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Abstract

In this paper, we study the local bases of primitive, non-powerful, minimally strong signed
digraphs of order n > 7. We obtain the first two or three largest kth local bases, depending
on whether n is odd or even, together with complete characterization of the equality cases, for
primitive, non-powerful, minimally strong signed digraphs.
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1. Introduction

A sign pattern matrix is a matrix each of whose entries is 1,—1 or 0. For a square sign
pattern matrix A, notice that in the computations of (the signs of) the entries of the power A",
the ambiguous sign may arise when —1 is added to 1. So a new symbol “#” was introduced in
[1] to denote the ambiguous sign. In [1], the set I' = {0,1, —1,#} is defined as the generalized

sign set and the addition and multiplication involving the symbol # are defined as follows:
(D) +1=14(-1)=#; a+#=#+a=# forall acT,

O0-#=#-0=0; b-#=# -b=+# forall beTI'\{0}.
A matrix with entries in the set I' is called a generalized sign pattern matrix. In this paper we
assume that all the matrix operations considered are operations on matrices over I'.

We now introduce some graph theoretical concepts.

When we say a digraph, we always permit loops but no multiple arcs. A signed digraph S
is a digraph where each arc of S is assigned a sign 1 or —1. A generalized signed digraph S is
a digraph where each arc of S is assigned a sign 1, —1 or #. A walk W in a signed digraph
is a sequence of arcs e, es, -+, e, such that the terminal vertex of e; is the same as the initial
vertex of e;41 for i =1,2,---  k — 1. The number k is called the length of the walk W, denoted
by {(W). The sign of the walk W (in a signed digraph), denoted by sgn(W), is defined to be

k

I] sgn(e;).

i=1
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Two walks W7 and W5 in a signed digraph are called a pair of 55D walks, if they have the
same initial vertex, same terminal vertex and same length, but they have different signs.

Let A =(a;;) be a square sign pattern matrix of order n. The associated digraph D(A) of
A (possibly with loops) is defined to be the digraph with vertex set V' = {1,2,---,n} and arc
set B = {(i,) | a;; # 0}. The associated signed digraph S(A) of A is obtained from D(A) by
assigning the sign of a;; to each arc (7,7) in D(A).

A square generalized sign pattern matrix A is called powerful if each power of A contains no
# entry. It is easy to see that a sign pattern matrix A is powerful if and only if the associated

signed digraph S(A) contains no pairs of SSSD walks.

Definition 1.1 ([2]). Let A be a square generalized sign pattern matrix of order n and

A, A%, A3 ... be the sequence of powers of A. Suppose A’ is the first power that is repeated in

the sequence. Namely, suppose [ is the least positive integer such that there is a positive integer
p such that

Al = AlFP, (1.1)

Then [ is called the generalized base (or simply base) of A, denoted by I(A). The least positive
integer p such that (1.1) holds for I = [(A) is called the generalized period (or simply period) of
A, denoted by p(A).

For convenience, we will also define the corresponding concepts for signed digraphs. Let S
be a signed digraph of order n. Then there is a sign pattern matrix A of order n such that S(A)
= S. We say that S is powerful if A is powerful (i.e., S contains no pairs of SSSD walks). Also
we define [(S) = [(A) and p(S) = p(A).

A digraph D is called minimally strong provided that D is strong connected (or strong) and
each digraph obtained from D by the removal of an arc is not strong.

Let D be a digraph. We denote by L(D) the set of distinct lengths of all cycles of D; and
s(D) the length of the shortest cycle of D.

A digraph D is called a primitive digraph, if there is a positive integer k such that for each
vertex x and vertex y (not necessarily distinct) in D, there exists a walk of length & from z to y.
The least such k is called the primitive exponent of D, denoted by exp(D). It is well known that
D is primitive if and only if D is strong and ged(r1, 72, -+, %) = 1, where L(D) = {ry,ro, -+, 7%}

A signed digraph S is called primitive if the underlying digraph D is primitive, and in this
case we define exp(S) = exp(D). Similarly, S is called minimally strong if D is minimally strong.

A square matrix A is reducible if there exists a permutation matrix P such that

B 0

T _

i (59
where B and C are square non-vacuous matrices. The matrix A is irreducible if it is not reducible

and is nearly reducible if it is irreducible and each matrix obtained from A by replacing a nonzero



entry by 0 is reducible. A square sign pattern matrix A is called primitive if D(A) is primitive
and is called nearly reducible if | A| is nearly reducible. Clearly, a sign pattern matrix A is nearly
reducible if and only if D(A) is minimally strong.

Let D be a primitive digraph of order n and = € V(D). The exponent of D at vertex x,
denoted by exp,, (z), is the least positive integer k such that there is a walk of length k& from
x to each y € V(D). We choose to order the vertices of D in such a way that expp(v;,) <
expp(viy) < -+ < expp(v;,); then the number expp(v;, ) is called the kth local exponent of D,
denoted by expp(k). It is well known that exp(D) = expp(n).

It was shown in [2] that if a signed digraph S is primitive non-powerful, then [(S) is the least
positive integer k such that there is a pair of SSSD walks of length k£ between any two vertices
in S.

Definition 1.2 ([3]). Let S be a primitive non-powerful signed digraph of order n. The base
of S at a vertex x € V(5), denoted by ls(x), is defined to be the least positive integer | such
that there is a pair of SSSD walks of length k from z to each y € V(S) for each integer k > I.
We choose to order the vertices of S in such a way that lg(vi,) < lg(vi,) < --- < lg(v;,); then
we call [g(v;, ) the kth local base of S, denoted by lg(k).

Clearly, [(S) = ls(n). Let D be the underlying digraph of S; we define expg(x) = expp(x)
and expg(k) = expp(k).

In [3], L. Wang et al. obtained sharp bounds of local bases for primitive non-powerful signed
digraphs. In [4], B. Liu and L. You gave sharp upper bounds of the base for primitive nearly
reducible sign pattern matrices. Define:

(n, k) = 22 —8n+9+4+k if 1<k<n-—2,
TIER) =Y op2 —8n 4+ 84k, if n—1<k<mn;

(n.k) = 2n? —10n+ 13 +k, if 1<k<n-3,
MR =N op2 _qop+ 124k, if n—2<k<n

and
m? —12n4+20+k, if 1<k<n-—4,
ma(n,k) =< 2n?2 —12n+19+k, if n—-3<k<n-—2,
m? —12n+18+k, if n—1<k<n.
In the remainder of this paper, let Dy, s (n > 4,2 < s <n—1) and H, (n > 6) be the digraphs
of order n given in Fig. 1 and Hf(f) (1 =1,2,3,4,5) be the primitive, minimally strong digraph
of order n > 6 given in Fig. 3, respectively. In this paper, we study the local bases of primitive,

non-powerful, minimally strong signed digraphs and obtain the following:

Main Theorem. Let S be a primitive, non-powerful, minimally strong signed digraph of
order n > 7. Then

(1) ls(k) < mqy(n,k) for 1 < k <mn,
with equality if and only if the underlying digraph is isomorphic to D, ,,—2.



