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Motivation

e The evaluation of characters of irreducible representations
of classical affine Lie algebras

e Numerator expansions analagous to the Macdonald de-
nominator identity expansions

e Coset representatives of affine Weyl groups with respect to
finite Weyl groups and their action on arbitrary weights
Topics

e Embeddings of simple Lie algebras in affine Lie algebras,
character formulae and statement of problem

e State of play at Renaissance of Combinatorics’99

e Periodic coloured grids, coloured tableaux and the action
of affine Weyl groups

e Coset decomposition of affine Weyl groups, denominator
and numerator expansions

e Bruhat graphs, canonical words
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Complex simple and affine Lie algebras
Classification
e Complex simple Lie algebras g [Cartan and Killing]
Ay, By, Co, Dy, Eg, E7, Eg, Fy, Go.
e Affine Lie algebras g [Kac and Moody]

(1) 1) A1) pO) 4@ 4 (2)
AE ) BE ’ Clg ’ DZ ? A2£7 Agé)—h D

M EW BN, FY, 6V, EP, DY

e Subscripts determine the rank: rank £ in classical cases

e Superscripts (k): untwisted k = 1, twisted k = 2, 3.

Natural embeddings g C g

Apc AV E¢cEM
B,cB, 4%, DI,  E;cEY
CocCeV A% EscEM
D,cDM F,cFY B

GocGSV, D)




Some terminology

Let I ={0,1,2,...,¢} and T = I\{0} = {1,2,...,4}.

The duals h* and h™ of the Coxeter subalgebras of g and
g have bases {Ag,a; : ¢ € I} and {; : @ € I}, respectively.

Simple roots a; and co-roots o) = 2a;/(a;|a;) for all i € 1.

Inner product (-|-) on h* such that:

(AolAo) =0,

(Aola)) = dp; for i € I,

(ailaf) = Ajj for 4,5 € I.
Marks c; for ¢ € I are the smallest positive integers
such that ), ;c;A;; =0 for all j € I.

Co-marks c}/ for y € I are the smallest positive integers
such that >, c/A;; =0forallie I

Coxeter number A=), _;¢;.

Dual Coxeter number hY = ZZQI c).

~ ~ . _ ~(1),
Modified dual Coxeter number hY = { 2rY ifg= C
hY  otherwise.

Imaginary root § =Y ._; c;ay.

i€l
(6lay) =0 for j € I,
(6]A0) = (aolo)/2,
(0]0) = 0.



Classification of simple complex Lie algebras

Class Dimension
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Fig. 9.8.13. Dynkin diagrams of simple Lie algebras.
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Classification of Kac-Moody algebras
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Fig. 14.5.13. Table of affine Dynkin diagrams.
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Dynkin diagrams of generalized Cartan matrices 297
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The weights of an affine Lie algebra

e The fundamental weights of g are denoted by A; where
(As|lay) = 045 for 4,5 € T
(As|Ag) =0 fori e T,
(A;]6) =0 for i e I.

e For each A € h* we have A = )., n;(A)A; — D(A)d.
Dynkin indices: n;(\) = (Ale)) for i € I.
Depth: D(A) = —2(A|Ag) /(o).
Level: LN = Sy e mi(\).

- 1 : o 4(2),
Modified level: L(\) = { sL(A) ifg= {422 :
L()\) otherwise.

o The Weyl vector is defined by p = > .., A;.
Dynkin indices: n;(p) = (ple)) = 1,
Depth: D(p) =0,

Level: L(p) =h".

e Simple roots ay, for k € 1.

Dynkin indices: n;(ag) = (ax|ay) = Ak,
Depth: D(ax) = —dro,

Level: L(ag) = 0.



Weyl groups

Affine Weyl group W of g
e W is generated by {s;|i € I} -
e For any s; € W and A € h* we have 5;(A) = A — (A|a))a.

e Each w € W may be written in the form w = s;,8;, - - - s85,.

