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Abstract

The energy of a graph is the sum of the absolute values of the
eigenvalues of the graph. In a paper “J. Chem. Inf. Comput. Sci.
39(1999), 984-996” Caporossi et al. conjectured that among all con-
nected graphs G with n > 6 vertices and n — 1 < m < 2(n — 2) edges,
the graphs with minimum energy are the star S,, with m —n+1 addi-
tional edges all connected to the same vertices for m < n+|(n—7)/2],
and the bipartite graph with two vertices on one side, one of which is
connected to all vertices on the other side otherwise. The conjecture
is proved to be true for m = n — 1, 2(n — 2) in the same paper by
Caporossi et al. themselves, and m = n by Hou in “J. Math. Chem.
29(2001), 163-168”. In this paper, we give a complete solution to
the second part of the conjecture on bipartite graphs. Moreover, we
determine the graph with the second-minimal energy in all connected
bipartite graphs with n vertices and m (n < m < 2n — 5) edges.
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1 Introduction

Let G = (V, E) be a graph without loops or multiple edges with vertex set
V ={v,vs,...,v,} and edge set E. Denote the degree of vertex v; by d(v;).
The adjacency matrix A(G) = [a;;] of G is an n x n symmetric matrix of 0’s
and I's with a;; = 1 if and only if v; and v; are joined by an edge.
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We denote by ¢(G,z) the characteristic polynomial det(zl — A(G)) of
G and call the roots of det(z/ — A(G) the eigenvalues of G. It is well known
[3] that if G is a bipartite graph, then

L3] L3]
o(G,x) = Z agi\""H = Z(_l)ib%)\n_%v
i=0 i=0
where by (G) = (—1)'ag; and by(G) > 0 for all ¢ = 1,...,|%]. Clearly,
bo(G) = 1 and by(G) equals the number of edges of G.

In chemistry, the experimental heats from the formation of conjugated
hydrocarbons are closely related to the total m-electron energy. And the
calculation of the total energy of all m-electrons in conjugated hydrocarbons
can be reduced to (within the framework of HMO approximation) [6] that of

E:E(G):ZM, (1)

where \; are the eigenvalues of the corresponding graph G. The right-hand
side of Eq.(1) is defined for all graphs (no matter whether they represent the
carbon-atom skeleton of a conjugated electron system or not). In view of
this, if G is any graph, then by means of Eq.(1) one defines F(G) and calls
it the energy of the graph G. Recently, it has been intensively studied by
some researchers (See [1, 4, 7, 8,9, 10, 11, 14, 15, 12, 13, 17]). For a survey
of the mathematical properties and results on E(G), see the recent review

paper [5].

It is known [6] that for bipartite graph G, E(G) can be also expressed
as the Coulson integral formula

o oo C
EG) = ;/0 o In [1+ Z byiz? | du. (2)
i=0

If for two bipartite graphs G and Gy, be;(G1) < by;(Ge) holds for all ¢ =
1,2,...,|n/2], we say that G; is smaller than G, and write G; < G, or
G2 = Gy. Moreover, if by;(G1) < by;(G3) holds for some i, we write G; < G
or Gy = G1. From Eq.(2) we know that for two bipartite graphs G; and Gs

G1 = G2 = E(Gl) < E(Gg)
G1 =< G2 = E(Gl) < E(Gg)

If a graph G has n vertices, then we say that G is an n-graph; if G has n
vertices and m edges, then G is called an (n,m)-graph. Many results on
the minimal energy have been obtained for various classes of graphs. In [1],
Caporossi et al. gave the following conjecture.



Conjecture 1 Among all connected graphs G with n > 6 vertices and n —
1 < m < 2(n — 2) edges, the graphs with minimum energy are the star
Sp with m — n + 1 additional edges all connected to the same vertices for
m < n+ [(n—7)/2], and the bipartite graph with two vertices on one side,
one of which is connected to all vertices on the other side otherwise.

