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For each a = (04,...,a,) € N” we denote by z% the
monomial

(84

% =z, .. 2o

o,
Monomial symmetric functions:

Let A be any partition of length < n. The polynomial

ma(Z1,...,T,) = Zxa,

where the sum is running over all distinct permutations
aof A = (Ag,..., ), is clearly symmetric, and the m,
(as A runs through all partitions of length < n) form a
Z-basis of A,. Hence, the my such that /(\) < n and
|A| = k form a Z-basis of A¥. |



Let X = {x1,%9,23,...} be an infinite set of indeter-
minates, and Ag the corresponding ring of symmetric
functions with coefficients in Q.

Elementary symmetric functions:
eO(X ) = 17

ex(X) = Z Ti Tig - - - Ti k> 1.

11<t2< <1}

Complete symmetric functions:
hO(X) = 17

m(X)= Y @uzy...z, k2L

11 <12 S-S

Power sums:

The e, hx and p; form three algebraic bases of Agq.
For any A = (Ay,...,A,), we define |

EN =€)\, ...€Ey,.

Analogously, one defines h) and p,.

The ey, h) and p, form three vector space bases of Ag.



Shifted factorials:

(a)x := I‘(; (:)k)

=ala+1)---(a+k—1) fork=0,1,2....

Standard g-notation:
Let 0 < |g| < 1.

(a; q)oo = H(l —ag’).

j=>0

g-Shifted factorials:

(@ @)oo
(ag*; ¢)oo

(a;q)k ==

=(1-a)(1—-aq)---(1—ag" ") fork=0,1,2....

Occasionally, we employ the compact notation

(@1, - -y am; Ok = (81, Dk - - - (Am; Dk



A,,—1 Macdonald polynomials.

Let g, t be independent indeterminates and let F =
Q(g,t) be the field of rational functions in q and t.

We consider now the scalar product defined by

1)
< PayPu > =< D, Pu >qt = Oru2n H

The Macdonald polynomials Py = Py(q,t) = P\(X;q,?)
are uniquely determined by {

(A) Py=my+ > UMy,

p<A

with coefficients uy, € F’;
(B) < P\, P,>,;=0if X # .
Special cases:
(1) For g =t the P, reduce to the Schur functions s,.

(2) For ¢ = 0 they reduce to the Hall-Littlewood
functions Py (X;t).



(3)

(4)

(5)

To obtain Jack’s symmetric functions, we set ¢ =

t® and let t — 1, so that ¢ — 1 also. Then
1—q¢g™ 1-—to™
= —

T—gm  1—tm
as t — 1, for all m.

For t = 1 (and g arbitrary) we have Py(g,1) =
m).

For ¢ = 1 (and t arbitrary) we have Py(1,t) = ey.

One column case:

P(l’") = €y,

which follows from (A) (since mur) = e).

One row case:

(¢; 9)r
P, s
")~ (5 q), J

where the g, = ¢,(X;¢q,t) are the modified complete
symmetric functions, given by the generating function

H (t;:z, Zu gr(X q,

1>1 r>0



Clearly,

= [

m|=rj21

which follows from the g-binomial theorem,

(til?;Q)oo — Z (t;Q)m m

z™, lz| < 1.
(% @)oo 555 (6 Dm

The symmetric functions g, form an algebraic basis of Af.
They may be expanded in terms of any classical basis.
Their explicit development in terms of power sums and
monomial symmetric functions is given by [Macdonald,

1995], in terms of other classical bases by [Lassalle,
2001].

For n = 1 we have P = 7.

In the n = 2, i.e. the A; case, if we set T2 = 1 and
write z; = e~® (hence z, = ), we have

(2;0)r ~= & DmEDrem (r_2mrie
Py = Z . : e(r—2m)

m=0

which is, up to a factor, a continuous g-ultraspherical
polynomial of degree r in cos 6.



Principal specialization formula.

o) pIOPSO
P(1,t,...,t" g, t) =t H oromy

where

as)=ars) =X -4,  dls)=j-1,
I(s) = (s) = X, — 4, '(s)=i—1,

so that I'(s), I(s), a(s) and a'(s) are respectively the
numbers of squares in the Ferrers diagram of A to the
north, south, east and west of the square s. The num-
bers a(s) and a'(s) are called respectively the arm-length
and arm-colength of s, and I(s), I'(s) the leg-length and
leg-colength. The hook-length at s is a(s) +I(s) + 1

Now let
by = b)\(q,t) =< Py, P, >;g € F.
Explicitly,

1 — qa(s) tl(s)+1

b)\(q, t) = H 1 — qa(s)+1tl(3) .
SEA




Duality.