The length ¢(w) of w is the minimum possible value of ¢.
e The parity or sign of w is given by e(w) = (—1)4w).
e The roots of g are given by A = {w(a;) |w € Wi € I}

A=ATUA™ where A~ ={—a|a € AT}

Finite Weyl group W of g
e W is the finite subgroup of W generated by {s;|i € T }
e The roots of g are given by A = {w(a;)|lw e W,ie T}
e AcAand AT =AnA*t

Coset representatives
o Let W, ={w e W |l(ww) > L(w) forallwe W}.
e W contains one element from each coset of W with respect
to W
e FEach w € W; is the unique element of minimal length in
the right coset Ww



Irreducible representations and character formulae
Some notation

e Let h* =h™ @® CAy & C4, then for any A € h* we have:
A=Xx+LA)A;—D(\)é with Aeh’.

e The set of dominant integral weights of g:
Pt ={deh*|(\a;) € Z>o forall iel}.

e The set of dominant integral weights of g:

P = Aeh |(Na) € Z>o forall i€T}.

Complex simple Lie algebras

e [Weyl] For each A € iz we have a finite-dimensional irre-

; A .
ducible representation V' with character

chV” = Z 6(’w)6w(3‘—+5)—5/ Z e(w)e? PP,
weW weW
Affine Lie algebras

e [Kac] For each A\ € P™ we have an infinite-dimensional
irreducible representation V* with character

chV?* = Z 6(w)ew(’\+p)_p/ Z e(w)e?P) =P,

weW weW

R U U (K IR R TIIR



Proposition [Hussin and King]

For each A € Pt we have chV* = M*/M where

[

M = e-i(>‘)/\<)—17(>\)cs Z e(w) o~ D(w-X)6 Chvm
weW,
and M = M° while w-\=wA+p)—p.

The ed-basis

e For each classical affine Lie algebra g set

n=4{+1forg= Al(l) and n = £ otherwise.

e Embed h* =h" @ CAo® C € E" & CAy & C6,

where E™ is an n-dimensional Euclidean vector space.

e Let E, have basis ¢; for k € N = {1,2,...,n} such that
(EiIEj) = (Sij, (GZI(S) = 0, (€£|A0)= 0 forall 2,57 € N.

e Then for all A € h*

=X+L(\) Ao~ D(N)§ with X=) Aes.
1EN
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Statement of problem

Given that ch VA = M*/M for all A € P
o Identify all w € W,.
e Evaluate w(p) — p for all w € W;.

e Calculate all terms in the denominator expansion
[Macdonald]

| M = H (1 _ e—a)mult (o)
acA+ /AT

— Z e(w) e~ Pwp)=p)s chTP
weWS,

e Use known products of characters of g to calculate the
inverse M1 of M (down to some prescribed finite depth).

e Evaluate w(\ + p) — p for all w € W, and all A € PT.

e Identify all terms in the numerator expansion

M = eL(MAo=D(N)$ Z e(w) o~ D(w(A+p)—p)$ Chvw(AHp)—p
weWy

e Again use known products of characters of g to evaluate
chV* = M* M~! (down to some prescribed finite depth).



State of play at Renaissance of Combinatorics’99

Identification of w € W, Typically we found:

AL S Ay (£=9) we = (5051525359586756) (5051525958 (S05159)
B o By (£>5) we = (50825354)(5152)(S0)

oV 5 Cy (£ >4) wy = (50515253)(S051)

Dél) D Dy (£>6) wa = (S0528354)(8152)(S0)

Aé%) D By (£>4) wy = (50515253)(5051)

Aéi)_l DCy (£>5) wey = (80525354)(5152)(S0)

Dé_zgl D By (£>5) we = (5051528354)(805152)

