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1. Introduction

2. Kinematics of the Heisenberg linear ring
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e the set of nodes of a magnet
e 3 magnetic chain
e the alphabet of nodes
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m= 2

m= -

m=_

e the set of basis states of a single node

« o the alphabet of spins

The combinatorial construction

aN ={f: N — fa}
e the set of all magnetic configurations of (IN, s)
e or the set of all words of the length IN in the alphabet n of
spins
|lf >=|t1,%2,..05in >, 3, €N, JE N
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Abstract

Kinematics of the Heisenberg magnetic ring of N nodes, each with
the spin s, has been discussed within the frame of the Weyl duality be-
tween actions of the symmetric group on N objects and the unitary group
U(n) of quantum symmetry of the single-node space (n = 23 + 1), in the
quantum space of the magnet. The basis of wavelets is presented, and
rarefied Brillouin zones, corresponding to orbits of the translation group
with non-trivial stabilizers, are pointed out. The combinatorial Robinson
- Schensted - Knuth algorithm, the Jucys-Murphy operators and Kerov
- Kirillov - Reshetikhin bijection are applied to partial diagonalization of
the Heisenberg Hamiltonian, as well as to classification of finite analogues
of string solutions.




1. Introduction

We dedicate this report to Prof. James D. Louck, and deal
with a,pphcatlon/of unitary group representation techniques in
magnetism

Monographs:

L. C. Biedenharn and J. D. Louck, Angular Momentum in
Quantum Physics, Encycl. Math. Vol. 8

L. C. Biedenharn and J. D. Louck, The Racah-Wigner Alge-
bra in Quantum Theory, Encycl. Math. Vol. 9, Cambridge
. Univ. Press 1981

Articles in proceedings of ” Symmetry and Structural Proper-
ties of Condensed Matter” (SSPCM):

1990 J. D. Louck and L. C. Biedenharn, Special functions as-
sociated with SU(3) Wigner-Clebsh-Gordan coefficients



1994 L. C. Biedenharn, W. Y. C. Chen, M. A. Kohe, and J. D.

Louck, The role of SU(2) 3n-j coefficients in SU(3)

1996 J. D. Louck, Combinatorial aspects of representations of
the unitary group

1998 J. D. Louck, W. Y. C. Chen and W. H. Galbraith, Gen-

“erating functions for SU(2) binary recg?(upling coefficients

2000 J. D. Louck, New perspectives on the unitary group and
1ts tensor operators

2002 J. D. Louck, Skew Gelfand-Tsetlin patterns, lattice per-
mutations, and skew pattern polynomials

We hope to continue this series...




3. The linear space of the quantum states of a magnet

H=lcc V" 2h, @ h, ®

oo @ hy = WO
for the whole magnet

h =

lec n - for a single node

dim h=n

< 1]t >= 0j,4, - the unitary structure of h

< fi|f2 >= 04,¢, - the unitary structure of H

dim H = n¥
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4. The duality of Weyl

Two dual actions on H

A: XN XH—>H B:Un)XH—->H
A(a):( s ),feﬁN,UGZN
foo™?

B(a) |f) = B(a) |1, 2, ..

f
== Z a; ;. a;

.
iy 11 % iy .o @y |'I,

g4
"N"’N 19 ° ,’I,J, ’ZJ\L>’
(i’l,ilz,...,ifv)Eﬁ £
' fen?N
for
a;;p a2 ... ais
as1 a2 ... ass ,
a = € U(n),
an]_ an2 o o0 ann

define the actions A and B on the set A~ and - by the linear
extension - on the space H.

Actions A and B mutually commute

[A(c), B(a)] =0, o € Ty, a € U(n)

R
there exist a basis in H, in which irreps of each dual group X
and U (n), can be simultaneously determined
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Actions A and B decompose into appropriate irreps

A= )  @(dimD*) A* in Ty,
AFN, A |<n
B = Z ®(dim A*) D* in U(n),
AFN, [A|<n
so that
nN = ) (dimD*)(dim A
AFN, A|<n

and

H =D »nN,<n D H?* decomposition of H into
sectors A with a definite
permutational symmetry A*

A={N} A={pA.000)

bosons

parabosons
A= {].N} ATT — {)\1, Az,...,An}
fermions parafermions

Note: in the Heisenberg model, each sector H*, |A| < m, is
realised as a physically admited space (no superselection rules).