(2) For each integer [ with ma(n, k) <1 < mi(n,k) or mg(n,k) <1 < ma(n,k), there is no
primitive, non-powerful, minimally strong signed digraph of order n with [g(k) = for 1 < k < n.

(3) ls(k) = ma(n,k) for 1 < k < n if and only if n is even and the underlying digraph is
isomorphic to D,, ,,—3; and there is no primitive, non-powerful, minimally strong signed digraph
of order n with lg(k) = mao(n, k) if n is odd.

(4) ls(k) = ms(n, k) for k =1,2,---,n —4,n — 2,n if and only if the underlying digraph is
isomorphic to Hy; lg(n—1) = m3(n,n—1) if and only if the underlying digraph is isomorphic to
H, or H'r(Ll) whose two cycles of length n— 2 have the same sign in S; and lg(n—3) = mg(n,n—3)
if and only if the underlying digraph is isomorphic to H,, or jir% (1 = 1,2) whose two cycles of
length n — 2 have the same sign in S.

Theorem 4.1 in [4] is exactly the case lg(n) = I(S) in Main Theorem.
2. Some preliminaries

In this section, we introduce some definitions, notations and properties which we need to use

in the next sections.

Lemma 2.1 ([2]). If S is a primitive signed digraph, then S is non-powerful if and only if
S contains a pair of cycles C7 and Cy (say, with lengths p; and ps, respectively) satisfying one
of the following two conditions:

(A1) p; is odd and p9 is even and sgn(Cs) = —1;

(A2) Both p; and ps are odd and sgn(Cy) = —sgn(Cy).

A pair of cycles C; and C5 satisfying (A1) or (Ag) is a “distinguished cycle pair”. It is easy
to see that if C1 and Cs are a distinguished cycle pair with lengths p; and ps, respectively, then
the closed walks Wy = pyCy (walk around Cy po times) and Wy = p;Co have the same length
p1p2 and different signs:

(sgn(Ch))P? = —(sgn(C2))™ (2.1)

If ¢ is a nonnegative integer, we denote by Ri(z) the set of vertices of digraph D that can be
reached by a walk of length ¢ that begins at vertex .

Lemma 2.2. Let D be a primitive digraph and x,y be two different vertices in D with
Ri(z) = {y}. Then expp(z) = expp(y) + t.

Proof. Since Ri(z) = {y}, it is obvious that expp(x) < expp(y) +t. If t > expp(z), then
by the definition of expp(x), we have Ry(x) = V(D) # {y}, which is a contradiction. Hence ¢ <
expp(x) . Since there is a walk of length expp(x) from x to each v € V(D), and Ry(x) = {y}; it
is clear that there is a walk of length expp(x) —t from y to each v € V(D). Therefore expp(y) <
expp(z) —t. Hence expp(x) = expp(y) +t. O

Lemma 2.3 ([5]). Let D be a primitive digraph of order n. Then

expp(k+1) <expp(k)+1 for 1<k<n-1.



Let aj,aqg,- -, ax be positive integers. Define the Frobenius set S(aq1, a9, -, ax) as:
S(ay,ag,---,ar) ={riay + -+ rgax | 11, -+, 7% are nonnegative integers}.

It is well known that if ged(aq,ag, -+, ar) = 1, then S(ay,aq,- -+, ar) contains all the sufficiently
large positive integers. In this case we define the Frobenius number ¢(ay,as, -, ax) to be the
least integer ¢ such that m € S(aq, a9, - --,ax) for all integers m > ¢. Clearly, ¢(a1, a2, -+, a;)—1
is not in S(aj,ag,---,ax). It is well known that if a,b are coprime positive integers, then
¢(a,b) = (a—1)(b—1).

Also, by using the formula for the Frobenius number of arithmetical progressions ([6]), we
have

¢(n—4,n—3,n—2)§LnT_4j(n—4). (2.2)

Let R = {l1,l2,---,lx} be a set of cycle lengths in a primitive digraph D such that ged(ly,
la,-++,lk) = 1. For any z,y € V(D), the relative distance dg(x,y) from x to y is defined to be
the length of the shortest walk from z to y which meets at least one cycle of each length I; for
i=1,2,--- k. Let ¢p = ¢(l1,l2,---,lx) be the Frobenius number, dr = ma>(<D) dr(z,y). We

z,yeV
have the following known upper bounds ([7]):

< d : 2.
eXpD(x) = ¢R + yg\l/a(}[()) R(‘T7y)7 ( 3)

exp(D) < ¢r + dr. (2.4)

An ordered pair of vertices x,y in a digraph D is said to have the unique walk property if
every walk from x to y of length at least dy(p)(,y) consists of some walk 7 of length dp(p)(x,y)

form x to y augmented by a number of cycles each of which has a vertex in common with 7.

Lemma 2.4 ([8]). Let D be a primitive digraph with dp(p(x,y) = dr(p). If the ordered

pair of vertices x,y has the unique walk property, then

exp(D) = ér(p) + dr(p)-

Lemma 2.5 ([4]). Let R = {l1,l2,---,l;} be a set of cycle lengths in a primitive digraph D
of order n with g <lp <lg <--- <l and ged(ly,lo,---,lg) = 1. Then for each vertex x and

each vertex y in D, we have
dr(z,y) <n—1+max{li;1 —l; | 1€ {1,2,--- k—1}}.
Lemma 2.6 ([9]). Let D be a primitive digraph of order n and L(D) = {p,q} with3 < p < ¢,
p+q >n. Then exp(D) < n+ p(q— 2).

Lemma 2.7 ([10]). Let D be a primitive, minimally strong digraph of order n. Then the
length of the longest cycle of D does not exceed n — 1.



Lemma 2.8 ([4]). Let D be a primitive, minimally strong digraph of order n with a cycle
of length n — 1. Then there only exists a unique cycle of length | (1 < I < n — 1) satisfying
ged(n —1,1) =11in D.