~~

Evaluation of w p) —

i)

e Fach w =w, € W, is labelled by a partition p that spec- |
ifies a Young diagram F'*

| | T A A A a1 |
FIJ' = — K2 — = b1 a2
©3 b2| las
4 | b3

e Then for p = (, a, v or € we have

wg(p) —p= Z (fi — €—j42 — 5);

(i,j)eF¢

(¢,5)EF*

8
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Denominator expansions

Let ¢ = e~ and let P be the set of all partitions, then

AP S 40 M =Y p (—1)6 gd T,
BV 5 By: M=Y,., (=1)ll/2 glel/2 y 71,
et o oy =Y o (~1)1/2 g2 T,

Agi) O By

M=y

DM 5 Dy: M=Y,., (~1)ll2 glal/z n 7,
M Zwec (_1)|7|/2 q|7|/2 cth];
M=y

Aéi)_l D Cr: acA (=1)lel/2 glel/2 ch T

)

D§—2+-)1 D By : M=> e (_1)(Ie|+p)/2 qlel ChV[e]’

=
where in Frobenius notation

al as e ap .
a1+1 az+1 - ap+1 ) |7

.- b
c={rePly= (""" ]

e={eePle=(nnmm)l
={cePic=(nuir)}=P
These expansions are valid for all values of the rank £ provided

that the characters are interpreted in terms of standard char-
acters by means of modification rules.

9
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Numberings of Young diagrams

olal8]|7]6] (1)(2)2‘”
Fro={1019)8 F* =12]1]o0

2[1]0]9 sTaTs

3[2]1 0

0l1]2]3]4]

ofol1T2[5] NOEE
F7 = Fe =21

2|1

3 3|2

— (4]

Evaluation of w(\ + p) — p
o Let A\ = an(A)Ai — D()\)d be integral dominant.

e Note w(A+p)—p=A+wA) —A+w(p) —p.
e With the above numberings 7;; in the position (¢, 5)

’U)C</\) — A= Z nmj ()\) <€i - 65_j+2 — (5),

(4,5)€F¢

e It has only been necessary to scale contributions to w(p)—p
by the components ni(A) of A with k£ = n;;.

10



The evaluation of w(A) — X for all w e W
For w = s;s; - - - sk set w = w’sy and proceed recursively.
Lemma Let w = w'sy for some k € I, then for all A € h*
wA) = w'(A) = np(MN)w' (ag),
Proof The result follows from
w(A) = w'(A) = w'(se(A) = A),
with - sk(A) = A = (Ao,
where  (Alay) = ng(A).

e Since nig(p) = 1, we have as a special case
w(p) = w'(p) — w'(ax).

e To obtain w()) we then scale by ng(})
w(A) = w'(A) — ng(AN)w'(ak)-

e To prepare for the next iteration we use ng(a;) = Ak

w(oy) = w'(a;) — Ajgw’(ag).
e Note that w'(ax) € A.

o In fact w'(ax) € AT according as £(w) = £(w') £ 1.

12
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Simple roots in the ed-basis

For all g :

Definitions of A\(w), d(w) and F(w)

Qi = € — €41

ap =0 — €1 + €41
a0=5—61-62
a0=(5—261
a0=5—61—62
a0=5—261
a0=(5—61—62

O{():(S—-El

Qyp = €y
Oy = 2Gg

Qg = €y_1 + €

Oy = €y
oy = 2€y
Oy = €y

o Let w(p) —p= Y _ Ai(w)e; — d(w)d.

keN

e Then F(w) is the diagram constructed by placing |A;(w)|
boxes in the ith row to the left or right of a reference axis
according as A;(w) > 0 or A\;(w) < 0, respectively, for

i=1,2,...,

n.