Irreducible bases of the Weyl duality
%A — UA ® VA,

U? - a standard carrier space of the irrep D of U (n)

VA - astandard carrier space of the irrep A* of =
SO
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U* = lecWT(\, 1),
VA =lccSYT(N),
where

WT (A, 1) the set of all semistandard Young tableaux
of the shape A in the alphabet n of spins

or the set of all Weyl tableaux
of the shape A in the alphabet n

or a standard basis of U

SYT()\) the set of all standard Young tableaux
of the shape A and the weight 1V
in the alphabet IV of nodes

or a standard basis of V2
Thus

{IXty) |AF N, A < n,t € WT'(\,n),y € SYT(N)}

is the irreducible standard basis in ‘H along the duality of Weyl,
or

H>* = lec WT(A,7) X SYT(N)

each sector H* is spanned on pairs (t,y) € WT (A, 1) X
SYT(N)




Al@)IAty) = > A} (0)|Aty’)
Yy €SYT(N)

B(a)[Aty)= Y  Dj(a)|At'y)
t'EWT(\ i)

so that
sector basis label

{
A t Y

T T
in ¥y inU(n)
repetition label
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5. Kostka decomposition

The action A : ¥y X H — H, can be restricted to the
set 7V, on which it acts purely permutationally. Let

| fo) = IJV ],2.‘;.2.\.’_.;.17,...71,)
p1 B2 B

= = (M1, K25 - - - 5 1n) - the weight of the magnetic con-
figuration f, € AN, > ;citi = N, or p = N (a composi-
tion of N).

O, = {fooo o € Zn} - the orbit generated from
fo € *¥Y by the action A.

'
Hieﬁ v;!

P =3, XX, X...X 23, -theYoung subgroup of X,
the stabiliser of f, y

|O(v)| = the length of the orbit O(v)

A| o, = R*N2" _ the transitive representation of ¥, acting
u .
on the orbit O,,.

R¥NE = Z,\zzp Kxp A*
T

T
the order Kostka,

of dominance numbers

decomposition into irreps of 3.

e



It implies the equality

Oul =) Kapdim A* =Y " Ky, Ky~
A>p ADp
where
|O,.| - the length of the orbit O,
K K, {~ - the number of pairs (¢, y) of tableaux with
1° sht = shy = A,
2° weight t = pu,
3° - weight y = {1V}

Robinson, Schensted and Knuth algorithm (RSK):
this equality is implied by the KKR bijection
RSK
O.3 f — (t,y) = (P(f),Q(f)) €

U ST(A, p) x ST (X, 1V)

AD g
since each magnetic configuration f € O, can be looked at as
a rectangular n X IN matrix m(f) with {0, 1} entries

mi;(f) = { 1 iff@@)=i,j€N

0 otherwise

Eg let N =6,n=3(s=1),and |f) = |212213)(p =
(2,3,1)) then

m(f) = ,
3

O M Ol
©C O =N
O == OlWw
O = Ol

© O =W
QO OO
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6. The Robinson-Schensted-Knuth algorithm

The correspondence

O, 3 f —> m(f) € Mpxn(p,1V)

S Man(Na lN)

with
1 2 ... N rowsums
1 251
2 12
m(f) = =
n Hn
cohmn|1 1 ... 1 N

e establishes a bijection between elements of an orbit O,,

of ¥nx on ¥ and n X NN rectangular (0, 1) matrices
M, «n(p, 1) with the row sums p and

the column sums {17V}

e gives rise to sorting procedures for a magnetic configuration
f, looked at as a word of the length N in the alphabet 7
of spins; in this way one arrives at the Robinson-Schensted-

Knuth algorithm

1EN

Zmij(f) =1, j € N column sums = {1V}

Zmij(f)zu,-, i € N row sums = p

jEN
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m;e - the ¢ - th row of the matrix m(f) it is
a sequence of the length IN of {0, 1};
each ’1” points the node occupied by
the spin © € n

Mej - the 7 - th column of m(f) it is.

a sequence of the length n with one ”1”
and other zeros; the ”1” points the spin

which occupies the node § € N

2(F) = mae(F)maze(f) - - - mne(f) (m1e(F))

be the sequence of the length nIN, with the last element at
Mue(f) connected with the first element of m4(f). z(f)
can be looked at as an m - tuple cover (72, N, f) of the chain
N, corresponding to magnetic configuration f.

