An approach to
the hypergeometric transformations
through the Cauchy kernel

Yasushi KAJIHARA
(Osaka University)

2004.8.2, Nankai Institute(Tianjin)

based on:

1. Y.K: Adv. in Math. 187 (2004), p53-97.

2. Y.K, M.Noumi: Indag. Math. 14 (2003),
p395—421.

3. Y.K: in preparation

E-mail: kaji@cr.math.sci.osaka-u.ac.jp

L e




- % Multiple basic hypergeometric se-
ries (BHS) of type A

@ Origin (for ordinary hypergeometric
series)

e W.Holman, L.Biedenharn, J.Louck
Quantum mechanics (Ired. repr. of SU(n))

& Derivation

‘o S.Milne A certain algebraic invariants and
g-difference equation

e S.Milne, G.Lily, G.Bhatnager,
C.Krattenthaler, M.Schlosser
Multidimensional matrix inversion
(Multidimensional Bailey lattice)

e H.Rosengren, M.Schlosser Karlsson-Minton
type reduction formula

¢ M.Noumi-Y.K Cauchy kernel and Mac-
donald‘s g-difference operators
(This talk)



" Q Main theme of my talk

> os@sw= I

— mc
[(A)<min(n,m) | 1<i<n,1<k<m 19k

(Cauchy Kernel)
I in this talk.

Various (multiple) hypergeometric
transformations in Bailey hierarchy




Example

The Bailey transtformation formula for Wy se-
ries

10Wo |a:b,c,d,e, f,hag” T ef, gV q; q]

(ag)n(ag/ef)n(Ag/e)n(Aq/f)N

~ (ag/e)n(ag/ )N n(Aa/ef) N
10Wo [A; Ab/a, Ac/a, Ad/a,e, f,

xag“ ef, a7V g q]

where \ = aq/bcd.



- §Preliminaries and multiple Euler trans-
formation

@ Cauchy reproducing kernel for Schur
function

@y = ) Si@)Sw)

[(A)<min(n,m)

o 1
‘_H Hl—xz‘yk

1<i<n 1<k<m

“for the variables of z = (z1,-+-xz,) and y =

(y17 T 7ym)

Where A = (A1, A9, -+, Ap): partition

[(A): the length of the partition A

- Sy(z) : Schur function of the partition A defined
by | |

Aj+n—j\"
det (:I:.J " ]>

[/

— ) n
det (CIJZL ]), _
2,J=1

1,7=1

S)\(CL') =

The Schur functions Sy (x) are a family of ho-
mogeneous polynomials that are parametrized by
partitions A with I(\) < n.



‘% The third Heine transformation for-
mula for basic hypergeometric series (BHS)

Here, we assume 0 < g < 1.

261 [a”cb; g; UJ = (alzz)/:zoom [é/ a”cc/ ’ ¢ abU/C]

where we denote the basic hypergeometric series
r+19r as

ap, ai,. .. ar
7‘+1¢7’ |: c1,...cr , g, ]

_ Z (ao)n(a)n - - - (ar)n p

neN (Cl)_n---(cr)n(Q)n ‘o
an‘d o
(@)oo = H(l—aq"’), (a)r == (azﬂoo forke C
neN (aq )OO

is a, g-shifted factorial.

Note that the third Heine transformation is a
g-analogue of the Euler transformation formula
for the Gauss' hypergeometric function o F7.



- % Definition of multiple BHS

We call the multiple BHS the formal power se-
ries of the following form with the condition that

is invariant under the permutation of the sub-
script |

~ AzgP ‘
Z (zq”)

X (basic hypergeometric stuff)

fern A) - .

where = (1., 6) € N, || = £y 6
Mo = T (@i-ay

1<i<y<n
and

Azd®)= [ (zid” - z¢%)
1<i<j<n |
are Vandermonde determinants of z = (21, ..., zn)
and zq° = (219, ..., zng®) respectively.




