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Abstract

Let G be a graph and d(u) denote the degree of a vertex w in G. The
zeroth-order Randié¢ index of G is defined as "R(G) = 2 uev(G) (d(u))~z.
Let W, m denote the set of connected graphs of order n with a maximum
matching of size m, and P, the set of connected graphs of order n with
exactly k pendant vertices. In this paper, we first determine the graphs
with minimum and maximum zeroth-order Randié¢ index in W,, ,. Then, we
determine the extremal graphs in P, . Finally, we determine the extremal

graphs for k-colorable graphs and hamiltonian graphs, respectively.

Keywords: zeroth-order Randi¢ index, maximum matching, k-colorable

graph, Hamiltonian graph.

1 Introduction

All graphs G = (V, E) considered here will be finite, undirected, simple and connected.
The degree of a vertex u € V(G) will be denoted by d(u). The graph that arises from G by
deleting an edge uv € E(G) or adding an edge zy ¢ E(G) will be denoted by G — uv and
G + xy, respectively. The join G1 + G2 of two disjoint graphs G; and G5 is obtained from
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(G1 UG> by joining each vertex of GGy to each vertex of Go. The path of order n is denoted by
P, and the star of order n is denoted by S5,,. The complement of a graph G will be denoted
by G.

In [10] Randié proposed a topological index, suitable for measuring the extent of branching
of the carbon-atom skeleton of saturated hydrocarbons. The Randié¢ index is defined in [10]

as follows:

1
HO= 2 o)

weE(G)
which is well correlated with a variety of physico-chemical properties of alcanes. The Randié¢
index thus becomes one of the most popular molecular descriptors and has been widely
studied (see [1, 2, 4, 5, 9]). The zeroth-order Randi¢ index °R(G) is defined by Kier and Hall
[6, 7] as follows:

"RG)= Y (du)7?.

ueV(G)
It is the purpose of this paper to find extremal graphs on the zeroth-order Randié¢ index for

some classes of graphs.

Let W, ,, denote the set of connected graphs of order n with a maximum matching of
cardinality m. Define a tree A(n,m) of order n as follows: A(n,m) is obtained from the star
graph Sj,_,+1 with n —m 4 1 vertices by attaching a pendant edge to each of certain m — 1
non-central vertices of Sy, _,+1. We call A(n,m) a spur and note that it has a matching of

size m.

For n < 4m, we set

< z +n—2m—|—x—1+2m—2$—|—1>}
vn—1 NE 2m — x

In Section 2, we prove that

if n > 4m + 1, then K,, + K, _,, is the unique graph with minimum zeroth-order Randié

index in W, m;

if s € M and 2m < n < 4m, then K+ (Kop—2s+1 U Kp—om+s—1) is the graph with minimum

zeroth-order Randi¢ index in W, ,,; and
A(n,m) is the unique graph with maximum zeroth-order Randi¢ index in W, p,.

Let P, be the graph obtained from K, by adding k£ pendant vertices to it such that
the vertices of K,,_; have almost equal number pendant vertices, i.e., the difference of the

numbers of pendant vertices at any two vertices is at most 1.



In Section 3, we prove that P, ; is the graph with minimum zeroth-order Randié¢ index
among all graphs which contains exactly k pendant vertices, whereas the starlike tree with
k pendant vertices is the graph with maximum zeroth-order Randi¢ index among all these

kind of graphs.

In Section 4, we prove that the complete k-partite graph with almost equal parts and
the star S, are the k-colorable graphs with minimum and maximum zeroth-order Randié
index, respectively, and K, and C), are the Hamiltonian graphs with minimum and maximum

zeroth-order Randié¢ index, respectively.

2 Extremal graphs in W, ,,

A component of a graph is odd or even according as it has an odd or even number of
vertices. For a subset S of V(G), we denote by ¢y(G — S) the number of odd components
of G — S. Let M be a maximum matching of G with order n and |M| = m. We define the
deficiency of G, def(G), by the equation def(G) = n — 2m. Hence def(G) is the number of
vertices left unsaturated by any maximum matching. Let S be a subset of V(G) and |S| = s.

Then, we have

Lemma 1 /8] Let def(G) denote the deficiency of a graph G. Then, def(G) = max{co(G —
S) —s|S CV(G)}.

Lemma 2 Let uv € E(G). Then "R(G — wv) > "R(G).

Proof. By definition, we have

1 1 1 1
0 0
R(G —wv) —"R(G) = + - - > 0.
VAW -1 i -1 Jdw /)
This completes the proof of the lemma. O

Apply Lemma 2, we have

Lemma 3 Let T be a spanning tree of a graph G. Then "R(T) > "R(G) with equality if and
only if G is a tree.