13
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Origin of the numberings

Consider the step by step evaluation of w(p) — p

using w(p) — p=w'(p) — p — w'(ax) for w = w'sg.
o First for /(w) =1 and w = sx we have w’' =1

so that Sk(p) —p=—0 = — Z(O‘klei) €; — Org0.

e To form F(sg) we enter m = —(axle;) boxes of colour & in
row ¢ fori=1,2,...,n.

e These are to the right and left of the vertical axis in row %

tEN

for m > 0 and m < 0, respectively.

e For example in the case of Agl) and k = 0,1, 2, 3 we obtain:

e In the case of Cil) and k£ =0, 1, 2,3 we obtain:

0

0

00

e In the case of DS) and £k = 0,1, 2,3 we obtain:

0

0

1

1

1

2
2 3
3
21
2 3
3 4
| 2
2 3 4
3 4
14
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Continuing

e For {(w) =2 and w = 5,5, we have w' = s,

so that s;sx(p) — p = s;(p)

— P — sj(ak).

Hence s;sx(p) — p = —oj — ax + Agj0;.

e For Aél) and (j,k) =

second steps:

S3 .

S92 .

3

3

2

(3,2) and (2,3) we obtain for the

8382(p) —p = —2€2 + €3+ ¢4

5283(p) — p= —€2 — €3 + 2¢4

e In the case of Dfll) and (j, k) = (4, 3) and (3,4) we obtain:

S4

S3 .

4~ 3

$483(p) — p = —2¢3

S

15

s3sa(p) — p = —2€s
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Periodic grids

For each classical affine Lie algebra g of rank ¢ construct a grid
as follows:

-

o Let I = {0,‘1,...,6} and let n =2+ 1 for g = Aﬁl) and
n = £ otherwise.

e Each grid is an n-rowed array of nodes, each coloured with
an element k € I.

e Each colour k is associated with a simple root ay and
hence with a node of the Dynkin diagram of g.

e The nodes in the column immediately to the right of a
vertical axis are coloured 0,1, ...,n—1 from top to bottom.

e The sequence of colours reading across each row is ob-
tained from the labels on the Dynkin diagram by:

going round a closed loop for Aﬁl);
passingtgfa,ndﬂfmwwii;hhreﬂéci;i@nsatmeach«end_fﬁ\f I

in all other cases;

duplicating k£ and joining the pair of nodes
to give k—k if (ag|ag) = 4;

at each branching entering 7 ~ j as an

unordered pair if j =7+ 1 and (a;]a;) = 0.
e The result in each case is a sequence having period hY.

16
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Coloured grids - classical untwisted affine algebras

-~

Rank 4, Period hY = 5.

(1.

4 -

0 4 3 2 1 0 4 3 2 1

1

0 4 3 2

0 4 3 2
1

1.

1 0 4 3 2 1 0 4 3 2
1 0 4 3 2
2

4 3 2

2
3

4
0
1

0
1

0 4 3 2

1

0 4 3 2 1 0 4 3 2 4
0

1

0 4 3 2 1 0 4 3 2

1

1
2

2
3

3
0 4

1

0

-~

Rank 4, Period h¥ =T.

(1),

4 -

0 2 3 4 3 2
1~0 2 3 4 3 2

1~0

1~0 2 3 4 3 2

1
2

2
3
4

1~

1~0 2 3 4 3 2

1~0 2 3 4 3 2

1~0 2 3 4 3 2

2

3

1~0 2 3 4 3

1~0 2 3 4 3 2

3 2

3 4

~

Rank 4, Period hY =10

4 -

(1),

3
2

2

0—-0 1

1

2 3 4-4 3 2

0-0
1

2 3 4-4 3 2 1
1 2 3 4—4 3 2
2 .3 4-4 3 2

1
0-0

0-0
1

0-0

1

Rank 4, Period A¥ = 6.

(1),

4 »

1~0 2 4~35

1~0 2 4~3 2

2

1~0 2 4~

1~0 2 4~3 2

1~0 2 4~3 2

2

0 2 4~3 2

1
2

2
~3

1~0 2

1~0

1~0 2 4~3 2

1~0 2 4~3 2

4~3
2 4

1~

1~0 2 4~3 2

3 2
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Coloured grids - classical twisted affine algebras

Rank 4, Period h¥ = 9.

