Sy : symmetric group on {1,2,...,n}
e(w) = #{(,J) : i <, w() > w(j)}
8; = (i,7+ 1) (adjacent transposition)

W (Sn): weak (Bruhat) order on Sy,
with cover relations:

u<*vifv=us;, (v)=1+£(u)

5n: (strong) Bruhat order on Sy,
with cover relations: |

u <vif v=u(i,j), £(v) =1+ £(u)

u = 62718453 < 64718253 = (2, 6)
all<2o0r >4
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231 312
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123







Sn is a graded poset, where rank(w) =
¢(w). Thus the rank-generating func-
tion of Sy, is given by

F(Sn,q) = Z qrank(w)
wWESH

= (1+q)(1+q+¢%) - - - (1+g+- - -+¢" ).

Motivation. Let K Be a field and
F(K™) = GL(n,\&) /B
the set of all (complete) flags
0=VpocVicVhcC:--CVp=K"

of subspaces of K™ (so dim V; = 1).



For every such flag F', there are unique

vectors vy, . .., vn € K™ such that:
o {v1,...,v;} is a basis for V;
e The n X n matrix with rows vy,...,vn

has the form

**10_"00
100000
0x0 % %1
0x0100°
0x0010
010000

The positions of the 1’s define a permutation
wp = 316452. The number of *’s is {(wF).




For w € S,, define the Bruhat cell
Qy = {F € F(K") : w=wp}.
Thus |
FEKM = || Qu,
'wGSn
the Bruhat decomposition of F7(K™).

100] [«10] [100
010| |100/| [0%1
oo1| loo1] |o1o0

w10 [#x1] [#%1]
*x 0 1 100 * 10
100 010 100




Q. closed Bruhat cell

Theorem (Ehresmann, 1934)
| ﬁv C ﬁw Sv<w
(Bruhat order).

Example. 213 < 312

-

-*10
100

001

az T 1
1 00

010

I—00

*#1
100

010

-a10-
100

001




Topology of the Bruhat order
P: finite poset
Deﬁﬁe the M6biu$ function
p:PxP—>7Z
recursively by:

0, inessxﬁy
l, z=y

- Y u(z,2), z<y

z<z<ly

p(z,y) =

Thus | ,
T<y=> Y uz,z2)=0.

z<zly




-1

1 1
-1 -1
1 uGdw)

Theorem (Verma, 1971) For v < w in
S, we have |

u(v,w) = (—1)4w)—4@),



For z < y in any finite poset P, let ¢; be
the number of chains

T<x)<z <<z <Y,
with c_1 = 1.
Théorem (P. Hall, 1936)
wz,y) = —c_1 +CO_'— ci+cyg—---

order complex A(:b, Y): the abstract
simplicial complex on the set
(z,y)={2€P . rx<z<y}

whose faces (simplices) are the chainsin (z, ).

C. Hall’s theorem restatedq:

u(z,y) = X(Az,y)),

the reduced Euler characteristic of A(z, y):

10
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Verma's theorem on p for Sy, suggests:

Conjecture. For a.ll}‘ < @in Sy, A(x, Y)

is a triangulation of a sphere.

Note. Given an abstract simplicial com-
plex 4, it is undecidable whether A tri-
angulates a sphere.

12




Basic tool: lexicographic shellabil-
ity (Bjorner, Wachs). Let P be a finite
graded poset with 0 and 1, with

u(z,y) = (—1yrenk) k(o) vy <y
(i.e., P is Eulerian). Let
A:€&p—{1,2,,...}

be a labeling of the edges of the (Hasse) di-
agram of P satisfying

e For all x < y, 3 a unique saturated in-
creasing chain
C:xp<z1 < <z2r =1, le,
Ao, 1) < M1, 72) < -+ < MTp—1, Zr)-

e The label sequence of C lexicographically

precedes that of all other saturated chains
from z to y.

Call A an EL-labeling.

13



Theorem (Bjorner) Let P be a finite Eu-
lerian poset with an EL-labeling. Then
forallz <y in P, A(z,y) triangulates a
sphere. -

14




First EL-labeling of Sy, due to Edelman (1981):
Let 71,7290, T(g) be the transpositions
in Sy, in lexicographic order. E.g., n = 4:

Tl = (1’2)7 72 =.(1)3)>T3 = (1,4)

T4 = (2’3)a T5 = (2’4)’7-6 = (3a 4)
Let w > v in Sy,. Define

Av,w) =7 if TV = W.

Theorem (Edelman). A is an EL-labeling
of Sp, soVv < w in Sy, A(v, w) triangu-
lates a sphere. |

15
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Counting maximal chains in Sp
(with A. Postnikov)
Let u <* us; in W(Sy,). Define
m*(u, us;) = 1.
If
C:u0<*u1 <Fug <t <My
in W(Sy,), then define
mig = m* (ug, uy)m* (u1, ug) - -+ m*(up_1, w)-
Similarly let u < u(z, j) in Sy, and define
m(u, u(i, j)) = j — .
If |
C:y<uy<ug<- - <ug
in Sy, then define

mc ,= m(U(), U1)m(U1, UZ) "o m(uk—l’ uk)‘

17



123

Let M (P) denote the set of maximal chains
of the poset P. Thus

> mE=1-2-1+2-1.2
CeM(W(S;3)) |
=6
> mg=1-1-1+1-2-1
CeM(Sy) +1-2-141-1-1
= 6.