Y _x=2  y+2
Vy—1+s x—-3+s y+l+s’

Lemma 4 Lets, x, y be positive integers and f(x,y) = \/mes—F
Then f(z,y) >0 fory >z > 3.



Proof. Set t =s —1,/t +t =a,\/y +t=>b. Then b>a > /3 and
a?—t bt a?—t—2 b +2-t
f(t):< + >_< 5 R~ )
a b Vaz -2 Vb2 +2
Let g(b):bzgt—b2+2_t Then g’(b)zl—kb%—%b%b. From this we know that ¢’(b) > 0

b242 " (b2+2)2
if and only if (b% 4+ 2)3(b? + t)2 — (b% + 2b + bt)%b* > 0. Since

(b2 +2)3(b% + )% — (b3 + 2b + bt)2b?

= 20% + 8BSt + 6b*t% + 8b0 + 24b*t + 12622 + 8b* + 16b%t + 8t2 > 0,

we have ) ) ) )
a“—t a*—2-1 a“—t+2 a*—t
t) > — — + .
f()_< a a2—2> ( a? +2 a >
Let O(u) = “2:22;; - uzu_t. Then f(t) > ©(va? —2) — O(a). Since O'(u) = —¢'(u) < 0, we
have f(t) > 0. O

Lemma 5 Let s, n, m be positive integers satisfying 1 < s < m,2m < n and h(s) =

\/% + "_2:7;3_1 + 2:?2_73“:1 Then h(s) < h(m) when n > 4m + 1, with equality if and only

if s =m.

Proof. Tt suffices to prove that h/(s) <0 for 1 < s <m,4m +1 < n.

1 _ 1 1 n—2m4s—1 2 2m—2s41
h (S) - n—1 + Vs 2s5y/s V2m—s + 2(2m—s)v2m—s
1 1 _ n—2m4s—1 _ 2 2m—2s+1
< n—1 + N 2s4/s V2m—s + 2s4/s
_ 1 _ n—4m+4s—2 _ 2
- n—1 2s4/s V2m—s
< 0
We thus obtain the result. d

Let M be defined the same as in Section 1.

Theorem 1 Let G be a connected graph of order n with a maximum matching of size m.

(i) Let n > 4m + 1. Then "R(G) > "R(K,, + K,_m) with equality if and only if G =
K+ Kp_m;

(ii) Let s € M and 2m < n < 4m. Then
OR(G) > OR(KS + (K2m—2s+1 U Kn—2m+s—l))a

with equality if and only if there exists a k in M such that G = Kp+(Kom—ok+1UKp—2mik—1)-



Proof. Let G be a graph with minimum zeroth-order Randi¢ index in W, ,,. By Lemma
1, there exists a subset S of V(G) such that G — S has n — 2m + s odd components. Let
G1,Ga,...,Gp_om+s be its all odd components and n; = |G;| for i = 1,2,...,n —2m + s.

Without loss of generality, set n1 <no < ... <Np_omas.
Claim 1: G — S contains no even component.

Proof. Suppose that there are some even components in G — S and H is their union. Let
G’ be the graph obtained from G by adding some edges such that G'[V(G1) UV (H)] is a
complete graph. By Lemma 2, we have R(G) > °R(G"), a contradiction. d

Similarly, we have
Claim 2: All G[V(G1)],GIV(G2)],...,G[V(Gn—2m+s)] and G[S] are complete.

By Claims 1, 2 and Lemma 2, we know that G = K + (K,, UK,,U--- UK, _, . ).
Claim 3: ny =ny=... =np_omys—1 = L.

Proof. Suppose that there are two odd components G;, G; such that 3 < n; < n;. Let
G" be the graph obtained from G by moving two vertices from G; to Gj, that is, G” =

Ko+ (Kpy U UKy, oU---UKy 4oU-- UK, ). For simplicity, we set n; = x,n; = y.

Nn—2m-+s
Then
0 0 1" - Y T —2 y+2
R(G) —="R(G") = + - — )
©) () Ve—1+s Vy—-1+s Vor—-3+s Vy+1l+s
By Lemma 4, we have "R(G) > "R(G"), again a contradiction. O

) ]3}7 ?laims 172 and 37 G = Ks+(K2m—28+1UKn—2m+s—1) and OR(G) = Ts—l +n—2n\}—§|-s—1 +
m—2s+

V2m—s ’

where 1 < s <m.
If n > 4m+ 1, by Lemma 5 we obtain the result.
If 2m < n < 4m, by choosing s € M, we also obtain the result.

