Some Basic Vector symmetric Functions

The elementary symmetric functions:
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The monomial symmetric functions are defined by
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Example

Consider for example the case of four vectors in three dimensions.

Let X = (x,y,2z) denote a vector of three scalar variahles.
Let X, X,,X,, X, be four values of X with

Xi = (aiaﬁia?’i)'

An example of a monomial symmetric function in the vectors is (three notations)
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The 3] —Symmetric Monomial Sum is called a permanent




We will adopt a variant of MacMahon’s notation

We will write

(xlhl ...xnh“ )(rl)...(XIkl "‘xnkn )(rp) = m(l hl...n h")rl...(l k‘...n‘kn)rp

Multiplication of Monomial Symmetric Functions

The rule for multiplication of monomial functions is we obtain a sum of
monomial functions corresponding to all ways of joining any number of

parts of each monomial function.
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Peter Doubilet’s Theory of Symmetric Functions

r : :
1. Doubilet defines a vector space with elements m, , p, , a, , h, and f,
indexed by the partitions of a set,
analogous to the classical symmetric functions m, *, p, , a; , h; and f;

indexed by the partitions of an integer.

2. Doubilet suspected that there was a symmetric function theory associated

with his vector space but did not discover the theory.

3. Our main point today is that the elements m, , p, , a, , h, and f;

are actual symmetric functions of vectors.

4. Ordinary symmetric functions can be considered vector symmetric
functions where the indices are all the same,
Doubilet’s symmetric functions correspond to vector symmetric

functions where the indices are all different.

5. The classical case and the Doubilet case are the two extreme cases of

vector symmetric functions!

6. By setting various sets of indices equal to each other, we can obtain

from the Doubilet theory all of vector symmetric function theory!




Let 7 denote a partition of the set 4 = {x | ,---, x , }
with r blocks B, ---B,.
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We can associate to 7 the following vector symmetric functions

Monomial Functions m, || xj - x; el xy exg
11 lﬂl rl rnr

Power Sum Functions p | | x; - x; oo Xy Xy
11 lﬂl rl rnr

Elementary Functions a, [(xi‘l 1) (xi n ):I 6wt 0 l:(xirl)"' (ximr )]

Because there are no repeats, the rule for circle product can be cast in a
suggestive form, as a sum over the lattice I, of partitions of the set 4

ordered by refinement.

o < r if every block of ¢ is contained in a block of 7r




Doubilet’s Formulas

Some of the formulas found by Doubilet which can be easily
derived by vector symmetric function theory are the following:
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Proof : When n has two parts we have

pr=(x1)o(x') = (x")(x") + (x*)

When 7 has three parts we have
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Continuing in this way we can formally prove the result stated.
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Proof : By Mobius inversion.
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oAn=0

~ Proof : The function a ,, is of the form

[(xi”)--- (xilnl)]o e [(xi”)--- (xirnr )]

which by the rules for multiplicaton will be a sum over all partitions o
such that no block of ¢ contains more than one element from any block

of . This is the same asc A = 0.

Note that [(o < r’) Ao <rm) e (ctAn)] = {(0,7)5(0,7) = (0,7 A T)
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Suppose ¢ = {01 , e, ak} is a set partition. Define

loll = 61U Uok.

Proposition : Let p1, .-+, pi be set partitions. Define

-
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Then
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v Proof :
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sum over all o for which each block is a union containing at most
one block from each set partition p;. These correspond to partitions o

satisfying o A # = p. Therefore
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as follows from (5.) above.




Analogues of the Segment Monomials

Suppose G = { gr|me H(A)} is a family of vsfls

We can define for study some segment analogues of G by
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The Vector Frobenius Map

Recall that for any permutation (x1y---x1,, ) (k1= X 17, )

the classical (scalar) Frobenius Map satisfies

¢ [(xll“'xlrl)"'(xkl';‘xlrk)] = Dr, " Pri-

Suppose D, is a Young Tableau of shape A.

