A QUANTITATIVE ASPECT OF NON-UNIQUE FACTORIZATIONS:
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ABSTRACT. Let K be an algebraic number field with non-trivial class group G and let Ok be its ring of
integers. For k € N and some real > 1, let Fj(x) denote the number of non-zero principal ideals aOx
with norm bounded by z such that ¢ has at most & distinct factorizations into irreducible elements. It
is well known that F}(z) behaves, for z — oo, asymptotically like z(logz)~ /1€l (loglog z)Vx(¢). We
study Ng(G) with new methods from Combinatorial Number Theory.

1. INTRODUCTION

Let K be an algebraic number field, O its ring of integers and G its ideal class group. For a non-zero
element a € Ok, let Z(a) denote the set of all (essentially distinct) factorizations of a into irreducible
elements. Then O is factorial (in other words, |Z(a)| = 1 for all non-zero a € Ok) if and only if |G| = 1.
Suppose that |G| > 2 and let k € N. Inspired by a paper of E. Fogels ([4]) and a question of P. Turdn, W.
Narkiewicz initiated in the 1960s the systematic study of the asymptotic behavior of counting functions
associated with non-unique factorizations (for an overview and historical references, see [31, 14]). Among
others, the function

Fy(z) = |{a0K |a € O\ {0}, (Ok:a0k) <z and |Z(a)| < k}|

was considered. It counts the number of principal ideals aOg where 0 # a € Ok has at most k distinct
factorizations and whose norm is bounded by z. After a first paper in 1964, W. Narkiewicz proved in
1972 (see [28, 29]) that Fj(x) behaves, for x — oo, asymptotically like

z(log z)~ /1% (loglog 2)N*  for some Ny > 0.

This result was refined and extended in several ways: the asymptotics were sharpened in [21], while the
function field case was handled in [19], Chebotarev formations in [16] and non-principal orders in global
fields in [15]. For more and recent development, see [14, Section 9.3] and [12, 34, 25, 24, 22, 23]. In
[30, 32], W. Narkiewicz and J. Sliwa showed that the exponents Ng depend only on the class group G,
and they gave a combinatorial description of this constant Ni(G) (see Definition 2.1). This description
was used by W. Gao for the first detailed investigation of N (G) in [5]. We continue these investigations
of Ni(G) with new methods from Combinatorial Number Theory. Before going into details, we briefly
outline how these investigations are embedded into the more general study of the arithmetic of Og.
Suppose that G = Cy,, & ... ® Cp, with 1 < ny| ... |n,. Since |G| > 2, Ok is not factorial. The
non-uniqueness of factorizations in Ok is described by a variety of arithmetical invariants—such as sets
of lengths or the catenary degree—and they depend only on the class group G (the same is true not
only for rings of integers but more generally for Krull monoids with finite class group where every class
contains a prime divisor). Thus the goal is to determine their precise values in terms of the group
invariants nq,...,n,, or to describe them in terms of classical combinatorial invariants, such as the
Davenport constant or the Erdés-Ginzburg-Ziv constant. Roughly speaking, a good understanding of
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these combinatorial invariants is restricted to groups of rank at most two, and thus no more can be
expected for the more sophisticated arithmetical invariants.

Back to the Narkiewicz constants. A straightforward example shows that Ni(G) > ny + ... + n,
(see Inequality 2.2), and in 1982, W. Narkiewicz and J. Sliwa stated the conjecture that equality holds.
Since, on the other hand, the Davenport constant D(G) is a lower bound for N (G) (see Inequality 2.1),
the Narkiewicz-Sliwa Conjecture, if true, would provide an upper bound for the Davenport constant
which is substantially stronger than all bounds known so far. Thus it is not surprising that up to now
this conjecture has been validated only for a few classes of groups including cyclic groups, elementary
2-groups and elementary 3-groups ([14, Theorem 6.2.8]). A main part of this paper deals with the study
of Ny (@) for groups of rank two. A key strategy in Combinatorial Number Theory for such investigations
divides the problem into the following two steps.

Step A: Determine the precise value for the invariant under investigation for groups of the form
Cp ® Cp, where p is a prime.

Step B: Show that the problem is 'multiplicative’, in the sense that the precise value for the invariant
can be lifted from groups of the above form to arbitrary groups of rank two.

This procedure is applied successfully in a variety of investigations—as, for example, in the study of
the Davenport constant and of the Erdés—Ginzburg—Ziv constant in groups of rank two—and both steps
usually require essentially different methods. In the present paper, we perform Step B for the Narkiewicz
constant Nq(G) (indeed, we do more; see the discussions before Theorem 3.15 and after Theorem 4.1).
For that purpose, we introduce a new combinatorial invariant, n*(G), which is of a similar type as the
Erdés—-Ginzburg-Ziv constant (see Section 3). In the final section, we study the Narkiewicz constants
N (G) for higher values of k in the context of cyclic groups and of elementary 2-groups (see Theorems
5.1 and 5.3). Our investigations are based on the recent characterization of the structure of minimal
zero-sum sequences of maximal length over groups of rank two (see [35, 38, 7]) and on a recent result on
the structure of long zero-sum free sequences over cyclic groups (see Lemmas 3.7 and 5.2).

2. PRELIMINARIES

We denote by N the set of positive integers, by P C N the set of prime numbers, and we set Ng = NU{0}.
For real numbers a,b € R, we set [a,b] = {x € Z | a < z < b}. By a monoid, we always mean a
commutative semigroup with identity which satisfies the cancelation law (that is, if a, b, ¢ are elements of
the monoid with ab = ac, then b = ¢ follows).

Let H be a monoid and a,b € H. We denote by A(H) the set of atoms (irreducible elements) of H
and by H* the set of invertible elements of H. The monoid H is said to be reduced it H* = {1}. Let
Hiea = H/H* = {aH* | a € H} be the associated reduced monoid.

A monoid F is called free (with basis P C F') if every a € F has a unique representation of the form

a= H 7@ with v,(a) € Ny and vy(a) =0 for almost all p € P.
peP

We set F' = F(P) and call

la| = Z vp(a) the lengthof a and supp(a) ={p € P|vp(a) >0} the supportofa.
peEP

The monoid Z(H) = F(A(Hyed)) is the factorization monoid of H and w: Z(H) — Hyeq denotes the
natural homomorphism given by mapping a factorization to the element it factorizes. Then the set
Z(a) = Y(aH*) C Z(H) is called the set of factorizations of a, and we say that a has unique factorization
if |Z(a)| = 1. The set L(a) = {|z| | z € Z(a)} C Ny is called the set of lengths of a.

All abelian groups will be written additively. For n € N, let C,, denote a cyclic group with n elements.
Let G be an abelian group and Go C G a subset. Then (Gy) C G is the subgroup generated by Gy,
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GS = Go\ {0}, and -Gy = {—g | g € Go}. A family (e;);es of non-zero elements of G is said to be
independent if

Zmiei =0 implies m;e; =0 foralli eI, wherem; € Z.

el
If I =[1,7] and (ey,...,e,) is independent, then we simply say that ej,...,e, are independent elements
of G. The tuple (e;);er is called a basis if (e;);cr is independent and ({e; | i € I}) = G. If 1 < |G| < o0,

then we have
T

G=2Cp®...0C,,, andweset d*(G)=) (n;—1),
i=1
where r = r(G) € N is the rank of G, ny,...,n, € N are integers with 1 <n; | ... | n, and n, = exp(G)
is the exponent of G. If |G| = 1, then r(G) = 0, exp(G) = 1, and d*(G) = 0.

The multiplicative monoid of non-zero elements in a ring of integers (more generally, in an arbitrary
Dedekind or Krull domain) is a Krull monoid. The arithmetic of Krull monoids is studied by using two
classes of auxiliary monoids: the monoid of zero-sum sequences and the monoid of zero-sum types (see
[14, Sections 3.4 and 3.5] or [13]). We need both concepts for our investigations.

Monoids of zero-sum sequences. The elements of the free monoid F(Gg) are called sequences over
Go. Let

S = H g'¢9) | where vg(S) €Ny forall ge Gy and vy(S)=0 foralmostall g€ Gy,
g€Go

be a sequence over Go. We call v,(S) the multiplicity of g in S, and we say that S contains g if
vg(S) > 0. A sequence S, is called a subsequence of S if S1|S in F(G) (equivalently, vg(S1) < vg(S)
for all g € G). If a sequence S € F(Gyp) is written in the form S = g1 - ... - g;, we tacitly assume that
l € Ny and g1,...,91 € G. For a sequence

S = g1-..." gy = H g"g(s) E}—(Go),

g9€Go
we call o(S) = 2221 9i = Y gcq, V9(S)g € G the sum of S, and £(S) = {>>,c;9: | 0 # I C [L,1]} the
set of subsums of S. For g€ G, weset g+S=(g9+g1)-...-(9g+ ) € F(G). The sequence S is called

e a zero-sum sequence if o(S) =0,

short (in G) if 1< |S] < exp(G),

zero-sum free if there is no non-empty zero-sum subsequence,

a minimal zero-sum sequence if S is a non-empty zero-sum sequence and every subsequence S’ of
S with 1 <|S5'| < |S] is zero-sum free.

By definition, the empty sequence 1 € F(G) is both zero-sum free and a zero-sum sequence of length
|1] = 0. We denote by B(Go) = {S € F(Go) | o(S) = 0} the monoid of zero-sum sequences over G, by
A(Gy) the set of all minimal zero-sum sequences over Gg (this is the set of atoms of the monoid B(Gy)),
and by

D(Go) = sup{|U| | U € A(Go)} € NU {0}
the Davenport constant of Gy.

Monoids of zero-sum types. The elements of the free monoid F(Go x N) are called types over Gj.
Clearly, they are sequences over G XN, but we think of them as labeled sequences over Gy where each
element from Gq carries a label from the positive integers. Let a: F(GoxN) — F(Gy) denote the unique
homomorphism (called the unlabeling homomorphism) satisfying

a((g,n)) =g forall (g,n) € GoxN,

and let 7 = coa: F(GyxN) = G. For a type T € F(GoxN), note that a(T) € F(Gy) is the associated
(unlabeled) sequence. A type Tj is called a subtype of T if Ti|T in F(GoxN). We say that T
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is a zero-sum type (short, zero-sum free or a minimal zero-sum type) if the associated sequence has the
relevant property, and we set X(7') = X(«(T)). We denote by

T(Go) ={T € F(GoxN) | a(T) =0} = a " (B(Go)) C F(GoxN)

the monoid of zero-sum types over Gg (briefly, the type monoid over Gy). Type monoids were introduced
by F. Halter-Koch in [18] and applied successfully in the analytic theory of so-called type-dependent
factorization properties (see [14, Section 9.1], and [16, 17] for some early papers).

Let G be an abelian group. Every map ¢: Gg — G extends to a unique homomorphism ¢: F(Gy) —
F(G1) extending ¢, and there is a unique homomorphism ¢: F(GoxN) — F(G1xN) satisfying ¢((g,n)) =
(¢(g),n) for all (9,n) € GoxN. Suppose that S =g, -... g € F(Gp). Then, obviously, p(S) = p(g1) -
... o(g1), and if ¢ is a homomorphism, then ¢(S) is a zero-sum sequence if and only if o(S) € Ker(p).
We denote by = poa: F(GyxN) — F(G1) the unique homomorphism satisfying ¢((g,n)) = ¢(g) for
all (g,n) € GoxN. For the sum function o: F(Gy) = G, we have Gop = 00p = poa: F(GyxN) = Gj.

The greatest common divisor of sequences S, S' € F(Gyp) will always be taken in the monoid F(Gy),

and the sequences will be called coprime if ged(S,S’) = 1. The greatest common divisor of types
T,T' € F(GoxN) will always be taken in the monoid F(GyxN), and the types will be called coprime if
ged(T,T") = 1.

Let 7: F(Go) = F(Go xN) be defined by

vg(S)
7(8) = [I TI (9% € F(GoxN).
g€Go k=1
Thus 7 is a labeling function, and for S € F(Gyp), we call 7(S) the type associated with S. The map
B=a|T(Gy): T(Gy) = B(Gy) is a transfer homomorphism (see [14, Proposition 3.5.5]), and hence we
have in particular that L(B) = L(7(B)) for all B € B(G*).

Narkiewicz constants. We start with the definition of the Narkiewicz constants (see [14, Definition
6.2.1]). Theorem 9.3.2 in [14] provides an asymptotic formula for the Fj(z) function—the Narkiewicz
constants occur as exponents of the loglogz term—in the frame of obstructed quasi-formations (this
setting includes non-principal orders in holomorphy rings in global fields).