Let

In the cyclic order of the cover (7, N, f ), each node of the
chain IN acquires a new number, given by

i—1 |

i=) pr+l 1<1< p;

i'=1
for the consecutive I - the node in the convolution m;e( f)
For example, for | f) = |212213)(n = (2,3, 1))
the initial label on the chain N 123456
the label on the cover (3,6, f) 314526
the permutation o = (123456) = (12543)(6)

251346
word (o (f)) = 251346

12
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Arrows indicate the cyclic order in the cover (ﬁ,ﬁ,f)
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m,(f)

M, (f)

M,,(f)

m,o(f)

the cover
(@,N,f)
of the magnetic
configuration f
the rows m,(f)
are consecutiv
convolutions
of this cover
m,(f) = 0,4,

N - the base Kl of the cover

(,N,f)



The natural cyclic order on the cover (72, N, f) defines uniquely
a permutation o(f) € Xy by

"= (o5.5)) 15

where (f,3), J € N denotes the label on the chain N of

that node which has the number j in the cover (7, N, f). The
word

word (o(f)) = o(f,1)0(f,2)...0(f, N)

in the alphabet of nodes serves as the starting point for the
Robinson-Schensted-Knuth algorithm

Let
] 00 3
n* = U 7™ — the free monoid on the alphabet of spins
N=0

RSK:a*— || |J WTO\a)xSYT(N)
N=0AFN, |\|<n
the irreducible basis of the Weyl duality

RSK(f) = (P(f),Q(f))

such that sh P(f) = shQ(f) = A, P(f) € WT(\,n),
Q(f) € SYT (M)

14
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The RSK algorithm is defined in terms of the famous Schensted
mapping
P : n* — Tab(n) the set of all semistandard
tableaux in the alphabet
1 of spins -
Tab(R)= | ) |J WTQR)
N=0AFN, |A\|<n
involving the insertion procedure, well known from the litera-
ture.

It f is a row, that is sh P(f) = {N'}, or

P(f)=f(1)|f(@2)]...|F(N)
which implies, by standardness, f(1) < f(2) < ... <
f(N), then

([FOIF@]-[FM)]z] for = > (V)

P(fz) ={ [T ... [z][- - JF(N)] forz < f(N)
Y | y = f(g) such that
\ JFOU-1)<z<f(y

In general,
P(fz) = P(P(f)x), fen’,ze€n

Thus P(f) is constructed consecutively, and Q(f) is formed
paralelly.

15




In our construction

f = m(f) = 2(f) = o(f) = word(a(f))

we have
Q(f) = P(word(a(f))
and P(f) is constructed paralelly

The word
std(f) = word(c(£)™)

(in the alphabet N of nodes) is known as the standardization of
the word f. Lascoux, Leclerc and Thibon shown recently that
the notion of standardization allows us to generalize the result

of Frobenius algebra C[X ] for the case N = n, u = {1V}
P(og) =Q(oc7 1), foro € Tn C NN

o= (a'tl) O_(JJVV)) — 'word(a) =0o(1)o(2)...0(N

The generalization is

Q(f) = P(std(f 1))

which coincides with our description.

