graph T, where t = n+4 — 2dy — 2dy > 3.
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Proof. Since m*(T,,x) > 0 and m™(T,,z) > 0, we have

m*(T,,x) —m* (Ty,x)  m* (T, x)

= —-1>-1.
m+<Tbax) er(Tb?x)
Therefore, from Eq. (1) and Lemma 3.1, we get that
2 [T>*1 mt(T,, )
E(T,) — E(T,) = — — log ———"—=d
2 [T 1 m™(T,,x) — m™ (T, )
= — —log (1 ’ ’ dz. 5
7T/o a? Og( i m*(Ty, x) ) ®)
< g/m S m (T 2) —m (T 2) ),
)y « mt (T, )

By Corollary 2.3, we have m*(P,_4,2) < m™(P,_3,xz) and m™(P,_y4, ) > m+£i:23’x) for
t > 4. So, we have

E<Ta) - E(Tb)

+00 + oot
< 2 [ ) T,
Tty a? m*(Ty, )
B e U VLR
I Bym*(P,_3,x) + Bom*(P,_4, x)
400 _ 40,2 _ Vdi—2 _ 402 _ _
< 2 [ ) 2 P 22,
T Vdi—2 Bl+B2/(1—|—x2) ™ Jo Bl—i—BQ

2 [T (dy— )2 (2® — (dy — 2)) 2 [VET2 (dy — )zt (2? — (dy — 2))
= ‘/ / (

d —
™ — d1 + 3 ZL’8 v ™ 5d1d2 + 6d1 + 5d2 + 26 Ilo
Vdi—2

.2 / 2dy — 2t~ (h-2)
0 (5d1d2 + 6d1 + 5d2 + 26) (ZL’2 + 1)

™
2
= _f(dl7d2)-
e
Where
2(dy — 2) dy — 2 ( 2 )
dy,do) = - 3dy — 11+ —————
fd, dz) 3(dy + 3)vdy — 2 15(26 + 6dy + 5dydy + 5dy) \ (d; — 2)3/2

_28d2 — 40d1d2 + 80d1 - 307Td1 + 307 + 157Td2d1 — 56 — 157Td2
30(26 + 6d; + 5dydy + 5dy) ‘

Now, for k = d; — ds, we have that
(1) if k =1, when dy > 62, E(T,) — E(T}) < 2f(dy,d>) < 0.
(2) if k = 2, when dy > 60, B(T,) — E(Ty) < 2f(dy,d2) < 0.
(3) if k =3, when dy > 57, E(T,) — E(T},) < 2f(dy,d>) < 0.
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(4) if k =4, when dy > 54, E(T,) — E(T,) < 2f(dy,d>) <0
(5) if k =5, when dy > 50, E(T,,) — E(T},) < 2f(dy,d2) <0
(6) if k = 6, when dy > 47, E(T,) — E(T},) < 2f(dy,d2) <0
(7) if k =7, when dy > 43, E(T,,) — E(T},) < 2f(d1,d2) <0
(8) if k =8, when dy > 40, E(T,) — E(T,) < 2 f(dy,d>) <0
(9) if k=9, when dy > 35, E(T,) — E(T,) < 2f(dy,d>) <0
(10) if k = 10, when dy > 31, E(T,) — E(T},) < 2f(dy,d3) <0
(11) if k = 11, when dy > 24, E(T,) — E(T}) < 2f(dy,d2) <0
(12) if k =12, when dy > 3, E(T,) — E(T}) < 2f(d1,ds) <0

For smaller dy, we consider the following inequality
2
E(T,) — E(Ty) < — - g(dy,dy,x) <0
7

where

VEE i (g
g(d17d27$) = / _2109 (1+( 2 )I (.ZU ( 1 )))daj
0 €T

By + By
oo dy — 2)2%(2? — (dy — 2
+/ —log 1—1-(2 i Gt ) dx.
Vdi— B1+1+x2

By direct calculations, using a computer with the Maple programm, we can get that
(1) if k=1, when 6 < dy <61, E(T,) — E(T) < zg(dl,dQ,x) < 0.

(2) if k =2, when 5 < dy <59, E(T,) — E(T)) <
(3) if k =3, when 4 < dy < 56, E(T,) — E(T}) <
(4) ) —

4)if 4 <k <11, when 3 < dy <53, E(T,) — E(T, ) < 0.

Then, from all the above results, we get the following conclusion: for all ¢ > 4,
(1) if k =1, when dy > 6, E(T)—E(Tb)<0
(2) if k =2, when dy > 5, E(T,) — E(T,) <
(3) if k =3, when dy > 4, E(T,) — E(T,) <
(4) ) —

4) if 4 < k <12, when dy > 3, E(T,) — E(T; ) < 0.

