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1. Definition

Fg” = {(a1,a2,...,a2,): a; € Fy},

2v
a1, Q2. .., 0, € Iy

(a1, s, ..., ap,] subspace spanned by aq, s, ..., ay.







Sp(2v,q)  Symplectic graph over F,

Vertex Set = {1 — dim. subspaces of Fg”}

Adjacency : V o, 8 € Fg”, a=#£0,0+#0.
[a] ~ [B](adjacent) <= aK'3 # 0.

q =2,
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2. Strong Regularity

Theorem 1. Sp(2v,q) is strongly regular with

parameters

¢’ -1 2v—1 2uv—2 2 —2
( 14 T (g 1), ¢ (q—1)>

and eigenvalues ¢*¥ 1




Proof. ]IF3V| = ¢*" = |V (Sp(2v,q))| =

Notation :
VCFY VE={8eF": BK'a=0,YacV}

(o] € V(Sp(2v,q)), dim|a]t = 2v — 1.
degla] = #1 — dim subspaces|3] s.t. B & [a]*

o q2u_q2u—1

2v—1
— 1 .

—4q







3. Chromatic Number

Definition. V C Fg” totally isotropic, if V C V+ .

Facts

(1) Totally isotropic subspaces are of dim < v.
(2) d totally isotropic subspaces of dim v.

maximal totally isotropic subspaces




Lemma. d maximal totally isotropic subspaces
‘/7;72. — 1727-°- 7ql/ + 1 Of Fgl/St

F2V2V1UV2U°°'UVQV+1,

VinV; ={0}, for all i # j.




Proposition. Sp(2v,q) is (¢¥ + 1)-partite.
Proof. Let X; = {|a]: a € V;,a # 0}. Then

VSp(QV, q) = X1 U X2 J-.--uU Xqu_|_17

X;NX,; = ¢, for all ¢ # j.
Every edge has one end in some X, and one

end in some X;,7 # j.
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Theorem 2. x(Sp(2v,q)) =q¢” + 1.
Proof. Let x(Sp(2v,q)) = n.

By Proposition, n < ¢¥ + 1.

V(Sp(2v,q)) =1 UYoU---UY,,Y;NY; = é.

No edge connects any two vertices in the same Y,

1@”+D-
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Suppose n < q¥ + 1.

—3i st|y] > Lo

Let W; = |a: |a] € Y]

— W, totally isotropic,

— dimW,; < v,

— Y;| < qq'/_—11. Contradiction
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4. Automorphisms

Definition. T 2v x 2v/F,
T symplectic, if TK'T = K
T generalized symplectic, if TK*T = kK, k € I}

Spay(Fy) = {T symplectic},

G Spay(F,) = {T generalized symplectic},
q = R GSPQV(]FQ) — SPQV(FQ).
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Proposition. T € GLy,(F,), Define

or: V(Sp(2v,q)) — V(Sp(2v,q))

a| — [aT]
(1) T € GSpay (F,) <= o1 € Aut(Sp(2v,q)),
(2) T € Spo,(F,), 00 =id. = T = £12"),
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Proof. “=7"T € GSp2,(F,), [a], 0] € V(Sp(2v,q)).
(T)KYBT) = oTKT8 = kaK'3,k € F},
aK'3 =0 < («T)KYBT) = 0.

44 ¢ 77
or € Aut(Sp(2v,q)): aK'8 =0 <= (aT)KYBT) = 0.

— oK = k(aTK'T),k € ;.
— K = kTK'T.
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Theorem 3. Aut(Sp(2v,2)) = Spa, (Fa).
Proof. o: Spa,(F,) — Aut(Sp(2v,2)),
T — op.

Remains to show : for any 7 € Aut(Sp(2v,2)),

=S SPQV(FQ),S.t.O'T = T.
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e; = (0,...,0,1,0,...

t _ S
627;_1K€27; == 1, 1 = 1,2,...,V.

e; K'e; =0, otherwise.

le2i—1] ~ [eai], [ei] =~ [e;], otherwise.
Tleai—1] ~ Tlea], Tle;] = Tle;], otherwise.
Let Tle;| = [fi], 1=1,2,...,2v.

Then fo, 1K' =1, i=1,2,...,v.
fiK'f; =0, otherwise.




By Witt’s Theorem, 3T € Sps, (Fs),
s.t. ;i1 =e;, 1=1,2,...,2v.
Then (opo7)(e;) =e€;, 1=1,2,...,2v.

(e1 +e2)K'e; =0, j=3,4,...,2v.

(e1 + e2) K% = (e1 + e3) Ky = 0,

— (O'T O 7')(61 -+ 62) — e1 + e9, etc.

c.oroT =1id, T =O0p-1.
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Set PSpa, (Fy) = Spay, (Fy)/ {13}

Theorem4. PSps,(F,) C Aut(Sp(2v,q)),

Aut(Sp(2v,q)) = PSpZI/(FQ) - b,

E = {0 € Aut(Sp(2v,q)): o([ei])
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If v =1,

E =5, ;(symmetric group on g—1 elements)

Ifv>1,
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where ¢ is the natural homomorphism from Aut(F,) to
Aut(F} x --- x F?) which maps any m € Aut(FF,) to the
following automorphism of F_ x - -+ X [F¢.

Fy x-o x Fy o — (Fp x - x Fy),

(ki k) — (m(k1), ... 7(k)).

21