A@:

0-0 1 2 3 4
1

2
3

3 4 3 2 1
2 3 4 3 2

2

0-0

0—-0 1
1 0-0
2 1

2
1

1 0-0 1
1

2

3
4

2 3
2

1

1
0-0

2

0-0

3

Rank 4, Period h¥ = 8.

A@:

1~0 2 3 4-4 3 2

1~0 2 3 4-4 3 2

0 2 3 4—-4 3 2

1
2

2
3
4—-4

1~0 2 3 4-4 3

3 .

1~0 2 3 4-4

2
1~0 2 3 4-4 3 2

3

1~0 2 3 4-4
3 2

2

1~0 2 3 4-

Rank 4, Period h"Y = 8.

D@:

2 3 4 3 2

1
0
1

0
1
2 3 4 3 2

2 3 4 3 2 1

1
0

0

2 3 4 3

1
0

1
0
1

2 3 4 3 2

1
0
1

2 3 4

2 3 4 3 2
1

1
0

2

3

3 4
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Coloured tableaux

e For each g and each w € W there exists a unique
coloured tableaux T'(w) of shape F'(aw) defined
by a vector A(w) € E™.

e The profile P(w) of T(w) is the set of all vertical edges
that are:

(i) at the end of each row of F(w), whether positive

or negative;
(ii) on the vertical axis if the row length of F'(w) is zero,

(iii) or if the row length of F'(w) is one and the vertical

axis splits an unordered pair.

e A node is adjacent to the profile P(w) of T'(w) if it is:
(i) adjacent to an edge in P(w);
(ii) tied to a node that is adjacent to an edge in P(w);

(iii) one of an unordered pair of nodes adjacent to an
edge of P(w).

o Given w = w’sy then T'(w) is formed from T'(w’) by
adding or deleting all nodes of the underlying grid

that are coloured k and that are adjacent to P(w’).

10



Coloured tableaux generated by Weyl group action

Ex 1 For Aff) and w = 899384939,5¢ we find T'(w) and F(w) as below,
with A(w) = (3,2, -3,0,—2).

0]4]3]
1[0
Tw)={0]4]3

l4 3 2 1fof4]3]2
0 4 3 2[1{0]4 3
Fw=[ ] ] 1foJ4a]3]2 1 0 4
2 1 0 4|3 2 1 0
[T ] 3 2[1]o]4 3 2 1

Ex 2 For Dfll) and w = 8992515482938 we find T'(w) and F(w) as below,
with A(w) = (4,4, 3, —3).

0{2]4~3
1~0[2]3
T(w) = 2 [1~0
0[2]4
4~3 2 1fo0]2]4~3]2
2 4~3 2[1~0[2]443
F(w) =
(w) ~0 2 4~3]2]1~0]2 4~
[ 1] 14o0l2]4]3 2 1~0 2

ST
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Coloured tableaux generated by Weyl group action

Ex 3 For Dgl) and w = 8¢52815483528483 we find T(w) and F(w) as
below, with A(w) = (5,5,2,0).

214432
1402|443
T(w) =517
Fluw) = 21140 2]1443]2
4~3121140 2 4~3
413 2 1~0 2 4~3

Ex 4 For D{" and w = 545254835, we find T(w) and F(w) as below,
© with A(w) = (5,1,0,0).

0l2[4d3[2]
TN= |
[«]5]
T T T ] 2 tfolafd4dsfa]i~o
F(w) = ~3 0 2 4~3 2

0
1
4~3 12 1~0 2 4~3
3 2 1~0 2 4~3

T I IR U I TR RIIRN



Recursive construction of tableaux

!