This completes the proof of the theorem. O

Corollary 1 Let G € Wy, .

Ifn>4m +1, then "R(G) > T ”\7’% with equality if and only if G = Ky, + (Kn—m);

If s e M and 2m < n < 4m, then

s n—2m+s—1 2m—2s+1

0
R(G) >
(@) n—1+ Vs 2m — s




with equality if and only if there exists a k in M such that G = K+ (Kom—2k+1UKp—2mtk—1)

Let M be a maximum matching of G. A vertex v of G is said to be M-saturated if v
is incident with an edge in M; otherwise, v is M-unsaturated. An M-alternating path in
G is a path whose edges are alternately in £\ M and M. An M-augmenting path is an

M-alternating path whose origin and terminus are M-unsaturated.

Lemma 6 [3]/ A matching M in G is mazimum if and only if G contains no M -augmenting

path.
Lemma 7 f(dl,dz)Z\/ﬁ-l-%—ﬁ—l—ﬁ—z > 0(dy > dy > 3).
Proof. Since 8f(gél,d2) = —2(d1+d2_2§\/d1+d2_2 + 2d11/E > 0, we have f(d1,d2) > f(3,3) > 0.

0

A tree is said to be starlike if it possesses exactly one vertex of degree greater than two,
which can also be obtained from some paths by identifying its one pendant vertices. These

paths is said to pendant paths of it.

Theorem 2 Let G be a graph of order n(n > 6) with a mazimum matching of size m. Then
YR(G) < °R(A(n,m)), with equality if and only if G is isomorphic to A(n,m).

Proof. Let M be a maximum matching of G. Then G must contain a spanning tree that
contains all edges of M. By Lemma 3, we have "R(T) > °R(G). It suffices to find the tree

with maximum zeroth-order Randié¢ index in W, ;.

Let T be a tree of order n with a maximum matching M of size m, V*(T') = {v € V(T) :
d(v) > 3}. If V* = ¢, T is a path on n vertices. Assume that V* # ¢. If there are two
vertices that belong to it, say u,v, and d(u) > d(v) > 3. Suppose there exists no vertex that
belongs to V*(T') in the unique path connecting u,v. We obtain a new tree T} by moving
d(v) — 2 edges from v to u and leaving the edge of M that incident to v if it has. Clearly, T}
has a M-augmenting path if and only if 7" has, too. By Lemma 6, we have T7 € W, ,,; and

1 1 1 1
+—=- - )
VI Fdo) =2 V2 Jdw) /W)
by Lemma 7, we have *R(Ty) > °R(T). Beside it we have V*(T}) = V*(T) — 1. Repeating
this process, we finally obtain a tree Ty such that *R(T) > "R(T) and V*(Ty) = 1, that is,

T5 is a starlike tree that has larger zeroth-order Randié¢ index than T. Moreover, M is still a

OR(Ty) —°R(T) =




maximum matching of it. Assume that u is the center vertex and d(u) = k > 3. If there is a
pendant path P = uvjvavs - --v; (I > 3), letting T3 = T' — vov3 + uvg, then T3 € W, ,, and

1 1 1 1 1 1
Vil v a2t e

Repeating this process, we finally obtain the tree A(n,m). In the following, we will compare

OR(T3) — "R(Ty) =

the zeroth-order Randié indices of A(n,m) and P,, when n = 2m and n = 2m + 1. By simple

computation, we obtain

R(P,) = 24 "—J;

‘R(A(n,m)) = nl_m + m7_21 +n—m
When n = 2m,

1 -1 2m — 2 a=0 m=1,2,
"R(A(2m,m)) — *R(Pam) = —m—l—%+m—2— m\/§ = { 0o m3
When n = 2m + 1,
"R(A@2Zm +1,m)) = "R(Poant1) = g+ 5 +m+1-2- 2= >0

This completes this proof of the theorem. O

By Theorem 2 we thus have

Corollary 2 Let G € Wy m(n > 6). Then °R(G) < nl_m + mT_zl +n —m, with equality if
and only if G = A(n,m).

3 Extremal graphs in P,

Let Py, 1, be the set of connected graphs of order n with exactly & pendant vertices.

Lemma 8 Let x, k, d be nonnegative integers and 0 < z < % Then
1 1 1 1
d * Vd+k— = k k1
Vd+x + T \/d“‘bj \/d—l—[§—|

| 1 1) — 1 1 k
Proof. Let f(z) = et fl(x) = ~sarmvars T wan Ve When z < 7,

f'(xz) <0, which completes the proof of the lemma.