We define
@ = byP)
so that , -
| <P)\7Qp, >q,t=5)\ua

i.e., (Py), (@) are dual bases of A for the scalar product

<, >q_t-

We also define an automorphism

Wq,t - AF — AF.
by

Clearly, wy; = wy 4, and wyy = w.

For all partitions \ we have

. wq,tP)\(q) t) = Q/\’ (t7 q)7
or equivalently

wq,tQA(Qa t) = Py (t, (1)

Note that
Qi = gr.



(Jing and Jésefiak, 1992) Two row formula.

Let A = (A1, A2) be a partition of two parts A\; and ).
Then !

Ay
Q) = Z (@) Qg 4m) Qrg—m)»

m=0
where

(a0 (y) = L=4) (/5 Dm (5 @m
" 1-v) (GDm (u;@m

J. & J. derived this result by applying inverse relations.
Specifically, they inverted the following relation.

Pieri formula for one row Macdonald pblynomials.

Let A1, Ay € N. Then

A2
Q(h) Q(Az) = Z dfs-q’t) (q)\l—)Q) Q(/\1+T,/\2—;‘)’
r=0
where

d9) (y) = (& @)r (" u; 9)r
' (69)r (q7tu;q),



As a matter of fact, the infinite lower-triangular matrices

(a:t) ) ,_ d (d(q,t) 20 )

( Cm_r(ug”") ez D ro1 (Ug”) ez
are inverses of each other, i.e., the orthogonality relation
ZCSZ, A uq d(q’ (uq2l) =8 .

r=I

for all m, ! € Z, holds.

The above orthogonality relation (ﬁrst observed, in an
independent context, by Bressoud in 1983) is a special
case of the termlnatlng 6®s summation:

Z (1 — CLq (CL, b7 C, q—m; Q)k aqm+1 ¢
(1—- a) (¢, aq/b,aq/c,ag™t1;q)x \  bc

_ (aq,aq/bc; q)m

(ag/b,aq/c; q)m




In general, if the infinite matrices ( Smr)mrez and (gr)r ez
are inverses of each other, i.e.,

Z fmrgrl = Oy for all m,l € Z,

reZ
and

ngrfrl = O for all m,l € Z,

r€EZL
then it is immediate that the following inverse relations
hold (subject to convergence of the sums):

Z fmr@r = b, for. all m,

if and only if

Z grnby = a, for all r.
I€Z )

Similarly (“rotated inversion” ):

Z frr@m =b,  forall r,

meZ

if and only if

Zgrlb = q for all [.



Defining
a = Qr+1) Qu—1),

br = Q(A1+r,)\2—'r)a

From 1= (q,t) (uq )

and

(q, )(uq )

~for all m,r,l € Z, we can see (after shifting the summa-
tion index by I) that Y~ __, gnbr = a; holds, for u = g1~
and the above values of q;, b, and g,;, by the Pieri formula
for one row Macdonald polynomials.

Thus, by “rotated inversion”, we immediatély establish
> mez fmram = by, for u = ¢*~*? and the above values
of a;, b, and fn,. Setting now r = 0 gives Jing and
Josefiak’s result. -' ' O]



(Lassalle, 2001) Three row formula.

Let A = (A1, A2, A3) be a partition of three parts.
Then | |

Q(A1,>\2,A3) - Z ng;tl),m2) (qu—/\St, q/\2—/\3)

m1,m22>0

X Q(A1+m1 A +maz) @(Az—m1—ma);

where

1 — u10°™)(1 — uqqg?m2
cggr’z?mz)(uhu?) — ( 2 )( 2 )
’ (]. — Ul)(]. — U2)
(/) m (/6 Qmy (w15 m, (U2; @),
(q; Q)m1 (q; Q)mz (qtul; Q)m1 (qtu2; Q)mz
(qua/tug; @)m, (¢ ™2tuy [uz; q)m, N
(qui/uz; @)m, (7™ u1/U2;q)m,
1 — oqMmi — g2
g [1 L (A=¢™)(a-qg™) |
(@™ — tua/u1) (g™ — tug/us)

(t—g™)(t—qg™) )J

X (t - (U1qm1 —_ ugqrnz) (1 _ Ulqzml)(l _ uzq2m2)

X




Let N denote the set of nonnegative integers.
For 6 = (6,...,0,) € N* let |6] = Y7, §; and define

S (69)s, (61w q),,
22 (g59)g, (qMtug; q),,
< TI (bui/uj; @), (4% ui/tuy; q),,
(qui/uj; @)g,  (q7%ui/uj; ),

dgi’ﬁ,an (s ey Uy) 1=

1<i<j<n

(Macdonald, 1987; Koornwinder, 1988) Explicit
Pieri formula for A,,_; Macdonald polynomials.