Definition 2.1. A type T' € F(G'xN) is called squarefree if v,,(T) <1 for all (g9,n) € GxN. For
every k € N, the Narkiewicz constant Ni(G) of G is defined by

Ny (G) = sup{ |T| | T € T(G*) squarefree, |Z(T)| <k} € No U {oc}.

The labeling function 7—defined as above—maps a sequence onto a squarefree type, and the labeling
is done in such a way to meet the requirements of the analytic theory (see [14, Section 9.1]). For the
combinatorial work on Ny (G), any other such function—mapping a sequence onto a squarefree type—
would do. For instance, one could simply fix some indexing of the sequence T' = gy - ... g; and then label
each g; with its index ¢, thus using the type (g1,1) - ... (gi,1). In other words, study of the Narkiewicz
Constants can be done by simply replacing the usual un-indexed sequences with their natural indexed (i.e.
ordered) counterparts. More formally, if 7" and 7" are two squarefree zero-sum types with a(T") = a(T"),
then there is a bijection from Z(T') to Z(T"), and hence |Z(T')| = |Z(T")|. In particular, we have

o [Z(T)| = |Z((a(T)))!- ~
e If T =(g1,a1)-..-(g1,a1), where g1,...,91 € G* and ay,...,a; € Nyand T = (g1, a1) - .- .- (g1, a1),
where ai,...,a; € N are pairwise distinct, then |Z(T)| = |Z(T")|.
Thus we have,
Nk (G) = sup{ |T| | T € T(G*) has pairwise distinct labels and |[Z(T)| < k} € Ng U {00} .

If U € A(G*), then 7(U) has unique factorization, and hence we get

(2.1) D(G) < Ni(G).
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Let G=Chp, ®...06C,, withl <mng|...|n, and let (e;,...,e;) be a basis of G with ord(e;) = n; for
all i € [1,7]. I
[d TN
B = H e;’, then 7(B)= H H(ei, k)
=1 i=1 k=1

has unique factorization, and hence
,
(2.2) an <Ni(G) SN2(G) <.
i=1

In [32], W. Narkiewicz and J. Sliwa conjectured that N;(G) equals the above lower bound for all finite
abelian groups. We will use the above chain of inequalities without further mention and continue with a
simple lemma needed in the sequel.

Lemma 2.2. Let G be an abelian group with |G| > 1 and let T € T(G*) be a squarefree zero-sum type.
Then the following statements are equivalent:

(a) [Z(T)[ = 1.

(b) If U,V e€T(G)\{1} with T =UV, then S(U)NXZ(V) = {0}.

(c) If U,V e€T(G) withU|T and V|T, then gcd(U,V) has sum zero.

(d) If U,V € A(T(G)) are distinct with U |T and V |T, then ged(U,V) = 1.

Proof. (a) = (b) Let T=U; -... U, with r € N, Uy,...,U,. € A(T(G)), and let U,V € T(G) \ {1}
with T'=UV. Since T has unique factorization, there exists a non-empty subset I C [1,7], say I = [1,q]
with ¢ € [1,r — 1], such that U = Uy -...-U; and V = Uyyq - ... - U,. Assume to the contrary that

there are U',U", V', V" € F(G xN) such that U = U'U", V = V'V" and 5(U") = 7(V') # 0. Then
U'v" U"v' e T(G). Since T is squarefree, factorizations of U'V" and U"V' give rise to a factorization
of T = (U'V")(U"V') which is different from the factorization (Uy-...-Uy)(Uyy1 ... U,), a contradiction.

(b) = (c) Let U,V € T(G) with U|T and V |T. We write T in the form 7" = U'WV'X where
W = ged(U, V), U, V', X € F(GxN), U = UW and V = V'W. Then —a(W) =g(U') = a(V') €
TU'W)NZ(V'X) ={0}.

(¢c) = (d) Let U,V € A(T(G)) be distinct with U |T and V |T. Since ged(U, V) has sum zero and
divides the atom U, it follows that ged(U,V) = 1.

d = (@ Let T =Uy-...-U. =Vy-...- Vg where Uy,..., U, WV1,..., Vs € A(T(G)). For every
i € [1,r] there is a j € [1, s] such that ged(U;, V;) # 1, and hence (d) implies that U; = V;. Thus r = s
and, after renumbering if necessary, U; = V; for all i € [1,r]. O

3. ON A VARIANT OF THE ERDOS-GINZBURG-ZIV CONSTANT

We introduce a variant of the Erdds-Ginzburg-Ziv constant which will play a crucial role for the
investigation of N;(G). We will outline the program of this section after Definition 3.3.

Definition 3.1. Let G be a finite abelian group and g € G. Let 7*(G) (n;(G), resp.) denote the smallest
integer ¢ € Ny such that every squarefree type T' € F(G* xN) of length |T'| > ¢ (and with sum &(T) = ¢
resp.) has two distinct short minimal zero-sum subtypes which are not coprime.

Let T be a squarefree type. When in the following we consider two subtypes with special properties,
then we always mean two distinct subtypes. The next lemma shows that n*(G) (and questions related
to it) can also be formulated in the setting of sequences. In the sequel, we will use both languages (the
language of sequences and those of types), and always choose the one which is most convenient for the
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particular situation. Although the proof of Lemma 3.2 is completely straightforward, we give it in detail.
It should help the reader to get acquainted with the definitions.

Lemma 3.2. Let G be an abelian group and g € G.
1. For a squarefree type T € T(G*) the following conditions are equivalent:

(a) T has two short minimal zero-sum subtypes Ty and Ts which are not coprime, i.e., ged(Ty,Ty) #
1.

(b) a«(T) has short minimal zero-sum subsequences Sy and Sa with the following properties:
e S and Sy are not coprime, i.e., gcd(S1,S2) # 1.
e S1 =S5 implies that there exists some g € G such that 0 < v,(S1) < vy (a(T)).
2. n*(G) (and n;(G) resp.) is the smallest integer £ € No such that every sequence S € F(G*) of
length |S| > £ (and with sum o(S) = g resp.) satisfies the properties given in 1.(b).
3. n*(G) = sup{n;(G) | h € G}.
4. Let T € T(G*®) be a squarefree type that does not have two short minimal zero-sum subtypes which
are not coprime, and let s € Ny and 11, ..., Ts be all short minimal zero-sum subtypes of T'. Then
T can be written in the form T =Ty -...-Ts with Ty € T(G*), Ty,...,Ts are pairwise coprime (in
F(G* xN)) and o(Tp), ..., a(Ts) are pairwise coprime (in F(G*)).

Proof. 1. (a) = (b) Let T = (g1,a1) - ... (g;,a;) where l € N, ¢1,...,9; € G*, a1,...,a4 € N
and (g1,a1),..., (g1, @) pairwise distinct. Let Iy,I> C [1,l] such that Ty = [],;, (9x;ax) and Ty =
[Ixe1,(9r,ax) have the required properties. Since (g1, a1), ..., (g, @) are pairwise distinct, it follows that

1# ged(Th,T5) = HAeImIz(gMaA)' Since T7 and T are distinct, we get Iy NI, C I1 and I1 N 1> C I».
For v € [1,2], we set S, = H)\eb gr = a(T,), and S = a(T). Clearly, S; and S5 are short minimal
zero-sum subsequences of S and 1 # [, Az, 9» divides ged(Si,S2). Suppose that S; = Sy. Then there
exist \y € Iy \ Is, A\» € I, \ I1 and g € G such that g = gx, = g,, and it follows that 0 < v,(S1) <
Vg, (S1) + V(gxz,a,\g)(T2) < vy (S).

(b) = (a) Similar.

2. Since every sequence S is the image of a squarefree type under «, the assertion follows from 1.

3. Obvious.

4. First one has to show that 77, ..., T are pairwise coprime, and then define Ty = T'(Ty - ... Ts)
We outline only the details that «(Tp),...,a(Ts) are pairwise coprime (the coprimeness of T7, ..., T
is even simpler). Assume to the contrary that there are i,j € [0,s] with j < ¢ and g € G such that
g|a(T;) and g|a(T;). Then there exist k,l € N with k # 1, (g,k) |T; and (g,1) |T;. This implies that
T! = (g,1)(g,k)™'T; is a short minimal zero-sum subtype of T' with T/ # T; and |T;| > 2 implies that
ged(T!,T;) # 1, a contradiction. O

-1

The requirement in Lemma 3.2.1 that the short zero-sum sequences Ty and 75 (the short zero-sum
subtypes resp.) are minimal is essential, as the following example shows. Let (e1,e2,€3) be independent
with ord(e;) = ord(ez) = ord(ez) = m < exp(G)/2. Then S = el"ef'e}* does not satisfy Condition
1.(b), but S satisfies a modified Condition 1.(b) where the requirement of minimality is canceled (with
T, = el"el and T = ef"ef*). We recall the definition of the Erdés-Ginzburg-Ziv constant and of two of
its variants.

Definition 3.3. Let G be a finite abelian group and g € G. We denote by

¢ 5(G@) the smallest integer ¢ € N such that every sequence S € F(G) of length |S| > ¢ has a zero-
sum subsequence T of length |T'| = exp(G). The invariant s(G) is called the Erdds-Ginzburg-Ziv
constant of G.
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e 1)(G) the smallest integer £ € N such that every sequence S € F(G) of length |S| > ¢ has a short
zero-sum subsequence (equivalently, S has a short minimal zero-sum subsequence).

e g(G) the smallest integer £ € N such that every squarefree sequence S € F(G) of length |S| > ¢
has a zero-sum subsequence T' of length |T'| = exp(G).

Together with the Davenport constant D(G), the invariants s(G) and 7n(G) are classical invariants in
Combinatorial Number Theory (see [13, Sections 4 and 5] for a survey, or [3] for recent progress). By
definition, we have

D(G) <n(G) <n*(G),
and Proposition 3.10 will show that n*(G) < co. A straightforward argument will show that in the case
of a cyclic group we have n3(G) = n*(G) = |G| + 1. The main aim of this section is to study n*(G) for
groups of the form G = C, ® C,, with n > 2. A simple example shows that n*(C,, & C,) > 3n + 1 (see
Proposition 3.10.2), and our conjecture is that

n*(C,®C,)=3n+1 foral n>2.

We will show that it suffices to verify the above conjecture for primes, and that moreover, for every
m € N there is a multiple n € mN satisfying the above conjecture (Theorem 3.15 and Corollary 3.16).
The direct problem, to find the precise value of n*(C,, @ C,,), is intimately connected with the associated
inverse problem which asks for the structure of squarefree types T' € F(G*xN) of length |T'| = n*(G) — 1
that do not have two short zero-sum subtypes which are not coprime. We formulate a conjecture and a
simple consequence, whose proof will be given right after Corollary 3.11.

Conjecture 3.4. Let G = C,, ® C,, withn > 2 and let T € F(G* xN) be a squarefree type of length
|T| = 3n. If T does not have two short minimal zero-sum subtypes which are not coprime, then there exist
a basis (e1,e2) of G and ay,as € [1,n — 1] with ged(aq, az,n) =1 such that o(T) = elel(aje; + azes)™.

Note that ord(aje; + ases) = n if and only if ged(aq,az,n) = 1.

Lemma 3.5. Let G = C,, @ C,, with n > 2, and suppose that G satisfies Conjecture 3.4. Then
m(G) =n"(G)=3n+1 and ny(G)<3n foral geG*.

In the present paper we will not work on the inverse problem, but focus on the direct problem which
is precisely what is needed for the subsequent investigation of the Narkiewicz constant in Section 4. We
have formulated Conjecture 3.4 because it reveals the structural reason why n*(C,, ® C},) = 3n+ 1 should
hold true for all n > 2. In general, the inverse problems are much harder than the direct problems: even
for groups of rank two, the inverse problem with respect to the Davenport constant has been solved only
recently with considerable effort (see [35, 7, 38]), and the inverse problem with respect to the classical
Erdés-Ginzburg-Ziv constant s(G) is still open (see [13, Section 5.2]).

We gather the results on s(G), n(G) and g(G) which are needed in the sequel. The precise values of
D(G), s(G) and n(G) (in terms of the group invariants) are well-known, among others, for groups of rank
at most two. We will use them without further mention.