This conjecture is proved to be true for m =n —1, 2(n —2) [1, Theorem 1],
and m = n [9].

The main purpose of this paper is to consider connected bipartite graphs.
Clearly, the extremal bipartite graphs of Conjecture 1 is a connected (n,m)-
graph such that n < m < 2(n — 2).

Let B, be the bipartite (n, m)-graph with two vertices on one side,
one of which is connected to all vertices on the other side otherwise. Let
B, ,, be the graph obtain from B, 1,1 by adding a pendant edge to the
vertex of second maximal degree in B,_; ,,—1 (see Figure 1).

!
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Figure 1: Graphs B, ,, and B, .

In this paper, we will show that B, ,, is the unique graph with minimal
energy in all bipartite connected (n, m)-graphs for n < m < 2(n — 2), giving
a complete solution to the above Conjecture 1 on bipartite graphs. Moreover,
we prove that B, . is the unique graph with second-minimal energy in all
bipartite connected (n,m)-graphs for n < m < 2n — 5.

2 Main result

Let G be a graph with characteristic polynomial ¢(G,\) = > a;A"~*. Then
i=0

for:>1

a; = Z (—1)PS)2eS)

SeL;

where L; denotes the set of Sachs’ subgraphs (see [3]) of G with ¢ vertices,
that is, the graphs S in which every component is either a K, or a cycle, p(.5)



is the number of components of S and ¢(.5) is the number of cycles contained
in S. In addition, ay = 1.

By Sachs’ Theorem [3] we have

Lemma 1 [18] by(G) = m(G,2) — 2¢(G), where q(G) denotes the number
of quadrangles in G.

Lemma 2 Let uv be a cut edge in G. Then

by(G) = by(G — uv) + e(G — u — v).

In particular, let uv be a pendant edge of G with the pendant vertex v, then
by(G) = by(G —v) + e(G—u—w).

Proof. Since wv is a cut edge, we have ¢(G) = ¢(G — wv). By Lemma 1 we
have

S
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m(G —uv,2) — 2¢(G — ww),
bs(G) = m(G,2) - 2¢(G)
(G —uv,2)+m(G —u—wv,1) —2q¢(G)
= b(G—uv)+e(G—u—0v).

m

We thus obtain the result. O

Theorem 1 B, ,, (n < m < 2(n — 2)) is the unique graph with minimal
energy in all bipartite connected (n, m)-graphs.

Proof. Let G be a bipartite connected (n, m)-graph. Then A(G) < n — 2.

Since b;(By,,m) = 0 for i # 0,2, 4, we have that by(G) = 1 and be(G) = m.
It suffices to prove that by(G) > by(B,,m). We apply induction on n to prove
it. From the table of [2] the result is true for n = 7. So we suppose that
n > 8 and the result is true for smaller n.

Case 1. There is a pendant edge uv in G with pendant vertex v. Then, by
Lemma 2 we have

b4(G):b4(G—’U>+€(G—U—’U>
Since A(G) < n — 2, we have (G —u —v) > m —A(G) > m —n+

2 = e(Sm-n+3). By induction hypothesis, by(G — v) > by(Bp—1m—1). Since
ba(Bnm) = ba(Bn-1,m-1) + €(Sm-n+3), we get the result by(G) > by(B,,1m)-
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Case 2. There are no pendant vertices in G.

Claim 1. Let G be a connected bipartite (n, m)-graph for n < m < 2(n—2).
Then ¢(G) < ("73*?), where ¢(G) denotes the number of quadrangles in G.
Proof. We apply induction on m. The result is obvious for m = n. So we
suppose n < m < 2(n — 2) and the result is true for smaller m.

