SUBSUMS OF A ZERO-SUM FREE SUBSET OF AN
ABELIAN GROUP
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ABSTRACT. Let G be an additive finite abelian group and S C G a
subset. Let f(S) denote the number of nonzero group elements which
can be expressed as a sum of a nonempty subset of S. It is proved that
if |S| = 6 and there are no subsets of S with sum zero, then f(S) > 19.
Obviously, this lower bound is best possible, and thus this result gives
a positive answer to an open problem proposed by R.B. Eggleton and
P. Erdés in 1972. As a consequence, we prove that any zero-sum free

sequence S over a cyclic group G of length |S| > ‘3‘6:1‘7;28
6|S|—|G|+1
7 :

contains some

element with multiplicity at least

1. INTRODUCTION AND MAIN RESULTS

Let G be an additive abelian group and S C G a subset. We denote by
f(G,S) = f(S) the number of nonzero group elements which can be expressed
as a sum of a nonempty subset of S. For a positive integer k € N let F(k)
denote the minimum of all f(A,T'), where the minimum is taken over all
finite abelian groups A and all zero-sum free subsets T' C A with |T| = k.
This invariant F(k) was first studied by R.B. Eggleton and P. Erdés in 1972
(see [4]). For every k € N they obtained a subset S in a cyclic group G with
|S| = k such that

(L1) F(k) <F(G,S) = |5k +1

(a detailed proof may be found in [8, Section 5.3]), and J.E. Olson ([10])
proved that

1
F(k) > k2.
()_9

Moreover, Eggleton and Erdds determined F(k) for all k& < 5, and they stated
the following conjecture (which holds true for k < 5):

2000 Mathematics Subject Classification. Primary 11B75; Secondary 20D60. Key
Words: Zero sum free sequences, Abelian groups.
*Corresponding author: Weidong Gao, Center for Combinatorics, Nankai University,
Tianjin 300071, P.R. China
E-mail addresses: gao@cfc.nankai.edu.cn (W. Gao).
August 24, 2008.
1



2 WEIDONG GAO, YUANLIN LI, JJANGTAO PENG, AND FANG SUN

Conjecture 1.1. For every k € N there is a cyclic group G and a zero-sum
free subset S C G with |S| =k such that F(k) = (G, S).

Eggleton and Erd8s conjectured that F(6) = 19, and it will be a main
aim of the present paper to verify this equality. Recently G. Bhowmik et.
al. gave an example showing that F(7) < 24 (see [1]).

Apart from being of interest in their own rights, the invariants F(k),
k € N, are useful tools in the investigation of various other problems in
combinatorial and additive number theory. At the end of Section 8 we
outline the connection to Olson’s constant OI(G). A further application
deals with the study of the structure of long zero-sum free sequences. This
is a topic going back to J.D. Bovey, P. Erdés and I. Niven ([2]) which found
a lot of interest in recent years (see contributions by Gao, Geroldinger,
Hamidoune, Savchev, Chen and others [5, 9, 11, 12], and [7, Section 7] for a
recent survey). We will use the crucial new result, that F(6) = 19, for further
progress on this topic. For convenience we now state our main results (the
necessary terminology will be fixed in Section 2).

Theorem 1.2. F(6) = 19.

Theorem 1.3. Let G be a cyclic group of ordern > 3. If S is a zero-sum
free sequence over G of length

6n + 28
19 7
then S contains an element g € G with multiplicity
S 6|S| —n+1 '
- 17

S| >

vg(9)

In Section 2 we fix our notation and gather the tools needed in the sequel.
In Section 3 we present the main idea for the proof of Theorem 1.2, formulate
some auxiliary results (Theorem 3.2, Lemmas 3.3 and Lemma 3.4) and show
that they easily imply Theorem 1.2. The Sections 4 to 7 are devoted to the
proofs of these auxiliary results. In Section 8 we prove Theorem 1.3

Throughout this paper, let G denote an additive finite abelian group.

2. PRELIMINARIES

We denote by N the set of positive integers, and we put Ng = N U {0}.
For real numbers a,b € R we set [a,b] = {x € Z | a <z < b}, and we define
sup () = max() = min () = 0.

We follow the conventions of [6] for the notation concerning sequences
over an abelian group. Let F(G) denote the multiplicative, free abelian
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monoid with basis G. The elements of F(G) are called sequences over G.
An element S € F(G) will be written in the form

S:glgl:Hgvg(S)
geG

where all v4(S) € Ny are uniquely determined and called the multiplicity
of g in S. We say that S contains g if v4(S) > 0. A sequence T' € F(G)
is called a subsequence of S if T'| S in F(G) (equivalently, v4(T) < vg4(S5)
for all ¢ € G). Given any group homomorphism ¢: G — G’, we extend
¢ to a homomorphism of sequences, ¢: F(G) — F(G'), by letting p(S) =

©(g1) - ... o(g). For a sequence S as above we call
S| =1= ng(S) € No the length of S,
geG

h(S) = max{vy(S) | g € G} € [0,|S5]] the mazimum of the multiplicities of S,
supp(S) = {g € G | vy(S) >0} C G the support of S,

l
a(S) = Zgi = ng(S)g € G  the sum of S,
i=1 gelG
%(9) = {Zgim #1C[1,l]} the set of subsums of S,
i€l
and

f(G,S) =1(S5) =|2(S)\ {0} the number of nonzero subsums of S'.

We say that S is
o zero-sum free if 0 ¢ X(5),
o a zero-sum sequence if o(S) =0,
o squarefree if vy(S) <1 forall g € G.

The unit element 1 € F(G) is called the trivial sequence, and every other
sequence is called nontrivial. Clearly, S is trivial if and only if S has length
|S| = 0. In this paper we will deal with subsets of G and with sequences
over (G. For simplicity and consistency of notation, we will address sets as
squarefree sequences throughout this manuscript. For k € N we define

F(G,k) = min{|Z(9)| | S € F(G) is a zero-sum free and
squarefree sequence of length |S| = k},
and we denote by F(k) the minimum of all F(A, k) where A runs over all
finite abelian groups A having a squarefree and zero-sum free sequence of

length k. We gather some results on these invariants, which will be needed
in the sequel.

Lemma 2.1. [8, Theorem 5.3.1] It t e N and S = Sy -...- St € F(G) is
zero-sum, free, then
f(S) > f(S1) + ... +f(Sh).
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Lemma 2.2.
1. F(1) =1, F(2) = 3, F(3) = 5 and F(4) = 8.
2. If S € F(QG) is squarefree, zero-sum free of length |S| = 3 and contains
no elements of order 2, then f(S) > 6.
3. F(k) > §k* for all k € N.
Proof. 1. See [8, Corollary 5.3.4.1].

2. See [8, Proposition 5.3.2.2].
3. See [10]. 1

Lemma 2.3. Let S = 5152 € F(G), H = (supp(S1)) and let p: G — G/H
denote the canonical epimorphism. Then we have

f(S) > (1+f(p(52)))f(S1) +f(p(S2)) -
Proof. W set A =3(51) U {0} and h = |¢(3(S2) U {0}) |. Then
|A|=14(S1) and h=14f(¢(S)).
Suppose that

@ (10y U () = {lao) plar), - elan-1)},

where agp = 0 and a; € > (S2) for alli € [1,h—1]. Since A C H = (supp(5S1)),
it follows that

A\{0},a1 + A, ...,ap1+ A
are pairwise disjoint subsets of >_(S), and therefore
f(S) > [AN {0} + |a1 + Al + ... + |ap—1 + A]
=h(f(51)+1) —1.

Lemma 2.4. Let S € F(G) be zero-sum free.
L If T € F(supp(S)) and U € F(G) such that U |T and TU'| S, then
o(U) #o(T).
2. If T, Ty € F(G) are squarefree with |T1| = |T»| and | ged(Th,T2)| =
|T1| — 1, then o(T1) # o(T5).
Proof. 1. Since S is zero-sum free and TU ! |S, we have o(TU ') # 0.
Since T = (TU YU, we get o(T) = o(TU ') + o(U) and hence o(U) #
o(T).
2. Obvious. i



SUBSUMS 5

3. PROOF OF THEOREM 1.2

Let S =1 ... -z € F(G) be a squarefree, zero-sum free sequence of
length |S| = k € N, and let A be the set of all nontrivial subsequences of S.
We partition A as

A=A1wW...JA,,
where two subsequences T,T" of S are in the same class A,, for some v €
[1,7],if o(T) = o(T"). Thus we have r = f(S) = |X(S)|. For a subset B C A
we set
B={ST7'|T¢cB}.

Then, for every v € [1,7], we clearly have A, € {Aq1,...,A.}, and A, will be
called the dual class of A,. For a nontrivial subsequence 1" of S we denote
by [T] the class of T. The following easy observation will be useful.

Lemma 3.1. Let all notations be as above, and let i € [1,r]. Then the
following statements hold:

1. For a subset B C A, we have B € {Ay,..., A} if and only if B €
{A1,..., A}, and |B| = |B|.

2. A; is the dual class of itself if and only if o(T) = o(ST~) for some
T e .AZ

3. If A; contains subsequences T and T' with |T| =1 and |T'| = k — 1,
then S =TT and A; = {T,T'}.

4. If A; is the dual class of itself and A; contains a subsequence of length

1, then |A;| = 2.
5. If A; is the dual class of itself, then |A;| is even.
6. [S] = {S}.

In order to prove Theorem 1.2, we need the following three results.

Theorem 3.2. Let S € F(G) be a squarefree, zero-sum free sequence of
length |S| =k € [4,7]. If S contains some element of order 2, then

2

5= 2] 1

Lemma 3.3. Let S € F(G) be a squarefree, zero-sum free sequence of length

|S| = 6 which contains no elements of order 2. Then |[xi]| < 4 for all
k € [1,6]. Moreover, if |[x;]| = |[x;]| = 4 for some i,j € [1,6] with i < j,
then

£(S) > 19.
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Lemma 3.4. Let S € F(G) be a squarefree, zero-sum free sequence of length
|S| = 6 which contains no elements of order 2, and let Ay, ..., A, be defined
as above. Then |A;| <5 for alli € [1,r], and if |A;| =5 for some i € [1,r],
then

f(S)>19.

Proof of Theorem 1.2, based on 3.2, 3.3 and 3.4

By [8, Corollary 5.3.4.2] it follows that F(6) < 19, and hence it suffices to

verify the reverse inequality. Let S = x1 ... 26 € F(G) be a squarefree
zero-sum free sequence. We need to show
f(S) >19.

If S contains an element of order 2, then Theorem 3.2 implies that f(.5) > 19.
So we may assume that S contains no elements of order 2. By Lemma 3.3
and Lemma 3.4, we may assume there exists at most one ¢ € [1,r] such that
|[zi]| = 4 and that |A;| <4 for all j € [1,7].

We set

T
L=) |A|l=20-1=63.

i=1
Assume that S € A,. Then A, = {S} and thus A, contributes 1 to the
sum L. Next let ¢ be the number of those i € [1,6] with [z;] = [x;], say
Z1,...,x¢ have this property. If i € [1,¢], then Lemma 3.1 implies that
(2] = {@i,2; 1S} and hence |[z;]| = 2. Thus we get |[z1]| + ... + |[z4]] =
2t. Since S is squarefree, ¢,5 € [1,6] with ¢ # j implies that [x;] # [z;].

Excluding the above self-dual classes, the remaining [z;] and [x;] contribute
at most 4 x 2+ 3 x2(6 —t—1) = 38 — 6t to the sum L, that is
6 —_
> (]l + [[z]]) < 38 —6t.
i=t+1

Finally, by excluding A,, all [z;] and their dual class [z;], we have r —
1 —t—2(6 —t) classes left. These remaining classes contribute at most
Adx(r—1—t—2(6—1t)) =4r —52+4t to L. Adding up these numbers, we
obtain

1+4+2t+ (38— 6t) + (4r — 52+ 4t) > L = 63.
This gives that 47 > 76 and therefore f(S) = r > 19 as desired. 1

The proofs of Theorem 3.2 and of the Lemmas 3.3 and 3.4 will be given
in Sections 4 to 7. Throughout these sections, let
S=x1-...-z € F(G)

be a squarefree, zero-sum free sequence of length |S| = k € N, and let
A1, ..., A, be as introduced in the beginning of this section.
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4. PROOF OF THEOREM 3.2

Without loss of generality we may assume that ord(z;) = 2. We set

S = 51859, where S; = z1 and Sy = x9 - ...  xx. Then f(S;) = 1. Let
H = (z1) = {0,271} and ¢: G — G/H the canonical epimorphism. Then
p(92) = p(x2) - ... pla).