Lemma 3.6. Let G =C,, ®C,, with1 <ny|ny. Then
s(G)=2n1+2n,—3, n(G)=2n1+n2—2 and D(G)=n;+ny—1.
Proof. See [14, Theorem 5.8.3]. O

We need the solution for the inverse problem with respect to the 7(G)-invariant, which is based on

the recent characterization of all minimal zero-sum sequences of maximal length over groups of the form
Cp & Cy with n > 2.
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Lemma 3.7. Let G = C,, ® C,, with n > 2, and let S € F(G) be a sequence of length |S| = n(G) — 1.
Then the following statements are equivalent:

(a) S has no short zero-sum subsequence.
(b) There exists a basis (e1,ea) of G and some x € [1,n — 1] with gcd(xz,n) = 1 such that
S = (6162($€1 + 62))n_1

Proof. G has Property B by [35], and hence it has Property C by [13, Theorem 5.2.5]. Therefore the
assertion follows from [13, Proposition 5.2.6], which is based on [37]. O

The invariant g(G) was introduced by H. Harborth in 1973 for groups of the form G = C7, ([20]). If
G = (%, then g(G) — 1 is the maximal size of a cap in AG(r,3) (see [2, Lemma 5.2] and also [9, Section
5.2]). In [11] it is conjectured that g(Cy, & C,,) is equal to 2n — 1 for every odd n > 3 and equal to 2n + 1
for every even n > 3, and it is observed that these values are lower bounds. We will need the following
result.

Lemma 3.8. Let G =C, ® C, withp € P. If p <7 or p> 47, then g(G) =2p — 1.
Proof. See [26, 27] and [8, Theorem 5.1]. O

Lemma 3.9. Let G be a finite abelian group with |G| > 1, andlet T =U; -... U, € T(G®) be a squarefree
type with € N and Uy, ..., U, € A(T(G*)).

L If [Z(D)] = 1, then T}, U < |G-

2. Let S1,...,S; € F(GxN) such that Sy - ...-S; is a zero-sum subtype of T and 7(S1),...,5(S;)
are all non-zero. If |Z(T)| =1 and by,...,b € N are pairwise distinct, then the squarefree type
(@(S1),b1) - ...+ (@(Se), b) has unique factorization.

3. If T does not have two short minimal zero-sum subtypes which are not coprime and |T| <
2exp(G) + 1, then |Z(T)| = 1.

Proof. 1. A special case was proved in [14, Proposition 6.2.6], and we follow the lines of that proof. For

every i € [1,r], we set U; = (95,1,i1) - - - - (Gimi» @im; ), Where m; = |U;| > 2, and for all j € [1,m,],
gi,; € G and a;; € N. In order to show that m; - ... -m, < |G|, we shall prove that the m; ... -m,
elements

ro
Z ng where [; € [1,m;] for all i€ [1,7]
i=1 A=1
are distinct. Assume the contrary. Then we may suppose that there exists some ' € [1,7] and I;, I} €
[1,m;] such that I} < I; for all i € [1,7'], I} >1; for all i € [r' +1,r], and

T

ro L U}
Zzgm = Zzgi,x-

i=1 A=1 i=1 A=1
Then we have
r’ l; r l;
9= 2 9= D D g
i=1 A=l/+1 i=r'+1 A=li+1
Since g € ¥(Uy ... - Up)NE(Uprqq - ... Up), Lemma 2.2.(b) implies that g = 0. Then

r’ li
v=TI( II (irain) e T@\ {1}

i=1 A=l+1
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If V1 € A(T(G)) Wlth (ngl s al,ll) | ‘/1 | V, then Vl ;é U1 (because (g171, al,l) Jf V) and (ngl s al,ll) | ng(Ul, Vl),
a contradiction to Lemma 2.2.(d).

2. Assume to the contrary that ((S1),b1) - ... (6(S¢),b;) does not have unique factorization. By
Lemma 2.2.(c), there exist I, J C [1,] such that [],.,(a(S;), ;) and [];.;(@(S;), b;) are zero-sum types,
but ged ([T;c;(@(S:),bi), [Lic, (@(Si), b:)) = [licrns (@(Si), b;) does not have sum zero. It follows that
[Lic; Si and [],.; Si are zero-sum types such that ged([T;c; Sis [1;cs Si) = [1;erny Si does not have sum
zero. Now Lemma 2.2.(c) implies that |Z(T')| > 1, a contradiction.

3. Assume to the contrary that |Z(T)| > 2. For v € [1,2], let

2, =Up1-...-Upyp, € Z(T) where U,1,...,U,,, € A(T(G?)).
After renumbering if necessary, there is a u € [0, 7] such that Uy, = Uy, forallv € [1,u] and Uy , # Us,,»
for all v € [u+ 1,7] and all v/ € [u + 1,7], and that |Usuq1| < ... < |Us,,|. Note that rp —u > 2,
ro —u > 2 and thus |Us yq1| < [|T]/2] < exp(G). There are at least two indices j € [u+ 1,71] such that
ged(Usz yt1,Un,5) # 1. We pick a j € [u+ 1,r1] with this property for which |U; ;| is minimal, and thus
it follows that |Uy ;| < [|T|/2] < exp(G). Therefore, Uy ; and Us 41 are two short minimal zero-sum
subtypes of T" which are not coprime, a contradiction. |

Now we are well-prepared for our investigations on n*(G).

Proposition 3.10. Let G =C,, & ... ® Cy, wherer,ny,...,n, € Nwith 1 <ny| ... |n,.

L n5(G) <n*(G) < 2n(G) —1<2|G| - 1.

2. If r > 2, then n*(G) > n3(G) > > i_ n; +n, + 1.

3. Let g,h € G with ord(g) = ord(h) = n,. Then n;(G) = n;(G).
Proof. 1. By definition, we have n§(G) < n*(G), and [13, Theorem 4.2.7] shows that n(G) < |G|. Assume
to the contrary that n*(G) > 2n(G). Then there exists a squarefree type S € F(G* xN) of length
|S| > 2n(G) — 1 that does not have two short minimal zero-sum subtypes which are not coprime. Let

t € Ng and Sy,...,S; be all short minimal zero-sum subtypes of S. Then Sy, ..., S; are pairwise coprime,
and thus S can be written in the form

S=55-...-8 with Sy € F(G*xN).
For every v € [1,t] we choose an element g, € supp(S,). Then the type So(g7*S1)-...- (g7 S;) does not
have a short minimal zero-sum subtype which implies that
t< (g S1) - (g "SI < S0l *S1) - (g 1S < (@) -1,
and hence
IS| = 15051 - ...-Se| =t 4+ [So(g7S1) - ... - (g7 1S:)| < 2n(G) — 2.
a contradiction.
2. Let r > 2, (eq,...,e,) be a basis of G with ord(e;) = n; for every i € [1,r], and set eg = €;+...+e¢;.
The sequence
S=el"-...-erey”
has sum zero and precisely 7 + 1 short minimal zero-sum subsequences, namely e, ..., e’ eq”. Using
Lemma 3.2.2 we infer that ng(G) > |S| = >i_, ni + n,.

3. If o: G — G' is a group isomorphism and g € G, then we obviously have n;(G) = n;(g) (G"). Since
ord(g) = ord(h) = exp(G), there exists a group automorphism ¢: G — G with ¢(g) = h, and thus the
assertion follows. O

Corollary 3.11. Let G be a finite abelian group with |G| > 1.
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1. If G is cyclic, then nj(G) =n*(G) = |G| + 1.
2. If G is an elementary 2-group, then n§(G) = n*(G) = 2|G| — 1.

Proof. 1. Let G be cyclic of order n > 2 and g € G with ord(g) = n. Then the sequence S = ¢g" has
precisely one short minimal zero-sum subsequence, and hence 7§ (G) > |S| = n. In order to show that
n*(G) < n + 1, we choose a squarefree type T' € F(G* xN) of length |T| = n+ 1. Let ¢ € Ny and
Ay, ..., A; be all short minimal zero-sum subtypes of 7. Assume to the contrary that they are pairwise
coprime. By Lemma 3.2.4, S = a(T') can be written in the form S = S3S; - ... - S;, where S; = a(T;)
for all i € [1,¢] and Sy € F(G*) is zero-sum free. For every i € [1,t] we choose an element a; € supp(S;).
Then S(ay - ...-ay)~! is zero-sum free, and thus [14, Proposition 5.3.5] implies that

I2(S(ay---a;) | >1S(ar-...-ar) |+ |supp(S(ar - ... ap) | —=1>n+1—t+t—1=n,
a contradiction.
2. Let G be an elementary 2-group, set G* = {g1,..., ¢/} and consider the sequence S = g7 - ... g7.

Then every short minimal zero-sum subsequence of S has the form g2 for some g € G*. Hence, by Lemma
3.2.2, we obtain that nj(G) > |S| = 2|G| — 2. So the assertion follows from Proposition 3.10.1. O

Now we can give the simple proof of Lemma 3.5.

Proof of Lemma 8.5. Assume to the contrary that *(G) > 3n + 1. Then there exists a squarefree type
T of length |T| = 3n+ 1 that does not have two short minimal zero-sum subtypes which are not coprime.
Clearly, the same is true for gflT and g;lT, where g1, g2 € supp(T'), and hence the structural statement
of Conjecture 3.4 shows that there is an element g € G with vy(a(T)) > n + 1. This implies that
Condition 1.(b) of Lemma 3.2 is satisfied, a contradiction. Thus it follows that n*(G) < 3n+1, and using
Proposition 3.10.2 we infer that

3In+1<n(G)<n"(G)<3n+1.

Let g € G* and assume to the contrary that n;(G) > 3n + 1. Then there exists a type T' € F(G* xN) of
length |T'| = 3n and with o(7T") = g that does not have two short minimal zero-sum subtypes which are
not coprime, a contradiction to the statement of Conjecture 3.4. O

Next we show that for the first small primes we have nj(Cp & Cp) = n*(Cp @& Cp) = 3p + 1 (note
that this is based on the deep and recent results formulated in Lemmas 3.7 and 3.8). Whereas it would
be possible to increase the list of primes, the handling of the general case definitely requires a different
method.

Proposition 3.12. Let G = C, & Cp, withp € P. If p <7, then nj(G) = n*(G) =3p+ 1.

Proof. By Proposition 3.10.2 we have 3p + 1 < n§(G), and thus it remains to show that n*(G) < 3p + 1.
Assume to the contrary that *(G) > 3p+1. Then there exists a squarefree type S = g1 -...-g; € F(G*xN)
of length |S| = 1 = 3p+1 that does not have two short minimal zero-sum subtypes which are not coprime.
Let t € Ny and Si,...,S; be all short minimal zero-sum subtypes of S. Then Si,...,S; are pairwise
coprime, and thus S can be written in the form

S =505-...-5 with SoEf(G.XN).

For every v € [1,t] we choose an element g, € supp(S,), and we set I, = |S,|. After renumbering if
necessary we may suppose that [y < ... <[, and we define

t
e=J[erm=F.
v=1

Assume to the contrary that ¢ < 3. Then S(g; - ...-g;)~! has length at least 3p — 2, and hence by
Lemma 3.6 it has a short minimal zero-sum subtype S’. By construction, S’ is different from Sy,...,S;, a
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contradiction. Assume to the contrary that ¢ = 4. Then S(g1929394) ! has length 3p—3. Since Si,...,S;
are all short minimal zero-sum subtypes of S, each two elements of a(S;) and a(S;), i # j € [1,4], are
distinct. Thus a(S;595354(g1929394) 1) contains at least four distinct elements and hence the same is
true for (S(g1929394) '). Now Lemma 3.7 implies that S(g1929394) ! has a short minimal zero-sum
subtype, a contradiction. Therefore it follows that ¢t > 5.

Now we discuss the individual primes.

CASE1: p=2.
We obtain that 7= 3p+1 =S| > >'_, |Si| > 2t > 10, a contradiction.

CASE 2: p=3.

We obtain that 10 = 3p + 1 = |S| > Y¢_, |S;| > 10, which implies that |S;| = ... = |S| = 2 and
| supp(a(S))| > | supp(e(Sy - ...-S;))| > 10 > |G*|, a contradiction.
CASE 3: p=>5.

We will apply repeatedly Lemma 3.9 (Items 1. and 3., with 7' = [[,.; S,, U, = S, and I C [1,1]).

