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Abstract. We introduce the notion of interlacing log-concavity of a polynomial se-
quence { P,,,(z) } >0, where P, (z) is a polynomial of degree m with positive coefficients.
This sequence is said to be interlacingly log-concave if the ratios of consecutive coef-
ficients of P,,(z) interlace the ratios of consecutive coefficients of P,,1(z) for any
m > 0. The interlacing log-concavity of a sequence of polynomials is stronger than the
log-concavity of the polynomials themselves. We show that the Boros-Moll polynomi-
als are interlacingly log-concave. Furthermore, we give a sufficient condition for the
interlacing log-concavity which implies that some classical combinatorial polynomials
are interlacingly log-concave.
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1 Introduction

In this paper, we introduce the notion of interlacing log-concavity of a polynomial
sequence {P,,(x)}, which is stronger than the log-concavity of the polynomials P, ()
themselves. We show that the Boros-Moll polynomials are interlacingly log-concave.

Let {P,,(z)} be a sequence of polynomials, where

We say that the polynomials P, (z) (m > 0) are interlacingly log-concave if the ratios
r;(m) interlace the ratios r;(m + 1), that is,

ro(m+1) <rgim) <riim+1) <rm(m) < <rp_1(m+1) <rp_1(m) <rp(m+1).



Recall that a sequence {a; }o<i<m of positive numbers is said to be log-concave if
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It is obvious that the interlacing log-concavity implies log-concavity.

The main objective of this paper is to prove the interlacing log-concavity of the
Boros-Moll polynomials. For the background on these polynomials, see [2,5-9, 14].
From now on, we shall use P,,(a) to denote the Boros-Moll polynomial given by

o= () (O
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Boros and Moll [5] derived the following formula for the coefficient d;(m) of z' in P,,(x),
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In [6], they showed that the sequence {d;(m)}o<i<m is unimodal and the maximum
element appears in the middle. In other words,

do(m) < dy(m) <--- < d[%](m) > d[%]_l(m) > o> dy(m). (1.3)

They also established the unimodality by a different approach [1,7]. Moll [14] conjec-
tured that the sequence {d;(m) }o<i<m is log-concave. Kauers and Paule [12] proved this
conjecture based on recurrence relations found by using a computer algebra approach.
Chen and Xia [10] showed that the sequence {d;(m)}o<i<m satisfies the ratio mono-
tone property which implies the log-concavity and the spiral property. A combinatorial
proof of the log-concavity of P,,(a) has been found by Chen, Pang and Qu [11].

In addition to the Boros-Moll polynomials, we study polynomials whose coefficients
satisfy a triangular recurrence relation. It is easy to show that the binomial coefficients,
the Narayana numbers and the Bessel numbers are interlacingly log-concave. We also
give a sufficient condition for the interlacing log-concavity of a sequence of polynomials
and prove that the polynomials z(x 4 1) ---(x +n — 1), the Bell polynomials and the
Whitney polynomials are interlacingly log-concave.

2 The interlacing log-concavity of d;(m)

In this section, we show that for m > 2, the Boros-Moll polynomials P,,(z) are inter-
lacingly log-concave.

Theorem 2.1. Form > 2 and 0 <1 < m, we have

and



The proof relies on the following recurrence relations derived by Kauers and Paule
[12]:

m+i (4m + 21 + 3) :
; 1) =——d;_ ~ 4, <i< 1 2.
di(m+1) m+1dl 1(m) + 2+ 1) di(m), 0<i<m-+1, (2.3)
(4m —2i+3)(m+i+1)
() = s D1 =) =™
i(i+ 1) .
— dZ <i<m, 2.4
—442 2424 1
di(m + 2) = 1° + 8m* + 24m + 9di(m—|—1)

2(m+2—14)(m + 2)

(m+i+1)(4dm+3)(4m +5) .
CAm 42— (m+1)(m+2) di(m); O<ism+l, (25

and for 0 <i<m+1,
(m+2—=0)(m+i—1)d;_2(m)—(i—1)2m+ 1)d;_1(m)+i(i — 1)d;(m) =0. (2.6)

Note that Moll [15] independently derived the recurrence relations (2.3) and (2.6) from
which the other two relations can be easily deduced.

To prove (2.1), we need the following lemma.