Lemma 2.9 ([11]). Let D be a primitive, minimally strong digraph of order n, and s(D) = s.

Then
E+1+4+s(n—3), if 1<k<s,
<
eXpD(k)—{k+S(n_3)7 it s+1<k<mn,

with equality if and only if D is isomorphic to D, 5. If ged(s,n — 1) # 1, then

k+1+s(n—3), if 1<k<s,
eXPD(k‘)<{k+S(n_3)7 if s+1<k<n.

And if ged(s,n — 1) =1, then D,  is a primitive, minimally strong digraph of order n with

. (k) = kE+1+s(n—3), if 1<k<s,
Pon )TNk 4os(n - 3), if s+1<k<n.

'Un_ﬁ. .o ¢
(b) The digraph H,, (n > 6)

(a) The digraph D, s (n > 4,2 <s<n-—1)

Fig. 1. The digraph D,, ; and the digraph H,,
Lemma 2.10 ([3]). Let S be a primitive, non-powerful signed digraph of order n. Then

ls(k+1) <lg(k)+1 for 1<k<n-—1.

Lemma 2.11. Let S be a primitive, non-powerful signed digraph and x,y be two different
vertices in S with R;(z) = {y}. If all the walks of length ¢ from x to y have the same sign, then
ls(xz) =ls(y) +t.

Proof. Let v be any given vertex in S. By the definition of local base, there is a pair of
SSSD walks Wi and Wa (Q1 and Qo, respectively) from y (x, respectively) to v with length
Is(y) (Is(x), respectively). Since Ri(z) = {y}, it is clear that there is a pair of SSSD walks
from z to v with length lg(y) +t. So ls(z) < lg(y) +t. For i = 1,2, let @} be the subwalk of



Q; from y to v with length lg(z) —t > 0. (If t > lg(x), then Ri(z) = V(S) # {y}, which is a
contradiction ). Since all the walks of length ¢ from x to y have the same sign, @} and QY are

also a pair of SSSD walks. So lg(y) < lg(z) —t. Hence lg(x) =ls(y) +t. O

Let S be a primitive, non-powerful signed digraph. For any x € V(S), let r(z) be the least
positive integer k such that there is a pair of SSSD walks of length k from x to x. It is clear
that r(x) <lg(x). From Lemma 2.6 in [3], we know that if there is a pair of SSSD walks with
length r from z to z, then lg(z) < expg(z) 4+ r. So the following Lemma 2.12 holds.

Lemma 2.12. Let S be a primitive, non-powerful signed digraph and x € V(S). Then
ls(x) < expg(a) +r(z).

3. Some special cases

In this section, we consider those primitive, non-powerful, minimally strong signed digraphs
whose underlying digraphs are D,, ;, H,, and Hy(f) (1=1,2,3,4,5).

In the remainder of this paper, let Dy s (n > 4,1 <t <n-—35,2 <s < n—1) be the
digraph given in Fig. 2. Then we have D, ; = D, 1, and H, = D, 2,-3. So we first consider

the primitive, non-powerful signed digraph whose underlying digraph is D,, ; s.
Vs—t+1 Us—t—.i-Z . . Un—t—1 Un—t

Un— v
Vs—t ! t+ol . . y (%1

Veto1  Ust2 U3 U
Fig. 2. The digraph Dy, ;s (n >4,1<t<n—5,2<s<n-—1).

Theorem 3.1. Let S be a primitive, non-powerful signed digraph of order n > 4 with D,, 4
as its underlying digraph. Then

(1)

s(n—t—2)+t+k, if 1<k<s—t+1,
sn—t—2)+t+k—1, if s—t+2<k<s—t+3,
sn—t—2)+t+k—2, if s—t+4<k<s—t+5,

expg(k) = (3.1)

sn—t—2)+k+1, if s+t—2<k<s+t—1,
s(n—t—2)+k, if s+t<k<n.




(2) ls(k) = expg(k) + (n —t)s, ie.,

2s(n—t—1)+t+k, if 1<k<s—t+1,
2s(n—t—1)+t+k—1, if s—t+2<k<s—t+3,
2s(n—t—1)+t+k—2, if s—t+4<k<s—t+5,

2s(n—t—1)+k+1, if s+t—2<k<s+t—1,
2s(n—t—1) +k, if s+t<k<n.

Proof. Since S is primitive, and L(S) = {n — ¢, s}, we know that ged(n — t,s) = 1 and
t <n—s. Let C,,_; and Cs be the cycles of lengths n — ¢t and s in S.
(1) Note that dp(sy = dp(s)(Vn—t,Vs—t+1) =n—t+n—s—1=2n—s—t—1, and the vertices

Un—t, Us—¢+1 have the unique walk property. By Lemma 2.4 and (2.3), we have
exp(S) = expg(vn—¢) = p(n—t,s)+dps) = (n—t—-1)(s—1)+2n—s—t—1=(n—t—2)s+n.

Since | Ry (v;)| = 1 for 2 < i < n, it follows from Lemma 2.2 that expg(v,—i+1) = expg(vs—¢)+
1 and expg(v;) = expg(vi—1)+1fori=2,--- n—t,n—t+2,---,n. Hence we have expg(v;) =
(n—t—2)s+t+i for 1 <i<n—tand expg(vn_it;) = expg(vs—¢4j) for 1 < j <.

So by directly computing, we can obtain formula (3.1). In particular, expg(v1) = expg(1).

(2) First we show that [g(v1) = expg(vi) + (n —t)s =2s(n —t — 1) +t + 1. Since S is non-
powerful and C,_; and Cj are the only two cycles of S, C,,_; and Cs must be a distinguished
cycle pair by Lemma 2.1. So sC),—; and (n — t)Cy have different signs by (2.1). Because v; is a
common vertex of C,,_; and Cs, we have r(v1) < (n —t)s. Hence ls(vi) < expg(v1) + (n —t)s
by Lemma 2.12.

Next we show that there is no pair of SSSD walks of length k = 2s(n — ¢ — 1) + ¢ from v;
t0 vs_ry1. Suppose that Wy, Wy are two walks of length & from v; to vs—_y41. Then each W;
(1 = 1,2) is a “union” of the path P from v; to vs_;+1 with length n — s and cycles, that is,
W; = P+ a;Cy— + b;Cs, a; > 0,b; > 0,(i = 1,2). Thus we have

k:l(Wi):n—s—Fai(n—t)—kbis, aizo,bi ZO,(iZl,Q).