First, we assert that ¢(S2) is zero-sum free. Assume to the contrary that
there is a nontrivial subsequence U of Sy such that o(p(U)) = ¢(a(U)) = 0.
Then o(U) € H. Since S is zero-sum free, o(U) # 0, so o(U) = x1. Then
o(S1U) = o(S1) + o(U) = 1 + x1 = 0, a contradiction. Thus ¢(S2) is
zero-sum free.

Next, we show that h(¢(S2)) < 2. Assume to the contrary that ¢(z;,) =
o(xi,) = (x4,) for some pairwise distinct i1,1i2,73 € [1,k]. Then p(z;, —
Tiy) = p(Ti, — Tiy) =0, 80 T3, — T4y, Ti, — Tig € H. Since S is squarefree, it
follows that z;, — i, # 0 and x;, — i, # 0. Thus z;, — zi, = v, — Tiy, = 21,
and so x;, = ¥;,, a contradiction. This proves that h(¢(S2)) < 2

We distinguish four cases as follows.

Case 1: k = 4. Since h(¢(S2)) < 2, ¢(S2) allows a product decom-
position ¢(S2) = UiUs into squarefree sequences Uy, Uy € F(G/H) with
|Ui| = 2 and |Uz| = 1. It follows from Lemma 2.2 and Lemma 2.1 that

f(p(S2)) > f(U1) +f(Uz) >3+ 1=4.
By Lemma 2.3, we have
F(S) = (1 +f(p(52)))f(51) +f(p(52)) = (1 +4) x 1 +4 =9,

and we are done.

Case 2: k = 5. Since h(¢(S52)) < 2, ¢(S2) allows a product decom-
position ¢(S2) = UiUs into squarefree sequences Uy, Uy € F(G/H) with
|Ui| = |Uz] = 2. By Lemma 2.2 and Lemma 2.1, we have

f(¢(S2)) > f(Ur) +f(U2) > 3+3=6.
By Lemma 2.3, we have
f(S) = (1 +f(p(52)))f(S1) +f(p(S2)) = (1+6) x 146 =13,

and we are done.

Case 3: k = 6. By Lemma 2.3, we have f(S) > (1 + f(¢(52)))f(S1) +
f(¢(S2)). If we can show that f(p(S2)) > 9, then f(S) > 19 as desired. Since
h(¢(S2)) < 2, we have |supp(p(S2))| > 3.

If |supp(p(S2))| > 4, ¢(S2) allows a product decomposition ¢(S2) = U1 Uz
into squarefree sequences Uy, Uy € F(G/H) with |U;| =4 and |Uz| = 1. By
Lemma 2.2 and Lemma 2.1,

f(p(S2)) > f(U1) +f(Uz) >8+1=9

and we are done.
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Next, suppose |supp(¢(Sz2))| = 3 and ¢(S2) = a?b?c. Since ¢(Ss) is zero-
sum free, we must have ord(a) # 2 and ord(b) # 2. If ord(c) # 2, then we
set Uy =a-b-cand Uy = a-b. By Lemma 2.1 and Lemma 2.2,

f(p(S2)) > f(Uy) +f(U2) >6+3 =9,
and we are done. So we may assume that ord(c) = 2. Then
a,a+b,2a+b,2a+2b,c,a+c,a+b+c,2a+b+c,2a+2b+c
are pairwise distinct, whence f(¢(S2)) > 9 and we are done.

Case 4: k = 7. If f(p(S2)) > 12, then by Lemma 2.3, f(S) > (1 +
f(©(52)))f(S1) + f(©(S2)) > (1 4+ 12) x 1 4+ 12 = 25 as desired. It suffices to
show f(¢(S2)) > 12. Since h(¢(S2)) < 2, we have |supp(p(S2))| > 3.

If ¢(S2) contains no elements of order 2, ¢(S2) allows a product decom-
position ¢(S2) = UyUs into squarefree sequences Uy, Us € F(G/H) with
|Uy| = |Us| = 3. By Lemma 2.1 and Lemma 2.2,

f(p(S2)) > f(U1) +f(Usz) > 6+ 6 = 12

and we are done.

If ¢(S2) contains an element of order 2. Then |supp(¢(S2))| > 4. Since
h(p(S2)) < 2, ¢(52) allows a product decomposition ¢(S2) = UiUs into
squarefree sequences Uy, U € F(G/H) such that |Uy| = 4, |Us| = 2, and U,
contains some element of order 2. It follows from Case 1 that f(U;) > 9 .
By Lemma 2.2 and Lemma 2.1,

f(p(S2)) > f(U1) +f(Uz) > 9+3 =12

and we are done. ]

5. ON THE MAXIMAL SiZzE OF CLASSES

The following result provides an upper bound for |A;l,...,|A,|, under
the assumption that S contains no elements of order 2.

Lemma 5.1. Suppose that S contains no elements of order 2. Then the
following hold.
1. If k < 4, then |A;] <2 for every i € [1,7].
2. If k=5, then |A;| <3 for everyi € [1,r].
3. If k = 6, then |[z;]| = |[zi]| < 4 for every i € [1,6], and |A;| <5 for
every i € [1,7].

Proof. Take an arbitrary ¢ € [1,7], and let
A ={S1,...,5}
where Si,...,5; are subsequences of S and 1 < |S]| < |Sa| < --- < [S)].
Then |.Az| =1.
Case 1: k£ < 4. The result follows from Lemma 2.4.
Case 2: k£ =5.



SUBSUMS 9

If A; = [z;] for some j € [1,5], then we may assume that S; = x;. By
Lemma 2.4, we have

S,,]x;lxl-...-% for every v e [2,1].

Let B = {S2,...,5;}. Then by Case 1 we have |B| < 2 and thus | < 3.
Therefore, |[z;]| = |[x;]| < 3 for every j € [1,5].

Next we assume that 4; contains neither a sequence of length 1 nor a
sequence of length 4. So 2 < |51 < --- < |5 < 3. Assume to the contrary
that | > 4. If |S1]| = |S2| = |S3| = 2, then there exist m,n € [1, 3] such that
| ged (S, Sp)| = 1, a contradiction. So |S3| = 3. If |S;_o| = |S;—1]| = |Si| = 3,
then there exist m,n € {l — 2,1 — 1,1} such that |gcd(Spm,Sn)| = 2, a
contradiction again. So |S;_s| = 2. This forces that | = 4 and |S1| = |S2| =
2, ‘Sg‘ = ‘54’ =3. NOW, let Sl =T - xQ,SQ = X3 T4. By Lemma 2.4, xIs ’ 53
and x5 | S4. Without loss of generality, we may assume that x; - x3|S3, so
x9 - x4 | Sy. Thus A; = {x1 - 22, x3- x4, 1 2325, To- x4 x5}, and then
(1 4+ x2) + (x5 + 24) = (21 + 3 + x5) + (v2 + x4 + x5). Therefore, 0 = 25,
a contradiction.

Case 3: k = 6. Assume that A; = [z;] for some j € [1,6] and S; = z;.
As before, we have

S,,]acjflxl-...-mﬁ for every v e [2,1].

Consider B = {Ss,...,5;}. By Case 2 we have |[B| < 3 and thus [ < 4.
Therefore, |[z;]| = |[z;]| < 4 for every j € [1,6].

Next assume that A; contains neither a sequence of length 1 nor of length
5,80 2 < |S1] < [S2| < --- <|5)] < 4. We have to show that | < 5. Assume
to the contrary that [ > 6. Define T'= 57 -...-5].

For every a| S, we have that |{i | a|S;}|+|{i| a1t Si}| =1> 6. By Case
2, {i|atSi}| <3and [{i|a]|S;}| <3. These force that [{i | a|S;}| = [{i |
atS;}| =3 and ! =6. Thus,

vo(T) =3
for every a € S. Hence, |T| = 18.

Let rs = |{i | |S;i| = t}| for every t € [2,4]. Then 2ro+3r3+4ry = |T| = 18.
Therefore, 73 is even and hence r3 € {0,2,4,6}. We distinguish two subcases
according to whether r3 > 4 or not.

Subcase 3.1: r3 > 4. We may assume that |Sa| = |S3| = [S4| = |S5]| = 3.
From |T'| = 18 we infer that |S| + |S¢| = 6. If | ged(S1,S6)| = 0, then
S = SSG_I. By Lemma 3.1.2, A; = A;. So, we may assume that So =
SS;'. By Lemma 2.4.2, |gcd(Ss, S2)| < 1 and |ged(Ss, S5)] < 1. Thus
|S3] = |ged(S3,9)] = |ged(Ss, S2)| + | ged(Ss, 55)] < 2, a contradiction.
Therefore, |ged(S1,S6)] > 0. Let a| ged(S1,S6). Since vo(T) = 3 we may
assume that a t S; for every i € [2,4]. Therefore, So,S3 and Sy divide
a~1S and we must have | gcd(S,,, Spm)| = 2 for some distinct m,n € [2,4], a
contradiction to Lemma 2.4.2.
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Subcase 3.2: r3 < 4. Then, r3 € {0,2}. From |T'| = 18 we know that
ro > 2 and r4 > 2. We may assume that |S1| = |S2| = 2 and |S5| = [Sg| = 4.
Furthermore, we may assume that S1 = z1-x92, So = x3-74. By Lemma 2.4 we
infer that x5-z¢ | S5 and z5-2¢ | S¢. So we may assume that S5 = x1-x3-25-2¢
and S¢ = x9 - x4 - x5 - 6. Again, by Lemma 2.4 we know that |S3| # 2. It
follows from |T'| = 18 that |S3| = |S4| = 3. Since v4(T") = 3 for every a|S,
we have S3S54 = S, implying o(S3) = 0(5551). By Lemma 3.1.2, A; = A;.
But SSl_l =x3- 2425 g € A;, a contradiction. This proves [ < 5. |

6. PrOOF OF F(5) =13

R.B. Eggleton and Erdés stated in [4] that they gave a proof of F(5) = 13
in [3] as an appendix. Since we could not find this note, we include a proof
of F(5) = 13 here for completeness. Moreover, the ideas and methods in our
proof will be used frequently in the sequel.

We denote by P, the symmetric group on [1,n]. Note that it follows from
[8, Corollary 5.3.4.2] that F(5) < 13.

Lemma 6.1. Let T = (—2z) -z - (3x) - (4z) - (5z) € F(G) be a squarefree,
zero-sum free sequence. Then f(T) > 13.

Proof. Obviously, kz € X(T) for all k € [1,13]. Since T is zero-sum free,
kx # 0 holds for every k € [1,13], and thus iz # jx for any ¢ # j € [1,13].
Therefore, f(T") > 13. 1

Lemma 6.2. Let S =21 ... -xp € F(G) be as fixed at the end of Section
3, and suppose that k = 5. If |[x;]| = 3 for some i € [1,5], then [x;] is of
one of the following forms:

(1) {Z7(1)s Tr(2) " Tr(3)s Tr(4) " Tr(5)}-

(2) {$T(1)7 Tr2) " Tr(3), Tr(2) Tr4)" xT(E))}
for some T € Ps.

Proof. Without loss of generality, we may assume that ¢ = 1 and [z;] =
{z1, 52,53} with 2 < |Sy| < |S3|. By Lemma 3.1, we know that |S3| < 3.
Note that

So|lzy-...-x5 and Ss|za-... 5.

By Lemma 2.4.2, we infer that |Sa| = 2. So, we may assume that So = x2-x3.
If |S3| = 2, then S3 = x4 - x5. Therefore, [z1] is of form (1) and we are done.
Otherwise, |S3] = 3, by Lemma 2.4, we know that S5 = x5 - x4 - x5 or
S3 = x3 - x4 - ©5. Therefore, [z1] is of form (2). |

The following easy observation will also be useful.
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Lemma 6.3. Let S = x1-...-x € F(G) be as fized at the end of Section 3,
and suppose that k > 3. Let a, b, c be distinct in [1, k] such that x, = xp+ 2.
Suppose that S contains no element of order 2. Then, xp — x4 & supp(S).

Proof. Assume to the contrary that z, — x, = x4 for some d € [1, k]. This
together with z, = xp + x. gives that z. + x4 = 0, a contradiction. |

Proof of F(5) = 13.

Let S = x1-... -z € F(G) be as fixed at the end of Section 3, and
suppose that £k = 5. We have to show

£(S) > 13.

Assume to the contrary that f(S) < 13 for some S. By Theorem 3.2, S
contains no elements of order 2, and thus it follows from Lemma 5.1 that
|A;] <3 foralliell,r].