Assume to the contrary that 5 |p £. Then lz =5 and l; + 12+ 15+ 14 < |S| —5 =11, and thus l; = 2.
If3|r £, then 2+ 3+ 5 <2exp(G)+1and 2-3-5 > |G|, a contradiction to Lemma 3.9. Thus 3 tr £,
and the same argument shows that 4 {p £. Since la+13+14 < |S| =11 =15 =9, it follows that I, = I3 = 2.
However, Iy + 1o + I3 + 15 = 11 < 2exp(G) + 1 and l;15l3l5 > |G|, a contradiction to Lemma 3.9.

Assume to the contrary that 2 {p £. Since 3 +3 +3 < 2exp(G) +1 and 3-3-3 > |G|, Lemma 3.9
implies that 3% {g £ and hence 42 | £. Again Lemma 3.9 implies that 3 -4? {p £. Therefore we get that
lh=...=ly=4and l; +...4+ 15 =20 > |5|, a contradiction.

Assume to the contrary that 3¢ £. Then ly,...,l5 € {2,4}. Lemma 3.9 implies that 2-4% {g £. Thus
we obtain that either £ = 2% or £ =4-2%. In each case Lemma 3.9 yields a contradiction.

Summing up we know that 2-3 |p £ and that 5 {z £. Using Lemma 3.9 again we infer that 3 { £
and that 2-4% 1 £. Thus v3(£) < 2, v4(£) < 1 and hence v5(£) > 2. Again by Lemma 3.9 we infer that
2232 {p £ and that 2% -3 -4 {5 £ which implies that v3(£) = 1 and that v4(£) = 0. Therefore we obtain
that 2* -3 | £, which again is a contradiction to Lemma 3.9.

CASE4: p=T1.

Again we apply Lemma 3.9. If ¢ > 6, then the proof is similar to that of CASE 3. Suppose that ¢t = 5.
If £ # 2% and £ # 2* - 3, then we obtain a contradiction by Lemma 3.9. Thus we distinguish these two
cases.

Since S does not have two short minimal zero-sum subtypes which are not coprime we infer that

|supp(e(Sy-...-S5))| =|a(Sy-...-S5)| =10 and supp(a(S;-...-S5)) Nsupp(a(Sy)) =0.

Assume to the contrary that |supp(a(Sp))| > 3. Let S, be a subtype of Sy such that a(S}) consists
of three distinct elements. By Lemma 3.8, S{S1 - ...+ S5 has a zero-sum subtype T of length |T'| = 7.
Therefore T' has a short minimal zero-sum subtype T of length |T'| # 2, and hence T" is distinct from
Si,...,S5, a contradiction. Thus |supp(a(Sp))| < 2, and since Sp has no short zero-sum subtype, it
follows that
a(Sy) =b%c5  with b,ce G*.

We assert that S5Sp has a minimal zero-sum subtype S’ of length |S’| = 8. Suppose this holds true.
Then l; + 1 + 13 +|S'| = 14 < 2exp(G) + 1 and 111:15]S'| = 64 > |G|, a contradiction to Lemma 3.9.

To verify this assertion, we set a(S5) = (—a)a with a € G*. Since D(G) = 13, the sequence ab%c’® has
a minimal zero-sum subsequence a®b%c? with € € {0,1} and u,v € [0,6]. Since Si,...,Ss are all short
minimal zero-sum subtypes of S, it follows that

e+u+v=1ab""| >8 and hence wu,v€][l,6].

Assume to the contrary that e = 0. Then b'~%c"~? is a zero-sum subsequence of b5¢5. Since [b%c5| +
|b"~4c"=?| = 14, it follows that b%c* or b"~“c’~? has a short minimal zero-sum subsequence, and by
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construction, the associated type differs from Sy, ..., Ss, a contradiction. Thus we infer that e = 1. Then
(—a)b"~“c"~? is a zero-sum subsequence of (—a)b%c%. Since |ab*c?| + |(—a)b""%c""V| = 16 and Si, ..., Ss
are all short minimal zero-sum subtypes of S, it follows that both, ab“c” and (—a)b”~%c" ", are minimal
zero-sum subsequences of a(SpSs) having length 8.
CASE 4.2: 11:...:l4:2and15:3.

Then |Ss5| = 3. We set a(S5) = a1azaz with ay,a> € G distinct, and let S{ be a subtype of S5 such
that a(SE) = ajas. Since S does not have two short minimal zero-sum subtypes which are not coprime
we infer that

|supp(a@(Sy « ... S4S8))| = |a(Sy-...-S4S5)| =10 and supp(a(S;-...-S4S5)) Nsupp(a(Sy)) =0.
As above we obtain that |supp(a(Sp))| = 2, and we set

a(Sy) =b5¢° with b,ce G*.
We assert that S5Sp has a minimal zero-sum subtype S’ of length |S’| € [8,9]. Suppose this holds true.
Then Iy + 1 + I3 +|S'| <15 = 2exp(G) + 1 and 111515]S’| > 64 > |G|, a contradiction to Lemma 3.9.

Now we verify this assertion. Since D(G) = 13, the sequence a;asb®c® has a minimal zero-sum subse-

quence
ai'a’b*c?  with e€,e3 €[0,1],u € [0,6] and v € [0, 5].
If ¢4 + e + u+ v <9, then the assertion follows. Suppose that ¢; + €3 + u + v > 10. Then u > 3 and
v > 2. We distinguish four subcases.
CASE 4.2.1: € =€ =0.

As in CASE 4.1 it follows that b%c” or b"~%c’~? has a short minimal zero-sum subsequence, and, by
construction, the associated type differs from Si,..., S5, a contradiction.
CASE 4.2.2: ¢ =0 and e; = 1.

Then a;azb”~“c"~? is a zero-sum subsequence of ayazb®c’. Since |azb%c?| + |ajazb”~%c"~¥| = 17 and
since Si,...,S5 are all short minimal zero-sum subtypes of S, it follows that the shorter sequence of
asb¥c? and a;asb’~%c’ "V is a minimal zero-sum sequence of length 8.

CASE 4.2.3: € =1 and e; = 0.
Similar to CASE 4.2.2.
CASE 4.2.4: € =€y = 1.
Similar to CASE 4.2.2. O

The following two lemmas constitute the essential tools in the proof of our main result, which is
Theorem 3.15.

Lemma 3.13. Let G = C,, ® C,, with n > 2 and let S € F(G* xN) be squarefree. Suppose that one of
the following two conditions hold:
(a) |S| > 4n —1 and there are two distinct elements g1, 9> € G such that vg, (a(S)) + vg, (a(S)) > 2n.
(b) |S| > 4n and there are three distinct elements g1, 92,93 € G such that vy, (a(S)) + vy, (a(S)) +
Vyo (a()) > 2n.

Then S has two short minimal zero-sum subtypes which are not coprime.

Proof. For every subsequence T of a(S), let a (T denote the corresponding subtype of S. By Propo-

sition 3.12 we may suppose that n > 4. Let ¥ € {2,3} such that Zle vy, (a(S)) > 2n. We may
suppose that |S| = 4n — § with 6 € {0,1}, where § = 1 implies that ¢ = 2. Let Sp,...,S; be all

short minimal zero-sum subtypes of S H:/jzl gu vor (9 Assume to the contrary that S does not have

two short minimal zero-sum subtypes which are not coprime. Let W = a~*(['_, guov (@) Then
supp (@ (S;)) Nsupp ((S;)) = 0 for all i # j € [1,¢],
Sy+...-S|SW™! and hence [S;-... S <2n—6.
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For every v € [1,t] we choose an element h, € supp(S,). Then S(g; «...- gph1 - ...+ hy)~" has no
short zero-sum subtype, and hence |S| — ¢ —t < n(G) = 3n — 2. Since |S,| > 2 for all v € [1,¢], the
inequality |Sy - ...-S¢| < 2n — d implies that ¢ < n — J. Thus we obtain that 3n —2 > |S| —¢ —¢ >

dn —§ — ¢ — (n —6) = 3n — 1), which implies that ¢» =3, =0, |S| =4n, |S|—¢Y —t =3n—3 and t = n.
Since supp (a(Sl)), ...,supp (a(Sn)) are pairwise disjoint, a(S(glgggghl S hn)*l) has at least n > 4
distinct elements, a contradiction to Lemma 3.7. |

Lemma 3.14. Let G = Ciypy ® Ciy, with m,n > 2, ¢: G — G the multiplication by m, and S € F(G*xN)
squarefree. Let u € Ng and Sy, ...,Sy € F(G* xN) with the following properties:

(i) S1-...-8,|S.
(ii) For every v € [1,u], §(Sy) is a short zero-sum sequence over o(Q).
(iii) The sequence o(S1) - ... -a(Sy) € F(Ker(y)) has no short zero-sum subsequence.
Let Ty and Ty be subtypes of S(Sy - ... Sy,)™! such that p(Ty) and o(Ty) are short minimal zero-sum
types which are not coprime. Then one of the following three conditions hold:
(a) The sequence 5(11)a(S1) - ... (Sy) € F(Ker(p)) has no short zero-sum subsequence.
(b) The sequence o(15)a(S1) - ... -7(Sy) € F(Ker(p)) has no short zero-sum subsequence.

(¢) S has two short minimal zero-sum subtypes which are not coprime.

Proof. Suppose that for A € [1,2], the sequence &(T5)7(S1) ... 7(Sy,) has a short zero-sum subsequence.
Then there exist, for A € [1,2], subsets I C [1,u] with |I)| + 1 € [1,m] such that

T)\V)\, where V>\ = H S,,,
vely

are zero-sum types, and since

[T H Syl <n+|Iyn <mn,

vely
they are short. We assert that ged (T1 Vi, TQVQ) ¢ T(G). In order to verify this, note that by construction,
we have ged (T3, V;) = 1 for all 4,j € [1,2], and therefore
ged(Th V1, ToVa) = ged (T, Ts) ged(Vy, Va) .
Now we obtain that
ged(Vi,Va) = [ Sv. oe(ged(¥1,12)) = Y Fow(S,)= Y 00@(S,)=0
velinl, velhinly velinis

and hence

@ o E( gcd(TlVl, TQVQ)) ap(gcd(TlVl, Tz‘/z)) =0o (p(ng(Tl, T2)) = E( ng(gD(Tl), QD(TQ)) 7é 0.

oo
Therefore, ged (TlVl,TgVQ) ¢ T(G), and hence there exist minimal zero-sum subtypes W; |71V, and
Wa | T2V such that ged(Wy, W) # 1. Since |[W)\Vy| < [T\ Va| < mn for X € [1,2], it follows that W; and
W, are short. O

Now we formulate the main result of this section. It shows that, if n*(C, & C,) = 3p + 1 holds for
all primes, then n*(C,, ® C,,) = 3n + 1 holds for all positive integers n > 2. Moreover, Corollary 3.16
shows that every integer m € N has a multiple n € mN satisfying n*(C,, ® C,,) = 3n + 1. We will make
substantial use of Lemma 3.7.

Theorem 3.15. Let G = Cpyp ® Crynn with m,n > 2.
1. Suppose that n*(Cy, ® Cp,) = 3m + 1.
(@) If n*(C,, ® Cy,) = 3n+1, then n*(G) = 3mn + 1.
(b) If gcd(6,m) =1 and n = p € P with m > 33p , then n*(G) = 3mp + 1.
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2. If nj(Cr, ® Cp)) =3m + 1 and ng(Cr, ® Cp) = 3n+ 1, then n5(G) = 3mn + 1.

Proof. The proof of 2. runs along the same lines as the proof of 1.(a). Thus we show only 1.

1. By Proposition 3.10.2, it suffices to prove that n*(G) < 3mn +1. Let S € F(G*xN) be a squarefree
type of length |S| =1 = 3mn + 1, which has pairwise distinct labels. We have to show that S has two
short minimal zero-sum subtypes which are not coprime. Let ¢: G — G denote the multiplication by m.
Then Ker(p) = C?, and ¢(G) = mG = C2.

We set S =g -...- g, where I € Ny and g1,...,9 € G*xN, such that for some ¢ € [0,[] we have
©(g;) = 0 for all ¢ € [1,¢] and P(g;) # 0 for all ¢ € [t +1,1]. If ¢t > 3m + 1 = n*(Ker(p)), then
g1 ... g+ € F(Ker(¢)xN) has two short minimal zero-sum subtypes which are not coprime. So we may
suppose that ¢ € [0, 3m].