Lemma 2.2. Assume that m > 2. For 0 <i <m — 2, we have

d;(m) (4m + 20 + 3)d;y1(m) (2.7)

doa(m) = (@m 1 2i + T)dira(m)’

Proof. We proceed by induction on m. When m = 2, it is easy to check that the result
holds. Assume that the theorem is valid for n, namely,

din) _ (4n+2i+ 3)dz‘+1(")’ 0<i<n-—2. (2.8)
diy1(n) — (4n+2i + 7)d;r2(n)
We aim to show that (2.7) holds for n + 1, that is
(n + 1) (4TL + 20+ 7)d¢+1(n + 1) 0<i<mn-—1. (2.9)

divin+1)  (An+2i+11)d;o(n+1)’
From the recurrence relation (2.3), it is easy to check that for 0 <i <n —1,
(20 +4n + 7)di 1 (n+ 1) — (20 + 4n + 11)d;(n + 1)diy2(n + 1)

i+n+1 2% +4n +5 2
—_— ————diy( ))

:(2i+4n+7)( i) + )



t+n+2 2t +4dn+7
—(2i+4n+11) | ———=4; AR N

8 (n+zdi_1(n)+2@+4n+3di(n)>

n+1 2(n+1)
_ Ai(n,i) + Asx(n, i) + As(n, i)
B 4(n+1)2 ’

where A;(n,1), As(n,i) and Az(n,i) are given by
Ay(n,i) = 4(2i +4n + 7)(i + n + 1)%dZ(n)
—4(n+10)(20 +4n + 11)(i + n + 2)d;41(n)d;—1(n),
As(n,i) = (2i +4n + 7)(2i + 4n + 5)*dZ,, (n)
— (20 +4n + 3)(2i + 4n + 11)(2i + 4n + 7)d;(m)d;12(n),
As(n, i) = (8% 4 40i% + 58i + 32n® 4 42n + 80n? + 120ni + 40i*n + 64n*i + 8)
~diy1(n)di(n) — 2(n +14)(20 + 4n + 11)(2i + 4n + 7)d;12(n)d;—1(n).

We are going to show that A;(n,i), As(n,i) and As(n,i) are all positive for 0 < i <
n — 2. By the induction hypothesis (2.8), we find that for 0 <i <n — 2,

Ay(n,i) >4(2i +4n 4+ 7)(i +n + 1)%d3(n)

—4(n+1i)(2i +4n +11)(i +n + 2)%@?@)

_ 435+ 96n + 72i + G4ni + 40n* + 28

d?
% +4n—+5 i),

which is positive. From (2.8) it follows that for 0 <i <n — 2,
As(n, i) > (20 +4n + 7)(2i + 4n + 5)*d7 1 (n)

(4n+2i+3) ,

— (2t +14 3) (2t +4 11)(2: + 4 7)——————d;
(2i4+4n+3)(20 +4n + 11)(2i + 4n + )(4n—|—2i+7) il

(n)
= (40i + 80n + 76)d; 1 (n),
which is positive. By the induction hypothesis (2.8), we see that for 0 <i <n — 2,

(2i+4n+5)(20 +4n +17)

di(n)di1(n) > (20 +4n + 3)(2i + 4n + 1)

di_l(n)di+2(n). (210)

In view of (2.10), we deduce that

Asz(n,i) >(8i + 40i* + 58 + 32n* + 42n + 80n* + 120ni + 40i°n + 64n%i + 8)d; 41 (n)di(n)
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(An+2i+3)(4n +2i + 1)
(An+2i+5)(4n +2i+7)

—2(n+1)(2i +4n+11)(2i+4n +7) div1(n)d;(n)

_85 + 220 + 307 + 44ni + 24n? + 1642
- 2 +4n+5

which is positive for 0 < i < n — 2. Hence the inequality (2.9) holds for 0 <i <n — 2.
It remains to show that (2.9) is true for i = n — 1, that is,

dp_1(n+1) (6n+5)d,(n+1)

dir1(n)di(n),

. 2.11
d,(n+1) (6n 4+ 9)d,+1(n + 1) (2.11)
From (1.2) it follows that
2n +2
d, 1) =222 2.12
et 1) =223 (22, (2.12)
1 /2n+2
dn+1(n+1) = 2n+1<n—|—1>’ (213)
(n+1)(4n* +18n+21) (2n+ 4
dy, 2) = . 2.14
(n+2) 9n+4(2n + 3) n+2 (2.14)
Consequently,
dp1(n+1) nM@n®+10n+7)  (2n+3)(6n+5)  (6n+5)d,(n+ 1)
dy(n+1)  2(2n+1)(2n+ 3) 206n+9)  (6n+9)d,a(n+1)
This completes the proof. |

We are in a position to prove (2.1). In fact we shall prove a stronger inequality.