Let A = (Aq,..., An) be an arbitrary partition of n parts
and Anpi1 € N. Let uy, := g 2+1¢" % forall 1 < k < n.
We have

Qrydn) @Onsr)

— § : (9,¢) .
— d01,...,9n (u17 e 7un) Q(A1+01,...,An+0n,An+1—|0|)'
feNn



For 8 = (6,,...,0,) € N™ define

| . Uil g
Cgi:t) o (U1, ..., Up) = Htok (a/t; Q)Ok (quy; q)6,

k=1 ( )0k (qtuk, )
X H (quz/tU_ya Q)gi (q_ Jtu.,,/’U,J, q)ez

1<i<j<n (qui/uy; Q)oz. (g% ui /uj; Q)ei

x J] (wig® —uig%)™  det [(uiqe*')”‘J

1<i,j<n
1<i<j<n ‘
- g, ™M 9.
o 1_tj_11+tuz-q*. Uk — UG
1 —wg® 2> tug, — ugg® | |

We have the following general result.

Recursion formula for Macdonald polynomials.

Let A = (Ay, ..., Ans1) be a partition of n + 1 parts.
Let ug := g A+14"=* for all 1 < k < n. We have

QOrdng1) = chi: o, ULy -y Un)

6N
X Qns1-161) @461, An+0n)-



Idea of proof.

We invert the infinite transition matrix defined by the
Pieri formula for Macdonald polynomials.

We accomplish this by applying a suitable extension (de-
veloped in our thesis, 1996) of Krattenthaler’s [1988]
operator method for proving lower-triangular multidi-
mensional matrix inversions.

(This method was already several times successfully uti-
lized in the context of multiple basic hypergeometric
series associated to root systems.

Having the explicit multidimensional matrix inversion at
hand (in fact, we are able to prove an even more general
result than here needed), it is straightforward to apply
multidimensional inverse relations to deduce the de-
sired result. H



The Jack limit. (¢ = ¢, then t—1)

Fix some positive real number a. We note

Py =lim (% ¢) and Qi = lim @ (¢%,1).

For 6 = (6,,...,6,) € N" and any indeterminate a define

(a) _ 110 —a)s _(ux+1)s,
Ce (u17°"7un) H Hk' (Uk+1+a‘)0k

k=1
u,—uj+1—a), (uy—u;—0;+a),
o H ( j )o, ( i — 05 +a),

1

(ui —uj + 1)g, (u; — u; —0;),

1<i<j<n

i

x H (u; +6; — Uj — Hj)—l det [(Uz + ;)7

- 1<i,5<n
1<i<j<n

— (u; + 6; — a)”

_ju,--l—ﬁz-—l—a = Ui+9i—’u,k :,
Uz+9z kzlui—l—ﬁi—uk—a
We have the following general result.

Recursion formula for Jack polynomials.

Let A = (A1, ..., Ant1) be a partition of n + 1 parts.
Let ug := Ay —Aps1+ (n—k)/a, for all 1 < k < n. Then

_ § : (1/a)
Q(Al,---,)\nﬂ) = Cor,...0n (ul’ U un)
feNn

X Qns1-18]) @O1+61,.. A6,



The Hall-Littlewood limit.
(g — 0 in Py(q,t), or ¢ — 0 in Qx(t,q))

Let A= ()1,...,Anq1) be a partition of length n + 1.
For = (6,,...,0,) € N" define

(t1+>\i—/\i+1; t)0,~

& 0)e,
tf — 1
XZ H 1 — tAi+1—Ai—

- k=0 i=k+1

&P () = (=1)PZi (5) ﬁ

We have the following general result.

Recursion formula for Hall-Littlewood polynomi-
als.

Let \ = (A1, ey Ans1) bea partition of length n+1. Then

QM) = ZC Q(,\n+1 10) @(A1+61,.... Xn+6n)-

feN™