Let r € Ny and let By,..., B, be all short minimal zero-sum subtypes of ¢; - ... g¢. If two of them
are not coprime, then we are done. Otherwise, By -...- B, |g1 -...- g, and for every v € [1,r] we choose
an element 7, € supp(B,). It follows that g; -...-g;(71 -...-7.)~! has no short zero-sum subtype. Since
|B,| > 2 for all v € [1,7], we infer that r < t/2. Let up = |g1 - ... gi(r1 - ... - 7)7Y =t —r. After
renumbering if necessary we may assume gy - ... gy, = g1 --- - g¢(71 + ... - 7). We set

(3.1) Sy, =g, forevery ve€[l,up], andnotethat wug € [t/2,1].

1.(a) Let u; € Ny be maximal such that there are types Syot1;.-.,Suo+u; € F(G® xN) with the
following properties:
e S Sugtu | S
e For every v € [1,up + u1], (S,) is a short zero-sum sequence over ¢(G).
e The sequence a(S1) - ... 0(Sug+u,) € F(Ker(p)) has no short zero-sum subsequence.

Lemma 3.6 implies that n(Ker(¢)) = 3m — 2 and hence ug + u; € [0,3m — 3]. Note that the number of
nonzero terms in p(S(S1 - ... Sugtu,) ') is equal to

1S(g1 -+ 96) " (Sugt1 -+ Sugwr) | = 1=t — (3m =3 —ug)n
>3mn+1—-—Bm—-3)n+un—1t>3n+1.

Since n*(¢(G)) = 3n + 1, there are subtypes T; and Ty of S(S; -...-S,)~! such that o(Ty), p(T>) €
F(p(G)*xN) are two short minimal zero-sum types which are not coprime. Since w; is maximal, Lemma
3.14 implies that S has two short minimal zero-sum subtypes which are not coprime.

1.(b) The proof of 1.(b) uses the same ideas as the proof of 1.(a). But since it is of higher technical
complexity we discuss its strategy before going into details. We will always use Lemma 3.14 which requires
the construction of an integer u € Ny and of types Si,...,.S, satisfying the given conditions. In order
to obtain the types T} and T, we proceed as follows. We have to find a subtype T of S(S; -...-S,)™!
such that o(T) € F(p(G)*xN) has two short minimal zero-sum subtypes which are not coprime. This is
guaranteed in each of the following cases:

e [o(T)] > n*(¢(@)). Note that (G) = Cp, ® C,, and that by Lemma 3.6 and Proposition 3.10.1,
n"Cp & Cp) <6p—5.

e There is an element a € ¢(G)* such that v,(@(T")) > ord(a) = p.

e The group ¢(G) and the type ¢(T') satisfy the assumptions of Lemma 3.13.

e The sequence (7)) has a short minimal zero-sum subsequence £2¢52¢5% ) and ¢ ef2¢ls
subsequence of B(T).

is also a

We will proceed by contradiction, and hence during the constructions we can always assume that a given
subtype ¢(T) € F(p(G)® xN) does not have any of the above properties. In particular, Lemma 3.14
is used as follows: since Condition (¢) in 3.14 does not hold, we obtain (step by step) types satisfying
Conditions (i), (#4) and (i4i) in Lemma 3.14.
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Now let ged(6,m) = 1 and let n = p be a prime with m > 33p®/4. By 1.(a) and Proposition 3.12,
we may suppose that p > 11, and we assume to the contrary that S does not have two short minimal
zero-sum subtypes which are not coprime. We set

(3.2) W=5S(g-....)"" and B(W)=¢el"-... €}*,

where ey, ..., e, € p(G) are distinct and rq,...,7, € N. For every i € [1,k], let W,, denote the subtype
of W with p(W,,) = e;*. After renumbering if necessary there is some f € [0, k] such that that r; >
(6p—6)(p—2)+1foriel,f]and r; < (6p—6)(p—2) for every ¢ € [f + 1,k]. We continue with the
following assertion.

Al. f>2.

Proof of A1l. By rearranging if necessary we may assume that ry = max{r; | i € [1,k]}. We assert that

r1 < 2mp + 2m — 4. If this holds, then

|S| =t —ve, (E(W)) S 3mp+1—3m— (2mp+2m —4)
lp(G)\ {0, e}~ p? =2

and hence f > 2. Assume to the contrary that r; > 2mp + 2m — 3. Then W, = (g+ h1) -...- (g + hy)

where g € GxN with p(g) = e, h1,...,h, € Ker(p)xN and v > 2mp + 2m — 3. Let Uy,...,U; be

all short minimal zero-sum subtypes of W,,. By our assumption on S, they are pairwise coprime and
hence Uy - ... Uy |W,,. For every v € [1,£], we choose an element z, € supp(U,), and clearly we have

max{r; | i € [2,k]} > > (6p—6)(p—2)+1,

|U,| > 2 which implies that ¢ < WZ—ll Then We, (21 - ... z¢)~" has no short zero-sum subtype, and
[We, (1 ... x¢)" Y > v/2 > mp+ m — 3/2. After renumbering if necessary, we may assume that
We (1 -.o-z)) L =(g+h1) ... (9 + hyv—r). Note that v — € > mp +m — 3/2 > 4m — 3. Since, by
Lemma 3.6, s(Ker(¢)) = 4m — 3, the type hy - ...- hy, € F(Ker(p)xN) may be written as

h1 hv :Vl'.--“/Qp—lvl)
where V', Vi,..., Va1 € F(Ker(p) xN) and, for every v € [1,2p — 1], V,, has sum zero and length

|[Vy| = m. Furthermore, we suppose that Vi |hy - ... hy_y. We set Wy = H,’j:l(g +V,) and Wy =
(9+ V1) Hip:_pirl(g +V,). Note that
p 2p—1
FW) =mpalg)+ Y 7(V,) =0=mpalg) +c(Vi)+ Y 7(Vi,) =a(Ws),
v=1 v=p+1
and that g + Vi = ged(Wy, Ws). Since g + Vi |We, (z1 - ...-z) "L, it follows that g + V; is zero-sum free.
Therefore, there exist two short minimal zero-sum subtypes 77 and T5, Ty | W7 and Ts | W2, which are
not coprime, a contradiction. |
We set
f k
(3.3) w'=][w., W"= J] W., andthen W =WMW".
i=1 i=f+1

CASE 1: There exist distinct i,j € [1, f] such that

1 p-1
the sequence e~ e”

5 has a short zero-sum subsequence.

After renumbering if necessary, we may suppose that i = 1 and j =2 . A short zero-sum subsequence
of 27" eb™" over (@) = C,®C, must be the form €S’ e$? with €, s € [1,p—1] and €; +€5 < p. Moreover,
if €1 + €2 = p, then it follows that ¢;(e; —e2) = 0 and hence e; — e, = 0, a contradiction. Thus €; + €5 < p.

Let u; € Ny be maximal such that there exist types Sy,+1,...;Suy+u; With the following properties:

® Sugt1 -+ Sugtuy |W61W62'

e For every v € [1,u1], B(Sug+v) = €1€2 .
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e The sequence 7(S1) ... 7(Syptu;) € F(Ker(p)) has no short zero-sum subsequence.
We consider the type

Wy = W(Suo+1 teeet Suo+u1)_1 = S(gl T 'gtSuo+l BERE SUO+U1)_1 :

First, suppose that min{v,, ((Wy)), ve,(®(Wy))} > p — 1. Then there are types 11, T, dividing Wy such
that ¢(T1) and ¢(T3) are two short minimal zero-sum types which are not coprime. Thus Lemma 3.14
implies that S has two short minimal zero-sum subtypes which are not coprime, a contradiction.

Thus from now on, we may suppose that min{v., (p(Wp)), Ve, (®(Ws))} < p — 1. We obtain that
. > mintve, W), ve, @W)} —(p—2)  (6p—6)p-2)+1— (p—2)
L= max{ey, s} p—2

Let us € Ny be maximal such that there exist types Syytu;+1- - - s Suo+us+us With the following properties:

S

>6p—7.

* SU0+U1+1 Tt Suo+u1+u2 | S(Sl Tt Suo+u1)
e For every v € [1,u3], @(Sup+u,+v) 18 a short minimal zero-sum sequence over ¢(G).

e The sequence 7(S1) ... 0(Suptur+us) € F(Ker(p)) has no short zero-sum subsequence.

Since n(Ker(¢)) = 3m — 2, we infer that ug + u; +us < 3m — 3. Since |Sy,+,| < p—1 for each v € [1,u4]
and u; > 6p — 6, we obtain that
|S(g1- et gt5u0+l R Su0+u1 Suo+ul+1 Teeet SU0+U1+U2)_1|
>3mp+1—t—3Bm—3—ug)p+6p—6>3mp+1—(3m—-3)p+6p—6>6p—75.
Again by using Lemma 3.14 we infer that S has two short minimal zero-sum subtypes which are not
coprime, a contradiction.

CASE 2: For every distinct i,j € [1, f]

-1 _p—1
the sequence el e? has no short zero-sum subsequence.

We continue with the following four assertions on the structure of the types We,, ..., W,.

A2. Let i€ [1,k] with r; > p+4. Then |supp(a(W,,))| < 4.

A3. Let i€ [1,k] with r; > p+ 4. Then |supp(a(We,))| < 3.

A4. Let i € [1,k] with [We,| > p+4. Then W, = &1 ... & w, W/} where a(&1) = ... = a(&w;) =

& € G and |[W/| < 4.

A5. |supp (a(&]) - ... 0’(5?)” > 3.
Proof of A2. Assume to the contrary that |supp(a(W,,))| > 5. Let x1,2s,23,24,25 € supp(We,,)
such that a(z1),...,a(zs) are pairwise distinct, and let Z be a subtype of W,,(z1z2z37425) " with
|Z] =p—1. We set

Wy =Wlem(2y - ... 252, W,,,We,) ™t and W, =WW™*.

Let u; € Ny be maximal such that there exist types Sy,+1,. .., Suy+u, With the following properties:

L] Su0+1 et Suo+u1 |W1
e For every v € [1,u1], @(Syy+v) is a short minimal zero-sum sequence over ¢(G).

e The sequence 7(S1) + ... 7(Suy)0(Sugt1) * --- * 0(Sugtu,) € F(Ker(p)) has no short zero-sum
subsequence.
If [Wi(Sugt1 - - Sugtuy) 1| > 6p — 5, then S has two short minimal zero-sum subtypes which are not

coprime, a contradiction. Thus we may assume that
|W1(Su0+1 et Suo+u1)71| S 6]) —6.

Write W/ = (1 -...-25Z)TWa, where T is a subtype of W/ with 3(T) = €{*~%e5?~%. Now we apply (step
by step) Lemma 3.13(a) (to the group ¢(G) and some types UV with U | Wa, V | W1 (Sugt1-- - - Sugtus) 5
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[V|=2p—1and p(U) = eeb) and Lemma 3.14 to obtain a maximal us € Ny such that there exist types

Suotur+1s- - -5 Sug+us+uy With the following properties:
® Suo+u1+1 et Suo+u1+u2 | Wy (Su0+1 et Su0+u1)71
e For every v € [1,us], B(Sup+u,+v) 18 a short minimal zero-sum sequence over ¢(G).
e For every v € [17u2]7 ng(Su0+u1+V; Wl (Su0+1 et Suo+u1)71) 7£ 1 and ng(Suo+u1+w WZ) 7£ 1.
e The sequence 7(S71) * ... T(Sug)T(Sug+1) * -+ - T (Suotu;+us) € F(Ker(p)) has no short zero-sum
subsequence.
Let W{' (resp. W4') be the remaining subsequence of W1 (Syo+1 * - - * Sup4u, )+ (resp. Wa) after the

construction of these S, with v € [ug + uy + 1,ug + u1 + uz]. Then,

WoWi (Sugt1 -+ * Sugtur) " = Sugur+1 -+ Sugtug+us Wi W5
Clearly, max{ve, (®(S,)), Ve, (®(S,))} < p — 2 holds for every v € [ug + u; + 1,up + ug + us]. But
min{ve, (B(W2)), ve,(@(W2))} — (p— 1) 2 min{r; | i € [1, f]} —(4p—6) = (p— 1) 2 (6p—6)(p—2) + 1 -

(4p — 6) p—1)>Up—4)(p—-2) > (|W1( wot1 " - * Sugtur) " — (2p — 2)) (p — 2). These show that
if [IW]'| > 2p — 1, then the construction of S, in the way above could be continued, a contraction to the
max1mahty of uy. Hence,
W] < 2p—2.
Let ug € Ng be maximal such that there exist types Sugtuitust1s-- - > Sugtus+ug+us With the following

properties:

® Suo+u1+u2+1 -t Su0+u1+u2+u3 | WZH

e For every v € [ u3], P(Sug+us+us+v) is a short minimal zero-sum sequence over ¢(G).

e For every v € [ 3] ( U0+u1+U2+V) € {617 }

e The sequence 5(S1)-...--0(Suy)T(Sug+1) - U(Su0+ul+u2+u3) € F(Ker(y)) has no short zero-sum

subsequence.
We set
W”I W (Suo+u1+u2+1 2 Su0+u1+u2+u;3)7

If max{ve, (B(W3")),ve, (®(W3"))} > p+ 1, then S has two short minimal zero-sum subtypes which are
not coprime, a contradiction. Thus we obtain that max{v., (B(W3")), ve, (@(W3"))} < p, which implies
that |[W3"| < 2p. Now we have that

S| =t = W' = W'| = [T| = |21 - ... - 25 7]

p
Since 7(S1) ... 0(Sug)T(Sug+1) * - - - T(Sug-tus+ustus) € F(Ker(p)) has no short zero-sum subsequence,
we infer that |supp( (S1) + ... - 0(Sug)0(Sug+1) * - -+ * T(Sugtus+ustus))| = 3, and we can choose three
distinct elements a, 3,y in thls set. Since the elements a(z, + 0(2)),...,a(rs + 0(Z)) are pairwise
distinct, we may assume—after renumbering if necessary—that a(z + 0(2)), a(zs + 0(2)) & {a, 8,7}.
Since z1Z and x2Z are two short minimal zero-sum subtypes over ¢(G) = Cp, @ C,, and S does not have
two short minimal zero-sum subtypes, so we may assume that the sequence @(Sy) - ... 7(Syu, )T (Sug+1) -
- T (Sugtus +ustus )0 (1 2) € F(Ker(p)) has no short zero-sum subsequence. Now we have

| Supp( (Sl) E(SUO)E(Suo-l-l) BEERE E(SU0+U1+U2+U3)E($1Z))| > 47

and we set Su0+U1+uz+U3+1 = .’E1Z.
Again we apply (step by step) Lemma 3.13 (to the group o(G); note that e?~'e2™" has no short
zero-sum subsequence) and Lemma 3.14, to obtain a maximal us € Ny such that there exist types

Sotuitust+uz+2s -+ » Oug+us+us+us+us With the following properties:

"
hd Suo+u1+u2+u3+2 Teeet Su0+u1+u2+u3+U4 |TW2 (1'23331’4.’115)

e For every v € [2,u4], D(Sug+ustustus+v) IS a short minimal zero-sum sequence over ¢(G).
e For every v € [2’ U4], ng(SU0+u1+u2+u3+Vv Wlll(m2x3w4x5)) 75 1 and ng(Suo+u1+U2+u3+Va TWé”) 75
1.

UO+U1+U2+’U,32U0+ 22m—1.

-1
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e The sequence 7(Sy) ... 7(Su,)T(Sug+1) * - - * 0(Sugtustustustus) € F(Ker(p)) has no short
zero-sum subsequence.
Let T' (resp. W{") be the remaining subtype of TW4" (resp. W{ (xowsxs2s5)) after the construction of
these S, with v € [ug + u1 + ua + uz + 2,u¢ + uy + us + uz + uy)]. Then,

v el v rdlld
TW2 1 (x2x3m4x5) = Su0+u1+ug+u3+2 Tt Su0+u1+u2+u3+u4T Wl :

Obviously, for each v € [1,u}] we have

max{ve1 (@(Suo+u1+ug+u3+u): Ves (E(Suo+u1+u2+u3+ll)} <p-— 2.

Note that B(T) = P %e5? %, B(T") = eed, and similarly to the argument for W/’ we may assume that

[W]"| < 2p—2. Let us € Ny be maximal such that there exist types Syug+u; +us+ustust+1s - - - » So-bus+us+us+us+us
with the following properties:

Suo+u1+u2+u3+u4+1 R Suo+u1+u2+u3+u4+u5 |T,'

For every v € [1,us], B(Suq+ui+ustus+ustv) 18 & short minimal zero-sum sequence over ¢(G).

For every v € []-)UB]: (Su0+u1+UQ+U3+u4+V) € {611)1612)}-

The sequence 7(S1) - ... (Sug)T(Sug+1) - - - - - T(Suotus +ustustustus) € F (Ker(p)) has no short
zero-sum subsequence.

We set

2
4

"o __ it -1
=T (Suo+u1+u2+u3+u4+1 Tt Suo+u1+u2+u3+u4+u5) .

Since S does not have two short minimal zero-sum subtypes which are not coprime, we infer that
max{ve, (B(T")),ve, (@(T"))} < p and hence |T"| < 2p. Since [W{"T"| < 4p — 2, it follows that

S| —t—|wr" 3mp+1—t—4p+2 upp —t+ 3
UO+U1+U2+U3+U4+U5ZU0+| | p| L |ZUO+ P » P :3m—4+0p7
tp/2 —t+3
Cgmoa PRI e

Now we have

| Supp(ﬁ(sl) R E(SUO)E(Suo-Fl) BEEE E(Su0+u1+uz+u3+u4+us))| > 4

and

|E(Sl) Teeet E(Suo)ﬁ(suo-l-l) Tt E(Suo+u1+ug+u3+u4+u5)| > 3m — 3.

Thus Lemma 3.7 implies that the sequence
5(51) Teeet E(SUO)E(SUO“Fl) st E(SUO+U1+U2+U3+U4+U5)

has a short zero-sum subsequence, a contradiction. |

Proof of A3. By A2 we have |supp(a(We,))| < 4, and hence there exists some element y € G with
vy (a(We,)) > # > 3. Assume to the contrary that |supp(a(W,,))| = 4, and let y1,y2,y3,y4 €
supp(We,) such that a(y1),...,a(ys) are pairwise distinct, and let y’ and y” be two distinct elements
of We.(y1y2y3y4) ™" with a(y’) = a(y") = y. We can simply repeat the proof of A2: we only have to
replace the sequence xy - ... 252 by y1 - ... ysZ'y'y", where Z' is a subtype of W, (y; - ... yay'y") !

of length |Z'| = p — 2. O

Proof of A4. By A8 we have |supp(a(W,,))| < 3, and hence it suffices to prove that there exists
at most one element 2z € G* x N with vq(.)(a(W,;) > 3. Assume to the contrary that there are two
elements z; and 2y such that a(z;) and a(zs) are distinct and va(.,)(We,) > Va(zo)(We,)) > 3. Let
21,2, 25, 24 be four distinct elements of W,,(2122) 7" with a(z]) = a(z]) = a(z1) and a(z}) = a(2y) =
a(zz). Since ged(m,6) = 1, the sums 7 (z12127),0 (2121 22),5(21222)) and T (22242Y) are distinct. Let

2, 2" be two distinct elements of W, (212]27 222524)~! with a(z’) = a(z"). Let Z" be a subtype of
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We,(z12] 2] 2025252 2"") =1 of length |Z"| = p — 4. Considering the type 212} 2] 222524 2'2" Z" instead of

i

T1-...-T5Z, we can derive a contradiction as in the proof of A2. O

Proof of A5. By using Lemma 3.14 repeatedly to the type Hz JTT0% &, we find a maximal w € Ny
such that there exist types T1, ..., T, with the following properties:

Ty-.. Tl TIZ HV’l -

For every v € [1, w] ®(T,) is a short minimal zero-sum sequence over p(G).
For every v € [1,w], a(T,) € {&},--, &7}
The sequence 7(T4) - ... - o(Ty) € F(Ker(y)) has no short zero-sum subsequence.

We set R = H 00 &w(Ty-. .- Ty) ™t and observe that ve, (a(R)) < p for every i € [1, f]. Therefore,

181t~ Ty Wl = I T, W1 - £
p
> 3mp +1—3m — (* —1—]]:)(6])—6)(1)—2) ) > 2m — 1.( Here we need that m > 33:11)3)
Since (T1) - ... -7(Ty) € F(Ker(p)) has no short zero-sum subsequence, we obtain that
|supp(o (&) (&3) ... -o(€F) 2 3. O

Now we continue our proof by using the structural information obtained in A2 to A5. We do not use
any of the notations introduced in the proofs of A2 to A5, but continue with the setting of (3.1), (3.2)

and (3.3).
After renumbering if necessary, we may suppose that o(¢7),0(¢2) and o(&2) are distinct. Let u; € N
be maximal such that there exist types Su,+1,- - -, Sug+u, With the following properties:

k
L] Suo+1 et SUO"rul | Hi:4 Wei.
e For every v € [1,u1], B(Suy+v) is a short minimal zero-sum sequence over ¢(G).

e The sequence 7(S1) - ... - (Suy)0(Sug+1) - -+ - 0(Sugtus) € F(Ker(p)) has no short zero-sum
subsequence.

We set
k
Q=[] Wei(Sups1 -+ Sugru)™"  and obtain that Q] < 6p—6.

We distinguish two cases.

CASE 2.1: e’ 'eb™"ef™" € F(p(G)) has no short zero-sum subsequence.

We set a(Q) =6y -...-0,, with us = |Q| < 6p — 6. Since n(C, & Cp) = 3p — 2, for every v € [1,us],
the sequence 61177163716137719,, has a short zero-sum subsequence containing 6,. Since each of r{,72,73
is greater than or equal to (6p — 6)(p — 2) + 1, we find (by using Lemma 3.14 step by step) us types

Suotur+1s- - - s Sug+us+us, With the following properties:

® Su0+u1+1 et SU0+U1+U2 |QW€1W€2W63'

e For every v € [1,us], B(Sug+u,+v) 18 a short minimal zero-sum sequence over p(G).

For every v € [1,usa], 0, | B(Sugru,+v) | € eb ™ 2710,

The sequence E(Sl)" : "H(Suo)a(suo-‘rl)" : "H(Suo-‘rin) (Suo+u1+1) E(Su0+u1+u2) € f(Ker(go))

has no short zero-sum subsequence.

We set Q' = QWe, We, We, (Sugtur+1 * - -+ - Suotustus) ©- Let uz € Ny be maximal such that there
exist types Sugtugtus+1s -« - » Ougtus+ust+us With the following properties:
hd Su0+u1+u2+1 - Suo+u1+uz+u3 | QI

e For every v € [1, u3], P(Suo+us+ustr) 1S @ short minimal zero-sum sequence over ¢(G).
e For every v € [1,u3], P(Sug+u;+us+v) € {61762763}
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e The sequence 7(S1) - ... 7(Suy)T(Sugt1) * -« * T (Sugtu )0 (Sugrur+1) * -+ * 0(Sugtus +ustus) €
F(Ker(y)) has no short zero-sum subsequence.

We set Q" = Q' (Suptustust1 - - * Sugtur+ustus) - and observe that
max{ve, (B(Q")), ves (B(Q")), ve, (B(Q"))} < p,
which implies that |Q"”| < 3p. Therefore,
5] —t —1Q"|
p

Ug +up +u2 +us > ug + 23m—2:n(Ker(g@)),

a contradiction.

CASE 2.2: e’ el 'eb™ € F(p(G)) has a short zero-sum subsequence.

2 ( . —1_p—1_p—1
Let ef'ef2ef? be a short minimal zero-sum subsequence of e~ 'eb™ el where €1, €y, (s € N—recall

that ef_le§_1 has no short zero-sum subsequence for 4, j € [1,3]—and ¢; + f> + {3 € [3,p]. According to
A4 we have W, = &1 -...- & W/ where [W/| < 4.

Applying Lemma 3.13 and Lemma 3.14 to the types @ and Hwile &1 erb &, we find (step

v v=1
by step) a maximal ups € Ny such that there exist types Sugtuy+1s-- - Sug+us+us With the following
properties:
w1 —4{1 wa—{2

d Suo+u1+1 Tt Suo+u1+u2 | Q Hl/:l El,u HV:I 62,y~

e For every v € [1,us], B(Sup+u,+v) 18 a short minimal zero-sum sequence over ¢(G).

e For every v € []—7“2]7 ng(Su0+U1+V7Q) 7& 1.

e The sequence 7(S1) ... 7(Suy)T(Sug+1)T(Sugtus+1) - - - 0 (Sugtur+us) € F(Ker(ep)) has no short

zero-sum subsequence.
After the construction of these S, for v € [1,us], let Q', W/ and W/, be the remaining subtypes of @,
e e &1, and H:;”i;b &, respectively. Then,

v=1

w1 7/‘1 wo 7!2

Q H 51,1/ H €Q,V (Su0+u1+1 et Suo+u1+u2)71 = QIWé1WeI2 '
v=1 v=1

We set

’ngfégfl

!