O

Let P, j be the graph obtained from K,,_; by adding k£ pendant vertices to it such that the

vertices of K,,_j have almost equal number pendant vertices.



Theorem 3 Let G be a graph with exactly k pendant vertices. Then "R(G) > "R(P, x), with
equality if and only if G = P, .

Proof. Let G be a graph with minimum zeroth-order Randi¢ index in P, j. Let Vo(G) = {v €
V(G) : d(v) =1} and V'(G) = V(G) \ Vo(G). Then G[V'(G)] must be isomorphic to K,,_.
Otherwise, adding some edges will decrease the value of the zeroth-order Randi¢ index of G
by Lemma 2. Since there are k pendant vertices in G, G is also viewed as planting k& pendant
edges at K, . Let u,v € V/(QG), planted z,y pendant edges, respectively. Without loss of
generality, let t +y =k and y =k —x >z > 0. Then

1 1 1
R@) =) + + .
we(V(G)—{un}) \/d(w) Vn—k—14+2 Vn—-k—14+k—2x

By Lemma 8, we know that x,y must be almost equal. This completes the proof of the

theorem. 0

Let k = L%J (n — k) 4+ r. By simple computation, we have

Corollary 3 Let G € P, . Then "R(G) > k n_k—r

+ + L , with equalit
\/n—k—l—k\_ﬁj \/n—k-i-\_ﬁj q Y

if and only if G = Py .

Let S(n,k) = {G € P, : G is a starlike tree and the degree of its center is exactly k}. Then

we have

Theorem 4 Let G be a graph of order n with exactly k pendant vertices. Then R(G) <

k+ ”‘\%‘1 + %, with equality if and only if G € S(n, k).

Proof. In the proof of Theorem 2, the first transform does not change the number of pendant

vertices. Applying it to graph G repeatedly, we thus obtain the result. O

4 Extremal graphs in other classes of graphs

A k-vertex coloring of G is an assignment of k colors 1,2, ...,k to the vertices of G. The
coloring is proper if no two distinct adjacent vertices have the same color. We call a graph
k-colorable if G has a proper k-vertex coloring. Let K (nq,ng,...,nk) be a complete k-partite
graph and the number of vertices in each part are nq,ns,...,nk, respectively. If the numbers
of vertices in any two parts are almost equal, we denote it by K,’j . Let C,, 1, denote the set of

all k-colorable graphs.



Lemma 9 Letn > x > y > 1 be three positive integers and x > y + 2. Then
T z—1 +1
L > + 2 .
Vi—z Vi-y Vn-zil Ja-g-1

Proof. Letx—i—y:k‘,lSy:k—ajgx—2andw(w):\/;fm—i-\/:__]irx. Then
1 x 1 k—x

_I_ —_— —_ .
n—xz 2n—-z)yn—x Vn—-k+z 2n—k+ax)Vn—-k+z

Since x > k — z, we have n —x < n — k + 2. Thus w'(z) > 0. This completes the proof.

Theorem 5 Let G be a proper k-colorable graph. Then °R(KF) < °R(G) < °R(S,), and

K,'j, Sy, are the unique graphs obtaining the low and upper bounds, respectively.

Proof. Similar to the proof of Theorem 2, we easily obtain the upper bound.

Let GG be a graph with minimum zeroth-order Randi¢ index in C,, ;. Then G has a partition
(Vi,Va,..., Vi) of V(G) into k independent sets. Let n; = |V;| (i = 1,2,...,k). By Lemma 2

G must be a complete k partite graph. Moreover, the numbers of vertices in any two parts

are almost equal. Otherwise, assume n; > n; + 2. Let G’ be the graph obtained from G by

moving 2 vertices from V; to V;. Then

0 0 / g n; n; — 1 n; + 1
R(G) -"R(G") = + — _ .

(@) (&) vn—mn; n-=n; n-n+1 /n—n;—1
By Lemma 9, °R(G) > "R(G"), a contradiction.

This completes the proof of the theorem.

Let n = [ %]k +r. Then we have

Corollary 4 Let G € C, ;. Then

k=03 B _ep g, ]
T n_%g RG) Sn—1+ ——,

and Kif, Sy are the unique graphs obtaining the low and upper bounds, respectively.

A Hamiltonian cycle of GG is a cycle that contains every vertex of G. A graph is Hamiltonian

if it contains a Hamiltonian cycle. By Lemma 2, we easily obtain

Theorem 6 Let G be a Hamiltonian graph. Then

NI <"R(G) < 75

and K,, C, are the unique graphs obtaining the low and upper bounds, respectively.
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