So (ag —a1)(n —t) = (by — be)s. Write by — by = (n — t)z; then ag — a3 = sz. We claim that
z = 0.

Ifz > 1, then as > s; 80 k = n—s+ag(n—t)+bes = n—s+(ag—s)(n—t)+s(n—t)+bys, which
implies that ¢(n—t,s)—1=(n—t—1)(s—1)—1=k—n+s—(n—t)s=(ag—s)(n—1t)+bys €
S(n —t,s), contradicting the definition of ¢(n — ¢,s). Similarly we can get a contradiction if
x < —1. Thus we have x = 0. So a1 = ag,b; = by and thus sgn(W7) = sgn(W5). This argument
shows that [g(v1) > k+ 1 = expg(v1) + (n — t)s. Hence lg(v1) = expg(v1) + (n — t)s.

Again since |Ry(v;)| = 1 for 2 < i < n, it follows from Lemma 2.11 that lg(vy,—¢41) =
ls(vs—t)+1and lg(v;) =lg(vi—1)+1fori=2--- n—t,n—t+2,---,n. Soitis not difficult to
see that lg(v;) = expg(vi)+(n—t)s for 1 < i < n. Furthermore, lg(k) = expg(k)+(n—t)s for 1 <
k < mn. Hence by (3.1), we can obtain formula (3.2). O



Since D, s = Dy 15, it is easy to check that the following Corollary 3.1 holds by Theorem
3.1.

Corollary 3.1. Let S be a primitive, non-powerful signed digraph of order n > 4 with D, ,
as its underlying digraph. Then

2s(n—2)+k+1, if 1<k <s,
ls(k‘)Z{ ( )

2%(n—2)+k  if s+1<k<n. (3.3)

Note that the digraph D,, ,,—o is primitive and D, ,_3 is primitive if and only if n is even.

So the following Corollaries 3.2 and 3.3 hold by Corollary 3.1.

Up—2 U1 V2 U3
. 1
(a) The digraph J2e (b) The digraph P
V; Vi—1 (%) U1
Un—2
Vi+1 Un—1 Un
Un—3
Vi+2 Uz‘+3. ) Un—5 Un—4

(¢) The digraph H7(L3) (i=1,2,---,n—6)

Un—
n—4 Up—5

Un—6

U1 Up—2 2
(d) The digraph J20% (e) The digraph j20%2

Fig. 3. The digraph H{" (i = 1,2,3,4,5).

Corollary 3.2. Let S7 be a primitive, non-powerful signed digraph of order n > 4 with



D,, 2 as its underlying digraph. Then
ls, (k) =mi(n,k) for 1<k<n.
Corollary 3.3. Let n > 6,n = 0 (mod 2). Let Sy be a primitive, non-powerful signed
digraph with D, ,,_3 as its underlying digraph. Then
ls, (k) =ma(n,k) for 1<k<n.
It is clear that H,, (n > 6) is primitive. Since H, = Dy 2,3, the following Corollary 3.4
holds by Theorem 3.1.

Corollary 3.4. Let S3 be a primitive, non-powerful signed digraph of order n > 6 with H,
as its underlying digraph. Then

lsy (k) =ms(n,k) for 1<k<n.

Let D be a primitive, minimally strong digraph of order n > 6 with L(D) = {n — 2,n — 3}.
Then according to the results in [10], we know that D is isomorphic to H,, or Hr(f) for some

i €{1,2,3,4,5}, and we have:

eXp(H,(Li)) = €XP (i) (Vp_3) =n®—6n+11 for i=1,2,3; (3.4)
exp(HW) = exp (i) (Un—1) = n? —6n+10 for i=4,5. (3.5)

In the following, we consider the primitive, non-powerful signed digraph with Hr(f) (1 =

1,2,3,4,5) as its underlying digraph respectively.

Lemma 3.1. Let S®) be a primitive, non-powerful signed digraph of order n > 6 with H1(11)

as its underlying digraph. Then

(1)
n?—TMn+13+k, if 1<k<n-3,
expgmy(k) =¢ n?—Tn+12+k, if n—2<k<n-1, (3.6)
n?—Tn+11+k, if k=n.

(2) If the (only) two cycles of length n — 2 of S™) have different signs, then
lgay(k) < expgay(k) +n—2 for 1<k <n. (3.7)

(3) If the (only) two cycles of length n — 2 of S() have the same sign, then lgu)(k) =
expgm (k) + (n —2)(n — 3), ie.,
m?—12n+19+k, if 1<k<n-—3,

lsay(k) =% 2n> —12n+18+k, if n—2<k<n-—1, (3.8)
2n? —12n 4+ 17+ k, if k=n.
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In particular, lga) (k) = m3(n, k) for k =n—3,n—1and lgu) (k) < m3(n, k) for k=1,2,--- ,n—
4n—2,n.

Proof. (1) From (3.4), we have expga)(vn—3) = n? —6n+ 11. Note that v, is a copy of v,_3
with respect to adjacency, so expga) (vn) = expga)(vn—3). Since |Ri(vj)| =1forj =1,2,--- ,n—
5n—3,n—2n—1,n, it follows from Lemma 2.2 that expgu)(vn—2) = expgu) (vn—3) — 1;
expsa (v1) = expga (v-z) — 15 expgo (1) = expgin(vy1) — 1 for j = 2,3,-++,n — 4 and
expg) (Vn—1) = expga) (v1) + 1. So by directly computing, we can obtain (3.6). In Particular,
expg() (Un—1) = expgm (1).

(2) If the two cycles of length n — 2 of S() have different signs, then it is easy to see
that r(v;) <n—2for j =1,2,---,n—4,n—2. So lgu(v;) < expgn(vj) +n —2 for j =
1,2,---,n—4,n—2 by Lemma 2.12. Since Ri(v;) = {v,—2} for j =n—3,n and Ri(v,—1) = {v1},
we have [g1) (vj) = lg) (Vn—2)+1 < expgay (Vp—2)+(n—2)+1 = expgn) (vj) +n—2for j =n—3,n
and lga) (vn-1) = lgm (v1) + 1 < expgay(v1) + (n — 2) +1 = expga) (vo-1) + n — 2. Hence the
formula (3.7) holds.