W= 1] &w-
v=1

Observe that |Q'| < 2p — 2.
Applying Lemma 3.14 to W, W/ W/

<> we find (step by step) a maximal usz € Ny such that there exist

tyPeS Sup+uttustls- - - s Sugtus+us+us With the following properties:

d Suo+u1+u2+1 Tt Su0+u1+u2+u3 | Wélwelgwelg‘

e For every v € [1,u3], B(Sug+us+us+v) 18 a short minimal zero-sum sequence over ¢(G).

e For every v € []-;UB]: a(5u0+u1+uz+1’) € {£f7€§7£§}

e The sequence 7(S1) « ... 7(Suy)T(Suo+1)T(Sugtur+1) * - - - * T (Suptustustus) € F(Ker(p)) has no

short zero-sum subsequence.
We set
2 wi w3
—1
Q"= WL WLW, Sugtutuats - Swtuwtn—s) DIV T &z I 6o,
=1 v=w;—{;+1 v=w3z—{3

and observe that, for i € [1,2],
Ve (P(QM) <p+Li+4  and v, (B(Q") <p+Lli+5,

which implies that
Q"] < 4p+13.
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Now we have , "
IS| =t —1Q"] — Q"
p

Ug +uy +us +uz > up +

>3m—7,

and we set
ug =3m — 3 — (ug + ug + us +u3) €10,3].
Using Lemma 3.13 and Lemma 3.14, we find types Sygtfu;tustus+1s-- -3 Ouo+uitust+us+us With the fol-
lowing properties:
® Su0+u1+u2+u3+1 st SU0+U1+U2+U3+U4 |QIQ”'

For every v € [1,ua], B(Sug+ui+ustus+v) 1S a short minimal zero-sum sequence over p(G).

S _ [1 éz 43
A Sugtu +uz+us+1) = &16°E5°
The sequence 7(S1) - ... - T(Suy)T(Sue+1)T(Sugtur+1) * - - - - 0 (Sugtus +ustustus) € F(Ker(p)) has
no short zero-sum subsequence.

By definition of u4, we have ug + uy + us + us + u4 = 3m — 3, and thus Lemma 3.7 implies that
7(S1) o T(Sug)T(Supt1)T(Sugtus+1) -+ = T(Sugtur +ustus +us) = (D)™ (PE2)™ (ps)™

It follows that 7(£/1€52€53) = pée. for some e € [1,3], and we set

7(51) - T(Sug)T(Sug+1)T(Sugtus +1) = -+ - T (Sugtur+ua) = (P€1) (PE2)" (€3)™
and
T (Sugturtus+1) * -+ - 0(Sug+ustustus) = (pfl)tl(p&)tz (p§3)t3 :
Then s. +t. >m —1—uy >m —4, and we set v' = ve_(a(W/,)). Now by the construction of the types
Suotugtus+1s- - - Ougtus +us+us We deduce that

v'—p—4
Se + vph7r +1>m—4.
p
In a further step, instead of constructing Su,+u;+tus+1s---s Sugtus+ustuss We apply Lemma 3.14 to

W, W, , W, and find a maximal w € Ny such that there exist types Vi,...,V,, with the following
properties:

Vi Vi [Wo W W, .

For every v € [1,w], §(V,,) is a short minimal zero-sum sequence over p(QG).

For every v € [1,w], a(V,) is of the form £/*¢fzels.

The sequence T(S1) - ... - T(Sug)T(Sug+1)T(Sugtur41) * - -+ - T(Sugtur+us)0(V1) - ... - T(V) €
F(Ker(y)) has no short zero-sum subsequence.

We set Q"' =W, W W, (Vi-...- V) ™!, ve = ve, ((Q™)), and w' = L”Ep%lj Using Lemma 3.14 again
we find w' types Va1, - -, Vi with the properties:

o Vw+1 et Vw+w’ | Q”I.

e For every v € [1,w'], $(Viy1,) is a short minimal zero-sum sequence over ¢(G).

e For every v € [L,w'], (Vi) € {&7, €5, 65}

e The sequence G(S1) - ... 0(Sue)0(Sy,11)0(Sugtur+1) - - - 0 (Sugtur+us )JTV1) o o T(Viy )T (Vig 1) -

. 0(Vptw ) € F(Ker(p)) has no short zero-sum subsequence.
Let

We 21) ezt | Wuzfp

T = min { L 0" , 0 , 2

Now we have that p&. occurs in
E(Sl) T 'E(Su )E(Suo+1)5(5w+u1+l) Teeet E(SU0+U1+U2 )E(Vl) Teeet E(Vu')E(Vw+1) T 'E(Vw+w’)

at least s, + 7 + ”’_lp%r_p > m times, a contradiction. O

Corollary 3.16. For everym € N there exists a positive integer n € mN such that n*(C, ®C,,) = 3n+1.
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Proof. Let m = 2k13k25k37hay, . .p_ where s,kq,..., ks € Ngand p1,...,ps € Pwith p; < ... < p,. We
set n = m5Fs 7% with kb, k} € Ny such that 5Fstks 78atks > 3353 /4 (in case s = 0 set ky = k} = 0). Using
Proposition 3.12 and Theorem 3.15, items 1.(a) and 1.(b), we infer that n*(Cy ® Cj) = 3k + 1 holds for
ke {5k3+ké 7k4+k"17 5ka+ks 7k4+kflp17 s 5k3+k’37k4+kép1 L pg,m = ok1 gka gks+ky 7k4+k:1p1 C ps}- O

4. ON N;(G) FOR GROUPS OF RANK TWO

The main aim of this section is to prove the following theorem.

Theorem 4.1. Let G = Cy, ® Cp, with 1 < ny |na. Suppose that for every prime divisor p of ny we
have n*(Cp, ® Cp) = 3p+ 1 and that N1 (Cp & Cp) = 2p.

1. Ny (Cp, ® Cp,) =2n4.

2. If D(C3)) < 3ny — 1, then N1(G) =ny + ny.

We analyze the above result. First, note that a main standing conjecture on the Davenport constant
states that

D(C3)=d*(G)+1=3n—2 forall neN

(see [6, Conjecture 3.5]), and this holds true if n is a prime power ([14, Theorem 5.5.9]). Let G be as in
Theorem 4.1. Then

n1 +TL2§N1(G)STL1+TLQ—2+O|(G),

where the left inequality is obvious (see Inequality 2.2) and the right inequality is the best upper bound
known so far ([14, Proposition 6.2.26]). Here ol(G) denotes the Olson constant of the group G (for recent
progress see [10, 1, 33]). Now Theorem 4.1 reduces the determination of the precise value of N;(G) for
general groups of rank two to the verification of the corresponding conjectures for groups C,, & C}, where
p is prime. For small primes we have n*(Cp, & Cp) = 3p + 1 by Proposition 3.12, and furthermore it is
well known—due to the first author—that for all primes p with p < 151, we have N1 (C, & Cp) = 2p (see
[14, Proposition 6.2.11]). This result, in combination with Theorem 3.15.1.(b), Corollary 3.16 and with
the following multiplicity result for N;(G), provides further groups for which Ny (C,, ® C,,) = 2n holds,
which are not covered by Theorem 4.1.

Proposition 4.2. Let G = Cpypy ® Cpyyy with myn > 2. If Ny (Cy, @ Cr) = 2m, n*(Cr, ® Cp) = 3n+ 1
and N1 (C, ® Cy) = 2n, then N1 (G) = 2mn.

Proof. By Inequality 2.2 it suffices to prove that N;(G) < 2mn. Let ¢: G — G denote the multiplication
by m. Then Ker(¢) = C? and ¢(G) = mG = C%. Let S € T(G*) be a squarefree type of length
|S| > 2mn + 1, and without restrict we may assume that all labels are pairwise distinct (this implies in
particular, that ¢(S) is squarefree too). We have to show that |Z(S)| > 1. Assume to the contrary that

|Z(S)| = 1.

We set S = g1 - ... g, where [ € Ny and gq,...,q1 € G* xN, such that for some ¢ € [0,1] we
have ®(g;) = 0 for all 7 € [1,t] and B(g;) # 0 for all 4 € [t + 1,I]. Suppose that ¢ > 2m + 1 and set
Jo = (E(gzmH S gl),mo), where mg € N is chosen is such a way that go f g1 - ... g2m+1. Then
P(g0) =0and " =go- ...  gams1 € T (Ker(p)) is squarefree. Since |Z(S)| = 1, Lemma 3.9.2 (applied

with T = S,t = 2m+2, Sl =4g1,--- ,SQerl = g2m+1 and 52m+2 =g2m+2"-- gl) implies that |Z(Sl)| = 1,
a contradiction to |S’| > 2m = N; (Ker(yp)).
So we may suppose that ¢ € [0,2m], and we continue with the following assertion.

A. The type g; - ... g has a zero-sum free subtype T of length |T| > [L].
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Proof of A. If t = 0, then set T = 1. Suppose that ¢ € [1,2m]. We write g1 - ... g = UpUy - ... Uy
where Uy,...,U; are minimal zero-sum types over Ker(y) and U, zero-sum free. Since S € F(G* xN),
it follows that |U;| > 2 for all i € [1, f]. We choose an element z; € supp(U;) for every i € [1, f]. Since
|Z(S)| = 1, it follows that

g1 ... 'gt(.’L'l ... '.’Ef)_l = Uo(l';lUl) R (ﬂl’;lUf)
is zero-sum free, and obviously we have |gy - ... g¢(21 - ... zp) 7' > [L]. 0O
By A we may suppose without restriction that g; - ... gre is zero-sum free, and we set S, = g, for

every v € [1,[L]]. Let u € Ny be maximal such that there exist types Sity41;-- -, Su with the following
properties:

e For every v € [[L1] +1,u], §(S,) is a short zero sum sequence over ¢(G)).

e The sequence (S1) - ... - o(Sy) € F(Ker(p)) is zero-sum free.
Since D(Ker(p)) = 2m —1, it follows that u < 2m —2. We set W = ged (S(S: .. .-Su)_l,g(%]_i_l gl
Then W is the largest subtype of S(S; -...-S,)~! such that (W) € F(G*xN). Clearly, p(W) is

squarefree, has sum zero and
(W] 2 181 =11+ Sp| = 1Srz701 - Sul = (= [5])
> - [5]- (o= [s]n- (- [3)
> (2m—u—|— [%-‘)n—l—IZ@m—u)n—}—l.

We distinguish two cases.
CASE 1: u=2m —2.

Then |W| > 2n + 1. Since (W) € T(p(G)*) and Ny (¢(G)) = 2n, Lemma 2.2 implies that W has
two subtypes T7 and T» such that ¢(T}) and ¢(T3) are two minimal zero-sum subtypes of (W) which
are not coprime. Let A € [1,2]. Since D(Ker(¢)) = 2m — 1 and (S;) - ...-5(Sy) is zero-sum free, there
exists a subset Iy C [1,u] such that a(T%) [[,c;, @(S,) is a zero-sum sequence, and hence

T\Va, where Vi= [] S,
vely
is a zero-sum subtype of S. Since |Z(S)| = 1, Lemma 2.2(c) implies that ged(T1V1,ToVa) € T(G). Since
ged(T;,V;) =1 for all 4,5 € [1,2], it follows that ged(T1V1, ToVa) = ged(Th, T») ged(Vi, V2). Arguing as
in the proof of Lemma 3.14 we infer that
ged(Vy, Vo) = H S, and @op(ged(Vi,V2)) =0.
veliNis
Thus we get
0= E(gcd(Tlvl, Tg‘/g)) =@o E( gcd(TlVl, TQVQ))
=0o (p( gcd(TlVl, TQVQ)) =0o (p( ng(Tl, Tg)) = E(gcd(gp(Tl), (p(Tg)) .

Since ¢(T1) and ¢(T») are not coprime, their greatest common divisor is not trivial. But since it sums
to zero, this is a contradiction to the minimality of ¢(77) and ¢(T%).
CASE 2: u <2m — 3.