1. Pos(D3) = 2, 6 -

Sum over all permutations fixing the row position of every entry

2. Neg(D1) =2, (-1)° 6 ---
Alternating Sum of all permutations fixing the row position

of every entry

The most important properties of the Frobenius map are

6[Pos (D) 1=t o[ Neg(D:)]=a

The Vector Frobenius Map is the linear map ® with

(I) [(xll"'xlrl)"’(xkl“'xlrk)] = (xll"'xlrl) O s+ 0 (xkl"'xlr_k)

The most important properties of the vector Frobenius map are

d?-[Pos(D,,) ]=h: ©[Neg(D.) ]=an
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Mobius Algebra and Kronecker Inner Product

The Mobius Algebra 4 (L , K ) of a finite lattice L is defined to be the

the semi-group algebra of L over a field K with xey = x Ay . Then

8x =D, y<x Y ,u(y, x) are a system of orthogonal idempotents.

Furthermore x = Zny 8, and x.y=Zth/\y6t'

Theorem ’
A(,,K) = Kron(I1,,, K)
where Kron (H as K ) is the Doubilet algebra of vector symmetric

functions indexed by partitions of a set, with multiplication given

by the Kronecker inner product.

Proof

From Doubilet’s computations we have
[Ar, ho | = 7! By p,

Consider the linear map from the Mobius Algebra A4 (H,, , K ) to
the algebra Kron (H as K )

Erbm Doubilet’s Formula we see that we have an isomorphism.
A




Corollary

In the Kronecker Algebra Kron (H as K ) the elements

8r = (57) Lper ho u(o )

are a system of orthogonal idempotents. Furthermore we have

(-nl_’->h” = ZGSn’ 50’ ’

It is also shown by Doubil_ét that
. n!
[pn > pc] —' Snc IP(O”‘)l
Since the system of orthogonal idenipotents is unique we can
identify the 6, functions with the p . functions and use this to

express the 4 5 functions in terms of the p . functions and visa

versa from the above formulas!




A Supersymmetric Doubilet Theory

We wish to consider a supersymmetric extension of Doubilet’s theory.
To do this we will first introduce the concept of vector symmetric
functions over a signed alphabet. Suppose L is an alphabet of negative
letters L = {x1 ,--+, xn ;. We can think of Super L as the algebra of
anticommuting coordinate functions of a set of vectors V' = {vy,---,v,}
with v; = (xyj, -+, x» ) wWhere all the x;; are in L. The coordinate functions
satisfy (x;)[v;] = x;;. A symmetric function ® of the vectors in Vis a

polynomial CD( x,-j) which satisfies for all permutations 6 of 1,---,r

that ®(x; ) = ®( x;e))-

,A) We can define the analogue of an elementary symmetric function

by the equivalent forms
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B) The polarized power-sum symmetric functions are

(x1°xp) V1 Vm] = Zixl,i X




C) The monomial symmetric functions of any shape A = (1°29---) are,

with degree(w;) = ||w;|| also have two equivalent forms

<w1> A A (Wp>[vl"'vm]
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D) The homogeneous symmetric function are defined by
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Here the inner sum is over all distinct sequences ig)- - -igp)We can get by

permuting the possibly repeated indices i; < -+ < i,. Then we will find

(x1)V°"V(xp)=Sol: S,\[ (S. [x1]) A+ A (5. [xp]) ] ]

S, S,\/S. denote respectively the circle antipode, the monomial product

anti-f;ode and the antipode of the underlying (exterior) algebra of the x's.

[



E) The forgotten symmetric functions of any shape A = (1729---).satisfy
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Examples of vector supersymmetric functions

The three multiplications used in symmetric function algebra all

anticommute by degree.

