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1. Definition

Fq

ν ≥ 1

F
2ν
q = {(a1, a2, . . . , a2ν) : ai ∈ Fq},

α1, α2, . . . , αn ∈ F
2ν
q

[α1, α2, . . . , αn] subspace spanned by α1, α2, . . . , αn.
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Sp(2ν, q) Symplectic graph over Fq

V ertex Set = {1 − dim. subspaces of F
2ν
q }

Adjacency : ∀ α, β ∈ F
2ν
q , α �= 0, β �= 0.

[α] ∼ [β](adjacent) ⇐⇒ αKtβ �= 0.

q = 2,
Rotman 1993
Rotman-Weichsel 1994
Godsil-Royle 2001
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2. Strong Regularity

Theorem 1. Sp(2ν, q) is strongly regular with
parameters

(
q2ν − 1
q − 1

, q2ν−1, q2ν−2(q − 1), q2ν−2(q−1)
)

and eigenvalues q2ν−1, qν−1,−qν−1.
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Proof. |F2ν
q | = q2ν =⇒ |V (Sp(2ν, q))| = q2ν−1

q−1 .

Notation :
V ⊆ F

2ν
q , V ⊥ = {β ∈ F

2ν
q : βKtα = 0,∀ α ∈ V }

[α] ∈ V (Sp(2ν, q)), dim[α]⊥ = 2ν − 1.

deg[α] = #1 − dim subspaces[β] s.t. β /∈ [α]⊥

= q2ν−q2ν−1

q−1 = q2ν−1.
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[α], [β] ∈ V (Sp(2ν, q)), [α] �= [β], [α] ∼ [β], or[α] � [β].

[γ] ∼ [α], [β] ⇐⇒ γ /∈ [α]⊥ ∪ [β]⊥

|[α]⊥ ∪ [β]⊥| = |[α]⊥| + |[β]⊥| − |[α]⊥ ∩ [β]⊥|.
|[α]⊥ ∩ [β]⊥| = |[α, β]⊥|.
p = q =

|F2ν
q |−|[α]⊥∪[β]⊥|

q−1 = q2ν−2q2ν−1+q2ν−2

q−1 = q2ν−2(q−1).
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3. Chromatic Number

Definition. V ⊆ F
2ν
q totally isotropic, if V ⊆ V ⊥ .

Facts
(1) Totally isotropic subspaces are of dim ≤ ν.
(2) ∃ totally isotropic subspaces of dimν.

maximal totally isotropic subspaces
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Lemma. ∃ maximal totally isotropic subspaces
Vi, i = 1, 2, . . . , qν + 1 of F

2ν
q s.t.

F
2ν
q = V1 ∪ V2 ∪ · · · ∪ Vqν+1,

Vi ∩ Vj = {0}, for all i �= j.
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Proposition. Sp(2ν, q) is (qν + 1)-partite.

Proof. Let Xi = {[α] : α ∈ Vi, α �= 0}. Then

V Sp(2ν, q) = X1 ∪ X2 ∪ · · · ∪ Xqν+1,

Xi ∩ Xj = φ, for all i �= j.

Every edge has one end in some Xi and one

end in some Xj , i �= j.
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Theorem 2. χ(Sp(2ν, q)) = qν + 1.

Proof. Let χ(Sp(2ν, q)) = n.

By Proposition, n ≤ qν + 1.

V (Sp(2ν, q)) = Y1 ∪ Y2 ∪ · · · ∪ Yn, Yi ∩ Yj = φ.

No edge connects any two vertices in the same Yi,

n∑
i=1

|Yi| =
q2ν − 1
q − 1

=
qν − 1
q − 1

(qν + 1).
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Suppose n < qν + 1.

=⇒ ∃ i s.t.|Yi| > qν−1
q−1 .