1
Ex 5 For C£ ) and w' = S051828334803189 we have

“

0f1]2]3]4]4]

Tw') =

WINIPIO
funry
o

For w = w's; and k = 0 and k = 3 we obtain:

0]1]2]3]4]4] 0012 3L4L4]3]
0 0

T(’w’83) =

T(w'sg) =

WiN|=TO
—
—
o

Ex 6 For g = Bgl) and w' = $¢S8283548382 We have

0f2|3]43]2]

T(uw') =

Then we find first

0j2]3[4]3]2]1]
T(w's;) = 1~0
and then
0f2f3j4f3]2[1~0]
T(w’3130)= 1
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Coset decomposition of affine Weyl groups

e Affine Weyl group W = (sq, 81,...,5z)
e Finite Weyl group W = (81,82,...581)

e Let W, be the set of all_mihimal right coset representatives
of W with respect to W, then

W ={weW|{(ww) > £(w) for all w € W}

={weW|uw(p)—peP}

—{weW|wh+p) —peP forall Ae Pt}

Bruhat graph
e Vertices: w for all w € W,

e Directed edges: w' — w labelled by si for w,w’ € Wi
and k € I if and only if w = w’ s with {(w) = £(w') + 1

Grading with respect to length

Wy =U2, W where W9 = {w e W, |{(w)=d}
Lemma [Kang] Given w’ € W% and k € I then w = w' s, €
Wi if and only if w' (o) € AF\ART.

- Poincare polynomial P = Z gt

weW,
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Generation of the numbering scheme for Algl)

Ex. For Algl) with £ = 9 and w = 8951825895058515389, proceeding

-~

recursively, we find

’U)(p) —p= 3e1 + 3€0 + 2€3 + €4 — 2eg — 3€g — 4€19 — 94.

0] 0 0 0]9] 09
1 1 1] 1[0
2 2 2
S0 S1 S92 Sg S0
o —> — — — —
9] 9
[0] [1]0 2]1]0 [2]1]0 2]1]0
0/9]8 0[9]8 0/9]8] 0]9]8
1[0 1 1]0 1]o]9
2] 2[1 2]1 2|1
3 3
S8 S1 S3 N S9 —
— — — —>
8| 8] B 9[8
0/9 1/o]9 1/o]9 1]o]9
12]1]0 2[1]0 13]2]1]0 13]2]1]0

Note w = w; with ¢ = (3,3,2,1) € P, ' = (4,3,2) and [(| = 9.
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Tllustration for Aél) in the case / =9

Let we = $05152898887508159 then ¢ = (g i) = (3321) € F,

“~

we(p) — p = 3€1 + 3e4 + 2€3 + €4 — 2eg — 3€g — 4e1g — 90 and

918
09
1

WIiN | =|O

FeT Ma, = % VT,

9(8
1{0]9
13]2]1]0

To obtain the corresponding contribution, M) . to the numerator

expansion first note that:
we(A+p) —p =X+ (welp) — p) + (we(A) = A).

Thus we add three contributions: one from A itself correspond-
ing in general to a composite Young diagram of the form F#?,
one obtained, as above, from the row lengths of FC;?, and one

obtained by stretching the rows of F$¢ by factors of Ay, .

20
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Example

IfA=3A0+A14+2A2+Ag+2Ag = 9Ag + 3€1 + 262 — €9 — 3e€10,

then the complete stretched diagram takes the form:

“ T

= O

00999 8 8]
00099 9]

= OoO|O

w N
o
o
=

and

M)\ — eng 6—245 Chv{12711a5a1;5,10313}
we .

For ease of comparison with the unstretched case, we note:

8
9
3

F&¢ = My, =e % chV

N = O
= Ol

{3321;234}

HiO ©
S ©

1
3 2
Note the preservation of the nested hook or wrapped strip struc-

ture.
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Generation of the numbering scheme for Cél)

Ex. For Cél) with £ > 4 and w = $pS150S25351, proceeding re-

cursively, we find

S0

§2

“

w(p) — p = bey + 4eg + 2€e3 + €4 — 6.