Recall that A, = [S] = {S}. We may assume that |A;| <2,... | A <2

and |Aiy1| = ... = |Ar—1| = 3. If t > 4, since 2t +3(r—1—t)+1 > 31, then
r > (33+1t)/3 > 37/3. Therefore r > 13, a contradiction. Therefore, ¢ < 3.
Now |[z;]| = |[z;]| = 3 for some 4,5 € [1,5] with i # j. Without loss of

generality, we may assume that ¢ = 1. We distinguish two cases.

Case 1. [z1] is of form (1) in Lemma 6.2. We may assume that [x;] =
{z1, x2- 23, x4-25}. Without loss of generality, we may assume that j = 2.
Let [x9] = {x2, S2, S5} with 2 < |Sy| < |S3|. Since z1 = x5 + x3, by Lemma
6.3 we know that o — 21 1 S. Thus [z2] is not of form (1). Therefore, by
Lemma 6.2, [x9] is of form (2) and |S3| = 2. Again by Lemma 6.3 we know
that x1 1 So. It follows from Lemma 2.4 that xo 1 Sy. Since 1 = x4 + x5 we
have Ss # x4-x5. Therefore, So = x3-x4 or So = x3-x5. S0, we may assume
that So = x3 - x4. Now by Lemma 6.2 we obtain that S3 = x3 - 21 - x5 or
S3 = x4-x1-T5. Therefore, x3+x4 = x3+2x1+2x5 or T3+ T4 = T4+ 21 + 5.
Thus x4 —2x1 = x5 or x3—x1 = 5. This together with 1 = zo+x3 = x4+25
gives a contradiction to Lemma 6.3.

Case 2. [z1] is of form (2) in Lemma 6.2. We may assume that [z1] =
{1,292 - x3,22 - x4 - 5}. Now we have x3 = x4 + x5. If [z;] is of form (1),
then this reduces to Case 1. So we may assume that [z;] is of form (2). Let
[z;] = {x}, S2, 53} with [Sa| = 2 and |S3| = 3. We distinguish subcases.

Subcase 2.1 j = 2. [x3] = {z2,S52,53}. Note that 3 = x4 + x5. By
Lemma 6.3 and Lemma 2.4, we obtain that Sy = x3 - x4 or Sy = z3 - 5.
Without loss of generality, we may assume that So = x3-x4. Now by Lemma
6.2, we get S3 = x3-x1 x5 0or S3 = 34 1 T5. If S3 =124 115, then
T3+ T4 = T4+ x1 + x5. Thus x4 + x5 = 3 = x1 + x5, a contradiction.
Therefore, S3 = x3 - x1 - 5. Now we have r1 = 9 + 3 = T2 + x4 + 5 and
To =23+ x4 =1 +x3+x5. Thus r1 = dxs, x0 = 4x3, x4 = 313,25 = —2x3.
It follows from Lemma 6.1 that f(S) > 13, a contradiction. Therefore,
2] < 2.
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Subcase 2.2. j = 4. Now [x4] = {x4,52,S53}. Since x3 = x4 + x5, by
Lemma 6.3 we have x3 1 So. Therefore, Sy |1 - 22 - 5. Hence, So = x1 - 9
or So = x9-x5 or S = x1-x5. If So = x1 -9, by Lemma 2.4 we obtain that
S3 = x1-x3-T5 or S3 = To-x3-T5. Since ro+r3+Ts = T1+T5 F T1+T2 we get
S3 = x1 23 x5. Now we have x1 = 4w9, x3 = 329,14 = Hxo, x5 = —2x9 and
thus it follows from Lemma 6.1 that f(.S) > 13, a contradiction. Therefore,
So # x1-x9. If Sy = x9-75, then by Lemma 2.4, we obtain that S35 = xo-z1-x3
or S3 = x5-x1-2x3. Thus 29 + x5 = 9 + 21 + 3 Or X9 + 5 = T5 + 1 + T3.
So, x5 —x3 = 1 or x9 —x1 = x3, contradicting x3 = x4+ x5 or x1 = T2+ x3
(in view of Lemma 6.3). Hence, So = x; - x5. As above, we obtain that
Sg = T1 Ty T3 Or Sg =I5 T2 T3. Since T+ s 75$1 +x9+ 3 = 2$1, we
obtain that S3 = x5 - x5 - 3. Therefore,

[CE4] = {.754, Ir1 x5, T T2 1’3}.

We assert that |[z5]] < 2 in this subcase. Assume to the contrary that
|[z5]| = 3. As above, we may assume that [xz5] = {5, 1 - 24, 2422 - 23}
Now we have x5 = x; 4+ x4, a contradiction to x4 = 1 + x5 (in view of
Lemma 6.3). This proves the assertion.

Next, we show that |[xz3]| < 2 in this subcase. Assume to the contrary
that |[z3]| = 3. Then [z3] = {z3, x4 - x5, T3} with T3] = 3.

By Lemma 2.4, T3 = x4 - x1 - 22 or T35 = x5 - x1 - 2. Since x5 + x1 + T2 #
r1 + 2x5 = x4 + x5, we have T3 # x5 - x1 - 2. Therefore, T5 = x4 - x1 - x2.
Now we have 3 = x4 + 5 = x4 + o1 + x2. In view of [x1] and [z4], we
derive that x; = 3x5, 20 = —2x5,x3 = bx5, 24 = 4xs and thus f(S) > 13 by
Lemma 6.1, a contradiction. Therefore, we must have |[z3]| < 2.

Since 3 = x4 + x5, we have [z3] # [x3]. Now [xa], [x3], [z3] and [z5)]
are distinct and all have length not exceeding two, contradicting t < 3.
Therefore, j # 4, or equivalently, |[x4]| < 2.

Similarly, we conclude that |[z5]]| < 2.

Subcase 2.3. j = 3. Since x3 = x4+ x5, we have [x3] = {x3, x4 75, S3}.
By Lemma 2.4, S3 = x4 - x1 - x5 or S3 = x5 - x1 - x2. We may assume that
S3 = x4 21 - x2. Then x4 + x5 = 4 + 1 + 22, and thus x5 = 1 + x9.
Therefore, [25], [25], [£2] and [z4] are distinct, contradicting ¢t < 3.

This completes the proof. |

7. ON THE NUMBER OF MAXIMAL CLASSES

Let S = x1-... -2 € F(G) be as fixed at the end of Section 3, and
suppose that £ = 6. We shall prove Lemma 3.3 and Lemma 3.4 through a
series of lemmas.

Lemma 7.1. If S is of one of the following forms:
(i) S=(=Tz) - (=6x) - (=b5z) - (—2x) -z - (3x);
(ii) S =(-2z) -z (3x) - (4z) - (5bx) - (Tz);

(iii) S =(—2z) -z (3x) - (4z) - (bx) - (6z);
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(iv) S = (—6x) - (=b5z) - (—4x) - (=3z) - (—2x) - z;
(v) S = (22) - (32) - (4z) - (52) - (6),
then f(S) > 19.

Proof. We give only the proof for the case when S is of form (i). The proofs
for other cases are similar and are omitted.

Suppose that S = (=7z)-(—6z)-(—5z)-(—2x)-x-(3x). Clearly, kz € ¥(95)
for any k € [-19, —1]. Since S is zero-sum free, kx # 0 for any k € [—19, —1].
Then iz # jx for any i, j € [-19, —1], and therefore, f(S) > 19 as desired.

7.1. Classes of size 4 containing sequences of length 1
This subsection deals with classes of size 4 having a sequence of length 1,
and it provides a proof for Lemma 3.3.

Lemma 7.2. If |[z;]| = 4 for some i € [1,6], then there exists T € Ps such
that [x;] is of one of the following forms:

(bl) {x’r(l)a xT(Q) : xT(B) : x’r(4) : :BT(E))? x7(2) ' x’r(6)7 Lr(3) * 1'7(4) : x’r(6)}7'
(b2) {Zr(1)s Tr(2) T7(3) Tr(a)  Tr(s)s Tr(2) Tr(3)" Tr(6)s Tr(4)" Tr(s) Tr(6)}
(b3) {Zr(1)s T7(2) * Tr(3)s Tr(a) * Tr(s)s Tr(2) Tr(4)  Tr(6)}s

(b4) {z7(1)s Tr(2)  Tr(3) " Tr(a)s Tr(2) " Tr(5) " Tr(6)s Tr(3) " Tr(5)}

Proof. Let [z;] = {S1, 52,53, 54} where S1, S2, S3, 54 are subsequences of
S and |S1| < |S2] < |S3] < |S4]. Without loss of generality, we may assume
that S;1 = x1. By Lemma 2.4, we have

S,laytS =xg-...-xg forevery v € |[2,4]

and 2 < [Sy] < |S3] < [S4] < 5.

We first show that 3 < [Sy| < 4. If |Sy| = 5, then Sy = x9 ... xg. But
Sa|xza ... xg = S4, a contradiction. If [Sy4| = 2, then |Sa| = |S3| = 2. By
Lemma 2.4.2, S5, S3 and S4 are pairwise disjoint. But

Sylxg-...-xg forevery vel2,4],

a contradiction. Therefore, 3 < |S4| < 4.

We distinguish two cases.

Case 1: |S4] = 4. Without loss of generality, we may assume that
Sy = x9-x3- T4 T5. Since

SQ|1‘2'...'£E6 and Sg‘$2‘...‘$6,

by Lemma 2.4, z¢ | So and xg | Ss.
We claim that |S3| = 3. If |S3| = 4, since

83|332'...-[L‘6 and S4\x2-...-936,

then | ged(Ss,S4)] > 3, a contradiction. If |S3| = 2, then |S2| = 2. Since
x6 | S5 and xg | S2, then | ged(S2, S3)| = 1, a contradiction again. So |S3| = 3.



14 WEIDONG GAO, YUANLIN LI, JJANGTAO PENG, AND FANG SUN

If |So| = 2, without loss of generality, we may assume that S = x9 - x.
Since ¢ | S3, we have x5 1 S3. So

1'6‘53’.%'3-1'4-.%'5-336.

Without loss of generality, we may assume that S3 = x3 - x4 - 6. Then A;
is of form (b1).

If | So| = 3, without loss of generality, we may assume that Sy = x9-x3-x6.
Since zg|S3 and |S3] = 3, by Lemma 2.4.2 we have x9,x3 1 S3. Then
S3 = x4 - x5 - k6, and A; is of form (b2).

Case 2: |S4] = 3. Then |52 < |S3] < 3.

If |S2| = 3, then |S3] = 3. Since

Sylxg-...-xg forevery vel2,4],

there exist m,n € [2,4] such that |ged(Sp, Sn)| > 2, a contradiction. So
|Sa| = 2.

If |S3| = 2, then | S2| = 2 and | ged(S3, S2)| = 0. Without loss of generality,
we may assume that So = x9 - x3 and S3 = x4 - 5. Since Sy|z2- ... xg, by
Lemma 2.4, we have | ged(Sy, S2)| = | ged(S4, S3)| = 1. So x6|Ss. Without
loss of generality, let Sy = x9 - x4 - ©. Then A; is of form (b3).

If |S3| = 3, without loss of generality, let S5 = x2 - x3 - x4. Since Sy |z -
...~ x¢ and |S4| = 3, we have | gcd(Sy, S3)| = 1. Without loss of generality,
let Sy = x9 - x5 - 6. By Lemma 2.4, we have x5 1 So and | ged(S2, S3)| =
| ged(Se, S4)| = 1. Without loss of generality let So = x3 - x5. Then A; is of
form (b4).

This completes the proof. |

Lemma 7.3. Ifx1 = xo+x3+ 24+ 25 = 2+ 23+ x6 = 4 + x5 + g, then
f(S) > 19.

Proof. Let
a] =21 =x2+2x3+24+ 25 =x2+ 23+ 26 =24 + 5 + Tg,
a2 = T2,
as = I4,
a4 = g = T2+ T3 = Tg+ Ts,
a5 = X1 + T2 = To + T4 + T5 + T,
ag =21 + T4 = T9 + 23 + x4 + Tg,
a7:$2+x47
ag = T2 + Tg = T2 + x4 + 5,
ag = x4 +Tg = T2 + T3 + T4,
a0 =21+ T2+ x4 =22+ 23+ T + T2 + 24,
a1 = X1+ 22 +Te =21+ T2+ Tg+ x5 = T2+ g + Tq4 + T5 + T,
a12 = %1 + 24+ Te = X1 + T2+ T3+ x4 = T2+ X3+ Ts + T4 + T,
a13 = X2 + T4 + T,
a4 = 21 + 22 + x4 + T,
a5 =1+ T2+ a3+ x4 +T5 =21 +T2+T3+Teg=1T1 +Tqg+T5+ Ts=
T2 + 23+ 26 + T4 + T5 + T,
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alg = T1 + xr2 + x3 + T4 + x6,

ayy =1+ x2 + x4 + T35 + X6,

18 = T2+ T3+ T4 +T5+Teg =21 +Tg =21+ T2+ 23 =21+ Tq4+ Ts,
a19 = X1 + X2 + 3+ 24 + x5 + T6-

A straightforward computation shows that

a1, az, as, a4, ds, ag, ar, as, ag, aio, A11, 412, @13, A14, A1s, @16, @17, 418, A19

are pairwise distinct, and we are done. |

Lemma 7.4. If x1 = xo + x3 = x4 + o5 = x2 + T4 + xg, then f(S) > 19.