Let Wi = [α : [α] ∈ Yi]

=⇒ Wi totally isotropic,

=⇒ dimWi ≤ ν,

=⇒ |Yi| ≤ qν−1
q−1 . Contradiction
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4. Automorphisms

Definition. T 2ν × 2ν/Fq

T symplectic, if TKtT = K

T generalized symplectic, if TKtT = kK, k ∈ F
∗
q

Sp2ν(Fq) = {T symplectic},

GSp2ν(Fq) = {T generalized symplectic},
q = 2 =⇒ GSp2ν(Fq) = Sp2ν(Fq).
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Proposition. T ∈ GL2ν(Fq), Define

σT : V (Sp(2ν, q)) 
−→ V (Sp(2ν, q))

[α] 
−→ [αT ]
(1) T ∈ GSp2ν(Fq) ⇐⇒ σT ∈ Aut(Sp(2ν, q)),
(2) T ∈ Sp2ν(Fq), σT = id. =⇒ T = ±I(2ν).
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Proof. “ ⇒ ” T ∈ GSp2ν(Fq), [α], [β] ∈ V (Sp(2ν, q)).

(αT )Kt(βT ) = αTKtT tβ = kαKtβ, k ∈ F
∗
q ,

αKtβ = 0 ⇐⇒ (αT )Kt(βT ) = 0.

“ ⇐ ”
σT ∈ Aut(Sp(2ν, q)) : αKtβ = 0 ⇐⇒ (αT )Kt(βT ) = 0.

=⇒ αK = k(αTKtT ), k ∈ F
∗
q .

=⇒ K = kTKtT.
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Theorem 3. Aut(Sp(2ν, 2)) = Sp2ν(F2).

Proof. σ : Sp2ν(Fq) 
−→ Aut(Sp(2ν, 2)),

T 
−→ σT .

Remains to show : for any τ ∈ Aut(Sp(2ν, 2)),

∃ T ∈ Sp2ν(Fq), s.t.σT = τ.
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ei = (0, . . . , 0, 1, 0, . . . , 0), i = 1, 2, . . . , 2ν.

e2i−1K
te2i = 1, i = 1, 2, . . . , ν.

eiK
tej = 0, otherwise.

[e2i−1] ∼ [e2i], [ei] � [ej ], otherwise.

τ [e2i−1] ∼ τ [e2i], τ [ei] � τ [ej ], otherwise.

Let τ [ei] = [fi], i = 1, 2, . . . , 2ν.

Then f2i−1K
tf2i = 1, i = 1, 2, . . . , ν.

fiK
tfj = o, otherwise.
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By Witt’s Theorem, ∃ T ∈ Sp2ν(F2),

s.t. fiT = ei, i = 1, 2, . . . , 2ν.

Then (σT ◦ τ)(ei) = ei, i = 1, 2, . . . , 2ν.

(e1 + e2)Ktej = 0, j = 3, 4, . . . , 2ν.

(e1 + e2)Kte1 = (e1 + e2)Kte2 = 0,

=⇒ (σT ◦ τ)(e1 + e2) = e1 + e2, etc.

∴ σT ◦ τ = id, τ = σT−1 .
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Set PSp2ν(Fq) = Sp2ν(Fq)/{±I(2ν)}

Theorem4. PSp2ν(Fq) ⊂ Aut(Sp(2ν, q)),

Aut(Sp(2ν, q)) = PSp2ν(Fq) · E,

where

E = {σ ∈ Aut(Sp(2ν, q)) : σ([ei]) = [ei], i = 1, 2, . . . , 2ν.}
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If ν = 1,

E ∼= Sq−1(symmetric group on q−1 elements)

If ν > 1,

E ∼= (F∗
q × · · ·F∗

q︸ ︷︷ ︸) ×ϕ Aut(Fq),

ν
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where ϕ is the natural homomorphism from Aut(Fq) to
Aut(F∗

q × · · · × F
∗
q) which maps any π ∈ Aut(Fq) to the

following automorphism of F
∗
q × · · · × F

∗
q .

F
∗
q × · · · × F

∗
q 
−→ (F∗

q × · · · × F
∗
q),

(k1, . . . , kν) 
−→ (π(k1), . . . , π(kν)).
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