Lemma 2.3. Assume that m > 2. For 0 <i<m — 1, we have

d;(m) (26 +4m + 5)d;(m + 1)

> . 2.15
Proof. By Lemma 2.2, we have for 0 <i <m — 1,
21+ 4 5
Em) > 20 0 (m)diss (m). (2.16)

2 +4m+1 "
From (2.16) and the recurrence relation (2.3), we find that for 0 < <m — 1,

204+4m +5
diy1(m + 1)d;(m) — mdi—i-l(m)di(m +1)
2t +4m +5 i+m+1
= U d; ————d;(m)?

2m 1 1) L mdim) + = Edim)
2t+4dm+5 (21 +4m + 3 1+m

- d;(m)d; —d;_ d;
20+ 4m + 3 < 2(m+1) i(m) ’+1(m)+m+1 i—1(m) z+1(m))



4 ] . :
_itm+ 2(m) — (Adm + 21 + 5)(m + 1)

m+1 (4m+ 20+ 3)(m + 1)
(m—i—l—i—z’ (4m+2i+1)(m+z’)> )

i—1(m)di1(m)

m+1 (4m + 20+ 3)(m + 1)

6m+ 41+ 3
— d*(m) >0
Gm+ 2+ 3)m 1) >0,

d;(m)

which yields (2.15). This completes the proof of the lemma. ]

We now turn to the proof of (2.2).

Lemma 2.4. Assume that m > 2. For 0 <i<m — 1, we have

di(m) _ dipi(m+1)

dr () < da(m 1) (2.17)

Proof. We proceed by induction on m. It is easily seen that the theorem holds for
m = 2. We assume that the lemma is true for n > 2, i.e.,

digi(n) ~ diga(n+1)

It will be shown that the theorem holds for n + 1, that is,

0<i<n-—L (2.18)

. o0<i<n 2.19
G+ D) “danyz VSTET (2.19)

Recall that the sequence {d;(n+1)}o<i<nt1 is unimodal. Furthermore, from (1.3) or the
ratio monotone property [10], we see that the maximum element appears in the middle,
namely, d;(n+1) < diy1(n+1) when 0 <4 < [2H] 1 and d;(n+1) > d;1(n+1) when
[2H] < i < n. We shall consider three cases. The first case is d;j(n+ 1) < di1(n+ 1),
namely, 0 < ¢ < ["T“} — 1. From the recurrence relation (2.3), we find that for

0<i< [ -1

2i+4n+9 t+n+2
== 1)+ ———d; 1)d; 1
2i+4n + 11 1+n+3
-, 1)d; 1) — —dj; 1)d; 1
2i+4n+9 2t +4n + 11
= d 1) - ——d(n+1)d; 1




2t +4n +7
2(n+2)

2t +4n+ 11

2 [—
iy (n+1) 2(n+2)

which is positive by Lemma 2.2. It follows that for 0 < i < [”TH] -1,

Hence this completes the proof of the first case.
We now come to the second case [”—H} <4 <n-—1. From the recurrence relations

(2.3) and (2.4), it follows that for [%1] <i<n—1,

= <(42(7_1 ?: ;)(57@)(11 jjj)g)diﬂ(” - (nﬁ;tz@(iﬂ{) fy e+ 1>>
« (%:”dim +% ,-+1(n))
_ (%diﬂ(n 1)+ %dmm + 1))
% ((475@1232(31; 1)di(”) C(n+ igZ(:i)l — ) ”1(”))

= Bl (TL, Z)dH_l(TL + l)dl(n) + BQ(TL, ’L)dH_l(TL + ].)dH_l(TL)
+ Bg(n, 1)dz+2(n + l)dz(n) + B4(n, @)dz+2(n + 1)di+1 (n),
where Bi(n,i), Bs(n, 1), Bs(n,i) and By(n,i) are given by

L (n+i+3)(n+141)
Bind) = o n s i —oms (221)

(ni+3)(160% + 400 + 25 + 4i)
Baln ) = e 1) (2:22)
By(n.i) = — (n+1+14)(41 + 16n? + 56n — 41) (2.23)

dn+2)(n+1—d)(n+1)

N (t+1)4n+5—1)
Bint) = i1 =m0 (224)

Since [2H] < i < n —1, it follows from (1.3) that dir1(n + 1) > dipo(n + 1) and
d;(n) > d;y1(n). Thus we get

di+1 (n + 1)dl(n) > di+1 (n + ]-)di+1 (n), (225)

dit1(n+ 1)dip1(n) > diva(n + 1)dit1(n). (2.26)
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Observe that Bj(n,i) and Bs(n,i) are positive, and Bs(n,i) and By(n,i) are negative.
By the induction hypothesis (2.18), (2.25) and (2.26), we find that for [%H] <i <n-—1,

> (Bi(n,i) + Ba(n,i) + Bs(n,i) + By(n,i)) dir1(n + 1)d;i11(n)