Proof. Let
a1 =21 =22 +23 =24+ T5 =22+ x4+ Tg,
az = I2,
a3 = r3 = T4 + Tg,
a4 = T4,

a5 = T5 = T2 + T,

ag =21 +Tg = T2+ T3+ T = T4+ T5 + g = 23 + Ts5,

ar =22+ T3+ T5 =21+ 5 =22+ 24+ 25 + Tg = T1 + T2 + T,

ag =23+ T4+ 25 =21 +23 =22+ 23+ 24+ Tg =21+ Tg4+ Ts,

a9 =21+ T2+ T4+ Te=21+2T2+2T3 =21 +24+T5 = T2+ 23+ 24+ s,

ajp =21 +22+x3+ 24+ 26 =21 + 23+ 24 + 5,

a1 =21 +x2+ 24+ 25 +26 =21+ 22+ 23+ T5,

19 = 9+ T3 +T4 +2T5 +Tg = 1 +23+T5 = T1 + T2+ T3+ Tg =
T+ x4 + 5 + g,

a3 =T + T2 + 3 + x4 + x5 + X,

14 = T1 + T2 = To + T4 + T5 = 229 + 3,

a5 = T1 + T4 = T2 + T3 + 4 = 224 + 5,

a16 = T2 + T4,

a7y =1+ 22+ x3 + T4 + x5,

aig = r1 + xr2 + x4,

alg = T+ x2 + 3 + T4,

agp = T1 + X2 + x4 + T3,

ag1 = r1 + x3 + x4 + T35 + xe,

a2 = X3 + T4,

ag3 = T1 + T3 + T4 + Xe,

ag4 = T1 + x2 + 3 + T35 + x¢,

a95 = X1 + T + Ts + Tg.

By Lemma 5.1, we have a; & {a1,a12} for every i € [1,25]\ {1,12}. Since
S contains no elements of order 2, by Lemma 2.4 we infer that ay,as,...,a17
are pairwise distinct. Let

A ={a1, a2, a3, a4, a5, as, a7, ag, ag, @10, a1, 12, 413, 414, G415, @16, 417 }-

By Lemma 2.4 and noting that S contains no elements of order 2, we
obtain

aig g A \ {a?)a as, aﬁ}v
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aig g A \ {(15, a6}7

azo & A\ {as,as},

az & A\ {az,a14,a16},

aze & A\ {az,as,ar,a11,a14},

and

az & A\ {az,as,ar,a11,a14,a16}

We distinguish four cases.

Case 1: a1g = a3. Thatis z1+x9+x4 = v3 = x4+26. Then zg = 21+ 2.
By Lemma 2.4, we infer that aj9 € A\ {as}.

If a19 = as, that is x1 + xo + 23+ 4 = x5 = T2 + x4 = T2 + 1 + T2, then
T9 = x3 + x4. Thus x1 = 49, x3 = 322, x4 = —219, x5 = 622, X6 = dx2. By
Lemma 7.1, f(S) > 19.

Next, we may assume that a19 € A. By Lemma 2.4 and in view of xg =
x1+x9, we infer that ag; € (A\{a2})U{a19}. If ag1 # ag, then AU{as1,a19}
is a set of 19 distinct elements and we are done. So, we may assume that
a91 = ag, that is x1 +x3+ x4+ x5+ 26 = 2. Now, by Lemma 2.4, we obtain
that ags ¢ AU {ai9}. Hence, AU {azs,a19} is a set of 19 distinct elements.

Case 2: a1 = as. Then xg = z1 + x4. By interchanging xs, x3, as; and
as3 with x4, x5, asq and aos respectively, we can reduce this case to Case 1.

Case 3: a1g8 = ag. Then 1 + 290+ 24 = 21 + 26 = X2 + 23 + x5 =
T4+ x5 + g = r3 + x5. Thus g = x2 + x4. By Lemma 2.4 and noting that
S contains no elements of order 2, we obtain that A U {ajg, a2} is a set of
19 distinct elements.

Case 4: a18 # as, a5, ag, that is a1g € A and xg # x1+x2,x1+ T4, To+ 4.
Let

B=AU {alg}.

Since xg # x1 + x4 we infer that a9 # ag. Note that a9 # a1g we have
a9 & B\ {as}. If a19 # as, then BU {aj9} is a set of 19 distinct elements
and we are done. Since xg # x1 + x2 we infer that, asy # ag and agy ¢
B\ {as}. If ayp # a3, then B U {ag} is a set of 19 distinct elements and
we are done. So, we may assume that a9 = as and ayg = a3z. Then,
T = 1+ T3+ x4 = x1 + 22 + x5. Therefore, x5+ x4 # T2, i.e. ags # as. By
Lemma 2.4, and noting that zg = x1 + 3 + x4 = x1 + 2 + x5, we obtain
that age & {as,a7,a11,a14,a18}. Therefore, B U {age} is a set of 19 distinct
elements. This completes the proof. |

Lemma 7.5. If 11 = zo + 3+ x4 + x5 = 29 + ¢ = x3 + 4 + ¢ and
To =3+ x4 = x4 + x5 + g = T1 + X3 + T5 + x6, then £(S) > 19.

Proof. Let
a1 =21 =22+ 23+ Tg+ x5 = T2+ g = T3 + T4+ Xg,
a2 =Ty = X3+ T4 = x4+ 25+ Teg =21 + T3 + T5 + Xg,
az3 =x4 =21 + a3 =22 +2x3+ 26 =21 + x5 + Tg,
a4 =21+ T6 =x1+22+ 25 =21 +x3+ x4+ x5 = T2+ T3+ x4+ X5+ T,
a5 =To+T4 =21 +22+23 =21 +x2+x5+x6 =T1+ T3+ x4+ x5+ Tg,
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ag = X1 t+2X4+x5 = Xo+23+T4 = X2+Ta+T5+2Tg = T1+2T2+23+T5+ X6,

a7 =21+ 29 +x3 + x4 + 5 + 26,

ag = T3 = I5 + T,

ag = Ts,

a0 = g = T2 + x5 = T3 + T4 + x5,

a1 = %1+ 22 =21 + 23+ T4 =21+ 24+ T5+ X = T2+ X3+ T4+ Ts,

a12 =21+ x5 =x2+x3 =22+ 5+ Tg = T3+ Tg+ T5 + T,

a13 =24+ =21 +23+Tg =22+ 24+ 25 =21 + 22+ 23+ Ts5,

a1y =21 +22+26 =21 +T3+ T4+ 26 =21+ 22+ 23+ T4+ Ts,

a5 =x1+x2+x3+ x4 =21+ 22+ 24+ 75 + T6,

a16 = T4 +T5 =1 + 23+ 2Ts = To2 + T3+ T5 + T,

17 =21 +24 =29+ T4 +2Tg =21+ T2+ T3+ g,

als =T1+ T4 +26 =21 +22+ x4+ x5 =21 + 22 + 23 + 276,

a9 = x3+ g = 2 + 3 + 5.

By using Lemma 2.4, we can check that ai,as,..., a1 are pairwise dis-
tinct. Also, we have

air # ai,...,a8,a10, - - -, 416;
aig 7'5 at,...,a7,a9,...,017;
aig # ai,...,a14, 416, A17, 418

If a17 = ag, then x5 = 21 + 24 = 21 + 1 + 25 + x6, 50 0 = 221 + 26 =
1+ T2 + T3 + T4 + T5 + 76, a contradiction. Thus x5 # x1 4+ z4. Therefore,
T5 + x6 #* 1 + x4 + x6 and xo + x3 + x5 # T1 + T2 + T3 + x4. This implies
that

a7 # ag,aig # as,aig 7 ais.
Therefore,
ar,az,...,ai9

are pairwise distinct, giving f(S) > 19. [ |

Lemma 7.6. If 11 = 29+ 23+ 24 + 25 = 22 + 26 = T3 + x4 + x¢ and
XT3 =5 + X6 = 1 + x4 + 6 = T1 + 2 + 24 + x5, then £(S) > 19.

Proof. Let
a1 =21 =29 +23+ x4+ x5 =29+ Tg =23+ T4+ Ts,
Ay =21 +Tg =21 +To+x5 =21 +23+Tg+2T5 =29+ 23+ 24+ T5+ T,
a3 =23 =I5 +2Tg =21+ T4 +2g =21 + T2+ T4+ Ts,
a4 = T6 = T2+ Ts = T3 + Tg +T5 = X1 + T2 + Tq,
a5 = x1+2T2+26 =1+ x3+24+726 = 3+ T5+26 = 1 +22+ T3+ T4+ 5,
ag =23 +xg =T2+x3+2x5s =21 +22+23+x4 =21 +22+ 24+ 5+ X6,
ay =x1+x2 = 21+x3+24 = X2o+2x3+2T4+2Te = X1 +T4+T5+T6 = T3+T5,
ag = T1+x5 = Ta+x3 = Ta+T5+2Te = T1+T2+T4+26 = T3+24+T5+Tg,
a9 =1 + X2 + X3+ T4 + T5 + Xg,
a1p = T2 = T3+ x4 = x4 + x5 + Tg,
aj] =I5 =21 + x4 = 22+ T4 + T,
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a12 =21 +T3=T2+T3+T6 =21 +T5+xg =21+ 202 +T4+x5+7T6 =
1+ x3 + x4 + 225,

a3 =1 +x2+x3 =21 +29+x5+26 = 1 +T3+24+ x5+ 16 =
221 + w2 + x4 + 16 = 1 + 222 + 23 + 274 + T5 + X6,

alg =21 +23+2T5 =22+23+T5+2Tg =21+ T2+ T3+ 24+ Tg =
1+ 2w5 + 26 = 221 + x4 + 25 + X6 = 11 + X2 + T3 + 224 + 225 + X6,

a5 =21+ x4+ x5 =22+ 3+ T4 = T2+ T4 + x5 + T,

a16 = T2 + T4,

a17 = T4 + s,

a18 = T4 + T = T2 + T4 + Ts,

a9 =21 +x3+x6 =21 +T2+x3+T5 =21 + T3+ x4 + 205 + x5 =
1+ 229 + 13+ x4 + 6 = 1 + X2 + T3 + 224 + x5 + 226.

By Lemma 5.1, we know that |A;] <5 for all ¢ € [1,r]. Thus a; # a; for
every ¢ € [1,9] and every j € [1,19] \ {¢}. Also, by Lemma 2.4, we have

a10,0a11,---, @19

are pairwise distinct. Therefore, aj, as,. .., ajg are distinct, giving f(S) > 19.
|

Lemma 7.7. If 11 = 2o+ 3+ x4 + x5 = x9 + 6 = x3 + T4 + Tg and
x5 =21 +x2 =21 + a3+ x4 = T2 + 3 + T4 + 6, then £(S) > 19.

Proof. Note that either x4 # x1 + x5 + x¢ or x3 # x1 + x5 + 6. By the
symmetry of zg and x4 in [x1] and [z5], we may assume that x4 # x1+z5+x6.
Let

a1 =21 =22+ 23+ T4+ x5 = T2+ 26 = T3+ T4+ X,

a2 =21 +Tg =21 +T2+ x5 =21 +2T3+2T4+ x5 = X2+ T3+ 24+ 25+ Te,

az3 =x5 =21 + X2 =21 + X3+ x4 = X2 + X3 + T4 + Ts,

A4 =21 +2T5 =x2+T5+ T =2x3+ T4+ 25+ T = X1+ T2+ T3+ 24+ Te,

a5 =26 =22 +2Ts =23+ x4+ 25 =21 + T2 + 23 + 24,

ag =25 +Tg =21 +2To+xg =21 +T3+2Tg+2Tg =21 +2x2+23+Tg+ 5,

ay =21+ 29+ x3 + x4 + T5 + 26,

ag = Ty = 3 + T4,

a9 = 1 + T3 = x2 + 3 + ¢,

alg =3+ x5 =21 + 22 + 23,

a1 =23+ x¢ = 2 + 3 + T5,

a12 =21 + 23+ x5 = T2 +x3 + T5 + 26 = T1 + T2 + 223 + T4 + Tg,

a13 =1+ 3+ r6 = 11 + T2 + T3 + x5 = T2 + 203 + T4 + 5 + T,

a4 = T3+ 5+ 6 = r1 + T2 + T3+ T = T1 + T2 + 223 + x4 + X5,

a15 = r1+x3+25+2r6 = 201+ 22+ 23+ 26 = 11+ 202+ 203+ 24+ 25+ X6,

a1 = x1 + x2 + 3 + x5 + Tg,

a7 = x2 + T3,

a8 = T3

a19 = X2 + T3 + T4,

As before, by Lemma 5.1 we know that a; # a; for every i € [1,7] and
every j € [1,19] \ {i}.
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Since x4 # x1 + x5 + zg, using Lemma 2.4 we can verify that
asg,...,a19

are pairwise distinct. Therefore ay,as, ..., a9 are pairwise distinct and we
are done. |

Lemma 7.8. If 11 = 2o+ 3+ x4+ x5 = 29 + x5 = x3 + T4 + Tg and
x6 = X9+ x5 = x3 + x4 + x5 = 21 + x2 + X3, then f(S) > 19.