If t = 3, we have m*(P,_4,2) = m™(P_1,z) = 0. By a similar method as above, we

can get the same result.
The proof is now complete. 1

Next we consider the case k > 13.



Lemma 3.3 Among trees with n vertices and two vertices of mazximum and second maz-
imum degree di and do, let k = dy — ds, if k > 13, dy > 3, then the maximal enerqgy tree
15 the graph Ty, where t = n +4 — 2d; — 2dy > 3.

Proof. In Lemma 3.2 we proved that if ¢t > 4,d, > 3, E(T,) — E(T},) < 2f(dy,d>). Let
dy = dy+Fk, then f(dy,ds) = h(ds, k). We first want to show that h(ds, k) is monotonically

decreasing in k.

2(dy — 2)
3(dy+ k+3)V/do Tk — 2
o dg -2 2
15(26 + 6(d + k) + 5(d + k)da + 5dy) (ds + k — 2)372
30(26 4 6(ds + k) + 5(dg + k)d2 + 5d5) '

h(d27 k) =

(3(d2 Y E) 11+

The derivative of h(dy, k) on k is

h'(dy, k) = hy + ha + hg + hg + hs + he,

where
b 2(dy — 2)
! 3dy+ k+3)2dy + k—2
N dy — 2
2T 3(dy+ k4 3)(dy + k —2)32
b —30m —40dy + 15dym + 80
° 7780 + 330dy + 180k + 150(dy + k)dy’
) _ 108dy — 56 — 30m(dy + k) — 40(dy + K)dy + 157 (dy + k) + 307 — 15dy7 -+ 80k
t (780 + 330d;, + 180k + 150(dy + k)ds)?
-(180 + 150d,),
dp—2 dy—2
hy = — 5 5(do+k—2)5/2
26 + 11dy + 6k + 5(ds + k)do’
o Utz + #5822 (02— 20652+ 6

(26 + 11ds + 6k + 5(d2 + k)da)?
Clearly, hq, hy <0,

—264dy — 170d3 4+ 90dym + 75d3m + 1208 — 4807

h + by = —
3 15(582 + bdak + 11ds + 6k + 26)2




Moreover,

fis ;,, M 2y 4k — 2) + (3ds+ 3k — 11)(ds + E — 2)7/2)(5dy + 6)
—3(26 + 11dy + 6k + 5(da + k)do)((do + k — 2)>2 — 1)
= (—=70d5 — 140d3k + 136d3 — 70dok? — 8dyk + 296d, — 144k* + 576k — 576)
dy 4+ k — 2+ 25d2 + 25dy + 25dok + 30k + 54
< 0,
where

dy — 2
" T 15(da + k — 2)5/2(26 + 11ds + 6k + 5(dy + k)do)
’I‘hllS7 hs + hg < 0.

—

Therefore, h'(dy, k) < 0, and hence h(dy, k) is monotonically decreasing in k. Then,
for any dy > 3, k> 13, f(dl,dg) = h(dg, k’) < h(dg, 12) < 0. Thus E(Ta) — E(Tb) < 0.

If t =3, we have m™(P,_4,2) = m™(P_1,2) = 0. By a similar method as above, we
can get the same result. 1

From Lemmas 3.2 and 3.3, we can get the following result immediately.

Theorem 3.4 Among trees with n vertices and two wvertices of maximum and second
mazimum degree dy and do, if dy > 7 and dy > 3, then the mazximal energy tree is the

graph T.

Now we have proved that for most cases, T}, has the maximal energy among trees with
n vertices and two vertices of maximum and second maximum degree. Only the following
six special cases are left undetermined: (di,ds) = (4,3), (5,4), (5,3), (6,5), (6,4), (6,3).
Before solving them, we give two lemmas [12] about the properties of the signless matching

polynomial m™* (P, z) for our later use.

Lemma 3.5 Fort > —1, the polynomial m*(P;, z) has the following form
1
V14 42?

14+ 12+4$2 and Xy = 1—\/12—0—43:2'

m* (Px) = 4 -5,
where \y =

Lemma 3.6 Supposet > 4. Ift is even, then
2 m+(Pt,4, .’l’)

< <1 6
1+ V1+422  m*(Pg,x) ©)
If t is odd, then
1 < m*(P_y, ) _ 2

. 7
T S (P n) 1T ")



Note that
. mY (P4, ) 2
lim

t—0 m*(Prg,2) 1414 422

Therefore, in view of Ineq. (6), if ¢ is even and sufficiently large, then for some z, there

2 mt(Py_4,7)
1+V 1442 mt(P_3,z) "
Analogously, in view of Ineq. (7), if ¢ is odd and sufficiently large, then for some z there
mt(Pi_4,7)
mt(Pi_3,z)"

exists some < ©" < 1, such that ©" becomes an upper bound for

: 1 " 2 "
exists some 7> < 0" < Ryt such that ©” becomes a lower bound for

By numerical testing we can find the proper © and ©”.