- Q Euler transformation formula for mul—
tiple BHS of type A

Theorem ( Y.K ) Suppose that none of
‘denominators vanish. Then we have the Euler
transformation formula between basic hypergeo-
metric series in U(n + 1) and in U(m + 1)

> ul’YlA f”‘ﬂ I1 (@j2i/Tj)y,

v ENP A(z) 1<i.j<n (qfvi/xj)%;
H (bkziyg/ fvnym)%'

1<i<n,1<k<m (CZiYk/TnYm)y,

_ (al e afnbl e bmu/cm)oo
(%) oo

ail---a c o U Cm. I(SIA(yq(S)

Z ( 1 nb1 b, / ) A(y)
((c/b)yr/y1)s,

H_ (ayk/Y1)s,

1 ((c/a;)ziyr/Tnym)s,

(Cmiyk/mnym)ék

1<1<n,1<k<m

for ai‘l,.. a1 bi/c,...,bym/c € C.



§From Cauchy kernel to multiple Euler
transformation

Stepl Action of (Macdonald type) ¢-difference
operator on each variables -

(Special case of) Macdonald’s g-difference opera-
tor Dy(u) (acting on Schur functions) is defined

by
Dofu) = 3 (~u)lg(2)
Kcll,..., ]
qxz/xj T
Zeggé[( /CCJ zle_][( i q
. _A% [T (- ulngA@)
1<i<n

where Ty ;. are the g-shift operators in z;
The Schur function Sy (x) are the joint eigen-
functions of Dy (u).

1—uq Ai+n— ’L

:1:

Dy (u)S),

z=1



@ A source identity due to Mimachi-
- Noumi, Kirillov-Noumi

Suppose that n > m. Then

Dz(uw)] (=) = (Wn—mDy(ug® ™[ [ (z;).

This is a self duality for the Schur function and
the identity for rational functions of the following
form:

DR LTC LI e

1 o~ .

Kc[l,...r] ieK,j¢K /%
H 1 — z;wyg
K, 1<k<p L= gzwy

Step2 Multiple principal specialization
to the source identity
Define the specialization y = (y1, . .., yr) to the
points pq(v; x) by
Y=L yr) &
Pa(v;z) = (—v/24 —v/Tiq, ..., —V/q
—v/zp, ..., —v/zpg® ).

0‘1—1, —v/x9, ..



1

| By specializing 2 — pa(1;z) and w — pglq™; y)

to the source identity, we have :

#® The terminating version of Euler trans-
formation for multiple BHS

T (gl AL

A(z)
vEN" v<a

| 1 (@Y z;/xj)y, i (qﬁkxz’yk)%

Alyq°
= Wy D @) i )
SEN™ §<3 (Y)

I (a Plyr/y1)s, 1l (q%zyp)s,

Step 3 Analytic continuation and ap-
propriate change of parameters

So we arrive at multiple Euler transformation!!!



- §From multiple Euler transformation
formula to (multiple) hypergeometric trans-
formations

Multiple Euler transformation in some cases

Step Taking the coeff.of vV and appro-
priate change of parameters |

4

!

[ Various types of hypergeometrié transformations
(including very well-poised hypergeometric series)

e



- In sake of m = 1 case of our Euler transforma-
tion formula, we can give a elementary proof of

multiple g-Ptaff-Saalschiitz summation formula due

to S.C.Milne including the ordinary g-Pfaff-Saalsciitz
summation formula:

Cab gt | (c/a)le/b)
e,q'lab/c T T (O (c/ab)

As is well-known, the ordinary g-Pfaft-Saalschiitz

summation formula is derived from the third Heine
transformations

.

3092

e R K T TG TR



Q Beyond the ¢-Pfaff-Saalschiitz sum-
mation |

Hereafter, I shall present some results on trans-
formation formula for multiple very well-poised
BHS arising from our Euler transformation. In
fact, some useful and interesting special cases are
included (especially m = 1 case of each formula).