Proof. Let
ap =21 =22 +x3+ x4+ T5 =22+ Tg = T3 + T4 + Tg,
ag = T4,

a3 =g =22+ x5 =23+ T4+ x5 =21 + T2+ T3,

a1 =21 +T2 =21 +23+24=2x2+x3+ x4+ 26 = T4 + T5,

a5 = 1 + T4 = x2 + x4 + 6,

ag =21 +T5s =22+ T5 +Tg =23+ g+ 25 +2Tg =21+ T2+ X3+ Tg,
ar =21+ %6 =21+ 22+ 25 =T1+23+ 24+ 25 = T2+ T3+ 24+ 25+ T,
ag = x4+ x5 =22+ x4 + x5 =21 + X2+ T3 + T4,

ag = x1+T2+xs = X4+2T5+26 = x1+x3+2T4+2x6 = 1 +T2+T3+24+2T5,
a0 =21+ x4+ x5 =22+ T4+ T5+ 26 =21+ 22+ 23+ T4+ T,

a11 = X1 + x4+ Teg = X1 + T2 + T4 + x5,

a12 = x1 + x2 + T4 + T,

a3 =21+ 22+ 25+ 26 =21 + T3+ T4 + 25 + s,

a4 = x1 + T4 + x5 + T,

a5 = X1 + X2 + x4 + T5 + g,

a6 = 1 + 22+ 23+ 24+ T5 + T,

a17 = T2 = T3 + T4,

a18 = T9 + T3 + X4,

a19 = 5 = x1 + T3 = T2 + T3 + T¢.

Using Lemma 2.4, we can verify that

a17a27 e ,a]_6
are pairwise distinct, and we also have
air # ai, ..., a13,a15, ai6;
aig # ai,...,as,a7,...,0a10, 416, 417

If a17 = a4, then 23+ x4 = 21 + T4 + 5 + 6 = 1 + T4 + 21 + 3 + 6,
so0=x14+ 21+ 26 = x1 + 2+ T3 + x4 + T5 + T, a contradiction. Thus

a7 # ais.
Since

3+ T4+ x5 + 26 = 23 + 24 + T5 + 2 + 5 # T2 + 3 + T4,

1+ T2+ x4+ x5 =21 + 22+ T4+ 21 + 23 F 22+ X3+ T4,

1+ T2+ x4+ 26 =22+ 23+ Ta+ x5+ 22+ T4+ 26 # T2+ 23 + X4,
1+ X9+ x5+ 26 = T2+ T3+ T4+ x5 + T2+ 21 + T3 + T F T2 + T3 + T4,
X1+ x4+ x5+ 26 =2+ T3+ 24+ X5+ x4+ 21+ T3+ Te £ T2+ 3+ 24,
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X1+ X2+ T4+ T5 + T =
To+ T3+ x4+ x5+ T2+ 24+ 21 + T3+ T6 # T2+ T3+ 24,

we have ailg 7& aes,a11,a12,0a13,a14,015. Therefore

ai,agz,...,ai1s
are pairwise distinct.
By Lemma 2.4, we have a9 # aq,...,a11,013,...,a18. If aig # aj2, then
ai,...,a1s, a9 are distinct and we are done. So we may assume a19 = ai2.

Thus x5 = 21 + 3 = xo + 3 + 6 = 1 + T2 + 4 + xg. This implies that
xr1 = —5272,.%‘3 = —2%2,%4 = 3%2,1’5 = —73}2,.%'6 = —61‘2.
By Lemma 7.1, we have f(S) > 19. 1

We are now ready to provide a proof of Lemma 3.3.
Proof of Lemma 3.3.

For every k € [1,6], |[zx]| < 4 follows from Lemma 5.1.

If [z;] or [z;] has form (b2) or (b3) described in Lemma 7.2, then by
Lemma 7.3 or Lemma 7.4, f(S) > 19. So we may assume that [z;] and [z}]
have forms (b1) or (b4). Without loss of generality, we assume that i = 1.
Let [z;] = {S51,852,53,54} where 51,855,553, 54 are subsequences of S and
1 =151| < [S2| < |S3] < |S4|. We distinguish cases.

Case 1: both [z;1] and [z;] are of form (b1). Then

151 = 1,182 = 2,|S5| = 3, ]S4 = 4.

and

(1) = {1, 2223 24 - x5, T2 T6, T3- Ty T6}.
Thus,

Ty =x9+ X3+ x4+ x5 =22 + 26 = T3 + T4 + Tg;
To = T3 + T4;
Tg = T9 + x5 = 3 + x4 + T5.

Subcase 1.1: j = 2. Then S; = z2 and Sy = x3 - x4. By Lemma 7.2,
Sy =1 -x3 x5 Tg Or Sy = x1- T4 T5 - xrg. Without loss of generality, let
Sy = x1-x3-T5 2. Also, by Lemma 7.2, S3 = z1-x4-x5, or S3 = x1-24-X¢, Or
S3 = x4-x5-T6. If S3 = 11 14 75, then xo = x1+x4+2x5 = To+ 24+ 25+ 76, A
contradiction. If S5 = x1-x4-x¢, then xo = 1+ 24426 = T1+ 22+ 24+ 75, A
contradiction again. So, S5 = x4 x5 -xg. Then xo = z3+x4 = v4+x5+26 =
x1 + x3 + x5 + x6. Therefore, f(S) > 19 by Lemma 7.5.

Subcase 1.2: j = 3. By Lemma 7.2, we have

Sylxy a9 my-x5-16 forevery ve|[2,4].
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Since 1 +zo+rs+re = x1+x3+T4+T5+T6 F# X3, We have Sy # x1-T2-x5-T6.
Thus, Sy =21 22 T4 -T50r Sy =1 To Ty Tg Or Sy = T Ty X5+ Tg O
S4ZZE2'3}4'ZE5'1'6.
(i) Sy =x1 - w2 - x4 - v5. By Lemma 7.2, x| gcd(S2, S3). Since
T + 26 = T2 + 23 + 24 + T5 + T # 23,
To + 6 = T1 # T3,
T4+ 6 = x9+ x4 + x5 # 1 + T2 + T4 + T5,
we have So # x1 - xg, To - Tg OF X4 - Tg. S0 Sy = x5 - rg. Note that
1+ 2o+ x4+ 25 = 1 + 24 + xg. We conclude that S35 = z1 - 24 - 6.
Therefore, x5 = x5+ x5 = 21 + x4 + 26 = 1 + T2 + x4 + x5. Now, f(S) > 19
by Lemma 7.6.
(i1) Sy = x1 - w2 - x4 - 6. Then x5 | ged(Se, S3). Since
1+ x5 =23 + x4 + x5 + 6 # X3,
To + x5 = T3 + T4 + X5 # 3,
we have Sy # x1 - x5 or Sy # xo - x5. If So = x4 - x5, then x4 + x5 =
T1+xo+x44+T6 = T1+To+x4+2To+25,500 = x1+29+x0 = 21 +20+T3+24,
a contradiction. Thus So # x4 - x5, and then Sy = x5 - zg. By Lemma 7.2,
x6 1S3 and
$5‘S3’.’E1 c X2 T4 Ty,
Therefore, S3 = x1 - Ty - x5, T1 X4 T5 O Ty - x4 - T5. But
1+ T2+ x5 =21 + 23+ T4 + 25 F T3,
1+ x4 + x5 = T2 + T4 + T5 + T6 £ 1 + T2 + T4 + T,
and
To+ Xy + x5 # X9+ T3+ 24+ T5 + T2 + Ty + 6 = 1 + T2 + T4 + T,
a contradiction. Therefore, Sy # x1 - 22 - x4 - xg.
(iii) Sy = =1 - x4 - x5 - ©g. Then x| ged(S2, 53). Since S contains no
elements of order 2, we have x3 # x3 + x4, S0 So # X2 - x4. Since
1+ X2 =21 + 23+ T4 F T3,
Ty + x5 = T3 + 14 + X5 F T3,
To + Tg = T3 + Ty + T6 # T3,
we have Sy # x1 - x9, or So # o - x5 or So # 9 - xg, a contradiction.
Therefore Sy # x1 - x4 - T5 - x6.
(iv) Sqy = x2 - x4 - x5 - x6. Then x| ged(Ss2, S3). Since
r1+x2 =21 + 23 + x4 # T3,
1+ x5 = x3 + 24 + T5 + x6 F T3,
1+ x6 = X2 + x3 + T4 + T5 + T6 F£ T3,
we have Sy # x1 - x9, or So # 1 - x5 or Sy # x1 - xg. Then So = 1 - 24, and
thus x4 1 S3. So
x1|Ss |z - 20 - x5 - X6
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Since
T+ Ty + T5 = T + T3 + T4 + T5 # T3,
1+ T2+ xg = 21 + T3 + x4 + T6 £ T3,
T+ x5 + Tg = T2 + X3 + T4 + T5 + 5 + T # T2 + T4 + T5 + T,
we have S35 # x1-x9- x5, S3 # X1 X2 Tg Or S3 # T1 - x5 Tg, a contradiction.
Therefore, Sy # x5 - x4 - T5 - X¢.
Subcase 1.3: j = 4. By the symmetry of z3 and x4 in [z1], This reduces

to subcase 1.2.
Subcase 1.4: j = 5. Then

Sylxy-xo-xg-x4-26 forevery vel2,4].
Since x1+r3+r4+1r6 = x1+To+T3+T4+T5 # x5, We have Sy # x1-T3-14-T6.
Thus, Sy =21 -T2 -x3-x40r Sy = X1 -T2 T3 Tg O S4 = T1 - X - Ty - Tg OF
S4ZZL‘2'I‘3'."L‘4'Q?6.
(i) Sy = x1 - w2 - 3 - 4. Then xg | ged(S2, S3). Since
1+ x6 = x2 + x3 + x4 + x5 + T6 F 5,
To + xg = X2 + T2 + T5 F# x5,
x3 + Tg = T2 + X3 + T # Ts,
T4+ Te = T2 + T4 + X5 F Ts,
we have Sy # x1 - xg, or S # Xo - Tg Or Sy # X3 - Tg, T4 - Tg, a contradiction.
Therefore Sy # xs - x4 - T5 - x6.
(ii) Sy = x1 - w9 - w3 - vg. Then x4 | ged(S2, S3). Since
3+ T4 = 22 # Ts,
T4+ x6 =29+ x4+ X5 7&1‘5,
we have S #£ x3 - x4 or S # x4 - 6. Then Sy = x1 - x4 or So = X2 - x4.
If So = w9 - x4, then xo 1 S3. So
x4 |Sy|x1 -3 X4 - TG
Since
T+ T3+ T4 = 31 + T2 F T2 + Ty,
T1+ T4+ x5 =21+ To+ x4 + T5 # T + X4,
T3+ T4+ x6 = To + T3+ x4 + T5 £ T + X4,
we have S3 # x1-x3 x4, S3 # x1-x4 g Or S3 # T3 x4 Tg, a contradiction.
Therefore, S9 = x1 - 4. Note that x1 + x4 = zo + T4 + ©6. We have
S3 = Xo Xy - Tg, SO Ty = T1 + Tg4 = To + T4 + g = 1 + T2 + x3 + x6. This
implies that
r1 = —dx9,x3 = 3x2,x4 = —2x9, x5 = —Tx9, x5 = —6x2.
By Lemma 7.1, we have f(S) > 19.
(iii) Sy = x1 - x2 - ¥4 - vg. By the symmetry of z3 and x4 in [x;], This
reduces to the case when Sy = 1 - xo - T3 - x¢.
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(iv) Sy = wo-x3-24-1¢. Note that zo+ax3+r4+26 = T1+22 = 1+23+ 24,
S0 S9 = x1 - x9,53 = x1-x3-x4. Then z5 = 21 + 20 = 21 + 23 + 14 =
x9 + x3 + x4 + . By Lemma 7.7, we have f(S) > 19.