(3) If the two cycles of length n—2 of S(1) have the same sign, then by Lemma 2.1, each cycle
of length n — 2 and the cycle of length n — 3 will form a distinguished cycle pair. Since v,,_4 is a
common vertex of one of the distinguished cycle pairs of S0, we have 7(v,_4) < (n —2)(n —3).
Hence Lg) (vn—4) < expga) (vn—a) + (n—2)(n—3) = expgw) (1) + (n —2)(n — 3) = 2n? — 12n.+ 20
by Lemma 2.12.

Now we show that there is no pair of SSSD walks of length k = 2n? — 12n + 19 from v,,_4
to vp_o. Suppose that Wy, Wy are two walks of length k£ from v,_4 to v,_o. Then each W;
(i =1,2) is a “union” of path P; = (v—4,Vp—3,Up—2) Or Po = (Up_4,Up, vp—2) and cycles. Since
the two cycles of length n — 2 of S™) have the same sign, then sgn(P;) = sgn(P) and thus we
have

k=1W;)=2+a;(n—3)+b(n—2), a; >0,b; >0,(i =1,2).

So (az —aq)(n —3) = (by — by)(n — 2). Write by — by = (n — 3)x; then ag — a3 = (n — 2)z. We
claim that x = 0.

Ifz>1,thenay >n—2;s0 k =2+ [ag — (n—2)](n —3) + (n — 2)(n — 3) + ba(n — 2), which
implies that ¢(n —2,n —3) —1=n—-3)(n—4) — 1=k — (n®> -5 +8) = [az — (n — 2)](n —
3) +by(n—2) € S(n—2,n—3), contradicting the definition of ¢(n — 2,n — 3). Similarly we can
get a contradiction if x < —1. Thus we have x = 0. So a3 = ag,b; = by and thus sgn(W7) =
sgn(Ws). This argument shows that [ga) (vp—4) > k+1 = expga)(vn—a) + (n —2)(n — 3). Hence
ls1) (Vn—1) = expg) (Un-a) + (n — 2)(n — 3).

Again since |Ry(v;)| = 1for j =1,2,--- ,n—5,n—3,n—2,n—1,n, it follows from Lemma 2.11
that [ga) (vj) = lgo) (vj41)+1forj =1,2,-- ;n—5n-3; g (va-2) = lg) (vn-1) = lga)(v1)+1
and lga) (vn) = lga)(vp—2) + 1. So it is not difficult to check that lgu)(vi) = expga) (vi) + (n —
2)(n—3) for 1 < i < n. Furthermore, lg1)(k) = expga) (k) + (n —2)(n—3) for 1 <k < n. Hence
by (3.6), we can obtain formula (3.8). By the definition of ms(n, k), lga)(k) < ms(n, k), with
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equality if and only if k=n—3orn—1. O

Lemma 3.2. Let S@ be a primitive, non-powerful signed digraph of order n > 6 with Hy(f)

as its underlying digraph. Then

(1)
n?—Tn+13+k, if 1<k<n-3,
expg) (k) =< n?—Tn+12+k, if k=n—2, (3.9)
n2—7n—|—11—|—k:, f n—1<k<n.

(2) If the (only) two cycles of length n — 2 of S have different signs, then
lg2) (k) < expge) (k) +n—2 for 1<k <n. (3.10)

(3) If the (only) two cycles of length n — 2 of S have the same sign, then lgoy (k) =
expge (k) + (n —2)(n — 3), ie.,
2n? —12n+19+k, if 1<k<n-—3,
lgy (k) ={ 2n® —12n+ 18+ k, if k=n—2, (3.11)
2n? —12n 4+ 17+k, if n—1<k<n.
In particular, lge2) (k) = m3(n, k) for k =n—3 and lg@) (k) < m3(n,k) for k=1,2,--- ,n—4,n—
2,n—1,n.
Proof. Note that Ry(v,_3) = {v1}. If the two cycles of length n — 2 of S have different
signs, then 7(v;) <n —2for j =1,2,---,n — 3. Also if the two cycles of length n — 2 of S
have the same sign, the only two walks of length 2 from v,,_3 to v; have the same sign too. So

we can prove this lemma by using a method similar to the proof of Lemma 3.1. O

Lemma 3.3. Let S®) be a primitive, non-powerful signed digraph of order n > 7 with Hy(f’)

as its underlying digraph. Then

(1)
n?—Tn+13+k, if 1<k<n-—4-—i,
expg (k) =< n?2—Tn+12+k, if n—3—-i<k<n-2, (3.12)
n?—Tn+11+k, if n—1<k<n.

(2) If the (only) two cycles of length n — 2 of S®) have different signs, then
lg) (k) < expge (k) +n—2 for 1<k <n. (3.13)

(3) If the (only) two cycles of length n — 2 of S3) have the same sign, then lge (k) =
expgo () + (0 —2)(n —3), ie.
22 —12n+19+k, if 1<k<n-—4-—i,
Iy (k) =3 2n? —12n+18+k, if n—3—i<k<n-—2, (3.14)
2n? —12n+17+k, if n—1<k<n.

Furthermore, we have lg@) (k) < mg(n, k) for 1 <k <n.
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Proof. Note that Ry(v;) = {vis2}. If the two cycles of length n — 2 of S®) have different
signs, then r(v;) <n—2for j =1,2,---,4,i+2,i+3,---,n — 2. So similar to the proof of (1)
and (2) in Lemma 3.1, we can obtain (3.12) and (3.13).

If the only two cycles of length n — 2 of S®) have the same sign, then the only two cycles of
length n — 3 of S®) must have the same sign too. So by Lemma 2.1, each cycle of length n — 2
and each cycle of length n — 3 will form a distinguished cycle pair; and note that the only two
walks of length 2 from v; to v; 49 have the same sign, using the method similar to (3) in Lemma

3.1, we can obtain (3.14). Since 1 <1i < n — 6, we have lg@s) (k) < ms(n, k) for 1 <k <n. O

Lemma 3.4. Let S® be a primitive, non-powerful signed digraph of order n > 7 with Hr(f)
(¢ = 4,5) as its underlying digraph. Then

(1)
n?—Tmn+12+k, if 1<k<n-3,
expgin (k) =4 n*—=Tn+11+k, if n—2<k<n-1, (3.15)
n?—Tn+10+k, if k=n.