(1) The letters factors within each parenthesis satisfy

(ccxoy-r)=—(-ry ox--)
(2) The factors of the monomial functions satisfy

(w)A(w") = ) 1w (w") A (w')

(3) The circle product factors satisfy
wow" = ()HIP P lwrow:,

) .
In other words, because the x; anticommute x e x' = —x' ¢ x we have

the commutation rules

ED A ARV vm] = ®1)(p) [Vor = Von]
because the functions are symmetric, while

D) Ao A Gp)vrvm] = (C1)°Cxon)) -+ (o) [Vy-+v,]
because coordinates anticommute.

i1



For homogeneous monomials of shape (2 P ) , for example, we have

- (aaxy)-(xpxp) Vi Vim]

(o) ! !
= Zil<"'<ip Zo’(_l ) xa(l)’ ilxd(l), il o .xa(p): iPxO'(p), ip

(x1x)) - (xpxp) Vi Vim]
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We see (xix;) = (=)(xix;) while (xix;) (xjx}) = (+)(xix; ) (xix;).

For homogeneous monomial functions of shape (3 p ) we have similarly

(e1x1x7 ) (xpxpx V1 Vm]

_ _1\O ! 11 ! "
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f "
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Note that (x;xix]) = (=)(xx:x}) as before, but now "

(x,x’ //) (xjx/ //) __( )(xj J/xJ//) (x,x' //)
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Finally, we mentioned in the abstract of this talk some interesting facts
about Mobius functions. While they did not occur in this talk, we record
them here for the reader. They generalize the following well known facts.

Lemma The Mobius function and Zeta function gf a lattice satisfies

 use) = u0e) (e.b)
xAb=0

> ple,x) = {(ac) ple,1).

xVa=1

The generalizations are as follows.

Lemma The Mobius function and Zeta function of a lattice satisfies

2. Slax) plx,c) = pa, C)C(C b).

xAb=a

2 ple,x) §(x,b) = L(a,c) #(c b)
xVa=b




Useful Formulas (1)

For I14 = Il, the lattice of partitions of 4 = <x, ,---, xn} we have

1. The type of a partition = € I, is
A = (112m2...) if © has r; blocks of size i. .

2. The sign of a set partition 7 is
(=1)" = (=1)"23+3+ f 1 is of type (171272--+).

3. A segment [c < 7] of I1, is of type (17272-..) if i blocks of

are composed of ; blocks of o and then [0 < #] = 1] x IT}2 x ---

4. The sign of a segment [¢ < 7] of type (171272---) is
¢ sign(o,m) = (-1)°(-1)" = (_1)r2+2r3+3r4+....

5.If[c < n]isof type A = (1"2"2...) the Mobius function satisfies

plo < m) = (=1)=23 00 [ - 1)17]

6. The number of partitions in I'l, of type A is

( I): ) B (1! )rl r,! (2! )’2 Il |

7. We have L
Zn | u[0,0]] = IZ (1) [onrqanr ]=; [7] =

’

A lu(e,0) L(o,m) = type(r,m)!

cell,




Useful Formulas ( 11)

For A, the lattice of partitions of an integer » we have the notations

1. A + n denotes that A is a partition of the integer n.

2.A=(A1 = --- 2 A,) the parts of A given in décending order.

3.4 = (1"2"...) A has r; parts equal to 1, r, parts equal to 2, and so on.

4.0 = A1Agleee = 1IN2172e

5. |Al= rilrale- with A = (171272---),

6. The sign of a partition of an integer is (—=1)* = (—1)"2*3+3r+

' For S4 = S, the permutations of x| ,:--, x» we have

1. The type of a permutation € S, is A = (171272...) if
0 has r; cycles of length i.

2. The signof 6 is (—1)" if @ is a product of m transpositions. The map
0 — sign(0) § from Z(S,) to itself is called the sign involution.

4. The number of permutations in S, of type 4 is

[ 171 ] - (1 )fl r! (2 )’2 1yl .

5. Since there are n! permutations we must have Z[ ; ] = nl.
s, Arn
A
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