Now we are ready to deal with the case dy = 4,ds = 3.

Theorem 3.7 Among trees with n vertices and two vertices of maximum and second
maximum degree dy = 4 and dy = 3, lettingt = n+4 —2dy — 2dy > 3, the maximal energy
tree is the graph Ty, if t = 4, and the graph T, otherwise.

Proof. By Egs. (2), (3), (4) and (5), we have

2 [T 1 mt(Ty, z) — m*(Ty, x)
(L)~ B(T) = - /0 o (1+ T da

_ 2 /Om élog (1 | (= 2)2%” — (d 2))> dr.  (8)

T By + By Pea)

m*t(Pi_3,z)

We first consider the case that t is odd and ¢t > 5. By Eq. (8) and Lemma 3.6, we

have

9 +c>01 6 2_2 2 \/51 6 2_2
> —/ —log | 1+ 2l 2) dx+—/ — log 1+az(:c—1) dx
T NG) X B1+B21+\/1—+W ™ Jo xr B1+B21+?

2
> —-0.011179 > 0.
us

If t is even, we want to find ¢ and x satisfying that
m+(F)tf47 QU) < 2
mt(P_s,x)  —1+ 1+ 422

It is equivalent to solve

2t—6
PRI Ve 1 14+ V1 + 422
L 2 i e, R A >VIt4z2—1.

- = < PR
Xi_Q — )\3_2 Ao 2z

Thus,
2t —6 > 10g1+\/m(\/1+4$2 — 1)
1V 1tde”

9



Since for x € (0, +o0), VI V21;4‘”2 is decreasing and /1 4+ 422 — 1 is increasing, we have
that log,, ;2 (V1 + 422 — 1) is increasing. Thus, if = € [v/2,5], then
2z

log ., itz (V14422 — 1) <logy i (V101 — 1) < 23.
T2 10

Therefore, when t > 15, i.e., 2t — 6 > 23, we have that Ineq. (9) holds for x € [v/2, 5].

Now we calculate the difference of E(T,) and E(T}). When ¢ is even and ¢ > 15, from
Eq. (8) we have

E(T,) — E(Ty)

2 [T 1 25(2? — 2) 25 (22 — 2)
> ;/5 ﬁlog<1 BT )d + - fﬁlog< 5 dx

B+ By
2 (V21 6(a% — 2
—I——/ —log | 1+ vl 2) dx
Tho @ Bt B

> 2. 0.001634 > 0.
s

For t = 3 and any even t with 4 < ¢t < 14, by computing the energies of the two graphs
directly by a computer with Maple programm, we can get that F(T,) < E(T}) for t = 4,
and E(T,) > E(T}) for the other cases.

The proof is thus complete. 1

The following theorem gives the result for the cases: (di,ds) = (5,4),(5,3),(6,5),
(6,4),(6,3).

Theorem 3.8 Among trees with n vertices and two wvertices of maximum and second
mazimum degree dy and ds, lettingt =n + 4 — 2d; — 2dy > 3,

(i) for dy = 5,ds = 4, the mazimal enerqy tree is the graph T, if t is odd and 3 <t < 45,
and the graph Ty, otherwise.

(i) for dy = 5,dy = 3, the mazimal energy tree is the graph T, if t is odd and 3 <t < 29,
and the graph T, otherwise.

(iii) for dy = 6,dy = 5, the maximal energy tree is the graph T, if t = 3,5,7, and the
graph Ty, otherwise.

() for dy = 6,dy = 4, the mazimal energy tree is the graph T, if t =5, and the graph T,
otherwise.

(v) for dy = 6,dy = 3, the mazimal energy tree is the graph Ty, for any t > 3.

Proof. We consider the following cases separately:

10



(i) dy = 5,dy = 4.