18



Theorem. (a) (Macdonald; Fomin &

RS) »
> mp=(3)

CeM(W(Sn))
L—S -
(b) (Stembrege (explicitly))

= ()

CeM(Sy)

Open. A bijective proof of (a) or (b), or
a bijective proof that (a) = (b).

19



Generalize the definition m(u, u(i, §)) to
m(u,u(i, 5)) = X — Aj.

(Original definition corresponds to \; = —i.)
As before, if

C:yp<uy<ug<---<ug
in Sy, then define
mc(A) = m(up, u)m(ug, ug) - - - m(ug—_1, ug).
If u <wvin Sy, deﬁne

Pus) = T chu

where C' ranges over all saturated chains
from u to v in \S,,.

Set |
Duw(A) = Dig 5(A).



Write a = A1, b= A9, ¢ = As.

u=123=id, v=321'=w0 |

Dat(3) = (@~ b)(b — )@~ &)

+a—b)(a—c)(b—c)
+(b—c)(a — c)(a — b)
1+(b (a —b)(b—¢))
= 5(@a="b)(a—c)(b—c)

—0)
—0)

' 21



Schubert polynomials. Define the di-
vided difference operator 9; by

8uf (25, Tipy) = L (@i Tir1) = F(@ir1,%:)

T — L4+1
Let (ay,a9, -, ap) be areduced decom-
position of w™lwy € Sy, i.e.,

Wy = 50y 0y P = L )

Schubert polynomial:

~1,.n—2
Gwzaaloooaapx? x’g' ..oxn_l.

Example. (a) Gy, = x?_lxg_z-

(b) (s2) lwp = s189, 80

o 0 mn_l

2
Ss, = 010y 23xs
= 1+ Z9.

22



Theorem (B-J-S).

D DR DI
(a'l’ ,ap) (21, a"*p)

where

e (aj,...,ap) ranges over all reduced de-
compositions of w |

¢1<i)<--- <y
® % <141 ifa; < ajyq
OZjSaj

Example. w = 2143 = 's183 = 8351

(aflaa2) (1 3) = (21,22) (1 2) (133)
(a‘l,a2) = (3’ 1) = (21,22) = (1’ 1),

50 69143 = x% + 179 + T1Z3.



Regard Sy, C Sp41 viaw(n+1) =n+1
for w € Sy,. Let |

Soo =U Sn,

the permutations of {1, 2, . . .} moving finitely
many letters. Then {Sy : w € S0} is a
Z-basis for Z[x1,x9, . . .|.

Monk’s rule for (z; + z3 + S z;)Sy
gives: |

(A]_$1+A2$2+‘ . ')kGu = k' Z Dfu‘,fv(A)Gv.



Geometric interpretation of &,,.
H*(F(C™);R) : cohomology ring
basis : {[Qu] : w € Sp}

€; = E , :cz-l---a:z-j.

1<91<-++<2<n

Let

Theorem.

H*(F(C");R) = Rlzy,...,zn)/(e1,---,en)
[Q'w] « Gy

25



Geometric interpretation of Dy, ().
Let ® C b* denote the root lattice for the
Lie algebra g = sl(n,C) of G = SL(n, C).
Let

A={Xebx: ()\a")€Zforanya € ¢},

the weight lattice of g. Let A € At be a
dominant weight. Let

V) = A-weight space
v) € V) : highest weight vector



P(Vy) = projectiVization of V)
e:G/B— P(V))
| e(9B) = g(v)
Q. C G/B (Schubert variety)

Thus e is a projective embedding G/B —
P(V)). Define the A-degree of Qy, by:

deg () = #(e(w) N L),

where L is a generic linear subspace of P(V))
of complex codimension £(w).

Theorem. deg)(Qy) = K(w)' Dw(\)

27




An expression for Dy, ().

Theorem. Let w € S, and

Vn | : ' H (’\i-’\j)-

=719 - (= 1)
.1.2. (n 1)'15z‘<jsn

In particular,

0 0 |
Dy = Dig iy = Sugw ( B ) V.

Dwy=Va (..., Stembridge)



Corollary. {Dy : w € S} 15 a Z-
basis for Z[\1, Mg, . ..]. Let |

Gusv = Z C:f,,va.
w

Then
Du,w = Z CZ),UD'U'
v

Note. (1) {Dy : w € Sp} is a Z-
basis for Hary,, the harmonic polynomials in
Z[\1, - - - ). |

(2) (Sy, Dy) = buy under the “D-pairing”

(9= 1 (oo ) o172 )

z;=0




Corollary Letw € Sy, be 312—avozdzng,
i.e.,

a <b<c= not wb) < w(c) < wa).
Let code(wow) = (¢, ¢9,...), where
ci=#{Jj : i<y, w(E)>w()}
Then | |
zrei—g \ "
wa - det L : y
(n—c—-5). .

1,7=1 .

where o /k! = 0 if k < 0.
Idea of proof.

w 312-avoiding = wow 132-avoiding

(dominant)
= Guwow = x? :vgz ., etc.




Other special values are interesting, e.g.,
| |
D41532 = E(f(Sa 4, 2) - f(5a 4, 1) - f(5737 2)
+f(5? 3, 1) + f(4? 3? 2) — f(4’ 37 1))7
where

(3,3, k) = (& — z5) (i — z) (€5 — Tk)-
Note that code(4, 1,5,3,2) = (3,0,2,1,0).
Further connections:

e Demazure characters (key polynomials)

e Gelfand-Tsetlin polytopes

e inverse “Schubert Kostka” matrix
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