(2) If the (only) two cycles of length n — 3 of S have different signs, then
ls(i)(k) < eXps(i)(k) +n—2 for 1<k <n. (3.16)

(3) If the (only) two cycles of length n — 3 of S have the same sign, then lgiy (k) =
expgi) (k) + (n —2)(n — 3), ie,
2n? —12n + 18+ k, if 1<k <n -3,
lgiy(k) =% 2n2 —12n+17+k, if n—2<k<n-—1, (3.17)
2n? —12n 416 + k, if k=n.
Furthermore, we have lgq) (k) < ms(n, k) for 1 <k <mn.

Proof. We only show the case i = 4; and the proof for the case ¢ = 5 is similar to i = 4.

(1) From (3.5), we have expgw) (vn—1) = n? —6n+10. Since |Ry(v;)| =1 for j =1,2,---,n—
6,n—4,n—3,n—1,n, by Lemma 2.2, we know that expgu) (vn—3) = expg (vn—1)—1 = n?—6n+9;
expg) (V1) = expg) (Vn—3) — 1 = n? — 6n + 8; expgw) (Vn—1) = expg) (Vn—3) +1 = n? — 6n + 10;
expg) (Vn) = expg (v1)+1 = n?—6n+9 and expgu (vj) = expga (vj—1)—1for j =2,3, -+, n—
5, or equivalently, expgw) (v;) = n?—6n+9—jforj=1,2,---,n—5.

Now we show that expgu)(vn—2) = n? — Tn + 13. Since Ry(vp—5) D {vn_2}, it is clear that
expg) (Vn—5) < expg (vn—2) + 1. Hence expgu) (vn—2) > expgw (vn—5) — 1 = n? — Tn+13. For
nonnegative integer 4, let A; = R;(,_3)41(vn—2). Suppose ]U;'-_:%) Aj| <n and ]A,\U;;%) Ajl=0.
Then |A,,\ U;'-_:%) Aj| = 0 for all m > i, and so |UjZg A;j| < n, which implies Y is imprimitive,

a contradiction. Therefore
i—1 i—1
|A;\ U Aj| > 1,  provided | U Ajl <n.
=0 =0

Since Ay = {vp,vp—1} and A1 = {vn,Vn—1,Vn—2,Vn—3,Un—a}, we have |A,_4] = n and so

expg (Vn—2) < (n —4)(n — 3) + 1 =n? — Tn + 13. Hence expgu) (vh—2) = n? — Tn + 13.
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So by ordering the above local exponents, we can obtain (3.15).

(2) If the two cycles of length n — 3 of S () have different signs, then it is easy to see that
r(vj)) <m—3for j=1,2,---,n—5. Solgu(vj) < expgu(vj) +n—3for j=1,2,---,n—5 by
Lemma 2.12. Since Ri(vj) = {vi} for j =n,n —3 and Ri(v;) = {vp—3} for j=n—1,n—4, by
Lemma 2.11, we know that lgu) (v;) = g (v1)+1 < expgay (v1)+(n—3)+1 = expg) (vj) +n—3
for j =n,n—3 and lgu) (vj) = lgw (vn—3) +1 < expg) (vp—3) + (n—3) +1 = expg (vj) +n—3
forj=n—-1,n—4.

For v,,_9, because Ry (vp—2) 2 {vy}, we have lgu) (vp—2) < lgw (vn) +1 < expge)(vy) + (n —
3)+1=n2—6n+9+n—2.

Now by computing, we can obtain that
—6n+10+k, if 1 <k<n-—4,

—6n+9+k if n—-3<k<n-2,

—6n+8+k, if k=n-—1,

n2
2

<
ls(4)(k) = n2
2_6n+T7+k, if k=n.

Hence lg) (k) < expgu (k) +n —2for 1 <k <n.

(3) In this case, by using the method similar to (3) in Lemma 3.1, we can show that there
is no pair of SSSD walks of length k = expgu)(vj) + (n — 2)(n — 3) — 1 from v; to v,y for
j=n—>5n—2. And furthermore, we can obtain (3.17) and lgw (k) < mg(n, k) for 1 <k <n.
g

4. Proof of Main Theorem

Proof of Main Theorem. Let D be the underlying digraph of S and s = s(D). By
Lemma 2.7, we know that there is no cycle with length n in D. Suppose D contains a cycle
of length n — 1. Then by Lemma 2.8, D consists of two cycles of length n — 1 and [, where
1 <l<n-—1andged(n—1,I) =1. Thus ! = s and D is isomorphic to Dy, 5. If s =n —2,
then lg(k) = my(n, k) for 1 <k < n by Corollary 3.2. If s =n — 3, then n is even since Dy, 3 is
primitive; and lg(k) = ma(n, k) for 1 < k < n by Corollary 3.3. If s < n — 4, then by Corollary
31, 15(k) <2(n—4)(n—2)+k+1=2n%—12n+ 17+ k < ma(n, k) for 1 <k < n.

Suppose L(D) = {n—2,n—3}. Then D is isomorphic to H,, or HY for some i € {1,2,3,4,5}.
By Corollary 3.4 and Lemmas 3.1-3.4, we have lg(k) < mg(n, k) for 1 < k < n. If D is isomorphic
to Hy, then lg(k) = ms(n, k) for 1 < k < n by Corollary 3.4. If D is isomorphic to HT(LI), then
by Lemma 3.1, ls(k) = ms(n, k) if and only if the two cycles of length n — 2 in S have the same
sign and k = n—3,n—1. If D is isomorphic to Hr(?), then by Lemma 3.2, [g(k) = ms(n, k) if and
only if the two cycles of length n — 2 in S have the same sign and k = n — 3. If D is isomorphic
to HY (i = 3,4,5), then by Lemmas 3.3 and 3.4, we have lg(k) < mg(n,k) for 1 <k <n.

Note that ms(n, k) < ma(n,k) < my(n,k) (n > 7). So it is easy to see that in order to
obtain the four parts of this theorem, we only need to show that lg(k) < ms(n,k) for 1 <k <n
if D contains no cycle of length n — 1 and L(D) # {n — 2,n — 3}.
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In the following, we assume that D contains no cycle of length n—1 and L(D) # {n—2,n—3}.
We will show that [g(k) < ms(n,k) for 1 < k < n. By Lemma 2.10 we know that lg(k) <
Is(1) + k=1 for 1 < k < n. Hence by the definition of mg(n,k), it suffices to show that
ls(1) < m3(n,1) — 2 = 2n% — 12n + 19.

Since S is primitive non-powerful, there is a distinguished cycle pair C; and Cy (with lengths,
say, p1 and ps respectively) by Lemma 2.1, where p;Co and poCy have different signs by (2.1).
Let p1 < po.