% Very-well-poised BHS

The BHS ;, 1 1¢n, is “well-poised” if agq = a1c1. =

- = apcy. It is called very-well-poised if it is
well-poised and if a; = ¢,/ag and ag = —q,/ay .
Namely, the very-well-poised ,,+1¢r, is expressed
‘as the following form

2k '

3 1 —aeq (ao)r(ag)k - (an)k &

= 1w (@)k(aoq/a3)k - - - (apq/an)k
= n+1Whnlag; a3, . .., an; ¢; u




v Definition of the multiple very well-
poised BHS W™

Wn,m( %ggz 8; LUk }m; {Vk fm; Z)
_ Iul Alzq)
2 1 =

vyeNP 1<i<j<n
H 1 — Mgz, /2y,
|<ien 1 —sx;/xn

11 (szj/zn)y ] ‘il

1<jen (89/05)T3/Tn) ) \ | Zig, (06T,

(V%) (ugzi/Tn)y,
H ( H ((sq/vi)zi/Tn)y; |

L<hem BV \ (Sicn

where {u;}, means u, ..., uy according to this
order. |
Note that in the case when n = 1, W™ re-

duces 9y,4-4Wom+3 series.



Y Duality transformation formula

Here, we give a multiple transformation formula
of Watson type for very-well-poised basic hyper-
geometric series including as special case,

| 2 N+2]
. ~N. .a¢q
sWr7 la;b,c,d,e,q" " q; —
_ (a%q*/bede) y(e) n(ag)w
(aq/b) Ny ]STCMI/ c)n(ag/d)y
qg ", aq/be,aq/ce,aq/de
493 ql_N/e,azqz/bcde,aq/e’q’q

One can check that this formula can be ob-
tained by combining a Watson transformation

2 24+ N

. ~N.,, a4
8W7 a? b7 C7 d7 67 q ) Q7 dee
(aq) N (ag/de) N gV, d, e, aq/bc

— _ 4,4
(aq/d) n(ag/e)n*"° |ag/b,aq/c, deq™™ Ja

~and Sears transformation. (Same results includ-

ing balanced case is rediscovered by H.Rosengren
(to appear in Constr. Approx,))

Tt



- O Duality transformation formula for mul-
tiple BHS)

W ( Ezg:; ‘ e {dzwz/ﬂin}n,l o
n-+ +n+
N {ezn/mitn —5 )
B (an+1qn+1/b1 e medi .. dnen)N
cavin (ezn/)
- \aqYE/Ym)N ETn/Ti)N
1§1k_£m((a(J/bk)yk/ym)N 1_<_2H§n ((aq/d;)xn/z;) N
A@g) 1y (@g/de)ai/z))y,
Z q7 A(:C) 1§:z'[;[§n (qmz’/xj)%
((GQ/bke)CEZ'yk/:cnym)%
ISiSTLI,_lISkSm ((ag/e)ziyr/Tnym)y;
|

vyeEN"

1<i<n (g

)y
(antlgntL /by - bpedy - - - dpe™)

il

where B =0b1:--bypp, and D =dy - - - dy,.



% Balanced duality transformation for-
mula

Now, we give a multiple transformation-summation
formula of very-well-poised basic hypergeometric
. series including, as special cases, Jackson’s termi-
nating gW¥7 summation formula

sWr [a; b,c,d,e,qV;q; q]
_ (ag)n(aq/bc)N(ag/bd) N (ag/cd) N
(aq/b)n(ag/c) n(aq/d) n(ag/bcd)

provided a2¢Vt1 = bede (equation (2.6.1) in
BHS), and 19Wy transformation formula

(aq/b)N(ag/c)n(ag/d)N(ag/e)N(pg) N(1f/a)N
(ubf /a) n(ucf/a) n(pdf /a) y(uef/a)n(ag) N(f)N
10Ws [a;b,¢,d, e, fufa™ a4 q]

= 10Wy |u; aq/bf,aq/cf,aq/df aq/ef,
uffa, nfq™, ;¢ q]

One can check that both the Bailey transfor-
mation and our 19y transformation can be ob-
tained by iterating twice the another one.