_ 24n +10n* — 8ni + 8i* + 13
2+ 2)(n+1—d)(n+1)

di+1 (TL + 1)di+1 (n) > 0. (227)

From the inequalities (2.20) and (2.27), it follows that (2.19) holds for 0 <i <n — 1.
It is still necessary to show that (2.19) is true for i = n, that is,

(
d,(n+1) dpi1(n+2)

T 1)~ dura(n+2) (2:28)
For the recurrence relation (2.6), setting i = n + 2, we find that
d,(n+1) _2n+3 _ n+5 dpi1(n+2)
dnir(n +1) 2 2 dnt2(n +2)°
as desired. Hence the proof is complete by induction. 1

Therefore, from Lemmas 2.3 and 2.4 it immediately follows the interlacing log-
concavity of the Boros-Moll polynomials.

3 Polynomials with triangular relations on coeffi-
cients

Many combinatorial polynomials admit triangular relations on the coefficients. The
log-concavity of polynomials of this kind of polynomials have been extensively studied.
We show that many classical polynomials are interlacingly log-concave. First, it is easy
to check that the binomial coefficients, the Narayana numbers

=00

(2n —k —1)!
26(n — k)I(k —1)!

and the Bessel numbers

B(n,k) =

are interlacingly log-concave.

Moreover, we give a criterion that applies to many combinatorial sequences such as
the Stirling numbers of the first kind without signs, the Stirling numbers of the second
kind, and the Whitney numbers.



Theorem 3.1. Suppose that for any n > 0,

= ZT(TL, k)a*
k=0

1s a polynomial of degree n which has only real zeros, and suppose that the coefficients
T(n, k) satisfy a recurrence relation of the following triangular form

T(n,k)=f(n,k)T'(n—1,k) +g(n,k)T'(n—1,k—1).
If

(n—k)k
(n—k+1)(k+1)

fin+LE+1) < f(n+1,k) < f(n+1,k+1) (3.1)

and
mn—k+1)(k+1)

(n—k)k

then the polynomials G, (x) are interlacingly log-concave.

gn+1,k+1)<gn+1,k) < gn+1,k+1), (3.2)

Proof. Since the polynomial G,,(z) has only real zeros, by Newton’s inequality, we have
k(n —k)T(n,k)*> > (k+1)(n—k+1)T(n,k —1)T(n,k+1).
Hence
Tn,kE)T(n+1,k+1)—T(n+1,k)T(n, k+1)
=fn+1L,k+1)T(n,k)T(n,k+1)+gn+1,k+1)T(n, k)
—fin+1L,E)T(n,k)T(n,k+1)—gn+ 1,k)T(n,k —1)T(n, k+ 1)
>(fn+1L,k+1) = f(n+1,k)T(n,k)T(n, k+1)

(n—k+1)(k+1)
*( (n— bk

gn+1,k+1)—gn+1, k)) T(n,k—1)T(nk+1),

which is positive by (3.1) and (3.2). It follows that

T(nk) _  T(n+1k)

T(nk+1) = T(n+1,k+1) (3.3)

On the other hand, we have
Tn,k+1)T(n+1,k+1)—=T(n,k)T(n+ 1,k +2)
=fn+1L,k+1D)T(nk+ 1) +g(n+1,k+1)T(n, k)T (n, k+1)
—fn+LE+2)T(n,k)T(n,k+2)—gn+1,k+2)T(n,k+1)T(n, k)



(n—k—1)(k+1)
(n—k)(k+2)

+(gin+1,k+1)—gn+ 1,k +2)T(n, k+ )T (n, k).

Z<f(n_|_17k;+1)— f(n+1,k:—|—2))T(n,k’+1)2

It follows from (3.1) that

T(n, k) <TW+Lk+D
Tn,k+1) ~ Tn+1,k+2)

(3.4)

This completes the proof. |

Employing Theorem 3.1, we show that many combinatorial polynomials which have
only real zeros are interlacingly log-concave. For example,

(1) The polynomials
x4+ 1)(z+2)---(r+n-—1),

whose coefficients are the Stirling numbers of the first kind without signs, which
satisfy the recurrence relation

cnk)=(n—1cn—1,k)+cn—1k—1);

(2) The Bell polynomials whose coefficients are the Stirling numbers of the second
kind S(n, k), which satisfy the recurrence relation

S(n,k)=Sn—1,k—1)+kS(n—1,k);

(3) The Whitney polynomials

W, (x) = Wi (n, k)xk,
k=0

which have only real zeros, see Benoumhani [3,4]. The coefficients W,,(n, k)
satisfy the recurrence relation

W(n, k) = (1 4+ mk)W,,(n — 1,k) + Wp(n—1,k—1).
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