Case 1. (7 and (3 have no common vertices.

Then p; + p2 < n, and so p; < g Let @1 be a shortest path with length ¢ from C; to Cs.
Let {v1} =V (Q1)NV(C1),{v2} =V (Q1) NV (C2), let Q2 be a shortest path of length ¢y from
vo tovy. Then ¢1 < n—p1—po+1and g < n—1. Clearly, poC1+Q1+Q2 and p1Co+ Q1+ Q2 are
a pair of SSSD walks of length p1ps + ¢1 + g2 from vertex vy to vy, hence r(v1) < p1p2 + @1 + go.
From the proof of Case 1 in [3, Theorem 3.3], we know that expp(v1) < p1(n —2) + 1.

Subcase 1.1. n > 8. Since p1p2+q1+q2 < pip2—p1—p2+2n=(p1—1)(p2—1)+2n—1<

-2 —2 2
(%)%%—1 < ("T)2+2n—1 - %—I—n, by Lemma 2.12, Ig(v1) < expp(v1)+r(v1) <
2 2 2
3 3
g(n—2)+1+%+n:%+1. Thus I5(1) < lg(v1) < %+1<2n2—12n—|—19 for n > 8.

Subcase 1.2. n =7. Let V(D) = {v1,va,---,v7}.

Subcase 1.2.1. p; = 2. Then ps <5 and expp(v1) < pi(n—2)+1=2x5+1=11. Now,
r(v)) <pipe+@a+q@<pip2—p1—p2+2n=(p1—1)(p2—1)+2n—-1<1x4+13=17. By
Lemma 2.12, Ig(vy) < 11+ 17 = 28. Hence lg(1) < lg(v1) < 28 < 33 = mg3(7,1) — 2.

Subcase 1.2.2. p; = 3. Then expp(v1) <p1(n —2)+1=3 x5+ 1=16.

Suppose pa = 3. Then ¢; < 2. We claim that go < 5. If g1 = 1, then ¢o» < 4 since D contains
no cycle of length 6 or 7. If ¢ = 2, we can assume that Cy = (v1,v5,v6), Co = (v2,v3,v4)
and (v1,v7) and (v7,v9) are two arcs of D. Since p; = pa, by symmetry, we can assume that
the length of the shortest path from Cs to C; is also 2. Note that (v4,v7) must not be an
arc of D and (vg,v7) € E(D) implies that the digraph induced by vertex set {vy,vs,vg, v7} is
minimally strong. Thus ¢ < 5. Therefore r(v1) < pipo+q1 + 92 <3 x3+2+5 =16 and so
ls(v1) <16+ 16 = 32 by Lemma 2.12. Thus Ig(1) < lg(v;) <32 <33 =ms3(7,1) — 2.

Suppose po = 4. Then ¢ = 1 and so g3 < 4 since D contains no cycle of length 6 or 7. If
g2 < 3, then r(v1) < pip2+q1+q <3x4+1+3 =16 and so lg(v1) < 16 + 16 = 32 by
Lemma 2.12. Hence lg(1) < lg(v1) < 32 < 33 = m3(7,1) — 2. If ¢o = 4, then without loss of
generality, we can assume that D consists of two cycles Cy = (v1,vg,v7), Co = (v2,v3,v4,v5) and
two additional arcs (v1,v2) and (vg,v7). Since L(D) = {3,4,5}, by (2.3), we have expp(vy) <
?(3,4,5) —I—Uilgl‘?(}%)) drpy(v1,v;)) <3+6=9. Thus r(v1) <pipe+ @1+ =3x4+1+4=17
and so lg(v1) <9+ 17 = 26 by Lemma 2.12. Hence Ig(1) <lg(v1) <26 < 33 =mg(7,1) — 2.

Case 2. (1 and Cy have some common vertices.

Subcase 2.1. p; = po.
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Then Cy and Cy are also a pair of SSSD walks of length p;. Let x € V(C1) NV (C3). Then
r(r) < p1 < n—2. By Lemma 2.9, we have exp(D) < n+s(n—3) < n+(n—2)(n—3) = n>—4n+6.
Thus by Lemma 2.12, Ig(1) < Ig(z) < expg(z)+7(z) < exp(S) +r(x) < (n?—4n+6)+(n—2) =
n? —3n+4 < 2n% —12n + 19.

In the following cases, we will consider the situation p; # po. It is clear that |V (C,) NV (Cq)| >
p1 + p2 — n; and for any u € V(C1) N V(C3), we have r(u) < p1ps.

Subcase 2.2. po=n—2,p1 =n — 3.

Subcase 2.2.1. s=n—4, ie., L(D)={n—2,n—3,n—4}.

Subcase 2.2.1.1. n > 8. It follows from Lemma 2.5 that dp,p) = mg}({D) drpy(7,y) < n.
T,ye

— 4)2
By (2.2), we have ¢(n —2,n —3,n —4) < L%J Then by (2.4), we obtain

n —4)2

exp(D) < é¢(n—2,n —3,n —4) +dppy < L(TJ +n.

Let z € V(C1) N V(C3); then by Lemma 2.12, we have lg(z) < expp(z)+7r(x

(n—4) n? 2
LTJ+n—|—(n—2)(n—3) = L7J+n —8n+14. Thusig(1) <lg(x) < |

on? — 12n + 19.

< exp(D)+r(x) <
2
|4+n%—8n+14 <

Subcase 2.2.1.2. n = 7. Let V(D) = {vy,v2,---,v7}. Since D is a primitive, minimally
strong digraph, it is clear that [V(Cy) NV (C2)| = 3. Without loss of generality, we assume
that Cy = (v1,v2,v3,v4,v5) and C; = (v1,v2,v3,v6). Because D contains a cycle of length
n —4 = 3, then we have E(D) = E(Cy) U E(C) U {(vj,v7), (v7,v;)}, where (v, v;) is an arc of
Ci or Cy. Let C3 = (v;,v5,v7). If there exists a vertex u € {v1,v2,v3} such that u also meets
C3, then we have xér‘l/a(%) diza53(u,7) <n—1=06 and so expp(u) < ¢(3,4,5) +6 =9 by (2.3).
Otherwise, we have v; = v4 and v; = vs. Thus xg%/at%) di3,4,5)(v3,7) = dy3 45 (v3,06) = 6 and
expp(v3) < ¢(3,4,5) + 6 = 9 by (2.3). Hence, there exists a vertex u € {v1,v9,v3} such that
expp(u) <9. Since r(v;) < (n—2)(n—3) =5 x4 =20 for i =1,2,3, by Lemma 2.12, we have
ls(1) <ls(u) <expp(u)+r(u) <20+9 <33 =ms(7,1) — 2.