0] o]

HEE
o

S1

—

53

0]0][1]
1 S0
—
0jol1]2]3]
1{0
2]
3

S1

[w[s]=[o

Note w = w,, with v = (5,4,2,1) = (gf) € C and |y|/2 = 6.
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Illustration for C’él)

Let w, = 808182838081 then v = (g f) = (5421) € C,

w~(p) — p = Be1 + 4ey + 2€3 + €4 and

0/1]2]3]

s My, =e % chV

P (5421)

LC.O[\J!—*O

To obtain the corresponding contribution, M&)\v, to the numera-

tor expansion first note that:

wy(A+p) = p= A+ (wy(p) = p) + (wy(A) = A).
Thus we add three contributions: one from A itself, one ob-

tained, as above, from the row lengths of F'7, and one obtained

by stretching the rows of F* by factors of Anis

Example If A = 2Ag +3A1 +2A3 = 7TAg + 5e1 + 2¢5 + 2¢3, then

the complete stretched diagram takes the form:

) looooo0oo01111233 3|
1111/0000001 11 1]
21111 1|
333
and

_ —(19,16,7,3
M)\ :€7A0 e 186 Chv< >

W
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Core diagrams and boundary strips

e The diagrams F'(w) that are generated by w € Wy consist of
cores supplemented in all possible ways by strips of length

L = hY starting in the first row.

Definition u = ji(mod L) if and only if F# is obtained from F*
by the removal of all possible, say s, continuous boundary strips

each of length L starting in the first row of F*.

Example For L = 10 and g = (13,11,7,5) we have s = 2 and

L= (5,4,4,3):

1 | |

e _ S
: T9

1

24




Core composite diagrams and pairs of boundary strips

Definition p;7 = ji; 7(mod L) if and only if g = ji(mod L) and

v = (mod L) with |u| — || = |v| — |P] = sL for some s € ZT.

Example For L = 10 and ;7 = (13,11,7,5;4,5,6,8,13) we

have s = 2 and ;70 = (5,4,4,3;1,3,4, 4,4):

FHV —

HENN

1
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Proposition For each g D g indexed by the rank ¢, the denom-

inator expansion takes the form:

AEI)DAg: M = Z (_1)|C|+r+“F o~ d({nm})8 Chv{u;U};

piv=¢;¢ mod (£+1),(EF
2(p)+e(r),0(0)+e(¢)<e+1

Bél)DBZ: M = Z (—1)lel/24r o=d(iuD)s chV[“];

u=amod (24—-1),ax€A
2(p),e(a)<£

Cél)g Cp M = Z (_1)|'Y|/2-+-7“-+-S o—d((1)8 chV<“>;

u=-mod (2¢42),vy€C
2(p),e(v)<¢

DMoDe M= Y (—1)led/2tr g=d(lus o T,

p=amod (2£—2),a€ A
€(pn),2(a) <2

ASBe M= Y (—1)ll/2+r g=duDs oy 71,

p=~mod (2¢+1),vy€C
2(p),L(v)<¢

A(2) 1DCe M = Z (_1)Ia|/2+r+s o—d({n))8 hV(u)

pu=amod (2£),x€.A
e(u),0(a)<e

DX 5B M= Y (-1)Uetn)/2r —ds ch 7.

p=emod (2¢),e€E
2(pn),€(e)<¢

The numerator expansions M* are determined by using the pe-
riodic grids to identify k = #;; for each (¢,7) in the relevant

- diagram and scaling the contribution by ng ().
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Example In the case of Aél) D Ag and

W =85051525354558689585756555483 * S0S1525354595885786S5554
© 80815283598887S6 * S0S15289S88 * $S0S1S9

we have ¢(w) = 41 and

w-0=w(p) —p={w7}—dw-0)J

= 13€; + 11leg + Tez + Dey — 4deg — Her — 6eg — 8eg — 13€79 — HT0.