Subcase 1.5: j = 6. Then S7 = x4,59 = x2 - 5,53 = =3 - x4'5. By
Lemma 7.2, Sy = z1 - ©o - x3 - 4. Thus,

Tg =29+ X5 =T3+Xa+2T5 =21+ T2+ X3+ 24
and
Ts =21 +x2 =21+ 23+ T4 =22+ T3+ T4+ Tg.
By Lemma 7.7, we have f(S) > 19.
Case 2: [z1] is of form (b1) and [z;] is of form (b4). Then
|S1] = 1,52 = 2,|S3| = 3,[S4| = 3.
By Lemma 7.2, we have

supp(S3S4) = supp(SS; 1),
| ged(S3, S4)| = 1,
|ng(SQ’ S3)| > 17

|ng(SQ,S4)| > 1,
|gcd(Sg, 5'3, S4)| =0.
Now
[z1] = {z1, 2 w324 - x5, T2 T6, T3-Ta-Te}
and

T1 =22+ 23+ T4+ T5 = T2+ T6 = T3+ T4+ T6;
Ty = T3 + T4
Te = To + T5 = T3 + Tg + T5.
Subcase 2.1: j = 2. Let S = z9 and Sy = x3 - 4. Then
Sy|xy-wg- x4 25 -6 and Sy|x1-x3-24-T5- Te.
Without loss of generality, let x3|S3. Then x4 { S3, and thus z4|Sy and
x31Sy. So, Sg=1x1 w3 x5 or S5 =11 -3 x6 Or S3 = X3 T+ Tg.
Since
X1+ X3+ x5 = 3+ 24 + Te + T3 + T5 F T3 + X4,
1+ 23+ 26 = T2 + T3 + T4 + T5 + 23 + 6 # T3 + T4,
we have S3 # x1 - x3 - x5 or S # x1 - T3 - 6. S0 S3 = T3 - x5 - Tg, and then
Sy =21 -x4-T50r Sy =1x1 24 x5. But
T1+ x4+ x5 =23+ T4+ T6 + T4 + T5 F T3 + X4,
1+ T4+ 26 =22+ T3+ x4 + 5 + T4 + g F T3 + T4,

a contradiction.
Subcase 2.2: j = 3. Then

Sylxy a9 my-x5-16 foOrevery ve|[2,4].
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Since x9 = x3+ x4, we have x3 # x1 + X2, X2 + T4, To + 5, T2 + g, SO T2 1 So.
Then Sy |x1 - x4 - x5 - x6. Since

T+ x5 = T3+ T4 + x5 + T £ T3,
1+ X6 = X2 + X3 + x4 + T5 + T6 F T3,

we have So #£ x1 - x5 or So # w1 - xg. Thus, So = x1 - x4 or Sy = x4 - x5 or
52:.1‘4'566 or SQI.%'5'$6.

Next, we show that if xo|Ss (resp. S4), then x4|Ss (resp. S4). Suppose
on the contrary that xo | Ss, but x4 1 S3. Then x5 = 0(S3) = O’($2_1$3£U453),
a contradiction. So if xo|S3 (resp. Sy), then x4 |S3 (resp. Sa).

(i) So = x1-x4. Note that 1 +x4 = x9+ 24+ 2x6. So we may assume S3 =
x9-x4-x6. Then x9 1 Sy, otherwise x5 | Sy and x4 | Sy, a contradiction. Since
supp(S3Sy) = supp(SSl_l), then x1 | Sy and x4 1 S4. Then Sy = x1 - x5 - 6.
So 3 =21+ 24 =29+ x4 + x5 = 21 + x5 + Tg. Thus

r1 = —Txy,xo = —Dx4, T3 = —64, x5 = 34,6 = —224.

Therefore, f(S) > 19 by Lemma 7.1.

(ii) So = x4 - x5. Now, let x4|S3. Then x5t S3, x5| Sy and x4 1 Ss. Thus
x9 1 Sy, and therefore, Sy = x1 - x5 - x6. But x1 + x5 + 6 = ©2 + 3 + 24 +
5 + 5 + 6 # x4 + T35, a contradiction.

(iii) So = x4 - x¢. Note that z4 + x6 = x2 + 24 + x5, SO We may assume
that S3 = x9 - x4 - x5. Then x9 t Sy, x4 1 Sy, and thus Sy = z1 - x5 - 6. But
r1+ o5+ x6 = 3 + T4 + x6 + T5 + T # T4 + Tg, a contradiction.

(iv) Sy = x5 - xg. Let x5 | S3. Then zg J[ S3, xg | Sy and x5 J[ S4. Thus
S3=x1-x4-T50r S3 =19 T4 -x50r S3 =212 25 . But

1+ T4+ x5 = To + g + x4 + T5 £ x5 + X6,
Ty + x4 + 25 = T4 + T6 F# T5 + T,
r1+ To + x5 = 229 + 26 + T5 F# X5 + T,

a contradiction.

Subcase 2.3: j = 4. By the symmetry of z3 and x4 in [z1], this reduces
to subcase 2.2.

Subcase 2.4: j = 5. Then

Sylxy-xo-xg-x4-26 forevery vel2,4].

Since xg = x2+ x5, we have x5 # x1 + x6, X2 + T¢, T3 + T6, T4 + Tg, SO Tg 1 S2.
Thus Sy |z -z x3-x4. Since x3+ x4 = x92 # x5, we have So # x3- 4. Then
So=x1-x900r Sy =x1-x30r SS9 =21 T4 Or So =y 23 0Or So = T3y - x4.

(i) Sg = x1 - 2. Note that x1 + x9 = x2 + 3 + x4 + x6, a contradiction.
So SQ 75 Ir1 - T2.

(ii) So = x1 - z3. Note that x; + x3 = x2 + x3 + 6. We may assume
S3 = x9 - x3 - k6. Since supp(S3Sy) = Supp(SSfl) = {x1,x2,x3, T4, 26}, We
have 1 - x4 |Ss. If z3] 5y, then Sy ]Sy, a contradiction. So z3 1 Sy. Since
1+ T2+ x4 =21+ 23+ T4 + 24 # 1 + x3, We have Sy # 1 - T2 - 4. SO
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S4 = 1 2416 However, x1 4+ x4+ x¢ = x1 + T2 + x4 + 5, a contradiction.
So SQ 7& xr1 - Ix3.
By the symmetry of x3 and x4 in [x1], we may also assume that So # z1-x4.
(iii) S2 = x2 - 3. Without loss of generality, let x5 |S3. Then z3 t Ss,
x3| Sy and z9 1 Sy. Thus S3 = 1 2924 Or S3 = x1 -T2 Tg Or S3 = To- Ty Tg.
Since r1+x9+x6 = Tot+T3+r4+T5+x2+26 # To+x3, we have S3 #£ x1-To9-x6-
If S3 = x1 -9 24, then x5 26| Sy. Thus Sy = 1 w3 26 Or Sy = T3 14 X6
But
1+ x3+ 26 = T2+ T3+ x4 + 5 + T3 + 6 # T2 + T3,
T3+ x4 + Tg = 11 # T,
a contradiction. So S3 # x1 - T3 - 14.
If S3 = x9- x4 ¢, then x1-x3|Sy. Thus Sy = x1-x3-24 Or Sy = 173 X6
But
T+ T3+ x6 = T2 + T3 + T4 + 5 + T3 + T # T2 + X3,
T+ 23+ T4 = 31 + T2 F T2 + T3,
a contradiction, so S3 # 9 - x4 - xg. Thus Sy # x9 - x3. By the symmetry of
x3 and x4 in [x1], we also conclude that Sy # x5 - x4, a contradiction again.
Subcase 2.5: j = 6. Let S1 = x4,5 = x9 - x5 and S3 = x3 - x4 - T5.
By Lemma 7.2, Sy = x1 - xo - 3 or S4 = x1 - ¥3 - 4. By the symmetry of
x3 and x4 in [x1], we may assume Sy = x1 - x2 - 3. Thus xg = z9 + 5 =
x3+ x4+ x5 = x1 + 12 + 3. By Lemma 7.8, we have f(S) > 19.
Case 3: both [z1] and [z;] are of form (b4). Then

|S1] =1, 52| = 2,]S3] = 3,]S54] = 3.
As in Case 3, we have
supp(S3Sa) = supp(SS; ),
| ged(Ss,S4)| = 1,
| ged(Se, S3)| > 1,
| ged(Se, S4)| > 1,
| ged(Se, S3,.54)| = 0.
Now,
[x1] = {x1, T2 2324, T2 X5 X6, T3 - X5}
and
Tl = T2+ X3+ Ty = T2+ T5 + Te = T3 + Ts;
T3 = T2 1+ Te;
T5 = To + X4.
Subcase 3.1: j = 2. Then

Sylxy a3 x4 2516 fOrevery ve|[2,4].
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Since x3 = w9 + x4, x5 = T2 + x4, We have xo # x1 + T3, T3+ x4, T3+ x5, T3+
X6, X1+ x5, x4+ T5, OF T5+Tg, SO T3, 5 1 S2. Thus Sy = x1-24 Oor So = 21 x4
or So = x4 - xg. But

T1+ x4 =22+ T5 + x6 + T4 F To,
T+ xg = T2 + T3 + x4 + T F T3,
SO 52:$4-.T6.

Without loss of generality, let x4|S3. Then z¢ 1 S3. So S5 = x1 - x3 - x4
or S3=x1 x4 x5 or S3 =3 T4 T5. But

1+ 23+ x4 = 22 + x5 + 6 + T3 + T4 F T2,
T3+ T4 + x5 = T3 + T + T4 + Ty F T2,

s0 S3 = x1-w4-x5. Since supp(935;) = supp(SS;+) and | ged(Ss, S4)| = 1, we
have Sy = x1-x3-2¢ or Sy = x3-x5-x6. But x3+a5+16 = T3+T2+T4+T6 F# X2,
so Sy = x1 - x3 - xg. That gives x9 = x4 + 6 = T1 + x4 + 5 = 1 + T3 + X6.
Therefore,

Ts =T+ Ty =22+ 21 +23 =24+ T+ 21+ 23.

This reduces to Case 2.
Subcase 3.2: j = 3. Let S; = x3 and Sy = z2 - 4. Then

53‘.731-.%'2‘334-.%'5-5136 and 54‘.%1‘1'2-.%4‘1'5-.%6.

If x5 1 S3 then |x553] = 4 and o(2553) = x3 + x5 = x1, a contradiction.
Therefore x5 |Ss. Similarly, 25 € Si. Let S} = z5'S3 and S = 25" S
Then, S55) = x1 -2 - x4 - x¢ and ged(S5, Sy) = 1. Since Sy = 3 -z, we may
assume that x5 | S5 and zg | S}. Therefore, S5 = x; - 29 and S} = x4 - g, or
S4 =x9 x4 and S = x1 - x6. Hence, S3 = x1 - 22 - x5 and Sq = x4 - 5 - xg,
or S3 =x9-x4 x5 and Sy = x1 - x5 - xg. Thus, 2o + x4 = T4 + x5 + 6 OF
To+x6 =1+ T5+x6. But 214+ 25 +26 =29+ 23+ 24+ 25+ 76 £ T2+ X6
and x4 + o5 + 26 = 224 + T2 + T¢ F# x2 + X6, a contradiction.
Subcase 3.3: j = 4. Then

Sylxy-xg-xg-x5-16 forevery ve|[2,4].

Since x5 = x9 + x4 and x3 = x5 + w6, We have x4 # 1 + 5,22 + x5, T3 +
:L'5,l’5—|—:L‘6 or l’g—l—fL‘ﬁ. So SQ — X1 0r X1 -3 Or 1 -Tg Or o +-T3 Or T3 Tg.
Since |S3| = |S4] = 3 and

T1+ T3 = T2+ X5 + Te + T3,

1+ 26 = T2 + X3 + T4 + T,
5275$1'$3 or 52#131-1'6.