Then |W| > 3n + 1 = n*(¢(G)). Thus W has two subtypes 77 and T» such that ¢(71) and ¢(T5)
are two short minimal zero-sum types which are not coprime. Then Lemma 3.14 implies that S has

two short minimal zero-sum subtypes which are not coprime, and hence |Z(S)| > 1 by Lemma 2.2, a
contradiction. |
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Proof of Theorem 4.1. Theorem 3.15 implies that n*(C,, ® Cy,) = 3n; + 1. Thus the first statement
follows from Proposition 4.2. Using 1. and [14, Corollary 6.2.10] we obtain the second statement. O

5. ON Ng(G) FOR CYCLIC GROUPS AND ELEMENTARY 2-GROUPS

In this section we establish two results. First, we show that in cyclic groups Ni(G) coincides with
N1 (G) for large values of k (see Theorem 5.1). Second, we point out that this feature of cyclic groups is
in sharp contrast to the behavior of the Narkiewicz constants in elementary 2-groups (see Theorem 5.3).
Both proofs use ideas first developed in [5]. In the present paper we have the concept of type monoids at
our disposal and moreover a result on the structure of long zero-sum free sequences which was recently
established by S. Savchev and F. Chen in [36].

2—log, nt++/(log, n)2+2n—18

Theorem 5.1. Let G be a cyclic group of order n > 6 and let k € N with k < 3

Then Nk (G) = n.

We start with the the result by S. Savchev and F. Chen which we cite in a form given in [13, Theorem
5.1.8].

Lemma 5.2. Let G be a cyclic group of order n > 2, and let S be a zero-sum free sequence over G of

length |S| =1 > L. Then there exists an element g € G with ord(g) = n such that
S=(ag) ... (wyg),

where l=a; <...<qy<n—-1and 2(S) ={vg|ve[l,a1 + ...+ a]}.

We will also need the following two elementary observations.

Lemma 5.3. Let A=ay ... ay be a sequence of positive integers such that a; + ...+ a; < 20 — 1, then
2(4) =[La +---+a.

Proof. For the proof we suppose that 1 < ay < ... < ag which implies that a; = 1. We proceed by
induction on ¢. If £ = 1, then A =1 and X(A) = [1,1]. Suppose that £ > 2. If a; = 1, then A = 1 and
¥(A) = [L,£). Suppose that a; > 2, and set A’ = a,'A. Then a; < 0(A") + 1, 0(A') < 20— 3, and the
induction hypothesis implies that £(A’) = [1,0(A’)]. Therefore we obtain that
(4) =2(4") U{ac} U (ac + £(A")
=[lLo(ANU{as} Ulag+ 1,a¢ +a(A)] =[1,0(A)]. O

Lemma 5.4. Letn > 6 and A € F(N) be a sequence of positive integers of length |[A| = € > (n + 2)/2
and with 0(A) < n. Let a € N denote the integer with v,(A) = max{v,(A) | g € N}.

1. vo(4) > n/6.
2. a€l,2)

3. If x € ¥(A) with x € [a+ 1,0(4) — a], then x = o(ad’) for some subsequence A" of A with
Ve (A") <wva(A) —2.
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Proof. 1. If v,(A) < n/6, then

o (A) > vi(A) + 2v5(A) + 3(£ — vi(A) — va(A)) = 30 — 2vi (A) — va(A) > 3(%) - 2%
a contradiction.
2. If a > 3, then
o(A) > vi(A) + 2vo(A) + 3(£ — vy (A) —va(A)) = 30 — 2v1 (A) — va(A) = 20+ (£ — vi(A) — va(A)) — vi(A)
> 20+ v (A) —vi(4) >20>n,
a contradiction.

3. Since n > 6, we have v,(A4) > 2, |A| = £ > 4 and 0(4) < n < 20 — 2. Therefore, o(Aa"2)
o(A)—2 < 20—5 =2(f —2) — 1, and Aa? satisfies the assumption of Lemma 5.3. Since z — a

<
S
[1,0(A) — 2a] = X(Aa~?), it follows that z — a = o(A’) for some subsequence A’ of Aa=2. O

We fix the notation which will be used in the subsequent lemmas and in the proof of Theorem 5.1.
Let k € N, G a finite abelian group with |G| > 1and T =gy -...-g; € T(G®) squarefree with |Z(T)| = k,
where | € Ny and ¢1,...,9; € G*xN. For v € [1, k], let

Zy = y,1‘---'UV,7’y€Z(T)’
where, for all A € [1,r,],

U= [[ g€ ATG*) and [L1]=J,¥...8J,,, .

1€Ju, A

Then L(T) = {r1,...,r}, and we suppose that r; = max L(T).

Lemma 5.5. Let k € N>y and T € T(G*) squarefree with |Z(T)| = k. Then maxL(T) < k—1+log, |G|.

Proof. We assert that there exists a subset A C [1,71] with |[A| > 7y — k + 1 such that

[[Uix € T

AEA
has unique factorization. Suppose this holds true. Then Lemma 3.9.1 implies that

2 < ] vl <16l
AEA
Therefore we obtain |A| < log, |G| and
maxL(T) =7 <|A|+k—-1<k—-1+log,|G|.

It remains to verify the existence of the set A. For every i € [2, k], there are a; € [1,71] and 3; € [1,7]
such that Uj o, # U; g, We set A =[1,71]\ {a; | i € [2,k]}. Then |A| > 7 — (k—1) and

H UL)\ S T(G)
AEA
has unique factorization, since otherwise we would get |Z(T)| > k. O

Lemma 5.6. Let k € N>y and T € T(G*) squarefree with |Z(T)| = k. For v € [2,k] and for X € [1,r,],
we define the set I = {s € [1,r1] | J1,s N J, A # 0}. Then the family {I, | X\ € [1,7,]} has a system of
distinct representatives.
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Proof. Assume to the contrary that this does not hold. Then, by Hall’s Theorem, there is a subset
2 C [1,r,] such that for

Io=|J I, wehave |Io|<|Q].

weN
By definition of the sets Iy, we get
U 7w ¢ U 54,
w€eN i€lg

and we set J = ;cr, J1,i \ Upeq Jvw- Then it follows that

T=TIa) T (I ) II CII )

ieJ wel i€dyw AE[L,ri\Ia i€J1a

is a product of at least r; —|Io| +|€| > 71 minimal zero-sum types, a contradiction to r; = maxL(T). O

Lemma 5.7. Let T € T(G*) be squarefree with |Z(T)| = 2. Then |T| < maxL(T) + D(G).

Proof. Let {I» | A € [1,72]} be as in Lemma 5.6 and (sx)xe[1,r,) @& system of distinct representatives.
Then for every A € [1,r;] we have Jy 5, NJo x # 0, and for every ¢ € [1,7] there is an u; € Jy ; such that
us, € Jis, NJzn. Now we set A =[1,1]\ {u1,...,ur }. By construction, no non-empty subset A’ C A
is a union of sets J; » with A € [1,71], or of sets Ja » with A € [1,73]. Since |Z(T)| = 2, this implies that
[I.ca 9x is zero-sum free and hence |A| < D(G). Thus we obtain that

IT| =1 =|A| + 71 < D(G) + max L(T). O

Proof of Theorem 5.1. Assume to the contrary that Ni(G) # n. Since n = N (G) < ... <
may set Ny(G) = n+ 1+t with ¢t € Ny. We choose a squarefree T' € T(G*) with |Z(T)

|T| = Ni(G). Since Ni(G) = n, it follows that |Z(T)| = k' € [2,k]. Then Ny (G) = Ni(G), and thus,
after replacing k by k' if necessary, we may suppose that |Z(T)| = k.

For A € [1,73], we set Ix = {sx € [L,r1] | Ji,s, N J2,n # 0}, and by Lemma 5.6 we may choose a
system of distinct representatives (sx)ag[1,r,)- Then for every i € [1,7] there is an u; € J;; such that
us, € J1,5, NJ2,x. Therefore there is a subset I C [1,1] with [I| =71 +7r3+...+ 7 such that INJ, ; # 0
for all v € [1,k] and all j € [1,7,]. Now we set A = [1,1]\ I. Since |Z(T)| = k, the type U = [[ c, 9x is
zero-sum free. Using Lemma 5.5 we obtain that

n—|Ul=n—|Al=n—-(n+1+t—-|I)<|[|-1=r+r3+... 47, —1<(k=1)r; -1
n—11

<(k—1)(k—1+1log, |G|) —1 < (by our assumption on k) 5

Let R be a zero-sum free subsequence of a(T) having maximal length. Then |R| > |U| > 2t and we
set r =|R|and s =|T|—r=n+1+t—r. By Lemma 5.2 we may write

a(T) = (arg) - ... (arg)(brg) ...~ (bsg),

where g € G with ord(g) = n, a;,b; € [1,n—1] and £(A4) =[1,0(A4)] € [1,n—1] with A = a;-.. ..a, € F(N).
Let a € N with v, (A4) = max{v,,(A) | i € [1,7]}. By Lemma 5.4, we obtain that

a€[l,2] and v,(4) > % >k.

Assume to the contrary that n —b; € [a+1,0(A) —2a]. Then Lemma 5.4 implies that n —b; = a +o(A4")
for some subsequence A’ of A with v,(A’) <v,(A) — 2, and thus

(5.1) bi + (va(A) + Da+o(A'a™A)) = n.
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Since 2 < v, (A") +1 < v, (A4) — 1, we can choose the (v (A') + 1) a’s in the left side of (5.1) in at least

(, "(‘24(,‘;‘11) > vo(A) > n/6 > k ways, a contradiction to |Z(T')| = k. Therefore,

bjen—an—-1U[l,n—0(A4)+ 2d].
If b;,, b5, € [1,n—0(A) + 2a] for ji # jo, then 2 < b;, +b;, <2(n—0(A) +2a) <n—3 < n—a. Arguing
as above we can infer that b;, + bj, € [2,n — 0(A) + 2a]. Repeating this argument we finally obtain

Z b; < n—o(A)+2a,
j€[l,s],b;<n—0c(A)+2a

and hence

(5.2) ZT:a,-+ Z b; < n+2a.
i=1

jE[L,s],b;<n—o(A)+2a
Now we distinguish two cases.
CASE 1: a=1.

If b = n — 1 for some j € [1,s], then T has at least v4(4) > n/6 > k distinct factorizations, a
contradiction. Therefore, b; < n — o(A) + 2 holds for every j € [1,s], and (5.2) implies that »_; , a; +
>i—1bj <n+2. Since r +s >n+ 1, it follows that 327, a; + 377, bj € [n + 1,n + 2], a contradiction
to a(T) = 0.

CASE 2: a=2.

If b = n — 2 for some j € [1,s], then T has at least vo(A4) > n/6 > k distinct factorizations, a
contradiction. If b; = b; = n — 1 for some i # j € [1,s], then T has at least v5(A4) > n/6 > k distinct
factorizations, a contradiction. Thus after renumbering if necessary, we may suppose that b; < n—o(A4)+4
holds for every j € [1,s —1]. It follows from (5.2) that ) ;_, a; + Z;;i b <n+4. Ifby<n-—o(A)+4,
then, as in CASE 1, we derive a contradiction to @(7') = 0. Therefore, we get that by = n — 1. But from
r+s—12>nand 22:1 a; + Zj: b; < n+4 we obtain that 1 occurs with multiplicity at least n —8 > k
times in a1 - ...-azby - ... -bs_q1. Since by + 1 = n, T has at least as many factorizations as the above
multiplicity of 1, a contradiction to |Z(T')| = k. O

We end this section with a result on elementary 2-groups which is in contrast to Theorem 5.1.

Theorem 5.8. Let G be an elementary 2-group of rank r € N and let k € N.
Then Ni(G) = 2r if and only if k € [1,2].

Proof. By the Inequality 2.2, we have 2r < N{(G) < N2(G). First, we show that No(G) < 2r. Let
T € T(G*) be squarefree with |Z(T')| = 2 and maxL(T') = ry. Then Lemma 5.7 implies that D(G) +r; —
1> |T| > 2ry. This implies r; < D(G) — 1 and thus |T| < 2D(G) — 2 = 2r.
Second, we verify that N3(G) > 2r. Let (e, ...,e,) be a basis of G and B = efe3 - ...-e2. Then
r
7(B) = (e1,1)(e1,2)(e1,3)(e1,4) H(e,-, 1)(e;,2) and Z(7(B)) ={z1,292,23}
=2

where
T

z1 = ((e1,1)(e1,2)) ((e1,3)(e1,4)) H ((es;1)(es,2))
29 = ((el, 1)(61,3)) ((61,2)(61,4)) H ((ei, 1)(ei,2)) and
23 = ((617 1)(6174)) ((6172)(6173)) H ((ei7 1)(6272)) :

=2
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This shows that N3(G) > |7(B)| = 2r + 2. O
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