- © Balanced duality transformation for-
mula

Afzg) (ajxi/)y,
%N%%ZN A(z) Kz.r,jlgn (q;/2 ),
H (bkxz’yk/xnym)%

(sz'yk/xnym)%

1<i<n,1<k<m
Ayg) ((c/b)yr/wi)s,
6€N7";|5|=N Aly) 1§/€I,ZI§m (qyr/y1)s,
1 ((¢/ay)ziyr/znym)s,

(sz'yk/wnym)dk

1<i<n,1<k<m

when ay---apby--- by = ™.

O multiple Jackson summation

n2( {bin| .. . -N ;
v ({ﬂfz'}n eG4 ’d’q)

_ (ag/br+bac) (ag/cd)y
(aq/b1 - -bned) N (ag/c)N |
H ((QQ/bz’d)xz’/wn)N(aqxi/xn>N
(

provided a2¢’V 1 = by - - - bpede.



- Q Multiple 1gWy transformation formula

{ckyr/ ym}m d,e;

{fym/yk}m ufdY . Nq )

w2 f %n

_ (udf/a)N(uef/a)n
(aq/d)N(ag/e) N
1 (pekf/a)yr/ym) N (fym/ve) N

| hem Wayk/ym) N ((ag/ ck)ym/Y) N

11 (agzi/zn) N((pbif /@)Tn/Ti)N
| Zie, (@a/b)zi/zn) N (1f [a)en/zi)N

w2 (1agfonbm |y ((ag by,
aq/df. aq/ef, At o) bl 0™ q),

m+2qm+1/b1 o bn_Cl o cmdeme.

where i = a



- §Symmetry of multiple BHS W™

% To the multiple Bailey transforma-
tion

In the particular case of m = 1 it transforms
the balanced W™3 into WHn*2 o, sWoy, 1 7:
the corresponding 9, 18Wop17(s; U1, .. ., Uan1s)
are completely symmetric with respect to the 2n+
5 parameters ui,...,uUon+5 We can use this
symmetry of 9,+8Wo,17 to produce nontrivial
transformation formulas for W™3 through the di-
‘agram:

Wn,3 ﬂby) Wn,3-
! T

Symmetry |

n+8Wont7 — 2n+8Won47.



- Thus we have two types of multiple Bailey trans-
formation formulas for W3

v Multiple Bailey transformation II
(M.Noumi-Y.K)

a;b,cd:

| q—N7 f7 a)\q1+N/€1 e enfv q)
| (aqxi)n((aq/e;f)z;) N
1 [((

" 21 [(a/e)w)n((aa/ fai)n

) <<Aq/ez->zz->N<<Aq/f>zz->N]
(Mzi)n((Ag/eif)z) N
A;aq/cd,aq/bd, aq/bc;

gV, f,a0g" Je1 - - enf; q).

Wn,3( {ei}n

Tifn

Wn,B( Eez:}n

Zifn

where \ = aq/bcd and zz-’-: e;/€e1- - enx;.



- Q Multiple Bailey transformation I
- (Milne-Newcomb)

Wn,3( %eé}n

Zifn

a;d, f, ax\qlfN/q - enf;

g ,b,c;q)
_ (ag/er---enf)N(Aa/f)N
(ag/f)n(Ag/e1---enf)N
1 (agz;) N((Ag/ei)Ti) N

- Wn’3( E{ei,}n X ag/be, f,arg' ™ Je1 - - - en:

Lifn |
g N ag/cd, aq/bc; q)

where A = azq /bcd.




¢Q Final comment

In addition, we have derived further multiple
hypergeometric transformation formula (for ex-
ample, some types of Sears trans, Bailey trans
and etc.) and have described symmetry of them
in references.

Thank you very much!!