(i) So = x1 - x9. Note that x1 + x9 = x3 + 5 + x2, SO we may assume that
S3 = x9-x3-x5. Since ged (S, S3,54) = 1 and supp(S35y) = supp(SSfl) =
{z1, 9,23, 25,26} and | ged(S3,S4)| = 1, we have Sy = 1 - x3 - xg or Sy =
T1 x5 - Tg. But

r1+ T3+ x6 = 1 + T2 + 6 + T # 1 + X2,
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r1+ T5 + xg = 1 + To + x4 + Tg F T4,

a contradiction. So So # x1 - To.
(ii) So = xo - x3. Without loss of generality, let x5 |S3. Then 31 S3. So
S3 =21 %95 or S3 =11 29 xg 0r S3 =T - x5 Tg. But
T1+ T+ x6 = 1 + X3 #£ T2 + I3,
T2 + 5 + Tg = T1 F T4,
so S3 = x1 - w9 - x5. Since zo 1 Sy and x3| Sy, we have Sy = x1 - x3 - x5 or
Sy =x1-x3-Tg Or Sy = x3-T5 - x5. But
1+ T3+ x5 =21 + 23 + T2 + T4 F T2 + 23,
x3+ T5 +Tg =23+ T2+ Tg+ T 7515‘4,
80 Sy = x1-x3-xg. This gives that x4 = zo+2x3 = v1+x0+2x5 = 1+ 23+ 76.
Then
r3 =1 +T5 =1+ T2+ Tg =23+ T5 + T+ 4.
This reduces to Case 2.
(iii) So = x3 - x6. Without loss of generality, let x3|Ss, then z¢|S4 and
23154 So Sy =x1-x9 26 0r Sy =121 x5 2T Or Sy = x93 x5+ Tg. But
Ty + 29 + T = 3 + x5 + T2 + Te # T3 + T,
T1+ T5 4+ x6 = To + T3+ x4 + T5 + Tg F X4,
To + T5 + x6 = T1 F T4,
a contradiction.
Subcase 3.4: j = 5. By the symmetry of x3, z¢ and x5, x4 in [z1], this
reduces to subcase 3.2.
Subcase 3.5: j = 6. By the symmetry of x3, z¢ and x5, x4 in 1], this

reduces to subcase 3.3.
This completes the proof. |

7.2. Classes of size 5

This subsection deals with classes of size 5, and it provides a proof of
Lemma 3.4.

Lemma 7.9. If |A;| = 5, then there exists T € Py such that A; or the dual
class of A; is of one of the following forms:

(Cl)' {x‘r(l) "Tr(2)s Tr(3)  Tr(4), Lr(5) " Lr(6) " Lr(1) " Tr(3)s Lr(5) Lr(6) " Lr(2)"
Tr(a), Tr(5)* Tr(l) " Tr(a)}s

(c2). {%(1)'567(2)iL Tr(3) Tr(4)y Tr(5) Tr(6) Tr(1) Tr(3)s Tr(5) Tr(6) Tr(2)s Tr(5)"
Lr(1) " Lr(4)ss

(C?’) {xT(l)'wT(2)7 Lr(3) Lr(4)y Lr(5)"Lr(6) Lr(1)"Lr(3)y Lr(5) Lr(1) Tr(4)s Tr(6)"
Lr(2) " Tr4)s;

(64) {x’r(l) : x’T(Q)’ 1'7(3) ' 1'7'(4)7 Lr(5) Lr(6) x’r(l)v x’T(5) : ':UT(Q) : m’?’(?))? xT(G) :
Tr(2) " Tr(4)};



28 WEIDONG GAO, YUANLIN LI, JJANGTAO PENG, AND FANG SUN

(c5). {Zr(1) * Tr(2)s Tr(1) Tr(3) " Tr(6) Tr(5): Tr(1) Tr(d) Tr(3)s Tr(2) Tr(6) "
Tr(3)s Tr(s) " Tr(4) " Tr(6)}]

(¢6). {Zr(1) Tr(2)s Tr(1) Tr(3) " Tr(6) Tr(5)s Tr(1) Tr(d) Tr(3), Tr(2) Tr(6)"
Lr(3)s Lr(5) " Tr(2) " xT(4)};

(€T). {Zr(1) T7(2)s Tr(1) Tr(3) Tr(4)s Tr(1) Tr(5)"Tr(6)s Tr(2)'Tr(3)'Tr(5) Tr(2)"
Lr(4) - :UT(G)}'

Proof. Let

(
(

_ =

.AZ' == {Sl,...,S5}
where S1,..., S5 are subsequences of S and 1 < |S;| <... <S5/
Let T' = 5159555455. As in the proof of Lemma 5.1, we have supp(T) = S
and 2 < v,(T') < 3 for every a € S.
By Lemma 5.1 we have

2 <[5 <o <S5 <4

By Lemma 2.4, we infer that A; contains at most three sequences of length
2, and three sequences of length 4.

Next, we distinguish cases.

Case 1: A; contains three sequences of lengths 2. Then |Si| = |S2| =
|S3| = 2. Let S; = x1-x2, 59 = x3-x4 and S3 = x5-x¢. Then by Lemma 2.4,
we have [S4] = |S5| = 3. Since vq(T') > 2 for every a|S, we have S4S5 = S.
Thus o(Sy) = 0(S5) = (S;'S). Then A; is the dual class of itself, but
|A;] = 5, a contradiction.

Case 2: A; contains two sequences of length 2. Than |[S;| = |S2| = 2.
Without loss of generality, let

S1:x1~x2,52:x3-m4.

If |S;| > 3 for some j € [3,5], then ged(S), x5 - z6) # 1. Furthermore, if
|Sj| = 4, then x5 - 6 | S; and |ged(S1,5;)| = | ged(Se, S5)] = 1. Also, we
may assume that A; contains at most two sequences of length 4. Otherwise,
we may consider A; instead and it contains three sequences of length 2. This
reduces to Case 1, and we are done.

Subcase 2.1: A; contains two sequences of lengths 4. Then |S3| = 3 and
|S4] = |S5| = 4. Since w5 - x6|Ss and | ged(S1, Sp)| = | ged(Se, S4)| = 1, we
may assume Sy = T5 - g - 1 - T3. Since x5 - Tg | S5 and | ged(Ss, Sa)| < 2, we
have S5 = x5 - 26 - 12 - T4.

Without loss of generality, let x5|Ss. Then zg 1 S3. If 21,22 1 S3, then
S3 = x3 - x4 - x5 and Sy |S3, a contradiction. If xq|Ss3, then xo,x3 t Ss.
Therefore, S3 = x5 - 1 - ¢4 and A; is of form (cl). If 25| S5, then similarly
we have S3 = x5 - x3 - x3, and thus A4; is of form (cl) again.

Subcase 2.2: A; contains one sequence of length 4. Then |S5| = 4 and
|S3] = |S4] = 3. Since z5 - 6| S5 and |ged(S1,S5)| = | ged(Se, S5)| = 1,
we may assume Sz = x5 - Tg - 1 - 3. Note that ged(Ss, x5 - xg) # 1 and
ged(Sy, x5-x6) # 1. We may assume that | ged(Ss, x5-26)| > | ged(Sy, x5-76)].

If x5 - xg | S3, then x1, x3 1 S3. Without loss of generality, let x5 |S3. Then
S3 = x5 - x¢ - T2. Next, we may assume x5 | Sy. Then xo, 261 Sy. If 21 1 Sy,
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then Sy = x5 -x3-x4 and So | Sy, a contradiction. So z1|Ss. By Lemma 2.4,
| ged(Sy, S5)| < 2, so w3 1 Sy. Therefore Sy = x5 - x1 - x4. Then A; is of form
(c2).

Now, suppose ged(Ss, o5 - 6) = =5, and then | ged(Sy, x5 - x6)| = 1. Since
Vao(T) > 2, then x| Sy and thus x5 1 Sy. Hence, Sy |1 - 2 - 3 - 24 - x6.
If x1|Ss, then zo,23 1 S3, so S3 = x5 - x1 - x4. Since v, (T) < 3, x1 1 S4.
and thus Sy |z - x3 - x4 - z6. Note that |ged(xs - x4, 54)] < 1. We have
Sy =xg-To-x30r Sy = x6-To-x4. If Sy = x4-T2-2x3, then Sy = SS;l, so A;
is the dual class of itself. Since |A;| = 5, A; is not self-dual, a contradiction.
Thus Sy = z¢ - 2 - x4 and then A; is of form (c3).

Next, assume that x; 1 S3. By the symmetry of 2 and z3 in {57, S2, S5},
we may also assume that x3 t S3. By the symmetry of Sg and Sy, we also
have x1,x3 1 Ss. Then,

S3|xe -y x5 -6 and Sy|xe-x4-T5- 26,

so | ged(Ss3,84)] > 2, a contradiction.

Subcase 2.3: A; contains no sequence of length 4. Then [S3| = |S4| =
|S5| = 3. Since ged(Sj, x5 - x6) # 1 for every j = 3,4,5, we may assume
xIs ‘ ng(Sg, 84) If xIs ’ 55, then

:Bngl, |z1 - 29 23 2416 for every v € l3,5].

Since x5 93| = |z5'S4| = |25 'S5 = 2, there exist m,n € [3,5] such that
|ged (25 Sm, 25 1S0)| > 1, so |ged(Sm, Sn)| > 2, a contradiction. Thus
x5 1 S5, and therefore z¢ | S5. By the symmetry of S3, Sy, we may assume
x6 | S3 and xg 1 Sy. This gives that x5 - 26| S3. By the symmetry of z1, x9,
x3 and x4 in {S1, S2}, we may assume S3 = x5 x¢-x1. Since x5 | Sy, we have
X6, 01 1 S4. SO Sy = 5 -x9-xg or Sy = T5 - Ty - x4 Or Sy = x5 - T3 - x4. But
Sa 1 Sy, so Sq # x5 - x3 - ©4. By the symmetry of x3 and z4 in {S1, Se, S},
we may assume that Sy = x5 - xo - x3. Since z¢|S5, we have x; 1 Ss,
SO0 S5 = xg-x9-x3 0r S5 = Tg- X - Tg4 Or S5 = Xg - T3 - 4. Note that
re+To+Ts # x5+x20+x3, xg+x3+T4 # T3+, Wwe must have Sy = xg-x2-x4.
Hence, A; is of form (c4).

Case 3: A; contains exactly one sequence of length 2. We may also
assume A; contains at most one sequence of length 4 (otherwise, we may
consider A; instead and we are back to one of the above cases). Let S1 =
T1 - To.

Subcase 3.1: A; contains exactly one sequence of length 4. Then |S5| =
4. If ged (S5, S1) = 1, then A; is the dual class of itself, giving a contradiction.
So ged(Ss5,51) # 1. Without loss of generality, we may assume that S5 =
135" Tg-

If 21 1 5255854, then we have

Sylxe a3 42516 fOrevery ve|[2,4].

Since |S2| = |S3| = |S4| = 3, there exist m,n € [2,4] such that | gcd(Sp,, Sn)| >
2, a contradiction. So x1 |52S5354. But v, (T") < 3 for every a| S, so we have
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vz, (525354) = 1. Without loss of generality, let x| S2. Then x5 t Se and
x1 15354 If 24 1 So, then Sy | x1 2326 25 = S5, a contradiction. So x4 | Ss.
By the symmetry of z3, x¢ and x5 in {S1,S5}, we may assume 3| S2, so
So = x1 - x4 - T3.

Note that x1 1 S354, and thus we have

S3|xe-wg- x4 x5 -6 and Sy|zo-x3- T4 T5- T6.

Since v.,(T) > 2, we have v,;,(S354) > 1. Let x9|Ss. If xg,25 1 Ss,
then S3 = xy - x3 - x4, and thus |ged(S2, S3)] = 2, a contradiction. So
x6|S3 or x5|S3. Without loss of generality, let zg|Ss. If x5|S3, then
S3 = X9 T x5 = 552_1, so A; is the dual class of itself, a contradiction.
Then x5t S3. Therefore, S3 = x9 - 6 - 3 or S = x2 - T4 - Xp.

First assume that S3 = x9 - x¢ - x3. If 291 Sy, we have Sy |z3 - x4 - 5 - x6.
So Sy =x3-x6-T50r Sy = X3 Ty T Or Sy = X3-T5- Ty OF Sy = Tyg-T5- Tg.
But

x3+a:6+a:57éx1+x3+m6+a:5;
3+ T4 + T # T1 + T4 + T3;
3+ x5 + T4 # T1 + T4 + T3,

s0 Sy = x4 - w5 - xg. Then A; is of form (¢b). If xo | Sy, then x3,x6 1 S4, sO
Sy = x93 - x5 - x4. Again, A; is of form (c6).

Next, assume that Sz = x9 - x4 - xg. If 29 1 Sy, we have Sy |x3- x4 x5 - x6.
S0 Sy =1x3 Tg-T5 OF Ty Xy Tg OF T3 -T5- Ty OF Sy = T4+ T5 - Tg. Since

T3+ g + x5 # 1 + T3 + Te + Ts;
T3+ x4 + x6 # 1 + T4 + T3;
3+ T5 + x4 # 1 + T4 + 235
T4 + x5 + T # T2 + T4 + g,

none of the above cases are possible. So x2|Sy. Then x4, 26 t S4 and thus
S4 =z - x5 - x3. By the symmetry of x4 and x5 in {51, S2, S5}, we have A;
is of form (c6).