If t is even, we want to find ¢ and x satisfying that
mt(Py_y,x) 2.1

< .
mt(P_s,x) 141+ 422

(10)
It is equivalent to solve

42
2% —6>1o 41— =2 )
gHW( \/1+4x2+1)

If z € [1,/3],

42 42
log, s (41— ——2 ) <lo 41— —2% ) <13
g%:“( \/1+4x2+1) g%&f( 1+\/13)

Therefore, when ¢ > 10, i.e., 2t — 6 > 13, we have that Ineq. (10) holds for z € [1,/3].
Then, if ¢ is even and ¢ > 10, from Eq. (8) and Lemma 3.6 we have

B(T) - B(T) < > /M L og <1 B 3) ) dz

By + By T+v/1+422

2 V31 225 (22
+—/ —log | 1+ v{@” = 3) dx
i ? Bl+321+\/m
22%(2% — 3)
—l 1 dz
/ og< + B, + By )

< Z2.(=0.000231) < 0.
T

If ¢t is odd, we want to find ¢t and x satisfying that
m*T (P4, x) 1.9

> , 11
m+<Pt—3ax) 1+ \/1+4.§C2 ( )

that is

38
% —6>log,, ;s (39— ——0 ).
g+2z+42< \/1+4x2+1)
Then we get that when ¢ > 699, and « € [v/3,190], the Ineq. (11) holds. Thus, if ¢ is odd
and t > 699, from Eq. (8) and Lemma 3.6 we have

E(Ta)_E(Tb)
2 +001 26 2_3 ) 1901 26 2_3

< —/ Lo (14 220 =3 ) gy 2 / Liog (1422023 Yy,
™ J190 .I Bl —+ Bgm V3 A Bl -+ BQ 1+\/1+Tx

2 (V31 22%(2% — 3
+—/ —log [ 1+ alCy 2) dx
T Bt Bois

< 2 (—1.41 x 107°) < 0.
m
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For any even t with 4 <t < 8 and any odd ¢ with 3 < ¢ < 697, by computing the
energies of the two graphs directly by a computer with Matlab programm, we get that
E(T,) > E(T}) for any odd t with 3 <t <45, and E(T,) < E(T}) for the other cases.

(i) dy = 5,dy = 3.

If ¢t is even and ¢t > 4, from Eq. (8) and Lemma 3.6, we have

E(T,) — E(Ty) < Z/W”ikg<y+Bx%ﬁ_3) )m

2
1+ By 1++v/1+4xz2

2 V31 25(2% — 3)
2 g (14— )4
+7T/0 xQOg(+Bl+B2)x

2
< Z.(-1224x 107" <0.

™

If ¢t is odd and t > 699, by the similar proof in (i), we get that E(T,) — E(T,) <
2.(=9.90 x 107%) < 0.

For any odd ¢ with 3 <t < 697, by computing the energies of the two graphs directly

with Matlab programm, we get that E(7,) > E(T},) for any odd ¢ with 3 <t¢ < 29, and
E(T,) < E(T}) for the other cases.

(iii) dy = 6,dy = 5.

If ¢ is even, by the similar method as used in (ii), we get that E(T,) — E(T}) <
2. (—-0.018405) < 0.

If ¢ is odd, similar to the proof in (i), we can show that when ¢ > 27 and z € [2,22],
the following inequality holds:

m* (P4, x) - 1
i (Pse) 14 vVITae

Hence, if t is odd and ¢t > 27, we have

E(Ta)_E<Tb>
2 [t 1 328(x? — 4) 2 [*1 328(22 — 4)

< = —log |1+ ——"—"——~|do+= —log |1 d
7r/22 x20g<+Bl+Bzﬁ :c—l—w/2 xQOg + x

By + B 1+\/11+4x2
2 (%1 325 (2% — 4
+—/ — log <1+ i ) dx
T Jo T

Bi+ By 1+\/12+4m2

2
< (—0.002914) < 0.

For any odd t with 3 <t < 25, by computing the energies of the two graphs directly,
we can get that F(T,) > E(T}) for t = 3,5,7, and E(T,) < E(T}) for the other cases.

12



(IV) d1 = 6, dQ =4.

If t is even, by the similar method as used in (ii), we get that E(T,) — E(T}) <
- (~0.015171) < 0.

3

If t is odd and t > 27, by the similar proof in (iii), we get that E(7,) — E(1;) <
- (—=0.004557) < 0.

3

For any odd t with 3 <t < 25, by computing the energies of the two graphs directly,
we get that E(T,) > E(Ty) for t =5, and E(T,) < E(T}) for the other cases.

(V) dl = 6,d2 = 3.

If ¢ is even, by the similar method as used in (ii), we get that E(T,) — E(T}) <
- (—0.009652) < 0.

3 v

If t is odd and t > 27, by the similar proof as used in (iii), we get that E(T,)— FE(T,) <
- (—0.004244) < 0.

3

For any odd t with 3 <t < 25, by computing the energies of the two graphs directly,
we get that E(T,) < E(T}) for all ¢ > 3.

The proof is now complete. 1
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