Subcase 2.2.1.3. n = 8. Similar to the proof of Subcase 2.2.1.2, we can show that
Is(1) < (n—2)(n —3) + ¢(4,5,6) +n— 1 =6 x5+ 8+ 7 =45 < 51 = m3(8,1) — 2.

Subcase 2.2.2. s <n — 5.

Now |[V(C1)OV(Co)| > p1+p2—n=n->5. If |[V(C,)NV(Cs)| =n — 5, then D must be
isomorphic to H,,, which is a contradiction. So [V (C1) NV (C2)| > n—4. Let x € V(Cy) NV (Co)
with expp(z) = min{expp(u) : u € V(C1) NV (C2)}. Then expp(z) < expp(5). Since D is not
isomorphic to D, 5, by Lemma 2.9, we have expp(1) < (n —5)(n —3) + 1. Thus by Lemma 2.3,
expp(z) < expp(5) < expp(l) +4 < n? —8n+20. Since r(z) < (n —2)(n —3), by Lemma 2.12,
we have lg(z) < expp(x) + r(z) < 2n% — 13n + 26. Hence I5(1) < lg(x) < 2n? — 13n + 26 <
2n2 — 12n + 19 for n > 7.

Suppose n = 7. Since D is a primitive, minimally strong digraph, we have s = n—5 = 2 and

[V(C1)NV(Cy)| = 3. Without loss of generality, we assume that Cy = (v1,ve,vs3,v4,v5) and
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Cy = (v1,v2,v3,v6). Because D contains a cycle of length 2, we get that E(D) = E(Cy)UE(Cy)U
{(vi,v7), (v7,v;)}, where i € {1,2,3,4,5,6}. Now L(D) = {2,4,5}; by using the method similar
to Subcase 2.2.1.2, we can show that lg(1) < (n—2)(n—3)+¢(2,4,5)+n—1=5x4+4+6=
30 < 33 = m3(7,1) — 2.

Subcase 2.3. po =n —2,p1 =n — 4. Now, n is odd by Lemma 2.1.

Let x € V(C1) NV (Cq) with expp(z) = min{expp(u) : u € V(C1) NV (Cq)}. Then r(z) <
(n —2)(n —4). Since |V(C1) NV (C2)| > p1 +p2 —n =n — 6, we have expp(x) < expp(7).

Subcase 2.3.1. s =n —4.

Since D is not isomorphic to D, 5, by Lemma 2.9, we have expp(1) < (n—4)(n —3)+1 =
n? — 7n + 13. Thus by Lemma 2.3, expp(z) < expp(7) < expp(l) + 6 < n? — 7n + 19.
Consequently, lg(z) < expp(x) +r(z) < n? — T+ 19 + (n — 2)(n — 4) by Lemma 2.12. Hence
ls(1) <lg(z) <2n% —13n + 27 < 2n% — 12n + 19 for n > 9.

Suppose n = 7. We only need to consider two cases L(D) = {n—2,n—4} and L(D) = {n—
2,n—3,n—4}. If L(D) = {n—2,n—4}, then py = n—4 > 3 and p1+p2 = 2n—6 > n. So by Lemma
2.6, expp(z) < exp(D) < n+pi(p2—2) = 7+3(5—2) = 16. Since r(z) < (n—2)(n—4) =5x3 =
15, then lg(z) < 164+ 15 = 31 by Lemma 2.12. Hence lg(1) < lg(z) <31 < 33 =mg(7,1) —2. If
L(D) ={n—2,n—3,n— 4}, then |V(C1)NV(Cs)| = 2. Let V(D) = {vy,va,---,v7}. Without
loss of generality, we assume that Cy = (v1,v2,v3,v4,v5) and C1 = (v1, ve2,vg). Let C3 be a cycle
of D with length 4, then [V (C3)NV(Cs2)| > 2. Thus xg‘l/at}é) dzasy (v, ) < V()| +n—1=
546 = 11. By (2.3), expp(v1) < ¢(3,4,5) + xg%/at%) dgzapsy(vi,7) < 3+ 11 = 14, Since
r(v1) < (n—2)(n —4) =5 x 3 = 15, by Lemma 2.12, we have lg(v;) < 14 + 15 = 29. Hence
Is(1) <lg(v1) <29 <33 =mg(7,1) — 2.

Subcase 2.3.2. s <n — 5.

Since D is not isomorphic to D,, 5, by Lemma 2.9, we have expp(1) < (n—5)(n —3) +1 =
n? — 8n + 16. Thus by Lemma 2.3, expp(z) < expp(7) < expp(l) +6 < n? — 8n + 22.
Consequently, ls(z) < expp(x) +7(z) < n? —8n +22 + (n — 2)(n — 4) by Lemma 2.12. Hence
ls(1) <ls(z) < 2n? — 14n + 30 < 2n% — 12n + 19.

Subcase 2.4. po =n—3,p1 =n — 4.

Let z € V(C1) NV (Cq) with expp(z) = min{expp(u) : u € V(C1) NV (Cq)}. Then r(z) <
(n —3)(n —4). Since |[V(C1)NV(C2)| > p1 +p2 —n = n — 7, we have expp(x) < expp(8).
Because D is not isomorphic to D,, 5, by Lemma 2.9, we have expp(1) < (n —4)(n —3)+ 1=
n? — 7n + 13. Thus by Lemma 2.3, expp(z) < expp(8) < expp(l) +7 < n? — 7n + 20.
Consequently, lg(z) < expp(x) +r(z) < n? — T + 20 + (n — 3)(n — 4) by Lemma 2.12. Hence
ls(1) <lg(z) < 2n? — 14n + 32 < 2n% — 12n + 19.

Subcase 2.5. po <n—2,p; <n—5.

By Lemma 2.9, we have exp(D) < n+(n—5)(n—3) =n?—Tn+15. Let z € V(C1) NV (Cy).
Then r(z) < (n —2)(n — 5) and so ls(z) < expp(z) + r(z) < exp(D) + r(z) < 2n% — 14n + 25
by Lemma 2.12. Hence I5(1) < lg(x) < 2n? — 14n + 25 < 2n? — 12n + 19.
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Combining the above Cases, the proof of this theorem is completed. O
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