Correspondingly, u = (13,11,7,5) and v = (13,8,6,5,4), and
FHV consists of the core Fc;?, with ¢ = (5,4,4,3), together

with two pairs of continuous strips each of length L = ¢+ 1 = 10.
] ]

e

FHY —

and the contribution to the denominator expansion is given by:

_ —{13,11,7,5;4,5,6,8,13 }
M, = —e % chV .
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Numbering of diagrams consisting of core plus strips

e In the case of Agl) the boxes of F#¥ are numbered by placing
an entry 7,; = (¢ — j)mod L, with L=/0+ 1, in the box in

the ¢th row and jth column. Typically, for £ = 9:

0 9/8(7 6/5 4 32 1[0 9 8]
1/0 9]8(7 6/5 43 2 1

2 1/0 9/8[7 6

321[009

2109 8

e Rather than carrying out the stretching (which would give
diagrams that are too wide to fit on the page) the above
numbering of F{#%} can be used for any given dominant
integral A € h* to obtain w(A) — A by introducing a new
numbering in which each entry n;; = k is replaced by the

stretching parameter ny(A).

28
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Calculation of w(\) — A

Example In our case of Aél) with £ = 9 and w as before with
Z(w) =41,if A =2A0+As+4Ag+ Ag =08A0 + €1+ €3 —4deg — Heqg
then the re-numbering of F#¥ takes the form:

2 1|/4|/0 0]0 0 01 02 1 4]
0/2 1]/4{0 0j0 0 01 0

0 4(0 0

1 1

1 21
0 0|2

Adding the entries in each row gives w - X. In fact
w(A\) — A= —52¢
+ 15€1 + 8eg + 8€3 + 44 — Deg — Te7 — 8eg — deg — 11€qp.
It is to be noted that w(A)— A is not dominant integral. However,
w(A+p) —p=A+ (w(A) = A) + (w(p) — p)

is dominant integral and the corresponding contribution to the

numerator expansion is:

_ —{29,20,15,9;9,12,14,16,29 }
M) = —eB8hog=1090.) 74 :
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Branching rules Given characters chV* = M* /M of g with
both M* and M expressed in terms of characters ch V¥ of g, it is
only necessary to calculate M 1 and take products of characters

of gy in MAM ™! to determiné‘branching rules from g to gp for

any given A.

In the case Aél) D Ay we have, setting ¢ = 8“5,

M‘“ =1 — qch %{I;T} _|_ q2 (Ch 1/0{1255} +ch %{2;12})

_ q3 (Ch VO{13§§} 4+ ch Vo{zl;ﬁ} 4+ ch V0{3;13}) - ...

This may be inverted up to any required depth by using the

familiar product rules of A, to give

M =1+ qchV BT
+ (VP v T pocn v Ly o
+ ¢*(ch VO{3;§} + ch Vo{Zl;ﬁ} +ch 1/0{1353—’}
420k V23 4 och VI 4 2ch v

+2ch V) 1 5ch VI 4 2en VIO 4

24



Example In the case A = Ag + A; we have

M = 2o (ch VI — ? ch VP 4 gf cn V4T

+g* (ch V¥ — chy 313y
It follows that for A" and A = Ag + Ay

ch V> = o240 (ch Vo{1;6}
e o VT v |y
+¢*(ch VO{QI;E} +ch Vo{zl?l_f} 4 ch VO{13;1_2}
+ 3ch VO{ZT} + 3ch Vo{lzi} + 3ch Vo{lﬁ})
P (ch VO{22;'2_1} . ch Vo{212;2—1'} +ch %{2'12;1_3}
+ch %{14;1—3} + ch VO{3?§} '+ ch VO{3;TE}
+ 4ch VO{21;§} + 5¢ch Vo{zl;ﬁ} + 9k %{13;'2-}
+3ch V2 4 8ch VAT 1 gen v 15T
+ 7ch Vg{l;a})

4 )
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