Subcase 3.2: A; contains no sequence of length 4. Then |Sa| = |S3] =
|Sa| = 155] = 3.

Recall that S1 = x1 - x2. Since vo(T) > 2 for every al|S, we have
supp(S52555455) = supp(S).

We assert that v,(525354S55) = 2 for every a € S.

If there exists a | S such that v,(525355455) = 3, we may assume a | ged(S2, S3,S4).
Since

a8, |a"tS for every v e |[2,4],
there exist m,n € [2,4] such that ‘gcd(a‘lSm,a_ISn)‘ > 1. This implies
that | gcd(Spm, Sn)| > 2, a contradiction. Thus v,(S2535455) < 2 for every
a € S. Since |59535455| = 12, we have v,(525354S55) = 2 for every a € S.
This proves the assert.
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Re call that T' = 5152535455. By the above assertion, we have vy, (T") =
vz, (T') = 3. So we may assume x| ged(S2,.S3) and x2| ged(Sy, S5). Then
x9 1 ged(S2, S3) and x1 1 ged(Sy, S5). Without loss of generality, let Sy =
x1-x3-x¢ and S3 = x1-x5-x4. Since | ged(Sy, S2)| < 1 and | ged(Sy, S3)| < 1,
we may assume Sy = To - x3 - 5. Then S5 = 29 - x4 - v¢ and therefore, A; is
of form (c7).

Case 4: A; contains no sequence of length 2. As before, we may assume
A; contains no sequence of length 4. Then [Si| = --- = [S5] = 3 and
|T| = 15. Since |S| = 6, we must have v,(7) = 3 for some a|S. As
in Subcase 3.2, there exist m # n such that |gcd(Sm,Sn)‘ > 2, giving a
contradiction.

This completes the proof. |

Lemma 7.10. Ifx1+x0 =23+ T4 = 5+ 26+ 21 +2T3 = T5+T6+x2+ T4 =
x5+ x1 + x4, then £(S) > 19.

Proof. Let
a] =21 =22 +2Tg =24+ T5 + X,
g = Lo = T4 + 5 = 23 + T5 + Xg,
a3 =3 =21 +I5s =29 + 5 + X,
a4 = T4 =23+ x5 =1 + T5 + Tg,
a5 =T1+x2 = T3+x4 = T5+Te+21+T3 = Ts+Te+T2+T4 = T5+T1+Xy,
ag = x1+x3 = r2+x4 = x1+x2+25+26 = 3+T4+T5+T6 = To+T3+Te,
a7y =21 +x2+ 23 =21 +2x3+ T4+ 25 =22+ T3+ x4+ T5 + Ts,
ag =x1+T2+ T4 =21 +T2+ 23+ 26 =21+ 23+ T4+ 5+ T6,
a9 =21 +x3+T4=T2+ T3+ 24+ %6 =21+ T2+ T4+ T5+ Tg,
a0 =22 +23+xr4=21+T2+ T4+ 25 =21+ 22+ 23+ 5 + T,
a1 =1+ T2+ 23 +x4 =21 + 29+ 223+ 6 = 21 + T3 + 224 + 5,
alg = x1 + T2 + x3 + x4 + T5 + X6,
a3 =T+ T4 =1+ 23+ 26 = T2+ 24+ x6 = T2 + x3 + 226,
a14 = T9+ T3 =23+ x4+ 25 =21 + T2 + x5,
a5 =T1+x9+xg =x3+2T4+x6 =21 +2T4+25+2x6 = 21 +23+ x5+ 276,
a1 =21+ T3+ x5 =22 + 24+ 5 = T2 + 23 + T5 + X6,
aj7 = T + e,
a18 = Ts,
a9 = Te,
ag0 = X1 + T2 + T3 + T4 + T,
a1 = X1 + Tg-
By Lemma 2.4, we have

ai,agz,...,aie
are pairwise distinct.
In view of &1 + 9 = 23+ x4 = x5 + 26 + 1 + T3 = x5 + T + T2 + x4, We

obtain that 2(z5 + x¢) = 0. So a17 # ai,...,a11,a13,a14. By Lemma 2.4,
we have a17 # a12, a15, a1g. Therefore,

ag,...,a1r
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are pairwise distinct.
By Lemma 2.4, we have

aig # ai,...,010,a12, 0414, . - ., A17;
aig # ai, ..., 410,12, 13, A15, - - - , G18-

If aig = aq3, then x5 = 21 + x4 = o1 + 23 + 6 = T2 + T4 + T¢, SO
To = X4 +x5 = T3+ T5+ Tg = X1 + 3+ x4 + 6. It follows from Lemma 3.3
that f(S) > 19. So, we may assume a1g # ais. Similarly, we may assume
that a19 # a14 , SO Tg # 2 + T3.

If a18 # a11 and aig9 # aq1, then aq,ao, ..., a19 are pairwise distinct and
we are done. Without loss of generality, let a1 = a11. Then a9 # a1; and
thus a1, a9, ..., a17,a19 are pairwise distinct.

By Lemma 2.4, we have asg # ay,...,a14,016. Since rg # Ta + x3, we
have x1 + xo + x3 + x4 + x5 # x1 + T4 + x5 + x6, that is asg # a15. Note that
X1+ 2o+ 23+ 24+ 25 = x5+ 5 75 5+ xg. We have agg 75 ay7. If asg 7& aig,
then aq,...a17,a19, a0y are pairwise distinct and we are done. So, we may
assume that asg = aqg, S0 1 + 2 + 3 + 4 + 5 = x6. Then we have

as1 =1+ 26 =22+ +T6=x1+2x1 + 22+ 23+ T4+ 5.
Since S contains no elements of order 2, again, by Lemma 2.4, we have
as1 # ai,...,a17,a19. Therefore
a,az,...,a17, a1y, a1

are pairwise distinct and we are done. |

Lemma 7.11. Ifx1 +zo =21+ 23+ 24 =21 + 25+ 26 = T2 + T3 + 25 =
x9 + x4 + x, then £(S) > 19.

Proof. Let
a1 = %1 = T3+ Ts = T4+ Tg,
Qg = T9 = X3 + T4 = X5 + Te,

az = I3,
G4 = T4,
a5 = s,
ag = Tg,

ar =21 +2To =21 +23+2T4 =21 +25+2g =22 +2x3+2x5 = 9+ 24+ T,

a8 = T3+ X4 +T5+Tg =22 +Ts+Tg =T2+2T3+Tg=2T1+2T4+Tg=
r1 + x3 + x5,

a9 = %1 +23+Tg+2T5+xg =21 +2T2+2T5+Tg =21+ T2+ T3+ X4,

a0 =2+ T3+ T4+ T5+Te =21 +T2+ Ty + T =21+ T2+ T3+ Ts5,

a1 = x1 + 2 + T3 + x4 + 5 + Ts,

a2 =1+ T3 = 23+ T4+ Te = T2 + Te,

a3 =1+ T4 =23+ T4 + 5 = T2 + Ts,

a14 = X1 + T5 = T4 + 5 + Te = T2 + T4,

als = X1 + ¢ = x3 + 5 + T6 = T2 + T3,

a6 =2+ 24 +25+2T6 =21 +22+ 25 =21 + 23+ 24+ Ts5,
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a7 =22+ T3+ x5 +xg =21 +T2+ 26 =21+ 23+ T4+ e,

a8 =22+ T3+ x4 +x6=x1 +22+2x3=21+23+ T5 + e,

alg =T+ 3+ 24 +2x5 =21 +22+2x4 =21 +2x4+ x5+ Tg.

Since S contains no elements of order 2, we have a3 # a4, a12 # a19,a13 #
a8, G14 # a17,a015 7# a16. This together with Lemma 2.4 shows that

ai, az,as, a4, as, ag, ar, ag, ag, @10, 411, 412, 413, @14, @15, 416, 417, @18, @419
are pairwise distinct and we are done. |

We are now ready to prove Lemma 3.4.
Proof of Lemma 3.4.

By Lemma 5.1, |Ax| < 5 for all k € [1,r]. If A; has the form (cl) or
7) described in Lemma 7.9, then by Lemma 7.10 or Lemma 7.11, we have

f(S) > 19. Next, we may assume .4; has one of the forms (¢2), (63), (c4),
5) and (c6). Then we have one of the following holds correspondingly.

(¢
(¢

Tr(2) = Tr(3) T Tr(5) T Tr(6) = Tr(4) T Lr(5) = Tr(1) + T7(3);

Tr(3) = Tr(a) T Tr(5) T Tr(6) = Tr(1) T Lr(5) = Lr(2) T Tr(6),

Tr(1) = Tr(2) T Tr(s) T Tr(6) = Tr(3) T Lr(5) = Tr(4) T Tr(6);

Tr(2) = Tr(3) T Tr(5) T Tr(6) = Tr(1) T Lr(5) = Tr(3) + Tr(a),
and

It follows from Lemma 5.1, Lemma 7.2 that A; induces a class [z(;)] of form
(b3) described in Lemma 7.2, and therefore, the lemma follows from Lemma

7.4. |

8. PROOF OF THEOREM 1.3

The proof of Theorem 1.3 is based on Theorem 1.2, and it uses ideas of P.
Erdds, W. Gao, A. Geroldinger, Y. ould Hamidoune et.al. (see [8, Sections
5.3 and 5.4]).

Let G be cyclic of order n > 3 and let S € F(G) be zero-sum free with

6n + 28
S| > .
15 = 19
Let ¢ € Ny be maximal such that S has a representation in the form S =
S0S1 - ...+ Sy with squarefree, zero-sum free sequences Si,...,S5;, € F(G)

of length |S,| = 6 for all v € [1,q]. Among all those representations of S
choose one for which d = |supp(Sp)| is maximal, and set Sp = gi*-...- g,
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where ¢1,...,9q4 € G are pairwise distinct, d € Ny and 1 > --- > rg € N.
Since ¢ is maximal, we have d € [0, 5].

Assume to the contrary that 1 < 1. Then either d = 0 or ry = ... =
rq = 1, and for convenience we set F(0) = 0. By Theorem 1.2, Lemmas 2.1
and 2.2, it follows that

IS(S)] > [(So)| + D [B(S)| = [S(So)| + 19¢
=1

S| —d _ 19]S| — 19d + 6F(d) _ 19]S| - 28 _
6

>19| + F(d) G > G >n,

a contradiction.

Thus it follows that 7 > 2, and we set g = g1. We assert that v4(S;) > 1
for all ¢ € [1,q]. Assume to the contrary that there exists some i € [1,¢]
with g 1 .S;. Then there is an h € supp(S;) with h 1 Sp. Since S may be
written in the form

S = (hg’lSo)Sl S Si_l(gh’lsi)SiH S Sq,

and |supp(hg=1Sp)| > |supp(Sp)|, we obtain a contradiction to the maxi-
mality of |supp(Sp)].
Clearly Sy allows a product decomposition of the form

So = HT“ T

qi

where all %" € f(G) are squarefree with vy (T, (i)) =1,q,...,¢5 € Ng and
|T1(Z)| |T | =i for all i € [1,5]. Thus we get

S| = |So| + 6¢ = q1 + 2g2 + 3¢3 + 4q4 + 5g5 + 6q,

vg(So) =qi+...+¢5 and hence vy(S)>qg+aq +...+¢s5.

Since

5
n—1>[2(8)| > [Z(So) + S [=(T? ... T
=1
5

> qF(6) + > aiF (i) = 19¢ + q1 + 3g2 + 5q3 + 84 + 13¢5,
i=1

we infer that

6[S| — (n —1) < 6(q1 +2g2 + 3¢3 + 44 + 5g5 + 6¢) — (q1 + 3g2 + 5g3 + 8qa + 13¢5 + 19¢9)
= 17q + 17¢g5 + 16q4 + 1393 + 992 + 5q1
< 17vy(S) .
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We close the paper with a remark on Olson’s constant. Let ol(G) denote
the maximal length of a squarefree, zero-sum free sequence over GG, and let
OI(G) be the smallest integer I € N such that every squarefree sequence
S € F(QG) of length |S| > [ satisfies 0 € ¥(S). Then 1+ ol(G) = OI(G), and
Ol(G) is called Olson’s constant. If

F(G,k) > 14 ¢ 2k* for some k€& Nandcée Ry,

then a simple argument shows that ol(G) < ¢y/|G|—1 (see [8, Lemma
5.1.17] for details). A survey on Olson’s constant can be found in [6, Section
10).
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