16
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An example, N = 6, n = 3,|f) = |babbac) p =
(2,3,1)

123456
20100102
m(f)= b/101100|3
¢cl00000 1|1
111111
Mae(f) mb}&f) mc:\(f)
z(f) = (010010)(101100) (000001)[(01...
j= 1 2 345 6
of,j)= 2 5 134 6
/123456 B 123456
o(f) = (251346)’ o(f7) = (314256)

word (o (f)) = 251346 word(o(f)™!) = std(f) =
314256 P(word(o(f))) = Q(f) = LI3|216

24
step 1 2 3 4 5 6
1/5/(1|3/(1|3(4||1|3|4|6

Q(stepl) (2] [2]5] |2 2|5] 2|5 215 = Q(f)
ala||alal||ala|b||alalb|c

P(stepl) la] la|a b blb |[blb blb = P(f)

17
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immediate RSK for f = babbac

a||lalb| |a|bl|b]|ala ala
1/(1(3|(1(3|4] 1|3 1|3

18
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7. Conclusions

e The Heisenberg model of a magnetic chain (7, N) is a nat-
ural physical realization of a huge amount of combinato-
rial theory of representations of the symmetric and unitary
groups .

e Within this model, all sectors H* of the duality of Weyl be-

tween the symmetric and unitary group are realised without
any superselection rules

e The algorithm of Robinson-Schensted-Knuth, applied to each
3 - orbit @, on the set of magnetic configurations yields a
complete classification scheme of the irreducible basis of the
Weyl duality

e Presentation of a magnetic configuration f € n™N as an n
- tuple cover (m, N, f) of the magnetic chain N demon-
strates in a transparent way the magnetic interpretation of
combinatorics (in particular - sorting procedures) involved
in the Robinson-Schensted-Knuth algorithm, and reflect the
algebraic structure of the group algebra C[Xn]

e [t is somehow suprising that the bijection of RSK on an or-
bit O,, of Xy yields a complete irreducible basis. Moreover,
the bijection of Kerov, Kirillov and Reshetikhin implies hith-
erto a complete classification of eigenstates of the Heisenberg
Hamiltonian. In which way such a tiny and sophisticated in-
formation on dynamics of the magnetic chain (involving so-
lutions of highly non-linear spectral problems) is expressible

in terms of purely combinatorial operations on X - orbits
?

~
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5. The basis of wavelets
Cny CXpn

Cpv is the translation symmetry group of the chain
NN, and thus its irreps

T'x(§) = eZﬂ'ikj/N

label the mbmenta, and the set of these labels

B ={k =0,+1,%+2,. +(N/2-1),N/2 forNeven}

" (N —1)/2, for N odd

constitutes the Brillouin zone.

Under the subduction A | Cpy, each X n-orbit Oy,
decomposes into C'py-orbits

O”’ = U m(u, I‘E,)OMK,
KEE(N)

23




K , %)'
m(p, n):l—v— Z M(K,)H -(ﬁ)!,orO
w'€K (ged(u/x)) tEn ek’

K(N) - the lattice of all divisors of N
M (k') - the Méebius function

ged(p/K) - the greatest common divisor of integers
pi/kyi €T
Equivalently,

Al(’)“: Z m(“a""’)RN:n
kEk(N) |

RN:E _ g transitive representation of Cpy with the
stabilizer Cx, <« CN |

The Fourier decomposition for the regular orbit
(k.=1)

24




RN = > keB D Ik, each quasimomentum k
appears exactly once

and for k-tuply rarefied orbits

where

B/k ={k € B | k/k € Z} - a k-tuply rarefied

Brillouin zone

25
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E.g., for N=6, n=2

J
1

2

S UL W

1
2
3

1
2

— — — 4 ++
+— — — 4+
+4+—— —+
+4+ 4 — ——
— 4+ + ——
— — 4+ +—

a regular orbit
K=1
x = {6}
—++—++
+—++—+
+4+ -4+ +-
a, doubly rarefied
orbit
kK=2
Cr = {3, 6}

—+ -+ —+
+ -+ —+—
a triply rarefied
orbit
K =3
Ck = {2,4,6}

e e e e




Brillouin zone for N=6

B={0,+1,+2,3} -2 —101 23
B/2 = {0, +2} —2 0 2
B/3 = {0, 3} 0 3

One chooses the basis of wavelets on each linear
+ lecOpyk of a Cpy - orbit

luktk >= \/ Z ezmk]/N ltj >

which provides the momentum representation in the
space H of quantum states of the magnet
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