Let e be an edge of a cycle in G. Then G contains at most m —n + 1
quadrangles containing the edge e. Otherwise, we suppose that there are
m—n+a(a > 2) quadrangles containing e = uv. Let U be a set of neighbor
vertices of u except v, and let V' be a set of neighbor vertices of v except u.
Then there are just m —n + a edges between U and V. Let X be a subset of
U such that each vertex in X is incident to some of the above m —n+a edges
and Y be a subset of V defined similarly to X. Assume |X| = z,|Y| = ».
Let Gy be a subgraph of G induced by V(Gy) = vuUv U X UY. There are
at least m —n+a+ 2 +y+ 1 edges and exactly x 4+ y + 2 vertices in Gy. In
order to make the remaining vertices connect to G, the number of remaining
edges is not less than that of remaining vertices:

m—(m-n+at+r+y+1)>n—(r+y+2), (3)
that is,

n—a—1>n-2(a>2).

This is an contradiction. Note that Ineq.(3) still holds when there is no
remaining vertices.
Let gg(e) denotes the number of quadrangles in G. Thus we have
9(G) = qa(e) +q(G —e)
S m—mn4+1+ (m—12—n+2) — (m—2n+2)’
where ¢(G —e) < (m_lz_ ”+2), obtained by the induction hypothesis. O

A nonincreasing sequence (d)g = (dy,ds,...,d,) of positive integers is
said to be graphic if there a simple graph G having degree sequence (d)g.

Claim 2. Let G be a bipartite connected (n, m)-graph. If G has no pendant
vertices, then

Proof. Let



dis1,diy o dj ds, . dy),

(d)g = (di,ds, ..
and
(d)/: (dl,dg,...di,di—i-l,...,dj - 1,dj+1,...,dn).
where d; > d;. By writing
diyd. y,...,d),

(d) = (dy,dy, ... di_y,dy, ... dds
n " n
we can obtain that t_zl (d;) > ; (C;t), since

(5) = () + (55 = () + () = di—dy +2 0.

n
=1

t

OE

Notice that dy > dy > - > d, > 2 and dy +dy +---+d,, = 2m.
Repeating this procession, we can obtain the sequence

2n—m—4
—
(d//) == (dll/, dg, dg, ey dm—n+47 1, 1, ey 1)
where df < n —2, dy > dyif dl =n—2 and dj = dy if df < n — 2.
Since df > djy > d3 > -+ > dp_nra > 2, by applying the above procession
repeatedly we finally obtain the degree sequence (d)g,,.:

m—n+2 2n—m—4
N\

(n—2,m-n+222..211,...1),

(d)B, .. =
which has the maximum value of }° v (d(;)). The proof of the claim is
0J

thus complete.

For a simple graph G, we have m(G,2) = (7) — ZveV(G) (d(;)). By

Lemma 1 we know that

By Claims 1 and 2, we can easy obtain the result.

) <d(;)) ~24(G)

Combining all the above cases we thus complete the proof.

Since the characteristic polynomial of B, ,, is
¢(Bym, ) = 2"zt —ma® + (m —n+2)(2n —m — 4)],

by simple computation we have



Corollary 1 Let G be a bipartite connected (n, m)-graph with n < m <
2n — 4. Then

B(G) = 2y/m+2y/(m—nt2)@n—m ),

with equality if and only if G = B, .

Theorem 2 B, ,, (n <m < 2n—5) is the unique graph with second minimal
energy in all bipartite connected (n, m)-graphs.

Proof. Since by(B,,,,) = 1,b2(B,,,,) = m,by(B,, ,,) = (m —n+3)(2n —m —
4) — 1 and b;(B,,,,) = 0 for other positive integer 7, similar to the proof of
Theorem 1 we can obtain the result. 0J

Analogously, we have

OBl y ) = 2" Ha' —ma® + [(m —n+3)(2n —m —4) — 1]},

n,m?

and therefore

Corollary 2 Let G be a bipartite connected (n,m)-graph with n < m <
2n —5. If G % By, ,, then

BG) > n/mt2y/m—nt3)@n-—m-1) L,

with equality if and only if G = B, .
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